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ABSTRACT: We study the Dirichlet problem — div(|Vu[P®®)=2Vu) = 0 in Q, with
u = fon 0 and p(x) = oo in D, a subdomain of the reference domain 2. The main
issue is to give a proper sense to what a solution is. To this end, we consider the limit
as n — oo of the solutions wu,, to the corresponding problem when p,(z) = p(z) An,
in particular, with p = n in D. Under suitable assumptions on the data, we find
that such a limit exists and that it can be characterized as the unique solution of a
variational minimization problem. Moreover, we examine this limit in the viscosity
sense and find an equation it satisfies.
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1. Introduction
The goal of this paper is to study the elliptic problem

—Apyu(z) =0, r € QcCRY,

u(x) = f(x), x € 01, (1)

where A yu(x) = div (\Vu(x)|p($)_2Vu(x)) is the p(x)-Laplacian operator
and the variable exponent p(x) verifies

p(x) = +o0, r €D, (1.2)

for some subdomain D C 2. We assume that 2 and D are convex domains

with smooth boundaries, at least of class C'. On the complementary domain

Q\ D we assume that p(x) is a continuously differentiable bounded function.
On the variable exponent, apart from (1.2), we also require that

p— = inf p(z) > N, (1.3)
xeQ
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so that we will always be dealing with continuous solutions for (1.1); to fix
notation, we define
p+ = sup_p(z).
zeQ\D

The boundary data f is taken to be Lipschitz continuous; this hypothesis
simplifies the analysis but it could be relaxed.

Our strategy to solve (1.1) is to replace p(x) by a sequence of bounded
functions p,(z) such that p,(z) is increasing and converging to p(x). For
definiteness, we consider, for n > N,

pn(x) := min{p(x),n}.

We will use the notation (1.1),, to refer to problem (1.1) for the variable
exponents p,(z).
Since p(x) is bounded in 2\ D, we have, for large n, specifically for n > p.,

pA@:{p@% r€Q\D,

n, x e D.

Moreover, still for large n, the boundary of the set {p(z) > n} coincides with
the boundary of D and thus does not depend on n. This fact is important
when passing to the limit.
Using a variational method, we solve (1.1),, obtaining solutions w,; if the
limit
lim u, (1.4)
n—oo
exists, we call it us. It is a natural candidate to be a solution to (1.1) with
the original variable exponent p(z). A crucial role in this process will be
played by the set

sz{uewmxm . ulgp € WHE(Q\ D),
[Vu| ey <1 and  ulpg = f}
and by the infinity Laplacian
ou Ou O*u

O Oz O T

Aoou:—( uVu Vu—z
i,j=1

Our main results are condensed in the following theorem.
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Theorem. There exists a unique solution u, to (1.1),. Moreover, if S # ()
then the uniform limit

Uso = lIm u,,
n—oo

exists and is characterized as the unique solution of the variational problem

p(z)
min / M dx.
Q

ues \D p(x)
In addition, uy, 1S a viscosity solution of
( —Apu(zr) =0, xeQ\D,
—Asu(z) =0, r €D,
sgn(|Vul(z) — 1) sgn (%(m)) =0, r € 0D NI,
| u(z) = f(x), x € 0,

where v 1s the exterior unit normal vector to 0D in §).
Finally, if S = 0 then

n 1/n
lim (/ [V dx) — A1,
n—00 D n

where X\ 1s the best Lipschitz constant in D of any possible extension to D of

f\amﬁ-

We remark that the value of A that appears in the last statement of the
theorem is related to the problem of finding the best absolutely minimizing
Lispchitz extension (the so-called AMLE) of f|;q~p to D. This problem has
been extensively studied in the literature, see [2], [11], the survey [3], and
the recent approach using tug-of-war games, [6], [13], [14]. In the rest of the
paper we will use the notation “v is the AMLE of f in D” to denote this
best absolutely minimizing Lipschitz extension problem (v is the solution)
and refer to [3] for further details.

Partial differential equations involving variable exponents became popular
a few years ago in relation to applications to elasticity and electrorheologi-
cal fluids. Meanwhile, the underlying functional analytical tools have been
extensively developed and new applications, e.g. to image processing, have
kept the subject as the focus of an intensive research activity. For general
references on the p(z)-Laplacian we refer to [8], that includes a thorough
bibliography, and [12], a seminal paper where many of the basic properties
of variable exponent spaces were established.



