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1. Introduction

1) Let (a,[,]s) be the Lie algebra of a Lie group G. Let (G, ;) be a
connected and simply connected Lie group endowed with an invariant sym-
plectic structure 47 € a* Aa* and let r; € a A a be the corresponding solution
to the Yang-Baxter-Equation (YBE) on (a,[,]q). Let (a,[,]s,ea = dc71) be
the corresponding non-degenerate triangular Lie bialgebra. In [5] Drinfeld
obtains all the Invariant Star Products (ISPS) on (G, 1) (equivalently on
(a,[,]a,€a = dc71)) and a theorem showing that under equivalence [10] the
classifying set of all those ISPS is the Chevalley space 81 +A->_ H?(a, IR)[[A]].

2) The aim of this paper is to obtain a classification theorem for all the
ISPS on any non-degenerate triangular finite dimensional Lie bialgebra over
IR when they are obtained following the Etingof-Kazhdan [9] theory of quanti-
zation of Lie bialgebras. This theory is very different from the one considered
in [5] but the classifying set for the set of ISPS is again 3,+h->_ H?(a, IR)[[}]].
In case we consider the Knizhnik-Zamolodchikov associator [7], over the field
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C, we have secen [22] that the ISP .J,, obtained here and the ISP F(r) ob-
tained by Drinfeld in [5] coincide modulo k*. In two particular cases of
dimensions 2 and 4 for a, J,, and F(r1) coincide modulo .

3) The adjoint representation of G induces a representation on the Cheval-
ley complex H*(a,IR) which is trivial. This classical theorem contains the
idea for the proof of our classification theorem 6.11. We may compare this
with the proofs in [19, 20] for the similar theorem in the quantization context
of [5].

We present here the proofs of most of the results obtained.

4)  Similar results as in the Abstract can be obtained on a non-degenerate
triangular deformation Lie bialgebra, [6, 7], (a; = a ®x K|[t]],[, ]a,,€a, =
d.(t)ri(t)) over K[[t]] of the non-degenerate triangular Lie bialgebra (a, [, |4, €4 =
d.r1) over a field of characteristic zero K. In this case we need to observe that
a)K[[t]] is a local ring and a Principal Ideal Domain; b) the symmetric al-
gebra of the K[[t]]-module a[[t]] is the algebra of divided powers I'(a;), in
the sense of [3], over the K|[t|]-module a;; ¢) this symmetric algebra is iso-
morphic to the algebra of symmetric tensors T'S(a[[t]])[4]; d) the Hochschild
cohomology H*(Ua|[t]]) of the coalgebra Ual[t]] over K[[t]] is A(a[[t]]) [3].

2. Some notations

1) Definitions and notations are those of [5, 7, 15, 16]. A finite dimen-
sional Lie bialgebra over IR is denoted by the symbol (a,][,]s,£4) Where g,
is a 1-cocycle in the Chevalley cohomology on (a,|,]s) with respect to the
adg- representation. When it is quasitriangular we write €, = d.r1, where
d. is the coboundary in the above cohomology, r1 € a ® a is a solution to
CYBE, [r1,m1] =0 on (a,[,]s) and r1 + o(r1) is ady-invariant where o is the
permutation (12). In case ry is skew-symmetric, it is a triangular Lie bial-
gebra and if moreover det(ry) # 0 we call it a non-degenerate triangular Lie
bialgebra. If (a,[,], €4) is a Lie bialgebra we denote its quasitriangular double
Lie bialgebra as the set (a ® a*, [, |awa*, Eapar = der), where r € (a ® a*)®? is
the invariant canonical element [2]. The element Q) = r + o(r) is symmetric
and adgqq+-invariant.

2)  The symbol (a[[R]], [, ]agn;) will denote the Lie algebra over the ring
IR[[A]] obtained from the Lie algebra (a,[,]s) over IR by the extension of
scalars IR — IR[[R]]. (a @ a*)[[h]] will denote the Lie algebra (bialgebra) over
IR|[[A]] which is the extension of the Lie bialgebra (a ® a*, [, |amar, Eamar = deT)
over IR. It is obvious that Q = r + o(r) € (a ® a*)¥?*[[h]] is adyyy invariant
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and that these Lie-algebras over IR|[[h]] are deformations algebras [7] of their
corresponding Lie-algebras over IR.

3) Let ry = 1 + rot + rst®> +--- € a A a be an analytic function on a
neighborhood of 0 € IR defining a non-degenerate, rank(ry) = dim a, solu-
tion of the CYBE [ry,7:] = 0 on the Lie algebra (a,|,]q) over R. For each
t, (a,[,]a,6a = dcri) is then a non-degenerate triangular Lie bialgebra on

MR. The symbol (a ©ar, |, ]“@“E’ Eacar, = d. r) will denote the correspond-

ing quasitriangular double Lie bialgebra on R. Let p,, : A*a — A%a* be the
linear isomorphism defined by the Poisson cocycle r;. It induces an isomor-
phism between Poisson and Chevalley cohomology spaces [14]. Let (G, 3;) be
the corresponding connected and simply-connected Lie group endowed with
the invariant symplectic structure 8y = pi,(r¢).

4)  Letr, = ri+roh+rsh®+--- € (aAa)[[h]] be an invertible element solu-
tion of the CYBE [ry, 3] = 0 on (a[[h]], [, ]a[[h]])- The set (a[[h]], [, ]a[[h]], Eal[n)] = dcrh))
will denote the corresponding triangular non-degenerate Lie bialgebra over
IR[[h]] and its quasitriangular double Lie bialgebra will be denoted by

(@@ ar )R] [l woar)» Easaz, = dcr) . In this situation, let yu,, be the iso-

morphism similar to p,, in 3).
5) We fix 9] a Lie associator ® = exp P(hti2, htss) over IR.

3. Finite dimensional Etingof-Kazhdan quantization the-
ory.

3.1. Quantization of the pair (a ® a*;r). From theorem A” in [7], we can

deduce the following:

Theorem 3.1. [7] Let (a,[,]a cq), (a @ a*, [, ]asa, Casar = der) and Q =
r+o(r) be as in section 2, 1). Let ® = exp P(h{2, ha3) € U(a® a*)®3[[A]].
Let (U(ada*)[[R]], -, Do, €0, So) be the usual Hopf universal enveloping algebra.
Write =5, X; @Y, ® Z; and c =), X; - So(Y:) - Zi. Then the set

(U(a@ a")[[A]]; -5 15 Agyeo; @5 Sps e = ¢ i =1 R = 6%9)

is a quasitriangular quasi-Hopf QUE-algebra whose classical limit [7] is (a @
a*; Q).

The existence of the antipode follows from Theorem 1.6 in [7|. From Propo-
sitions 1.1 and 1.3 in [7] and from [11] it can be taken, [22], as the triple
(Sp;a=cHB=1).
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To quantize the pair (a @ a*;r) is to obtain a quasitriangular-Hopf QUE-
algebra over IR[[h]] such that its classical limit is that pair. A main theorem
in this direction is the following (see also [8]):

Theorem 3.2. [9] Let (a,[,]a,cq), (a & a*, [,]aswa, Casar = der) and Q =
r 4 o(r) be as in section 2, 1). Let My be the a @ a*-modules with one
generator 14 and defined as follows: M, = Ua* - 1., Ua -1, = 0 and
M_=Ua-1_,Ua*-1_=0. Then

1) The equalities i+(1+) = 1+ ® 1+ define unique a ® a*-module mor-
phisms ’éi . Mi — Mi X Mi.

