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ABSTRACT: High-order non symmetric difference operators with complex coeffi-
cients are considered. The correspondence between dynamics of the coefficients of
the operator defined by a Lax pair and its resolvent function is established. The
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The solution of a discrete dynamical system is studied. We give explicit expressions
for the resolvent function and, under some conditions, the representation of the
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1. Introduction and notation

1.1. Vector orthogonality. For a fixed p € Z", let us consider the se-
quence {P,} of polynomials given by the recurrence relation

x Py () :.Pn—i-l(x) +an—p+1pn—p(x) , n=pp+1,... (1)
P(zx)=2", i=0,1,...,p ’

where we assume a; # 0 for each 7 € N. For m e Nand n =mp +1, i =
0,1,...,p— 1, we can write

mep(x) - Pmp-l—l(x) + a(m—l)p—i-lp(m—l)p(x)
2P+ 1)p-1(%) = Pln1)p(2) + amp Prrp-1() -
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This is, denoting B, (x) = (Pup(x), Papy1(z), ..., P(mH)p_l(x))T,
00 --- 0 0 1
A _ E E c . . E ’ B _ c . . .. .
00 --- 0 0 1
10 0 0
and C, = diag {a(m—1)p+1, Am—1)p+2; - - - » Amp }, We can rewrite (1) as
x By (z) = ABpi1(x) + BBp(x) + Cp By—1(z), meN, (2)

with initial conditions B_; = (0, ..., O)T , Bo(z) = (1, xT,. .., :z:p_l)T.
Let P be the vector space of polynomials with complex coefficients. It is
well known that, given the recurrence relation (1), there exist p linear moment
functionals u!,...,u? from P to C such that for each s € {0,1,...,p — 1}
the following orthogonality relations are satisfied,
7=01,...m,i1=1,...,s

u' (7 Pyypis(x)] =0 for { (3)

i=01,..m—1,i=s41,....p
(see [4, Th. 3.2], see also [3]). In all the following, for each sequence {a,}
in (1) we denote by u!, ..., u” a fixed set of moment functionals verifying (3).

We consider the space P? = {(qi,...q,)" : ¢; polynomial, i = 1,...,p} and
the space M., of (p X p)-matrices with complex entries. From the existence
of the functionals u!, ..., u?, associated with the recurrence relation (1), we
can define the function W : PP — M, given by

¢ ula] ... wPlgl
W1 | = : ; : (4)
dp ulg,] ... uPlgy)
In particular, for m,j € {0,1,...} we have
w2 Pyy(2)] . uP |27 Ppyp()]
)4% (ijm) = : . :
w27 Py (2)] oo uP[2 Py (2)]
and the orthogonality conditions (3) can be reinterpreted as
W(@'B,) =0, j=0,1,...,m—1. (5)

For a fixed regular matrix, M € M,,, we define the function

Z/[:Pp —>Mp><p
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such that
41 il 01
Ul:|=wl:|um, . | epr, (6)
dp dp dp
being W given in (4). Briefly, we write
U=wm. (7)

We say that U, given by (6) and (7), is a vector of functionals defined by
the recurrence relation (2). In this case, we say that {B,,} is the sequence of
vector polynomaials orthogonal with respect to U.

More generally speaking, for any set {v!,...,v"} of linear functionals de-

fined in the space P of polynomials, it is possible to define a function
U: PP — My, like (6). It is done in the following definition.

Definition 1. The function U : P? — M, given by

7 val - vP[ql]
Ul:|]= Do My
dp vlg) - Vg
for each (g1, ..., q,)T € PP is called vector of functionals associated with the
linear functionals v', ... vP and with the regular matrix My € M, x,.