4 J. J. MANFREDI, J. D. ROSSI AND J.M. URBANO

In the literature, the variable exponent p(x) is always assumed to be
bounded, a necessary condition to define a proper norm in the correspond-
ing Lebesgue spaces. To the best of our knowledge, this paper is the first
attempt at analyzing a problem where the exponent p(-) becomes infinity
in some part of the domain. For constant exponents, limits as p — oo in
p—Laplacian type problems have been widely studied, see for example [5],
and are related to optimal transport problems (cf. [1]).

Organization of the paper. The rest of the paper is organized as
follows: in Section 2 we show existence and uniqueness of solutions with
p(z) = po(z) = p A n using a variational argument; moreover we find the
equation that they verify in the viscosity sense and prove some useful esti-
mates independent of n; in Section 3 we pass to the limit in the variational
formulation of the problem and we deal with the limit in the viscosity sense.
Finally, in Section 4 we present a detailed analysis of the one-dimensional
case.

2. Weak and viscosity approximate solutions
To start with, let us establish the existence and uniqueness of the approx-
imations u,, in the weak sense.

Lemma 2.1. There exists a unique weak solution wu, to (1.1),, which is the
unique minimizer of the functional

Pn(2) n p(x)
Fn(u):/%dx:/ [Vl dx+/ de (2.1)
o Pn() D N Q\D p(x)
mn
&:{uewmwan;mm:f} (2.2)

Proof: Although the exponent p,(-) might be discontinuous, functions in
the variable exponent Sobolev space W'P»()(Q) are continuous thanks to
assumption (1.3). Indeed, for n sufficiently large, we have p,(-) > (p,)- >
p— > N and the continuous embedding in

whtrO(Q) — wh-(Q) c C () (2.3)

follows from [12, Theorem 2.8 and (3.2)]. That the boundedness away from
the dimension is not superfluous when the exponent is not continuous is
shown by a counter-example in [9, Example 3.3].
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We can then take the boundary condition u|gg = f in the classical sense
(recall that f is assumed to be Lipschitz) and the results of [10] apply since
the jump condition (cf. [10, (4.1)-(4.2)]) is trivially satisfied by the variable
exponent because p,(-) > N. Thisis a sufficient condition for a p,,(-)-Poincaré
inequality to hold in I/VO1 P "(')(Q) which, in turn, is instrumental in obtaining
the coercivity of the functional. The lower semicontinuity is standard as is
the strict convexity, that also gives the uniqueness.

It is also standard that the minimizer of F, in S, is the unique weak solution
of (1.1),, i.e., u, = f on 0f2 and it satisfies the weak form of the equation,
namely,

/Q IV, [P @2V, - Vo dr =0, Ve O (). (2.4)
u

Lemma 2.2. Problem (1.1), can be rewritten as

( —Apyun(r) =0, reQ\D,
—Ayuy(z) =0, re D,
. ou ou (2.5)
n—2-n _ p(x)—2~%n
V()] () = [Vun(2)] 5, (©): xr €0DNQ,
(o) = fx). reon

where v 1s the exterior unit normal to 0D in ).

Proof: Just notice that the weak form of this problem is exactly the same as
the one that holds for (1.1),. This follows since after multiplying by a test
function and integrating by parts one arrives at (2.4) for both problems. m

Next, we investigate the problem satisfied by u,, from the point of view of
viscosity solutions.

Let us recall the definition of viscosity solution (see [7] and [4]) for a prob-
lem like (2.5), which involves a transmission condition across the boundary
0D N ). Assume we are given a family of continuous functions

F: Qx RY x SN R,
The associated equations
Fy(z,Vu, D*u) = 0
are called (degenerate) elliptic if
Fi(z, &, X) < Fi(z,£,Y) whenever X >Y.
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Definition 2.3. Consider the problem

Fi(z, Vu, D*u) = 0, in Q\ D, (2.6)
Fy(z,Vu, D*u) = 0, in D,
with a transmission condition
B(x,u,Vu) =0, on 0D NK, (2.7)
and a boundary condition
u=f, on OS. (2.8)

A lower semi-continuous function u is a viscosity supersolution of (2.6)—(2.8)
ifu> f on 0Q and for every ¢ € C*(Q) such that u— ¢ has a strict minimum
at the point xy € Q, with u(xg) = ¢(xy), we have