2)  The equality (1) = 1, @ 1_ defines a unique a ® a*-module morphism
o UaDa*) — M, @ M_. ¢ is an isomorphism.

3) There exists an element J =3 u; @ v; € U(a ® a*)[[A]]))** with (id ®
€)J = 1 = (e ® id)J such that when twisting [6, 7] the quasitriangular
quasi-Hopf algebra of theorem 3.1 via J~' one obtains a quasitriangular Hopf
QUE-algebra, (U(a @ a)[[R]]; - 1; A €0; S5 R), which is a quantization of pair
(a®a*;r). The element J is

J= (0" @¢7") (@140 ®ags0 a0 et 0 @3] 0@ 1o0(is @i )(@(1))),
and when writing Q = > So(w;) - v;, uw € a® a* it is

Alw) =J - Aglw) -, Su)=Q - Sy(u)-Q, R=o(J ") e22.J
and P verifies the following equalities
D (Ayid)(J)- (JR1) =12A)(J) - 1®J), R=1Q1+hr modh*
This quasitriangular Hopf QUE-algebra will be denoted by A(aga)[n),0.7-1-

3.2. Quantization of quasitriangular Lie bialgebras. 1) Let (a,],]q,cq =
d.r1) be a quasitriangular Lie bialgebra. Consider the following linear iso-
morphisms 07,0~ : a ® a — Hom(a*, a) defined by

ey =z-2"(y) 0 (x@y)(z")=2"(z) v

Write ar = Im 6=(r;) C a. The notion of the rank of ri allows us to assert:
a) the subspaces Im 6*(ry) = ay associated withr; € a®a are canonically

isomorphic to (Im 6% (ry))" = at.

b) mea®a_andr =) ,a;, ®b;, where a; € ay and b; € a_, Vi =
{1,2,---  rank(r)}.
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c) the mapping x,, : at — a_ defined by x,,(z*) = >, 2"(a;) - b; is an
isomorphism.

As ry is a solution of the CYBE, a, and a_ are Lie subalgebras of a, a
result from [12].

Using the isomorphism Xr, 1t is possible to define a Lie algebra structure
ona’ by []5 =x.' ol ]Ja_ o (Xrn ® Xnn). Then we have

Theorem 3.3. The Lie algebra structures |, |ox on a} and [,]q, on ay are
compatible in the sense of Drinfeld (see [15, 16]). The mapping eq, = ¢ :
ay — ap @ay where ¢(& ®&2) = [€1; &) s then a I-cocycle on (ay, [, ]a, ).
The set (at,[,]a,,€a, = @) is a Lie bialgebra whose quasitriangular double
Lie bialgebra is (ay © o', [, Ja,@at, €a,mar, = dery), where 14 is the invariant
canonical element.

From [12, 9] it follows

Proposition 3.4. The mapping 7 : a. & o} — a, defined as 7(x;§) =
x + xr, (&) is a Lie-bialgebra-morphism. That is, a Lie-algebra morphism
verifying deri o = (T @ T) o dery. Moreover (T @ T)ry = r1. The symbol
7 will also denote the unique algebra morphism 7 : U(ay @ a’) — U(a)
defined by the Lie algebra morphism 7.

2)  From theorems 3.1, 3.3 and proposition 3.4 it is possible to obtain a
quantization of the pair (a,m + o(r1)). With the obvious notations we have

Theorem 3.5. Let (ay @ a%, [, o, a7, €a,0ar = de74) be the quasitriangular
Lie bialgebra in theorem 3.3. Let (Ua[[h]],-, 1, Aq, €4, Sq) be the usual Hopf
universal enveloping algebra. Let

(140 @ (I 1, AF o 8%, 5, = (), 5% = 1R — 8%,

be the quasitriangular quasi-Hopf algebra in theorem 3.1 whose classical limit
is the pair (a; @ a*,Qy). Then we have the equalities : (7 ® T) o Aj =
Ago7; oS5 =S, 07 and putting dF = (7r®7r)<1>+ R, = (7r®7T)RaL, the
set (Ua[[R]], -, 1, Ag, €0, DT, Sa, & = (7(c™))™Y, 8 =1, Ry) is a quasitriangular
quasi-Hopf QUE-algebra whose classical limit is the pair (a,m + o(r1)).

The above results allow us to obtain a quantization of the pair (a,ry). With
the obvious notations the result can be stated as follows [9] (see also [22]):
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Theorem 3.6. Let (a, [, |4, eq = der1) be a quasitriangular Lie bialgebra. Let
(ar @ a%, [ la,oars Ea may = deTy) e the quasitriangular Lie bialgebra in the-
orem 3.3. Let (U(ay @ a2)[[R]],-, 1;e5; AT, ST, RY) be the quasitriangular
Hopf QUE algebra obtained as in theorem 3.2, 3). Write j;; = (remr)J".
We have the equality

Oy (Aa®id)J - (JF®1) = (id® Ag) " - (1@ ).

Write agaz;n Jrl => pi®qg;a € Ua, Q > Sa(pi)-qi- The set (Ual[R]], -, 1,
A€ =¢€,, S, R) where

Aa) = (J) - Aula) -l R= (7@ T) R";S(a) = Q7" - Sala) - Q

)

is a quasitriangular Hopf QUE-algebra which is a quantization of the pair
(a;71), and has been obtained by a twist, [6] , via the element (J7)~' from
the quasitriangular quasi-Hopf algebra in theorem 3.5.

4. Quantization of non-degenerate triangular Lie bialge-
bras

1) In case of a non-degenerate triangular Lie bialgebra (a, [, |4, €4 = d.11),
we have rank(r1) = dima, r; € A*(a). Also ay = a_ = a as Lie algebras,
(7@7)Q = (7@7)(r1+0(r1)) = 0 and we get the equality e,, = €4 = d11.

Definition 4.1. [1, 5, 19, 17]) An ISP on a non-degenerate triangular Lie
bialgebra (a,[,]a,€a = der1) is any element F = Y ° Fy - h* € Ua®?[[h]]
verifying the following equalities:

1) (q®id)F =(id®e)F =1® 1;
2) F —o(F)=rihmodh?
3) (Aq®@1DF-(FR1)=(10A)F - (1®F).

Theorem 3.6 allows us to obtain an ISP on any non-degenerate triangular
Lie bialgebra. In fact it allows us to obtain, modulo equivalence, all of them,
as we will see in section 6.
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Theorem 4.2. Suppose in Theorem 3.6 that (a,[,]q €q = der1) is a non-
degenerate triangular Lie bialgebra. Then

P=(FRiNP=101x1.
1) (ea®id)J,, = (id®eg)J,, =1® 1.
2) Jy=1®1+3rh+--

) N1'(1®j7°1>'
)

3 (Aa®1>jr1'(jﬁ®1~) = (1® Aq) T
R=(7@r)R=0(J")-1®1)-J,, =101 +rh+--

N B
In particular J,, is an ISP on (a,[, ]a; € = dery.)

The triangular Hopf QUE algebra (Ua[[R]],-,1,A,é = €, S, R), denoted by
Aa[[h]Ljr—ll; which is obtained by a twist via jgl from the trivial triangular
Hopf QUE algebra (Ual[h]], -, 1, Ay, €4, Sa, Ra = 1®1) is a quantization of the
pair (a;r7).