It is easy to see that, for any vector of functionals ¢, the following proper-
ties are verified:

U(Q1+ Qo) = U(Q1) +U(Q,), for O, Qs € PP, (8)
UMQO) = MU(Q), for Qe PP and M € M,y,. 9)

In our case, if U is a vector of functionals defined by the recurrence rela-
tion (2), then I is associated with the moment functionals u!, ..., u? defined
by the recurrence relation (1). Therefore, the orthogonality conditions (5)
are verified for . This is,

U@ By) =0, j=01,....m—1. (10)
Using (8), (9) and the recurrence relation (2) we deduce

U(@"By) = U (x"  AByir + 2™ ' BBy, + 2" CroByi)
= AU (2" Bpy1) + BU (2™ By) + Cond (™ Byy)
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Then, from (10), U (z™ By,) = ConU (2™ B,,—1) and, iterating,

U (.Im Bm) = CmCm_1 cee 011/{ (Bo) s (11)
where U (By) = W (By) My, and
w1l ... wP[1]
W (By) = : : (12)
wllzP™1] L. wP[aP]

(see (4)). In the sequel we assume that W (By) is a regular matrix. Then,

the vector of functionals U associated with the linear functionals u!, ..., u?
and with the matrix (W(By))~" verifies
U (2 B) =Dy, m=1,2..., j=0,1,....m, (13)
Ay =CpChpr---Cy, UBy) =1,.

At the same time, given (q1, . . ., qp)T € PP foreachi=1,...,p we can write

p p p
a(@) = 3 ol P @)+ S ah Pria (@) 4+ @i Pupria(2), o) € C,
k=1 k=1 k=1

where m = max{my,...,m,} and deg(g;) < (m; + 1)p — 1 (we understand
o, = 0 when j > m;). In other words,

(@1,---.)" =) D B;.
=0
being D; = (ozgk) € Myxp,7 =0,...,m. Then, due to (8) and (9), we
have that U : PP — M, is determined by (13). In the following, for each
sequence {a,} defining the sequence of polynomials {P,} in (1), we denote

by U this fixed vector of functionals.
We will use the vectorial polynomials

. . . T
7)2' — Pz(x) - (xlp’ xlp—i-l, ey x(l-l-l)p—l) ’ 1= 07 17 e

(In particular, note that Py = By.) Also, for each vector of functionals V we
will use the matrices V (P;). As in the scalar case (i.e. p = 1), we can define
the moments associated with the vector of functionals V.

Definition 2. For each m = 0,1, ..., the matrix V (™P,) is called moment
of order m for the vector of functionals V.
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1.2. Connection with operator theory. If {a,} is a bounded sequence,
then the infinite (p 4+ 2)-band matrix

(P \
0 .- 0 1
J=1a 0 --- 0 1 (14)
a 0 --- 0 1
\ )

induces a bounded operator in ¢? with regard to the standard basis. In this
case, we denote in the same way the operator and it matricial representation.
When J is a bounded operator, then {z : |z| > ||J||} is contained in the
resolvent set. In this case we have
JTL
(ZI—J)_lzzﬁ, 2] > ||| (15)

n>0
(see [5, Th. 3, p. 211]). Being ey = (I,,,0,,...)T, we define the (p x p)-matrix

Ro(2) = (L~ D) e = 3 L0 s, )

n>0

where we denote by (Meg, ep), for an infinite matrix M, the finite matrix
given by the formal product el Mey, this is, the (p x p)-matrix formed by the
first p rows and the first p columns of M.

If we rewrite the matrix J given in (14) as a blocked matrix,

B A
¢, B A

J = ¢, B A :

then another way to express (2) is

By By
JIBi| =z|B:
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Analogously, we have

By By
J' B =2"|B1], neN, (17)
being
Jin iy e

J'=\|JA Jy -

an infinite blocked matrix and Jj; the (p X p)-block corresponding with the ¢
row and the j column. In particular, the numerators on the right hand side
of (16) are JIy = el J"ey.
Our main goal is to study the discrete KdV equation,
p

P
in(t) = an(t) | Y anei(t) = > an_i(t)| - (18)
i=1 i=1
Here and in the sequel we take a; = 0 when j < 0. We know (see [2])
that (18) can be rewritten in Lax pair form,

J=[J M, M=J"", (19)
where J = J(t) is given by (14) for the sequence {a,(t)}. Here, [J, M] =
JM — MJ is the commutator of J and M, and J”*' is the infinite matrix
(7ij)i.; whose entry in the i-row and the j-column is v;; =0, ¢ < jand 7;; =
Gij. 1> j, being J'*' = (8;);; the (p 4+ 1)-power of J.