Fi(xo, Vé(x0), D*¢(w0)) > 0 if zg € Q\ D,
Fy(xo, Vé(x0), D*¢(20)) > 0 if o € D,
Fy (2o, Vo (o), D2¢( 0))
max { Fy(xg, Vo (x0), D*¢(z0)) > 0 if o€ dDN.
B(xo, ¢(x0), Vo(x0))

An upper semi-continuous function u is a viscosity subsolution of (2.6)—(2.8)
ifu < f on 02 and for every € C%(Q) such that u—1) has a strict mazimum
at the point x¢ € 0, with u(xg) = ¥ (xy), we have

0);
Fy(0, Vib(o), D*(20)) < 0 if 2o € Q\ D,
Ey(wo, Vip(wo), D*(x0)) < 0 if w9 € D,
Fy (o, Vip(x0), D*(0))
min § Fy(xo, Vip(xo), D*1p(x0))
B(xo, 9 (x0), Vip(10))

Finally, u is a viscosity solution if it is both a viscosity supersolution and a
viscosity subsolution.

IA

0 if xg€dDNA.

In the sequel, we will use the notation as in the definition: ¢ will always
stand for a test function touching the graph of u from below and v for a test
function touching the graph of u from above.
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Proposition 2.4. Let u, be a continuous weak solution of (1.1),. Then u,
is a viscosity solution of (2.5) in the sense of Definition 2.3.

Proof: To simplify, we omit in the proof the subscript n. Let zy € Q\ D
and a let ¢ be a test function such that u(zg) = ¢(xg) and u — ¢ has a strict
minimum at xy. We want to show that

— D (x0) = —|V(x0) P2 A ()
—(p(0) — 2)| V(o) [P Ase ()

=V (o) "2 (| V) (20) (Vo (0), V(o))
> 0.

Assume, ad contrarium, that this is not the case; then there exists a radius
r > 0 such that B(xzg,r) C 2\ D and

—Bymo(r) = —|Vo(@)"D?A¢(x) — (p(z) — 2)|Ve(2) A ()

— V() P2 In(|Ve|) () (V(x), Vp(z))
< 0,

for every x € B(xo,7). Set m = inf|,_, _,(u — ¢)(x) and let ®(x) = ¢(x) +
m/2. This function ® verifies ®(z() > u(zy) and

Ay ® = —div([VOPW2VD) <0 in B(xg, 7). (2.9)

Multiplying (2.9) by (® — u)*, which vanishes on the boundary of B(zg,r),
we get

/ VOOV . V(D — u) de < 0.
B(zg,r)N{®>u}

On the other hand, taking (® — u)", extended by zero outside B(xg,r), as
test function in the weak formulation of (1.1),, we obtain

/ Vul|P@ 2V - V(® — u)de =0,
B(zg,r)N{®>u}

since p,(z) = p(x) in Q\ D. Upon subtraction and using a well know
inequality, we conclude

0 > / (|v<1>|p<w>—2v<1> - \vu\W)—?vu) V(D — u)dx
B(zg,r)N{d>u}

> c/ VO — VulP™ dz,
B(zg,r)N{®>u}
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a contradiction. Here ¢ is a constant that depends on N, p~ and sup p(z).
x€B(xo,r)
If xo € D the proof is entirely analogous, albeit simpler due to the absence
of the logarithmic term, and we obtain

—D,(x0) = =V (wo)["2A¢(w0) — (n — 2)|V(0)|" ™ Asc(0) > 0

The constant ¢ in this case depends on N and n.
If xo € 0D N ) we want to prove that

—Ap(e)P(20)
max { —A,¢(z0) > 0.
V(o) ["255 (o) — V(o) [Pr0) =252 ()
If this is not the case, there exists a radius r > 0 such that
—Apno(z) <0 and — App(z) <0

for every x € B(xo,7). Set m = inf|,_, |-, (u — ¢)(z) and let ®(x) = ¢(x) +
m /2. This function ® verifies ®(xg) > u(xp),

—Apy® <0 in B(zg,7)N(Q\ D) (2.10)
and
—A,® <0 in B(xg,r)N D. (2.11)
Moreover, we can assume (taking r smaller if necessary) that

od 0P

|V<I>(x)\"_2$(x) — \V@(x)|p($)_2%(x) <0 in B(xg,r)NOD. (2.12)
Multiplying both (2.10) and (2.11) by (® — u)", integrating by parts and

adding, we obtain

/ \V@\p(””)_2v<b-V(<b—u)+dx+/ VO™ 2P V(b —u)* da
B(z0,m)NQ\D

B(xzg,r)ND

> ®
</ <\V<I>\” 209 — |Vo[r@ 29 )(@—u)ws,
B(xo,r)NOD ov ov

taking also into account that the test function vanishes on the boundary of
B(xg, 7). Using (2.12), we finally get

/ IVO[PO2Yd . V(P — u) da
B(zo,7)N(Q\D)N{®>u}
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+/ VO[" 2V - V(P — u) dx < 0.
B(zo,r)NDN{®>u}

On the other hand, taking (® — u)", extended by zero outside B(xg,r), as
test function in the weak formulation of (1.1),, we reach a contradiction as
in the previous cases. This proves that w is a viscosity supersolution.