2) The above proposition shows how to obtain an ISP on (G, ;) as in
3) Section 2. The following proposition will show that if we put h in place
of t in this star product we have again an ISP but this time on the Lie
group (G, (1). In this way we don’t get all the ISPS on (G, 1) but if we now
replace the above r; coming from ry by any element in (a A a)[[h]] of the form
ry =11+ -+ € (a A a)[[h]] we obtain, up to equivalence, all the (ISP’s) on
(G7 61)

Proposition 4.3. Let ((a ® a;,)[[A]], [ Jocw, Sasas, = dor) and 1 € (a A
a)[[R]] be as in Section 2, 4) . For any N € IN there exists an analytic
function in a neighborhood of t = 0, rN = 7| +rot +r3t> +--- € a A a and
a solution of YBE on (a,[,]s), such that when replacing t by h in the above
series expansion v and ry, coincide up to order N.

Proof:

In the Poisson cohomology on the Lie algebra (a[[R]], [, o) the element
B = P+ Geh+ B3k +- - - € (a* Aa*)[[h]] defined as B = ju,, (rp) is a Chevalley
2-cocycle. The polynomial B = (B4 Bat+Bst>+- - -+ Ly_1t" € a*Aa* is also a
Chevalley 2-cocycle on (a, [,]4). The corresponding element r}¥ = r1-+rot+- - -
satisfies YBE on (a, [, ]4) and when we replace h in place of t it coincides with
rn up to term N. [

3) From theorem 3.1 we may deduce, in the obvious notations,



8 C. MORENO AND J. TELES

Theorem 4.4. Let <a ©ar, [, ]“@“E’ Eagar, = de r) over IR be as in Section 2,
3). The set

U(a s Clit)[[h“, 51, Agv 667 P,,, Sé, ol = Ct_la ﬁt =1, RB = egﬂt),

where ¢ =Y. X;1SH(Y:) 1 Zi, with @,, =Y. XIQY!'®Z!, is a quasitriangular
quasi-Hopf QUE algebra over IR[[R]] with the pair (a® ay,,€Y) as its classical
limit.

From theorem 4.4 and proposition 4.3 we can prove

Theorem 4.5. Let (aeB oy, [[A], [ Jacar, , €acar, = de T) over R[[R]] be as in
Section 2, 4). The set

(Z/{(a D Cl:h)[[h]], ' 1, Aga €0, (I)Tm Sga Ckh - 07;1, ﬁh =1, Rg = egﬂh>

is then a quasitriangular quasi-Hopf QUE algebra over RI[[R)|, where ¢; =
S X SV - Z8 with @,, = Y, XP@ Y@ ZI' and S} is the antipode of
U(a & ay [[A]]).

Proof:

This theorem follows from Theorem A” in [7]. In view of the next sections we
want to obtain it from theorem 4.4 by quantizing first the Lie groups (G, ;).
All the elements in the above set in the theorem are well defined with the
corresponding meanings on U(a @ ay, )[[A]] and can be seen as those obtained
from the corresponding ones in theorem 4.4 if we use the full-meaning trick
of putting h in place of t. To prove that this set defines a quasitriangular
quasi-Hopf QUE algebra over IR[[h]] we need to prove the equalities which
define this structure [6, 7]. These equalities are satisfied in the case of .
This means that for each one of them and when an ordered basis is used in
U(a®day, ) an infinite set of polynomials in the components of r; are zero. But
the set of these components is characterized just by the algebraic equations
characterizing a solution of YBE. As a consequence we can see that the
corresponding equalities are also satisfied if we replace everywhere t by h,
and of course also in the products of elements in the above basis, that is r;
by the corresponding solution r of YBE on (a[[h]], [, ]a[s)). Then applying
Proposition 4.3 we get the theorem. |

4) Theorem 3.2 allows us to write
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Theorem 4.6. Let <a@ a,, [’]“@“?t’ga@“?t =d, r) over IR be as in Section
2,3). Write J,, =3 ;u; @ v; € U(a ® a:,)*°[[h]] where

_ _ _ h _
Tro = (07 @ 67 ((@,1)1.2,30 0(Dy, )34 0 93 0 €22 0 (B1)5 5 40
o(Py,)1,2,340 0(i ®@ i) 0 ¢y(1))

is the corresponding element to the one introduced in theorem 3.2, part 3).
In the present case we have written ¢; : U(a @ a)) — MY @ M™ for
the morphism ¢. The element J,, satisfies the equalities (id ® €})J,, = 1 =
(eh @ id)J,, and when twisting the quasitriangular quasi-Hopf QUE-algebra
in theorem 4.4 via ng one obtains a quasitriangular Hopf QUE-algebra
U(a @ ar)[[R]], 1 1, Ay, & = €by, Si, Re) over R[[R]] whose classical limit is the
pair (a & ay;11) and which will be denoted by Agq, [0 L we write

Q=) St(u;) ¢ v; the above defining elements are

Ay(u) = ng + AG(W) ¢ Jny; Se(u) = Qt_l +Sh(w) + Qp; Ry = O(th)_l ‘teth t Jrps
and ®,, satisfies the following equalities

(I)”t(Aé@Zd)(th)t(th@l) = (1®A6)(Jﬁ)t(1®°]7"t)7 Rt - 1®1+hrt mOdh2'

The next theorem can be proved from theorem 4.6 in a similar way as
theorem 4.5. See also Lemma 4.8.

Theorem 4.7. The set (U(a @ ay,)[[R]], -, 1, A, €0, Sh, Rp) is a quasitrian-
gular Hopf QUE algebra over R|[[R]]. Its defining elements are the following

Ah(a) - J;zl h Ag(&) ‘h JTm Sﬁ(a) = le ‘h Sg(&) h Qha
Ry, = (T(J;ll) ‘B 6%9 ‘B Jrh,

where Qn = 32,50 (i) 1di, Jr, = Li0i®¢i, a € U(aday,)[[h]] and ©,, satisfies
the following equalities

@, -n(Ab2id)(J,,)n(J,®1) = (1AM (J.,)-1(1®J,,); Ry = 1@1+hry, mod h2.

This quasitriangular Hopf QUE algebra over R[[R]] is therefore obtained
from the quasitriangular quasi-Hopf algebra in theorem 4.5 via the element

J e U(&e\aih)@ﬂ/{(a@ ar ). Its classical limit is the quasitriangular Lie

rh
bialgebra (a @ a;., [, lawa , € = der). We denote it by Aa@a:hvﬂ’JT—ﬁl.
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5) The following two lemmas will be needed.
Choose an ordered basis {e,} in a, and its dual basis {e*} in a*. Then we
can construct ordered bases in a @ a},, Ua, Ua*, U(a® a},)¥?. We can prove

Lemma 4.8. [22] Let r; = r1 + rot +13t> + -+ € a A a be as in Section 2,
3). The element J,, € U(a & af)*?([h]] in Theorem 4.6 can be written as

_ 2 : 11 Umnm ey, k
JTt =1 ® 1 + ET h + (rt oo Ty Qll ----- Li(Kk)sJLseees ]z(k),k) h )

where Qi iy g ik € Z/l( ar)¥? is a (finite) linear combination of
tensor pmducts of elements in the above ordered basis. r; 1s manifested in
every element of the ordered basis through the product in U(a @ ay,) but it
does not appear in the coefficients defining Qi i g jiw k-

Proof:
From the expression of J on theorem 3.2 and because ® = 1® 1® 1+ O(h?)
we have

h
th = ® qbt ) ((1 + 5923)(14_ ® 1_ ® ].+ ® ]._)) mOd h2

(¢
- ( ®¢t (1l ®1l-®1, 1)+
+

(¢t RN (1L @rp(l-®1,)®1.) h) mod h>

1
= <1 ®1+ irfi) mod k2.