1.3. The main results. For each ¢t € R we consider the vector of functionals
U = U, defined by the recurrence relation (2) when the sequence {a,(t)} is
used. This is,

U =W, Wi(By) ™",

where W, is given by (4) for the functionals u},...,u’. We are interested in
to study the evolution of R;(z) and the vector of functionals ;. Our main
result is the following.

Theorem 1. Assume that the sequence {a,(t)},n € N, is bounded, i.e.
there exists M € R such that |a,(t)| < M for alln € N andt € R, and
a,(t) # 0 for allm € N andt € R. Let U = U; be the vector of functionals
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associated with the recurrence relation (2). Then, the following conditions
are equivalent:

(a) {an(t)} is a solution of (18).

(b) For each m,k =0,1,..., we have

%u (2" Pp) =U (" Prgr) = U (2" P U (2 Py). (20)
(¢) For each k=0,1,..., we have

ORI = Ra() (2L~ U] = S U R) (@)

for all z € C such that |z| > ||J||.

When the conditions (a), (b), or (¢) of Theorem 1 hold, then we can obtain
explicitly the resolvent function in a neighborhood of z = co. We summarize
this fact in the following result.

Theorem 2. Under the conditions of Theorem 1, if {a,(t)} is a solution
of (18) we have
Ry(z) = —eZthS(z)e_fJledt (22)

for each z € C such that |z| > ||J||, where S(z) = (si;(2)) is the (px p)-matriz
defined by

p 1 .
sij(2) = Zzp_k/ (1) e )ty =1, p,  (23)
k=0

and (Jﬁ)ij represents the entry corresponding to the row i and the column j
in the (p x p)-block J.

Now we give a possible representation for the vector of functionals asso-
ciated with the solution for the integrable systems (18). Using the above
notation, we denote by U, the vector of functionals defined by the recurrence
relation (2) for the sequence {a,(0)}. Then, U, is associated with the mo-

ment functionals ug, . .., u) defined by (1) and verifying (3) (for t = 0). We

. . p+1 ; .
define the linear functionals e* fufy, 1 =1,...,p, as

i1, ) ko .
(e ) o) = > ubla” V)= 0.1, (24)
k>0
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In particular, f J(0) is a bounded operator, then since [3, Th. 4, pag. 191]
we know that

[P < g 7(0) | D
and the sum in the right-hand side of (24) is well defined. Then, in this case
we have defined the vector of functionals, for all (¢q,...,q,) € P? by

a (exp+1tu(1)) 1] .. (exp t p) [q1]

(") | 1| = A W (B
a0 (ew”“f 1) ) ... (ewp“f p) 4,

where W (B)) is given in (12).

Theorem 3. Let U = U; be the vector of functionals associated with the

recurrence relation (2), and with the sequence of vector polynomials {B,,} .
If we have

Z/[t Wt (Wt(B())) , with Wt = prHtZ/{() ,
then the sequence {a,(t)}, defined by (11), verify (18).

The rest of the paper is devoted to proving Theorems 1, 2, and 3. In
section 2 we prove Theorem 1. (a) < (b) is proved in subsection 2.1 and
(b) < (c) is proved in subsection 2.2. We dedicate section 3 to the proof of
Theorem 2 and, finally, in section 4 we prove Theorem 3.

In the sequel we assume the conditions of theorems 1 and 2, i.e. in (14) we
have a bounded matrix with entries a,(t), n € N, such that a,(t) # 0, n €
N, teR.

2. Proof of Theorem 1

2.1. Evolution of the moments. In the following auxiliar result we de-
termine the expression of the moment U (P,,) = U (2" Pp) in terms of the
matrix J.

Lemma 1. For eachn =0,1,... we have U (2" Py) = el J"eq .

Proof: We know that U (Py) = I, (see (13)), then the moment of order 0 is
U (Py) = ep Je.
From (17), Z J1; Bi—1 = 2" By . Then, using (8), (9) and (13),

1>1

(«" Bo) = > Jiu = Jii,

1>1
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as we wanted to prove. u

We need to analyze the matrix J" and, in particular, the block J{;. We
define

()
fi==1(0,...,0,1,0,...), €N,

Then, for each n € N the formal product J" f; is the i-th column of matrix J".
As in the case of a;, we will assume f; = 0 when ¢ < 0.