The proof that u is a viscosity subsolution runs as above and we omit the
details. |

We next obtain uniform estimates (independent of n) for the sequence of
approximations ().

Proposition 2.5. Assume the set
S = {u WY (Q) : ulgpeWI(Q\D),
[Vullzeip) <1 and ulon = f}

1s nonempty. Then u,, the minimizer of I, in S, satisfies

pn() n p(x)
Fo(u,) = AT dr < [Vl dx —I—/ Vo dz,
o Pal) D n O\D p(z)

for every v € S. Hence, the sequence (F,(uy))n is uniformly bounded and the
sequence (U, is uniformly bounded in W1P=(Q) and equicontinuous.

Proof: Recalling (2.2), the definition of S,,, observe that S C S, for every
n. Since u, is a minimizer, we have

Fo(u,) < F,(v), Yves.
Hence, picking an element v € S # (),

_ |Vun|pn(x)

Fo () VP (@)
n un - - N
Q pn(gj)

Q) pn(gj)
n p(z)
_ /IWI d:H/ Vo™
D N O\D p(x)

|D| +/ VP dx = C,.
Q\D p(x)

de < dx

IA
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In order to estimate the Sobolev norm, we first use Poincaré inequality and
the boundary data, to obtain

HunHW“’*(Q) < Hun - fHWOl’p’(Q) + HfHW“’*(Q)

C IV (un = F)llr-) + | fllwre
CIVun| zr- @) + (C + D[ fllwre(o)-

We proceed, using Holder inequality and elementary computations, to get

1/p_
HVunHLpf(Q) = (/ ‘Vun‘p— d$>
Q
1/p- 1/p-
< </ \Vu, [P~ dx) + </ \Vu, [P~ dx)
D O\D
- 1/n 1/p-
< |D|-"" (/ \Vun|"> + Q| + (/ |V, |P@) d:z:) :
D O\D

Since we have the bounds

1/n n 1/n
D D N

<
<

and
Yu, |[P*)
/ |V, [P da < p. / Wunl™ 4 < p. Fy(un) < piC.,
Q\D Q\D p(z)
we conclude that the sequence (u,),, is uniformly bounded in WP~ (Q) and,
recalling the embedding in (2.3), that it is equicontinuous. |

3. Variational and viscosity limit
We first analyze the case S = (.

Theorem 3.1. Assume S = 0, i.e., that the Lipschitz constant in D of the
AMLE of flsqrp to D, call it A, is greater than one. Then

(F(un))Y™ — A
Hence, F,(u,) — oo and the natural energy associated to u, is unbounded.

Remark 3.2. Note that if 92N D = () then A\ = 0, since any constant can
play the role of a best Lipschitz extension. However, when 02N D # () the
condition is meaningful and it can happen that X > 1. As a trivial example
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consider a function f with f|yq~p having a Lipschitz constant greater than
one.

Proof: Let v be the AMLE of f in D. Since u,, is a minimizer, we have

n pa) N\ Y
Un < lim sup </ Vol dx +/ Vol dx) =A> 1.

lim sup (£, (un))

Now suppose that
lim inf(F,(u,))Y" = 3 < X

n—oo

and consequently that

n 1/n
lim inf </ [V d:l:) <p.
n—00 D n

Fix m > p_ and take n > m. By Holder’s inequality,

1/m L 1/n
( / \Vun\m) < |DJF* ( / \vw)
D D

n 1/n
< |D|Fnli (/ V" d:c) |
D n

Taking the limit in n, we conclude

1/m )
( / |wn\m) < |DJ%8,
D

so, for a subsequence, there exists a weak limit in W% (D), that we denote
by . This weak limit has to verify the inequality

1/m .
( / |woo|m) < D%
D

for every m. Thus, taking the limit m — oo, we get that u,, € WH*(D)
and, moreover,

Vus| <5, a.e. v €D.