In the expression for .J,, the coefficient of h*, for k > 2, is an element in
U(a D a)) ®U(a® ay,) which depends on 1y (by the brackets on ®,, and by
the products on U(a ® ay,)), so is of the form

1171 Zl(k)jl(k)
Ty RN Qzl ..... zl( )]1 ----- ]l(k) k>

.....

the products on the enve]opmg a]gebra U(a a;’ft) in the ordered basis. ®

As the product in Ua is independent of v, applying 7y ® 7, to J,, and then
putting t = h, we can also prove

Lemma 4.9. [22] Let 1y = rq + 7ot +13t> + -+ € A%(a) be as in Section 2,
3). Write r; = T?bea ® ey, rfb + Tf’a =0,1=1,2,3,---. Let m; be the Lie
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bzalgebm morphism defined in proposition 3.4 and define Jr = (T @ ) Iy,
Jr = ( Tt) li.r€ (Ua)*%[[R]]. Write it as a formal power series in h. The
element J,, can be written as

J, —1®1+2r1h+2(§m+ Z ( Z

R=2 12,J2,--iR,JR A,

12J2\ Aio o (R ( Ainin(R R
(lejz) 232( ) (TF];ZR) RJR( )HZ.21""7;R7j27"'7jR7A7:2j2(R) aaaa AlR]R(R)aR) ) h ?

92 . } . }
where Hi, _ipjo...jnAs, (R).... Aipin(R)LR € U)?? is a (finite) linear combi-
nation of tensor products of elements in the above ordered basis and it is
independent of r;, 1 =1,2,3,...

6) From lemma 4.9 we obtain the following proposition and corollary
which will be applied in the next section.

Proposition 4.10. [22] Let r; = ri+rot+r3t?+--- € A%(a) be as in Section
2, 3). Let (a,[,]a,€q = dcrt) be the non-degenerate triangular Lie bialgebra
defined by r;. Let (L{a[[h]], AL S ];?t) be the triangular Hopf QUE-algebra
whose classical limit is the pair (a;7) and was obtained in theorem 4.2 from
the usual triangular Hopf algebra (Ual[[h]],-, Aq, Sa, Ra = 1) by a twist via
(J,)". Consider, as before, the element J,, = (J,,) |i—n€ Ua[[R]|SUa[[7]].
Then the following equalities hold: 3 )

((1,) ( a® Zd) Th ﬁ (‘]Th ® 1) (1 ® Aa)‘]rh ‘h (Zd ® JTh);

(b) Jp, =1@ 1+ 1iry h+0(h2)

Let us define A(a ) (J,) " n Aa(a) 5 Jp,, R = (0'j D (@)
and S(a) = Q714 Sq(a) 1 Q, where Q = S.Sa(a;) -nbs, Jp, = Sa; @b a;, b; €
Ual[h]]. The set (Uallh)],r, A, S, R) is then a trzangular Hopf QUE algebra
obtained twisting the usual triangular Hopf algebra (Ua[[h]], -, Aa, Se, Re=1®1)
via the element (J,,)~" € Ua[[h]|QUa[[R]]. We write it as A

Th) Le

Corollary 4.11. Let r; =1y +7”~2t+7”3t2+' g th 24 (rk—l—sk)tk‘l +..- €
A?(a) be another element. Let Jy be the star product determined by | in the
similar way as jrh was from ry. Then jrh and jr% coincide up to order k — 1

and
(75), = (), = 5°
") g )T 9tk
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5.1ISP F determines r; € (a ® a)[R]].
Jf; and F' are equivalent.

Let F € Ua[[h]]@Ua][h]] be an ISP on the non-degenerate triangular Lie
bialgebra (a, [, ]a,€a = dc71). Let Agp)p— be the triangular Hopf QUE al-
gebra obtained by a twist via F'~! from the trivial triangular Hopf QUE
algebra (U(a)[[h]],-,1, Aq, Sa, Re = 1®1). It is then a quantization of the
pair (a,r1).

The following proposition does not depend on any specific context of quan-
tization [19] but only on the notion of deformation of associative algebras
[10], the fact that Hochschild cohomology spaces of coalgebra (Ua,R) are
H*Ua) = A*a, k € N, [3], and the Hochschild cohomological [18] interpre-
tation of the Quantum Yang Baxter equation.

Proposition 5.1. [18] Let F = Y. ° F;h' and F' = Y ;° F/h' be ISP on
(a,[,]as€a = dery). Let A p and Agpy 1 be as before in this section.
Suppose that F' and F' coincide up to order k, i.e. F/ =F/, 1=12--- k.
Then: a) there ezist hyy1 € aAa and Exyq € Ua such that F,gﬂ — Fpq =
hii1 + dgEryq where dg 1s the coboundary operator in the Hochschild co-
homology of Ua ; b) hyy1 is not only a Hochschild 2-cocycle but also a
Poisson 2-cocycle relative to the invariant Poisson structure defined by the
element i € a A a.

Again, the above Hochschild cohomology spaces and proposition 5.1 play a
central role in the proof of the next theorem. In the context of quantification
in 9] the next theorem corresponds to a main theorem by Drinfeld in the
context of quantification in [5] and in [19, 20] there is a proof of this Drinfeld
theorem. See the References in [20] for a similar theorem about Star Products
on general symplectic manifolds and [13] on Poisson manifolds.

Theorem 5.2. Fiz a Lie associator ®. Let A r-1 be as defined at the
beginning of this section. We have:

(a) There exist elements v, = 11 + roh + 1302 + - -+ € (A%a)[[h]] and E™ =
1+ E"h+ -+ E*R" 4 - - - € Ual[h]] such that

F=Ng(E™)7) n J on (B @ E™);

.e., F and jf; are equivalent ISPS over the non-degenerate triangular Lie
bialgebra (a,[,|a, €0 = d.11).
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(b) The triangular Hopf QUE algebras Aqp p1 and A () are 180-

morphic.

Proof:
(a) We construct an analytic function

—rl-l—Zm e A¥a)

which is a non-degenerate solution of CYBE and we prove that ji(n) and F'
are equivalent at order n, n € IN, by induction on the order of equivalence.
The results comes from that equivalence.

(i) Let jrh(l) be the star product obtained from the E-K quantization
(proposition 4.10), determined by the CYBE solution (1) = 1.