Lemma 2. With the above notation, for each i € N and m = 0,1,... we
have
Jmfi - Z Az('??]z)fi—i—k(p—l-l)—m ) (25)
k=0
where
Al =1,

k-1
Ag’n]z) = Z (H CLH_ijT) ; k= 1, e, (26)

0<jo<<jr—1<m—k \r=0

Proof: We proceed by induction on m.
Firstly, for m = 1 we know

in:fi—1+aifi+p7 Z:1727 . (27)
(see (14)). Then, comparing (25) and (27) we deduce

AZ(-,IO) =1 and AE}B =a;, for 1€ N

and, consequently, (25) holds.
t (25)

Now, we assume tha is verified for a fixed m € N. Then, for 7 € N,

Jm+1f2 ZAzk sz—i—k (p+1)—

m

E fz—i—k (p+1)—m— 1+ Ai4k(p+1) mfz—i—k (p+1)— m—i—p)
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m m—+1
= Z Agz)fwk(pﬂ)—(mﬂ) + Z AE?]Z)_lai—l—k(p—i-l)—p—(m—i—l)fz'—i—k(p—f—l)—(m+1)
k=0 k=1
m—+1
m—+1 .
= A;/j )fi—l—k(p—i-l)—(m—i—l) , 1=1,2,....
k=0

Comparing the coefficients of fii(p+1)—(m+1) In the above expression,

k—1
m—+1 m m
Az(',k )= AE,/{) + ai+k(p+1)—p—(m+1)Az(',k)—1 - Z <H ai+rpjr>

0<jo< - <jp—1<m—k \r=0
k—2
T Z Haiﬂ’p—jr it (k—=1)(p+1)—m > (28)
0<jo< < Jp_o<m—k+1 \r=0

where we are taking AZ(TZL) = Ag@l = 0. But

k—2
Z (H ai—l—rpj}) At (k—1)(p+1)—m

0<jo< - <jr—2<m—k+1 \r=0
k—1 k—1
= > [Tews ) - > e |
0<jo<<jp—1<m—k+1 \r=0 0<jo<-<jp_1<m—k \r=0

Then, substituting in (28) we arrive at (25) in m + 1. |

Remark . The coefficients AZ(.?Z) have just been defined only for m,7 € N and
k=0,1,2,...m. In the sequel, we will take AEZZ) =0fork>m, k<0, or
1 < 0.
Remark . In [2] the moments of the operator J were defined as

Skj:<‘](p+1)k+]_1f]7fl>7 kzoa ]:1,2,,]?
Then, only the first row of U (zP*VF 1)) was used there. With our
notation, these vectorial moments are

Skj _ A§(£+1)k+j—1)

(see [2, Th. 1, pag. 492]). As a consequence of Lemma 2, the so called
genetic sums associated to the sequence {a,} can be expressed using (26).
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From this we have
J 11+p
Z Z a
In other words, Lemma 2 extends the concepts of genetic sums and vectorial
moments to the concept of matricial moments.

Th—1+

p k—1

ir=1 0<jo<-<jr—1<kp+j—1 \r=0

The next auxiliar result is used to prove the equivalence between (a) and (b)
in Theorem 1. Moreover, this lemma has independent interest. In fact, the
next result permits the inverse problem to be solved, restoring .J from the
resolvent operator (see (14) and (15)).

Lemma 3. For m.i,k € N we have

m m—1 m—1
AE,/{) - Az('—l,k) = aiAz(—i—p,k)—l - (29)

Proof: Using (25), AE?Z) — AET{;)

k—1

k—1

= E : Qitrp—j. | — E Hai—1+7’p—jr
0<jo< - <Jk—1<m—k \TZO 0<jo< - <jr—1<m—k—1 \r=0

k—1

k—1
= § : || %itrp—je | — E HaiJer—jr
\r=0 1<jo<

0<jo<<gr—1<m—k < Grp—1<m—k \r=0

k—1
- Z : ai H a‘i—l—’l’p—jr )

0<j1 < <jp—1<m—k r=1

and so we get the desired result. u
Now, we are ready to determine the main block of J".