But this is a contradiction since X is the best possible Lipschitz constant of
any extension of f to D. We conclude that

lim inf (F, (u,))"/™ = A,

n—oo

and the result follows. ]
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We now focus on the main case S # (). Recall that solutions to (1.1), are
minima of the functional
VulPal®)
Fo(u) = AT dx
Q pn(gj)
in

S, = {u e When(@) . u|pg = f} .

The limit of these variational problems is given by minimizing

wlp@)
F(u):/Q [Vl dx (3.1)

\D p(x)

in
S = {u W (Q) : ulgp e WI(Q\D),
IVull ey <1 and  ulgg = f}.

Theorem 3.3. Assume that S # () and let u, be minimizers of F, in
S,. Then, along subsequences, (u,), converges uniformly in S, weakly in
WL™(D), for every m > p_, and weakly in WP (Q\ D) to us, a mini-
mizer of F' in S. Moreover, the limit us is co-harmonic in D, 1.e.,

—Agls, =0 m D,
in the viscosity sense.

Proof: We use the estimates obtained in the previous section.

Since the sequence (uy), is equicontinuous and uniformly bounded, by
Arzela-Ascoli theorem it converges (along subsequences) uniformly in €; the
weak convergence in the space W1™(D), for every m > p_, was obtained
in the proof of Proposition 3.1 and the weak convergence in WP (Q\ D)
follows from the estimates in Proposition 2.5.

Also as before, we get that u,, € WH*(D), with |[Vus| < 1, a.e. x € D,
thus concluding that u., € S. On the other hand, also from Proposition 2.5,

we get
p(x) p(x)
/ [V dx < Fy(uy,) < F,(v) — / [Vl dx
O\D p(x) O\D p(x)
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and we conclude that
p(z) p(z)
F(uoo):/ Mdmﬁ/ Vo dx = F(v), YveSs
Q\D p(x) Q\D p(x)

so that u, is a minimizer for F in S.
That a uniform limit of n-harmonic functions is oo-harmonic is a well
known fact (cf., for example, [5] or [11]). u

Remark 3.4. We stress that the minimization of the functional F in S gives
a variational meaning to being a solution of (1.1).

The next result gives the uniqueness of the limit u, and therefore we may
conclude that the whole sequence u,, converges uniformly in 2.

Proposition 3.5. There exists a unique minimizer of F in S that verifies

—AslUe =0 in D. (3.2)
Proof: Suppose we have two minimizers in S, u; and us. Then, considering
v=2 ;L 42 €S,

we obtain that they coincide in Q \ D. Using the uniqueness of solutions of
the Dirichlet problem for the co-Laplacian in D (note that u; coincides with
us on the whole of D), we conclude that u; = us also in D. [

Our next task is to pass to the limit in (2.5), the problem satisfied by w,
in the viscosity sense, to identify the equation solved by u.,. We are under
the assumption S # () and we recall that

uniformly in €2.

Theorem 3.6. Every uniform limit of a sequence {u,} of solutions of (1.1),
1S a viscosity solution of

[ —Apyu(z) =0, reQ\D,
—Ayu(x) =0, reD,
. ou (3.3)
sgn (|Vul(z) — 1) sgn 5(33) =0, r€dDNQ,
\ u(gj) - f(:l?), x € 0f),
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Proof: Since u,(x) = f(x), for x € 09, it is clear that u(x) = f(z), for
x € 0f).

Let 1y be a uniform limit of {u,} and let ¢ be a test function such that
Uso(Tg) = P(x9) and uy — ¢ has a strict minimum at xy € 2. Depending on
the location of the point xy we have different situations.

If xp € D, we encounter the standard fact the the uniform limit of n-
harmonic functions is oco-harmonic.

If xg € Q\ D, consider a sequence of points x, such that x, — x( and
u, — ¢ has a minimum at z,, with z, € Q\ D for n large. Using the fact
that u, is a viscosity solution of (2.5), we obtain

Now we observe that p,(x) = p(x) is a neighborhood of xy and hence, taking
the limit as n — oo, we get

_Ap(aro)¢(x0) 2 0.

That is, us is a viscosity supersolution of —Aj e = 0in Q0 \ D.
If xo € 0D N2, we have to show that

_Ap(:vo)qb(x())
max — A (o) > 0.

sen([Vol(o) — 1) sem (%(a0)) |

Again, since wu,, converges to u uniformly, there exists a sequence of points
x, converging to xg such that u,, — ¢ has a minimum at x,. We distinguish
several cases.