As Aqy, p1 Is a quantization of the given Lie bialgebra R = 1&1+rih+. . .,
and because it is the twist of the usual triangular Hopf QUE algebra (R, =
1® 1) we have

F1—0'F1=T1 (51)

and, by construction,

~ 1
(S = 5" (5.2)

The associative property at order 1 for F and jrh(l) is dgFy = 0 and
dH(jrh(l))l = 0, dyg being the Hochschild cohomology operator. Therefore,
dg((Jr,my)1 — F1) = 0, ie., (J,,a))1 — F1 is a Hochschild 2-cocycle. The
2-cocycle condition implies that there exist hy € aAa and E; € Ua such that

(Jrp))1 — F1 = b1 +dp Ey. (5.3)

On the other hand, from (5.1) and (5.2), and because (jrh(l))l is skew-
symmetric, we conclude that Fy—(J, y)1 = o(F1— (J, y)1), e, Fi—(Jn )

is symmetric. As hy is the skew-symmetric part in (5.3), we get hy = 0 and

(Jy)1 — Fi = dy ). (5.4)

Jon(1) and F are equivalent to order 1 (E™Y) =1+ E\h).
(i) j,,h(l) and F' being equivalent to order 1, we know (Gerstenhaber [10])
that (J,,1))2— Fa+Ga(Er, ()1, F1) is a Hochschild 2-cocycle. Then, there
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exist hy € a A a and Es € Ua such that
5 = 1
(Jrh(l))2 - F2 + G2(E1, (‘]7‘5(1))17 Fl) = §h2 + dHEQ. (5.5)

Put E™® = 1+ E\h + E>2h* € Ua[[h]] and consider the star product,
equivalent to F, ') = A (E™?)N . F . (E™?) @ E(?),
At first order, the equivalence condition is

FY— R =dyE, (5.6)

and, from (5.4), we conclude that Fll(l) = (jrh(l))l.
At order 2, the equivalence can be written in the form

FY — By + Go(Ey, FY, Fy) = dy By (5.7)

but, as I, = (J,q)1, we get Go(Er, F," F1) = Go(Ey, (Joym))1, Fi) and,
comparing (5.5) with (5.7), we obtain

F2/(1) = (j’l’h(l))2 — zha. (5.8)

As (Jrh )1 = Fl/(l), hy is a Poisson 2-cocycle ([19]), so that By = p,, (h2)
is an invariant De Rham (or Chevalley) 2-cocycle, where ji,, is the isomor-
phism defined before. We consider ; = p,,(r1) € a* A a* (equivalent to
(11)®(B))ae = %) and define 3;(2) = (1 + [ot (d.; = 0 and By is non-
degenerate). Let us define r(2) = r1(2) + > oo me(2)t"1 € a A a[[t]], b
,u_é)(ﬁt@)) = r(2). Then, r1(2) = r =ri(1) and r2(2) = —p, . (B2) = —ho
and [ry(2),7r4(2)] = 0, r(2) is a solution of the CYBE.

Let jrh(2) be the star product determined following Etingof-Kazhdan by
the element ry(2), after t = h, as in proposition 4.10. We have, also from
proposition 4.10, that (J, (21 = (J, (1)1 and (J, a(2))2 = (J, ()2 + 372(2) =

(JT‘FL( )2 — —hz Thus, (Jrh(2))1 = Fllm = (jrh(1))1, and from (5.8), we have

(jrh( ))2 = FQ( ), Replacing these equalities in the expressions (5.6) and (5.7),
we get

Ku

(Jr,
(Jr,

So, F' is equivalent to J,, (), to order 2, jrh(g) being the star product deter-
mined by r4(2), with p, % (8:(2)) = 14(2) and B¢(2) = b1 + pr, (h2)t.

@)1 — 1 =dg k),
@)2 — Fo + Go(Ey, (Jr2)1, Fi) = di Es.
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(i4i) Using the induction hypothesis, and following the same steps, we con-
clude the proof.
(b) this part follows from part a) and [7] page 841, Remark 2. ]

As a consequence we have the following isomorphisms (see also [21]):

Corollary 5.3. Let ®,®' be two Lie associators. Let Aqm -1 be given as
in the theorem. Let vy, v € (A?a)[[h]] the elements respectively determined
in the theorem by the pairs (®; Aqpmy,p—1) and (5 Agpy p1). Then we have

isom isom

Aglp p1 = Aa[[hl],(f%)_

6. Invariant star products on (qa,|[,]q, 4 = d.r1)

1)  We now develop what we wrote in 3) at the Introduction. We need
the following proposition:

Proposition 6.1. [22] Let I' be a set. Let (a,[,]q,e = d.rs) be a non-
degenerate triangular Lie bialgebra, s € T'. Let ¢! : a — a a Lie algebra
isomorphisms¥ s € . Let r’, be the element in ana defined by 1, = (pl@pl)r,.

a) The set (a,[,]q, €, = dorl) is a non-degenerate triangular Lie bialgebra.

b) The transposed map (pl)t: ay — a; s a Lie algebra isomorphism.

c) The pair (pl;0* = ((p1)H™1), s € T, defines a Lie bialgebra isomor-
phism between the Lie bialgebra aday_ (the classical double of the Lie bialgebra
(a,[, Jas€a = dcrs)) and the Lie bialgebra a & ay, (the classical double of the
Lie bialgebra (a,],]q €y = dorl)). Furthermore, this isomorphism sends the
canonical element r into itself.

Corollary 6.2. [22] a) Under the hypothesis of the proposition let Bs =
o, (rs), B¢ = gy (). Then (03 ® 3) 35 = B;.

b) Conversely, let (a,],]q, € = ders) and (a, [, |a, €, = d.r%) be non-degenerate
triangular Lie bialgebras. Let Bs and (. be as in a). Let ¢! :a — a be a
Lie algebra isomorphism and ¢* = ((p1)Y) ™1 Suppose that (p? @ p?)5s = 3.
Then, (p; ® py)rs =17

2) Let (a,][,]s) be a Lie algebra over R. Consider the following Lie-algebra
isomorphisms: ¢} = exp(t-adx,) where X; = X1+ Xot + X3t +--- € a is an
analytic function in a neighborhood of 0 € IR. Then ¢} = exp(—t - ady,) =
exp(t - ad,). Our interest is in the map ¢; @ ¢; = exp(adfxt)@)Q. We have
¢; @ ¢f = exp(adyy, ® 1 +1® adyy,) and then
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Proposition 6.3. Let 3, = 3; + [ot + Bst2 + --- € A%(a*) be an analytic
function in a newghborhood of 0 € IR defining a non-degenerate 2-cocycle Vt.
Bi, e, -+ € N¥(a*) are then 2-cocycles and 3y is non-degenerate. Let X; be
as before. Then we obtain

explady,)” () = expladiy, ® 1 + 1@ adjy,)(6) = B; + d.ov,

where o = ont+oot? +ast>+- - - € a* is an analytic function in a neighborhood
of 0 € R given by
Eo k—j+1

O = Z ( Z 2_1| Z ((_1)i+1(iXa15j) . aan2 o aan))-

7j=1 ay+-ta;=k—j+1
Aqyeeny ai21

Proof:
The first terms of the series are:

exp(adiy, ® 1 +1 ® adx,) (1) = B + (1 ® ady, + ady, ® 1)(61)i+
1
+ ((1 ® ady, + ady, ® 1) + 5(1 ® ady, + ady, ® 1>2> B2+ -+,

because

exp(adzth RI+1I® aert) =

p )
=101+ ) Z{lv > H(l@ad}ajJrad}aj@l) . (6.9)

p>1 \ i=1 = ap+ta=p j=1
Aqyeeny ai21

For any e,, e, € a elements in a basis, we have

(1®@ady, +ady, @1)(1);ea®e,) = —(B1; (1@ ady, +adx, ® 1)e, @ )
= —(fe.® [ X1, ep] + [X1,e4) @ ep)
= —X{CH(B0)at — X1Ch (B0
= Xfcfb(ﬁl)ki
= (—ix,01)([eq, &)
= (de(ix,01); €4 @ &),

where we used that 3, is a 2-cocycle (61([x,y], 2)+B1([y, 2], z)+1([z, x|, y) =
0, z,y,z € a), C’Zfb are the structure constants of the Lie algebra a in a basis
{e;} and d.a(e, ® ey) = —a(leq, p))-
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So, we obtain
(1 0% ad}l + ad}l ® 1)(61) = d(inﬁl), (610)

for any cocycle 3, and any X; € a.
With a similar computation, for any X1, Xy € a, we get