Lemma 4.
Jﬂﬂ:diag{ahm+a2,...,a1+---+ap}. (30)

Proof: 1t is sufficient to consider (25) for m = p+ 1. In this case, the entries
of column J?*! f; corresponding to the first p rows are given by the coefficients

Agﬁjl) when k is such that i + k(p+1) — (p+ 1) < p, thisis, k = 1. u
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As a consequence of the above expression, we have
1
ea J" ey = 0,. (31)

We are going to prove (a) = (b) in Theorem 1. Assume that {a,(t)} is a
solution of (18). Consequently, (19) is verifed. In the same way that in [1,
p. 236], it is easy to see

L~ g — Mg
dt
Then,
d
el <£J”> eo = et J"Meg — el MJ"eq . (32)

Let m,k € {0,1,...} be. For n = mp + k, from Lemma 1, and using the
fact that ™ Py = P,,, we can write

d d
—J" —U (z : 33
Moreover, using again Lemma 1, in the right-hand side of (20) we have
€gj(m+1)p+k+1€0 o (egjmp+keo) (egjp+1eo) . (34)

In other words, because of (32)-(34) it is sufficient to prove
el J"Mey — el M J"ey = el Jomttrthsle (el T eq) (ef S eg) . (35)

Consider J* as a blocked matrix. As was established in the proof of Lemma 1,
we denote by J7; the (p x p)-block corresponding with the ¢ row and the j
column, and we use similar notation for M. Using (31), in the left-hand side
of (35) we have:

i) el MJrey = My Jy = (Jfﬂ)n Jiy = 0,, because M is a quasi-
triangular matrix, this is, the blocks M;; = 0, when 7 < j.

. n n 1 1 1

i) e J"Mey = eI " T ey = I (Jp+ )11 + Z Jp (Jp+ )

_ n +1
=T (Jp >j1'

71

Then,
b T Meo — eh MJ"ey = 3 T, (Jf“) =Nt (36)

Jj=2 Jj=>2
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In the right hand side of (35),

egj(m+1)p+k+1eo . (eTJmp—f—k 0) ( TJp—I—leO)

j>1 7j>2
and (20) is proved.
To show (b) = (a) we need to know the derivatives of coefficients AEZZ)

From the expression given in (25) for J™ f;, the i-th column of J™, we denote
by (J™f, i)p the vector in CP given by the first p entries in this column, this is,

m

(Jmfi)p = § AE?fHk(erl)—m- (37)
k=20
1<i4+k(p+1)—-m<p

Furthermore, as we saw in Lemma 1, another way to write (20) is
Jm = gttt gm el (38)

The rest of the proof of (b) = (a) is an immediate consequence of the fol-
lowing auxiliar result.
Lemma 5. Assume that (20) holds. Then we have:

e Fori,k,m €N such that 1 <i+k(p+1)—m <p,

AEZZ) = —(Gj—pr1+ -+ ai)Az(',an) - Az(mz:rlintl T Azn/::fﬂ (39)

e (18) holds for each n € N.

Proof: We proceed by induction on i and n, proving (39) and (18) simulta-
neously.

1.- Firstly, we shall prove (39) for i € {1,2,...,p}. From (37), the deriva-
tive of the first p entries in J" f; are given by

m

Z Ag?lz)fi—l—k(p—i—l)—m

k=0
1<i4+kip+1)—m<p
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Moreover, J' is a diagonal block (see (30)). Then, the i-th column of
JRJh s (ar+ - +a;) (J7f),. Since (38),

m
So A fgiym = (), = (e a) (),
k=0
1<i+klp+1)—m<p
m+p+1
+ptl
- 2 AT ikt -mept
k=0
1<i4+k(p+1l)—-m-p—1<p
m
— (a1 + -+ a) Z AZ('jZ)fi—i—k(p—i—l)—m
k=0

1<i4+k(p+1)—m<p

m—+p ( )
m—+p+1
= > A ik -m
k=0
1<i4+k(p+1)—m<p
— (a1 + -+ a;) 3 AU Frkort)m - (40)
k=0