Case 1. There exists infinitely many n such that z, € D.

Then we have, by Lemma 2.4,

~Ané(zn) = = V()" *A(2n) — (n = 2)|V(0) " Asc(zn) 2 0.

If Vo(zg) =0, we get —Ad(xg) = 0. If this is not the case, we have that
Vo(x,) # 0, for large n, and then

—Asp(x) > $|V¢(azn)|2A¢(:€n) — 0, asn — oo,

We conclude that
_Aoo¢(x0) 2 O

Case 2. There exists infinitely many n such that z,, € Q\ D.
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Then we have, by Lemma 2.4,

—Ap, (@) (zn) = 0.
Proceeding as before, we get

=Dy P(w0) = 0.

Case 3. There exists infinitely many n such that z, € 0D N Q.
In this case, we have

_,00 500
n—2Y% - p(xn)—2% >
Vo)l ) — V()2 E ) > 0.
Hence, we get
09 n—p(z,) 0P
5, (Tn) < [Vo(z,)] i ”)5(%)-
Taking n — oo, we deduce that
0
Vol(z0) > 1= 50 (a) 2 0
and oy
IVo|(xo) <1= 5(%) < 0.
That is

sen(| V| (z0) — 1) sgn (?()) >0

This concludes the proof that u., is a viscosity supersolution.
The proof that u is a viscosity subsolution runs as above and we omit the
details. u

4. The one-dimensional case

In this section, we analyze with some detail the one-dimensional case, which
is easier since the equation reduces to an ODE.
Let 2 = (0,1) and assume p(x) = oo for x € (0,&). Then the problem at

level n reads
(fup [P =20 ) () = 0,

un(0) = f(0),

up(1) = f(1).
To simplify, we assume that f(0) = 0 and f(1) > 0. Then, integrating the
equation, we get

[up, [P0 () = Oy
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Assuming that u,, > 0, we get
() = (Co) T,

n

Thus .
() = / (C1) T ds
0

and the constant C (that must be positive and depends on n) verifies

1
F1) = [ (e as
0
Since f(1) is finite, we conclude that C; must be bounded; if not,

lm u,(x) = U () = 400

n—oo

in the whole interval (¢, 1] and this contradicts u,(1) = f(1). Therefore, we
can assume (taking a subsequence if necessary) that

lim Cy(n) = Cx.

Case 1. When C4, > 0, we conclude that the limit of u,, is given by
T z € [0,¢],

Uso() = lim u,(z) =

n—00 §+/§vx(coo)ﬁ ds T € [5, 1]

As u,(1) = f(1), we realize that the constant Cy is determined by

1
¢+ [ (Comas = 100)

This case, C, > 0, actually happens when f(1) > . Since Cy, is uniquely
determined, we obtain the convergence of the whole sequence u,,.

Note that in this case we can verify that u, is a minimizer of the functional
F given by (3.1). Indeed, since |u/_|(x) < 1, for x € [0,&], we have that
U € S and since u., is a solution of

(Ju/[P972) () =0, w(@) =& ul(l) = f(1),

we have that it minimizes the functional F', which in this case is given by

p(s)

1 p(s)—1
Flus) = / (o)
3

p(s)
among functions that verify u(§) = £ and u(1) = f(1).
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Now, for any function w € S, we have |w'|(x) < 1, for x € [0,£], and we
get w(§) < €. Let z be the solution of

(|29 (@) =0, 2(&) =w(@) <& 2(1) = f(1).
Then we have
F(w) > F(2) > F(ux).
To see that the last inequality is true just use the monotonicity of the function

L (o)
C’r—>/ () ds
&

p(s)

with respect to C.
Case 2. When Cy, = 0, we have that

{ Kx z € 0,¢],

lim up(z) =
b, unl) K¢ z € ¢ 1].

Here K <1 is given by
K = lim (Cy(n))"/"

(recall that we are taking p,(x) = p(x) A n).
As u,(1) = f(1) we get that the constant K is given by

K¢ = f(1).

This case actually happens when f(1) < &. Since K is uniquely determined,
we obtain the convergence of the whole sequence u,,.

Note that in this case the limit u., is not differentiable, but it is Lipschitz.
Also note that it is easy to verify that u. is a minimizer of the functional F'
given by (3.1). Indeed, F(uy) = 0 and F(w) > 0, for every w € S.
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