(1®ady,+ady,®1)-(1®ady, +ady, ®1)(51) = d. (—(ix,01) - adx,) . (6.11)
By (6.10) and (6.11), we have
exp(adzfX RILI+1® ade)(ﬁl) = 51 + dc(inﬁl)t—F

+ (dc(z‘XQBl) + %dc(—(mﬁl) : aXm)> 2

By induction it is possible to prove that, for any n, X1, Xo,..., X,, € a and
any cocycle (31,

(1®ady +ady ®1)---(1®ady, +ady,®1)-(1®ady, +ady, ®1)p =
= dc ((— >n+1(ZX151) adX2 e aanfl . CLCZXn) .
With this result, and from (6.9), it is clear that
exp(adyy, ® 1 +1® adjx,)(51) = B + dey,

where v, = it + Yot? + ... is the 1-cochain given by

Z Z z—l—l ZX 51) aanz...aani)'

. aj+-ta;=
a1y, aZ>1
Since, for each t, X; € a and exp(adix,) : & — a, we have exp(adyy,) :
a" — a*, ie., 01 +d.y € a¥, so d.y; € a¥, for each t.
Applying this result to the cocycles (1, 32, 33, ..., we get the expression
given. |

A converse of proposition 6.3 is:

Proposition 6.4. Let 3; = By + Bot + B5t> + -+ € A%(a*) as in proposition
6.3. Let ay = ot +ant’> +astd +--- € a* be an analytic function. Define 3] =
By+deoy. Then, there exists a unique X; = X;+Xot+X3t2+- - € a, analytic,
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such that exp(adIXt)@’z(ﬁt) = [, where X, = —(w, ® 1)r1 = —xr, (wp), 11 =
:ur_ll(ﬁl); w1 = o a'nd; fOT’p > 2;

oy =0, — Z Z 1)+ (ix,,01) - adx,, -+ aani)

! aj+-ta;=

ar,.. ,az>1
p j+1
B Z ( Z i Z (( 1>Z+1( alﬁ]) aan2 s &an))-
i=1 ay+ta;=p—j+1

al,...,alZl

Proof:
By the previous theorem, we know that, for any X; € a in the above form,
we have

eXP(ad:Xt)Q@z(ﬁt) = B¢ + deay,

where ay = ont+ast?+--- € a* is the 1-cochain of theorem 6.3. The question
now is to know if it is possible to determine X; = X; + Xot + X5t +

in such a way that this 1-cochain oy is equal to the 1-cochain given a; =
ait + ast? + . ... The elements X, X, - -+ € a must satisfy

ap =1ix,/

. 1 .
ay =1ix,501 — 5 —(ix,01) - adx, + ix, s

Since (3 is non-degenerate, the first equality has a (unique) solution
X1 =—(a1 ®@)ry = =xp, (1),
where 1 = p,.'(61) and x,, is the map defined before.

From the second equality, X is known and (3; being non-degenerate, we
obtain

1. .
Xo = —Xr <042 + E(ZXlﬁl) : aXm - ZX152> .

Suppose now that we know X, Xs,..., X,_1. Putting o, equal to the ex-
pression given in theorem 6.3 with k = p and separating some terms of the
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sum, we obtain

=1x 514—2 Z H_l ZX 51) CLanz---aani)—{—
F Ligf
P p— J+1
+Z Z il Z (( 1>Z+1( 6]) aan2 "'Cldxai) . (6.12)
j=2 1=1 alJ;J-l--J.rlt.zia::ngrl

Consider the 1-cochain

Wy = 0y — Z Z 1) (i, D) - aan2-~aani)

'a1+ +a;=
at,.. ,CL1>1
p j+1
-2 Z > (D) ix, ) ady, - ady,) | p>2
j=2 'a1+ ta;=p—j+1
a1,-.- 7az>1

We may say that, knowing X1, Xo, ..., X,_1, w, is determined.
Again, as 3, is non-degenerate, we can compute X,, using w, and the
equality (6.12):
Xp = —=Xr (wp) = —(wp @ L)r1.

By the bijectivity between (3, and X, is is easy to see that if one of them is
convergent so is the other. |

3) We need to relate the Etingof-Kazhdan quantization of classical dou-
bles with the isomorphisms between these doubles. FEven if the following
proposition could be expected its proof is not trivial.

Proposition 6.5. [22] Let (a,[,]q, €a = dcrs) and (a, [, ], e; = derl) be non-
degenerate triangular Lie bialgebras, s € I', whose quasitriangular double Lie-
bialgebras are respectively (a®ay , [, lasar ; €amaz, = der) and (a®a; [, Jaga:,, Eaaz, =
der). Let (ols) :adal — a® ay be a Lie algebra isomorphism such that
ol a — a and Yy : a, — a;’fg are Lie algebra isomorphisms. Let ¢!,
Vs be the extensions of ! and 1, to homomorphisms Ua[[h]] — Ual[[h]]
and Uay [[R]] — Uar [[R]] respectively. Let X € U(a @ a;*,s)®2. Let ¢, be
the a @ a; -module isomorphism from Ua ® ay) to My @ M™ such that
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Or, <1U(a®a:8)> = 1 ® 17 and similarly for ¢, .( See the definition of ¢ in
theorem 3.2 ). Then we have
o7t [((@50)7°00) - (1 o 17)| = ((@hd) 0 6!) (X - (17 @ 17)).
If in the expression of J given in theorem 3.2 we take into account the

above proposition and also that a Lie associator determines ® = e (Mh2/i8s)
we arrive [22] to:

Proposition 6.6. Hypotheses are as in the above proposition and suppose
moreover that (pL; ¥s) ® (¢i; 1) Q@ = Q. Denote by J,» and J,, the correspond-
ing elements in theorem 3.2. Then we have the equality J,, = (PL: 1;5)®2JTS. In
particular this proposition is valid for the Lie bialgebra isomorphism (pl; ¢?)
constructed in proposition 6.1 and those in propositions 6.3 and 6.4 .

We can also prove the following:

Proposition 6.7. Let (a,][,]|q,ca = dors) and (a,],]a ey = derl) be non-
degenerate triangular Lie bialgebras, s € . Let ¢! : a — a be a Lie algebra
isomorphism such that v, = (¢} @ @l)rs and let (¢l; p?) be the Lie bialge-
bra isomorphism between the corresponding classical doubles constructed in
proposition 6.1. Then we have

7, 0 (953 93) = @5 0 7y,
where 7 is defined in Proposition 3.4.
4) Using propositions 6.1, 6.6, 6.7 and corollary 6.2 we can prove:

Theorem 6.8. Let j,,h and jr% be invariant star products on a non-degenerate
triangular Lie bialgebra over R, (a,],]|q,ea = dcr1), and determined as in
lemma 4.9 and propositions 4.10, respectively by non-degenerate skew-symmetric
solutions r, = 11 + -+ and vy, = 1 + --- of YBE on Lie algebra over
R, (@A) - Let (i) = By = 1+ Bohi+ - € (@ A a?)[A]
and py (1) = B, = By + Byl + -+ € (a* A a¥)[[A]]. Suppose that the cocycles
Bn = py (1) = B1+ Boh+ ... and By, = pu (ry,) = B1 + By + ... belong to
the same cohomological class, i.e., that By, = B + deay for some 1-cochain
an = arh+ aoh? + --- € a*[[h]]. Then, J,, and j,,g are equivalent ISP.