1<itklp+1l)—m<p

In the right hand side of (40) there is no term corresponding to k = m +
1,...,m+ p, because in these cases i + k(p + 1) — m > p. Then,

m

Z AE,TZ)fi+k(p+1)—m
=0
1<i4+k(p+1l)—m<p
m 1 m
- Z {Az(',kﬂhL = (ag + -+ ai)AE,k) fz‘+k(p+1)—m
k=0

1<i+k(p+1)—-m<p

and comparing the coefficients of [ 1(41)—m We deduce

Al = ALY — (@ - a) A

which is (39).
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2.- We assume that there exists » € N such that (39) is verified for each
i=(r—1p+1,...rp. We will show that, under this premise, (18) is verified,
also, foreachn=i=(r—1)p+1,...,rp.

Takek land m = rp+1in (39). Then, 1 < i+ k(p+1) —m =

— (r—1)p < p and we have
(

Arlp—i—l) (az - 4. _l_al)A(rp—i-l) A(_rp+2) +A((r+1)p+2)’

1—p,2
this is,
rp rp
Z C.Li_j = _<ai—p+1 4+ ai) Z ai_j — AZTZ;_; + A 7’+1 p+2) <41)
J=0 j=0

Moreover, taking k = 1 and m = rpin (39) we have 1 < (i—1)+k(p+1)—
p and, consequently,
AT = (@i oo+ a) AT = AT+ AT,
this is,
rp rp
S s =~y S~ AT AP (g
j=1 j=1

Subtracting (41) and (42), and taking into account (29), we arrive at
a; = ai [(aip1 + -+ Qiyp) — (a1 + -+ aip)]

which is (18) in n = i.

3.- Finally, we prove that if there exists s € N such that (39) and (18) are
verified for n =i =1,2,..., sp, then (39) is verified also for i + p.

Take ¢ € N in the above conditions. Let k,m € N be such that

1<i+k+Dp+)—m+D)=>G0-D+k+D)p+1)—m<p. (43)
Taking derivatives in (29),

. m 1 (m 1(m—+1 i(m
az'AEﬂ)),k + aiAE+2),k = AE,kL) - Az('—i,k—i-l :

Therefore, from (39) and (18),

1(m m m-+1
aiAz('—i-])),k = —aqy [(CLZ'_H + -+ ai—l—p) - (ai—l + e+ ai—p)] Agﬂz Qi pAz( kji——l)

— (@i + -+ AT + (G + )AL+ AT

+1 +p+1)
= —a;i(aj1+ -+ ai+p)A§T;,k - aiAz(,?ZH) +a AETp /€+1 '
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Then, we arrive at (39) for ¢ + p.
We have verified (39) for i +p when ¢ = 1,..., sp is such that (43) holds.
But (43) can be rewritten as
1<(i+p)+k(p+1)—m<p. m

2.2. Resolvent operator and moments. We are going to prove the equiv-
alence between (b) and (c¢) in Theorem 1. Firstly, we assume that (20) is
verified and we will show (21).

From Lemma 1 and (16),

TJn Pt U $k7%n
Ri(z) =y ot =" (Z %) e PO

n>0 k=0 \m>0
We define
k
B N~ U@ Pr) _
73J (Z)'_-EE:_;;QEEIT_’ k-—-O,lr...
m>0
Then, from (44)
p—1
k
Ri(z) =Y RY (). |zl > |,
k=0

and using (20)

d U (F P) — U (2F P U (2 P)
%RJ(Z) - Smp+kt1
k=0 m>0
p—1 k+1
Uz Pm 1
- W Pet) Ry @Py, ()
k=0 m>0

where

U ($k+173m+1) _ Z U (wkle Pm—i—l)

smp+k+1 »(m+1)p+(k+1)+1
m>0 m>0
k+1
— ptl R(k+1)(2) _ u (,I PO)
J k2

_ ptl R5k+1)(2) _ k=l (xk—H 73()) .
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Substituting in (45),
d

ERJ( z)
p—1
= —R;(2)U (xPy) + 21! ZR kH — Z Y (2 Py)
k=0
— —Ry (U (& Py) + 2! [R (2) + RY(2) - RY(2)]
p—1
PENU (M Py) (46)
k=0
where it is easy to see that
U (P
RY(2) ==Y - L2