Proof: ) .
The elements J,, and J,; are defined by

th = (ﬁ't 0y ﬁ't)tha jr,’g - (ﬁé ® 7}2)‘]7"1/&’
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where J,, and J,; are the elements in U(a @ af,)*"[[l]] and U(a ® aﬁ2)®2[[h]],
respectively, defined in theorem 3.2.

Since 3, 3] € A%*(a*) belong to the same cohomological class, by theorem
6.4, there exists a X; = X1 + Xot + --- € a such that

exp(adiy,)” (B) = (¢})* B, = .

By proposition 6.2, ¢{ = ((exp(ad;y,))™")" = exp(ad;x,) is a Lie algebra
isomorphism a — a such that (¢} ® ¢;)ry = r;, where ry = p'(8;) and
r = :ur_gl(ﬁz{) By proposition 6.1, (p};¢?) is a Lie bialgebra isomorphism
between a®a;, and a®a;, such that (o) ©2)®r = r, where r is the canonical
element in (a® a*) ® (a @ a*). So, (¢} ?)®'Q = Q.

Then, we have

jr,’g - (7~T1/t ® ﬁg)Jré = (95% & @%)jm

using propositions 6.6 and 6.7. 3 3

Putting t = h, we obtain J,; = (¢r ® @H)J,,, or, equivalently, J&l =
(P} ® @1)J-1. The map ¢} = exp(adyx,) : a[[h]] — a[[h]] is obviously a
morphism (in fact, an isomorphism) of Lie algebras over IR[[h]] (where the
Lie algebra structure on a[[h]] is the trivial one of (a,IR) by extension of the
ring of the scalars from IR to R[[h]]) and, considering uw = 1 and the last
equality, we may apply proposition 3.9 in [6].

Then, the extension ¢y : U(a[[h]]) — U(a[[h]]) is a morphism of triangular
Hopf QUE algebras Aa[[h]Lj%l — Aa[[h]Ljr—%l. The pairs (¢r,1) and (Aj,u)

determine the same morphism if, and only if, Ay = exp(—h ad,) o ¢} and
u; = e, for some v € a[[h]]. Putting v = X; |—p, we obtain \; = 1,
uy = e and

j&l = (’U,l 029 Ul) ‘B jél ‘h Aq(ul)_l-
This last equality is equivalent to

T = Dalwn) 5 S, 5 (0" @ i),

and ul_l defines an equivalence between the invariant star products jrh and
Jyron (a, [, o, €a = der1). ]

Before proving the converse result we need the following lemma.
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Lemma 6.9. Suppose that in theorem 6.8

Br = pr,(r) = b1 + Bah+ -+ + Bratt™ 4 prAft + ..
B = ty, (1) = Bi + B A+ + Bra B2 4 (Br + deag—1) R 4

where ag—1 is a 1-cochain. This means that By and By are equal except in
the term of order R — 1. Then, J,, and J. are equivalent,

Jr = DNo(E) oy Jpy o (E® E),
and the element E = 1 + E1h + Exh? + -« + Ep_1R™" 1 4+ ... which defines
this equivalence verifies
Ei=0, Ey=0, ... , Eps=0, Epi=xy(ag_1)=p " (ag1).

Proof:

Consider the elements 3, and [3; obeying the above conditions. One of the
steps of the proof of theorem 6.8 is to find the element X; = X+ Xot+ X5t>+
o+ Xp_1t®2 4 ... of theorem 6.4. For the elements (3; and [3; considered,
this element will be

X1=0, Xo=0, ... , Xpo=0, Xp.1=-—xn(ar-1)
Then, the element E will be, in view of the same proof, the following:

E=u'= (") =140n+ 400"+ x, (@) + -

Lemma 6.9 and Hochschild cohomology properties allow us to prove

Theorem 6.10. Let jrh and j,,g as in a) Theorem 6.8. Suppose j,,h and j,,g
are equivalent. Then, By and B} belong to the same cohomological class, i.e.,
there exists a formal 1-cochain ap = aih + agh?® + --- € a*[[h]] such that

ﬁ% = ﬁh + dc@h-

Proof:
If J,, and j?“% are equivalent ISP, there exists F(1) = 1+E§1)h+E§1>h2+. =
Ual|[h]] such that
T = DBy o (BY @ EW).

At order 1, this equivalence may be written as (jré)l — (jrh)l = dHEfl), where

dy is the Hochschild cohomology operator and E{l) € Ua. But, in this case,
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(j,)1 = (J, )1 = % So, we have dHE( ) = = 0, which implies that E{l) €a
Therefore, A (Ef )) E( '@91+1® E( )
At order 2, there exists Eé ) € Ua such that
(jT%)2 o ( Th)Q + G2( ) (jT‘%)la (jrh)l) = dHEél), (613)
where, for k =2,3, ...,
Ge(Ev, ..., Ex 1, F,....F,_,Fy,....F._1) =

=3 (AE) Fj-F (10 E) - F-(B;ol) - Y (BEol)- (18 E)-

i+j=k i+j=k
1,721 1,7>1
-3 F(Bje1)-(10E).
i+j+l=k
1,5,0>1

Since (jrg)l = (Jp)1 =
Go(ED, (T, (Jr)1) =
1 1

= M(BY) gn - g (10 B + B @1) — B @ B

1
= —5d3 EY - BV o B,

%rl, we have

The skew-symmetric part of Go(E 1), (jrg)l, (J,,)1) is ——d“E{l), where d} is
the Poisson cohomology operator. We know that (Jrh)z — (Jop)2 = 5(rh —12).
So, the equality between the skew-symmetric parts of both sides of (6.13)
leads to

rh =1y + diE". (6.14)

Let By = i, (1) = Bi+Pat+. .. and 3 = 8" = p(rl) = B+ Bot+ 5512+ ...

Using (6.14), we get 3y — by = —pin, (ry = 12) = —pn, (43 EY) = de(pr, (7))
(the last equality, using relation p o (—dp) = d. o j1). This means that there

exists a 1-cochain oy = /Lrl(E]El)) such that 85 = [y + d.ay.
Consider now the following elements:
B = Byt ot + 558+ 03 .. and =4 (B).

The elements Bt and 3, belong to the same formal cohomological class. By
theorem 6.8, the star products J ) and J are equivalent, and the element
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u® which defines the equivalence

jrg = Ag(u®) g @ (u'? @ u®),
equivalent also to

T = Ba®) -y - (@) & (@)

h
satisfies (by the previous lemma)
u? =1 _|_lur_11(a1)h_|_... =1 +E§1)h+...