From this we arrive at (21).
In the second place, we prove (¢) = (b) in Theorem 1. For z € C such that
|z| > || /]| we have

U (2 P,)

+1 —
TR (2) = 2o 2 ik
p—1 (xkp) U (Py) p—1 Z/{( kD )
0 m L m
= Y tUP) Y oDt
k=0 m>2 k=1 m>1

From this and the fact that
U(Pj+1):L[($ij), j:O,l,...,

we obtain
LU (aFPy) U (Pria) == U (25 Pup)
Zp+1 RJ(Z) - Z ~—ptk +Z Z(m—i—l—’)—p + smp+k
k=0 m>0 k=1 m>0
" U (2 Py) & U (2" P
- Z Z—p—i—k +ZZ Zmp—i—k

k
_ zp:u (,Ik 73()) I d Z U ($k+1 Pm+1) .
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Then, in the right-hand side of (21) we have

Ry(z) [, —U(xPy)] — Z PRy (xk Po)
k=0

p— k: 1
_RJ :E Pl Z Z i Pm—i—l)

Zmp—l—k—i—l

and, consequently,

—RJ Z Z FP) — U (28 P) U (2 Py) (47)

smptk+1
=0 m=>0

(see (44)). Moreover, taking derivatives in (44) we have

_RJ Z Z dt Zmp+k+1> ’ (48)

k=0 m>0

Comparing (47) and (48) in |z| > ||J|| we arrive at (20), as we wanted to
show.

3. Proof of Theorem 2

Let {a,(t)} be a solution of (18). In this section we assume that the
conditions of Theorem 1 are verified. Therefore, (21) holds. Using this fact,
we shall prove Theorem 2, obtaining a new expression for R ;(z). We remark
that the right hand side of (22) is completely known, being the (p x p)-blocks
used in (23) given by Lemma 2. In particular, J%; ™"
in Lemma 4.

Note that U (zPy) — 2P, = U (a?T' Py) — 211, is a diagonal matrix
(see Lemma 1 and (30)). Then, writing

ri(z) oo rip(2)
Ri(z) = : : :
rn1(z) o Tpp(2)

due to (21) we have for all 4,7 =1,2,...,p,

%%(2’) = [Zpﬂ - (Jffl)]j] rij(z) — izp"“ (J5),; - (49)

k=0

is explicitly determined
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where (J])s; denotes the entry corresponding to the row s and the column j
of matrix Jj}. It is well known that the solution of (49) is

+1 P +1
rij(2) = —ezwlte_f(ﬁ1 )jjdt [Z zp_k/ (Jfl)z'j e_zpﬂtef(ﬁ1 )jjdtdt
k=0
So, if we take
P p+1
Sij 1= Z Zp—k/ (Jﬁ)ij e_szrltef(Ju )jjdtdt’ g ._ (Sij)f,j:1 ’

k=0

we can express R j(z) as the product of a diagonal matrix by the matrix S.
This means we have proved (22).

4. Proof of the Theorem 3

Consider the matrix

S = (eﬂf”“’fuo(zs’o))_1 (50)

and let U; = (exp+1tl/{0> Sp be the vector of functionals in the conditions of

Theorem 3. We will prove that this vector of functionals verify (20). For
k,m=20,1,..., we know

Us (2" P) = (¢ Uy ) (2" P) S0 (51)

Because of Sy ;! = I, we have

dSo dSy"!

0 8
dt 0" at

Moreover, from (24) and (50),

So. (52)

(@ )] (@

syt
dt

_ (ef”“fuo) (@P)) . (53)

(e tug) ] e (e ) [
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Then, taking derivatives in (51), and taking into account (52) and (53),
d

il (=" Py
d [ e Sy
— [E <€ tl/l()) (SUk Pm)] S() - <6 tUQ> (SUk Pm) S() d(t) S()

— (eprrltZ/{o) (,Ik—H Pm+1) S() — Z/[O (,Ik Pm) So <€$p+1tuO) (I 731) S()
= U, (karl Pm—i—l) — U (xk Pm) Uy (2 P1)

and (20) holds.
Now, using the hypothesis we get from Theorem 1 that the sequence
{an(t)}, defined by (11) with U(By) = 1, verify (18).
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