But, as j,,h and j?“% are also equivalent, we obtain

e = Da(u®) - Ag(BN) -, - (BY @ V) - () @ () )
= A EY . (™D g (B () @ (BW - (u@)7h),

i.e., the element E® = EW.(u)~! € Ual[h]] defines an equivalence between

Jr, and jT@) at any order, and we may compute the first terms of E®:
h
E? =1+ EY - EMNA+ EPR2+ - =1+ 0n+ EPR2 + -
Since r£2) =711+ 1ot + r§2)t2 + ... andr, =1 +rot + 13t + ..., we have

(1), = (02), G, = (), vt (3, - (2), = e =0

But j,,h and J ¢ are equivalent. So, they are equivalent at order 2. This
Th

means that there exists an element E§2) € Ua such that

(jf;(f))z a (jrh)z G (E?)’ (jrr(a2))1 ’ (jrh)) - dHEém'

Since E{z) = 0, we have G» (E?), (jr(2))1 , (jrh)l) = 0 and so dHEéz) =0,
h

which implies that E§2) belongs to a.
The equivalence at order 3 means that there exists E:)(,?) € Ua such that

(1) (1) 6 (2081 (7)1 (02) (0), (1),) =
/3 3 /1 1 no/2 2

(6.15)
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Th

Gs (E]EQ)’ Eéz)’ <j7”§)>1 ’ (jrh>1 ’ (j (2)>2’ (j >2> -
=8B (Jn), = (J) - @ EPY = (1) - (B @),

The skew-symmetric part of this element is

AGs ( ' ’E§2)’ (j”f(f))f (jrh)f (jrf))z’ (jrh)z) - _%dgEy)

The equality of the skew-symmetric parts of both sides of (6.15) leads to

Since E£2) =0 and <jr<2>>1 = (j

) , we obtain
1

) =1+ dp B
Thus,

2 2 (2 2
By = By =057 = By = —pun, (15" = 13) = —pun, (AR ) = deln, (7).
This means that there exists a 1-cochain ay = ,u,,l(E(z)) such that

5;’) = 53 + chég.

Using the induction hypothesis, and following the same steps, we conclude
the proof. |

Combining the last two theorems we obtain the following result, similar in
Etingof-Kazhdan quantization theory to the one by Drinfeld in [5].

Theorem 6.11. Let J,, and j be as in a) Theorem 6.8. Then, J,, and
J/ are equivalent ISP zf and only if, Bn and ﬁﬁ belong to the same formal

cohomologzcal class. In other words, Jrh and J/ are equivalent ISP if, and

only if, there exists a formal 1-cochain oy = ozlh + aoh® + ... such that
By, = Br + deou.

Theorem 6.11 and Remark 2) in page 841 of [7] allow us to obtain
Theorem 6.12. Two triangular Hopf QUE-algebras Aa[[h]Lj%l and Aa[[h]Lj—/l
"h

are isomorphic if, and only if, there exists an isomorphism of Lie algebras
A a[[h)] — a[[A]] over M R[[h]] such that (\> @ N\*)B, and 3} belong to the
same cohomological class where B = iy, (Th), B = por (17,) and X* = (A71)%
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Proof:

If the pair (A, u) defines an isomorphism between the triangular Hopf QUE
algebras (see proposition 3.9 in [6]), in particular, the map Ad(u)o A satisfies
the following equality

(Ad(u) o ) ® (Ad(u) o \)R™ = R"h.
We know that R™ = 1+r1h+O(h?) and R = 1+ rih+ O(h?). Computing
the coefficients of h at both sides of last equality, we obtain
(A® N)ry =11 mod h.

So, A®@N)(ry) = r1 +ri§h+r{h?+---. Denote this element by r/ (it is also
a solution of CYBE). We know also that

Tl =(weu) Ao (j;) Ag(u)L (6.16)

Th

Consider the invariant star product jrg defined through the E-K quantiza-
tion. By proposition 6.6, since (A ® \)(ry) = 7, we have

AT, = T,
where \* = (A\™Y)!. Using proposition 6.7, we obtain

G M) = T
Taking inverses at both sides of (6.16), we obtain

Ji = Balw) A@ ) () (@)
= Ag(u)- jrg C(uwteuh.

This means that j?’% and jrg are equivalent star products. By theorem 6.10,
By, = p (ry,) and By, = p,n (1) belong to the same formal cohomological class.
Since (A @ A\)ry, = 1}, by proposition 6.2, we get 8] = (A)'@ (A 1)8, =

(A2 ® A\?)By and we conclude that (3} and (A\* ® A\?)8; belong to the same
formal cohomological class.

If (™D @ (1) ™)'8, = B and B}, belong to the same cohomological
class, then, by theorem 6.8, J.» and J,, are equivalent star products, where
rf = pu'(B}). This means that there exists an element u € Ua[[h]], u =

h
1 mod h, such that )
Jr = DNa(w) ™ o (u @),

h
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equivalent also to
Tt =t eu) Tt Ag(u). (6.17)
Since (@' @ @')ry, = r} (see proposition 6.2), we have, by propositions 6.6
and 6.7,
Ty = (8" ® ¢) Jr,.
Substituting this in (6.17), we obtain

Jl =l eu) (o) (J;) Ag(w).

Considering A, = ¢! and u; = u™!, the pair (A1, u1) defines an isomorphism
between A,y 71 and Ay Jol (see proposition 3.9 in [6]). m
T T

5) From the above results and Remark 2) in page 841 of [7] we may also
prove :

Proposition 6.13. Let A .

T‘h’

QUE algebras over R[[h]] which are quantizations, as in theorem 4.7, of

the quasitriangular Lie bialgebra (a @ aj , [7]a€9ﬂ$17 Eadaz, = d.r). Let B =

i (rn) = Br+ Beh+ ... and By, = (1) = B+ Boh + ... If By and By,

belong to the same cohomological class, then Aa@a:h’97j%l and A 0., are
h

Q.77 and A Q Jf;; be quasitriangular Hopf

ada*, ,
"k

adar,
h

1somorphic.

Proof:

If B, and 3, belong to the same cohomological class, by theorem 6.4, there
exists a unique element X; = X; + Xot + - -+ € a, such that

* 2
exp(atht)® By = B;.

Using proposition 6.2 with ¢} = exp(adyy,), there exists an isomorphism
of = ((¢H)Y) ™! : @ — a of Lie algebras such that (o} @ p})r; = r,. By propo-
sition 6.1, this pair (¢}; p?) defines an isomorphism from the Lie bialgebra
a® a;, to the Lie bialgebra a © a;, and sends the canonical element r of the

vector space (a@® a*)® to itself. Thus, (p}; ¢?) also will send Q into Q, where
Q2 = r19 4+ r91. Applying now proposition 6.6, we have
- -~ 2
Iy = (90%390?)@) T
where ¢} and @7 are extensions of p; and ¢? to homomorphisms Ua[[h]] —
Ua[[h]] and Uaj [[A]] — Uaj[[A]], respectively. Putting t = h it is clear
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that (¢}, ¢7) defines an isomorphism a & af, — a & a;%i and the elements
= Jp li=ns Jr = Jr, lt=n- We obtain the equality

- - 2
Jr,’i = (907117 SO%)@) Jrh-
Using an analogous proposition to proposition 3.9 in [6] with A = (p}; ¢©?)

and u = 1, we conclude that the map

(oh:03) = (¢h; 2h) U@ ar) — Ula D ay)
h

is an isomorphism Aa@a:h,ﬂ, sl Aa@a:/ QI n
h h

About the converse of this proposition, we have [22] some examples of
isomorphisms where [01] # [0})-
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