Pré-Publicagoes do Departamento de Matematica
Universidade de Coimbra
Preprint Number 08-58

THE NONLINEAR N-MEMBRANES
EVOLUTION PROBLEM

JOSE FRANCISCO RODRIGUES, LISA SANTOS AND JOSE MIGUEL URBANO

Dedicated to V.A. Solonnikov, on the occasion of his 75th birthday, with admiration and
friendship

ABSTRACT: The parabolic N-membranes problem for the p-Laplacian and the com-
plete order constraint on the components of the solution is studied in what concerns
the approximation, the regularity and the stability of the variational solutions. We
extend to the evolutionary case the characterization of the Lagrange multipliers as-
sociated with the ordering constraint in terms of the characteristic functions of the
coincidence sets. We give continuous dependence results, and study the asymptotic
behavior as ¢t — oo of the solution and the coincidence sets, showing that they
converge to their stationary counterparts.
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1. Introduction

The aim of this work is to analyze the quasilinear parabolic N-system
associated with the scalar operator involving the p-Laplacian in the elliptic
part

Puiz&gui—v- (\Vul\p_2Vul) s 1= 1,...,N, (11)
with 1 < p < o0, & = 0/0t and V = (0/0x1,...,0/0x4), in a space-
time cylinder Q7 = Q x (0,7), Q C R? in the case in which the solution

u = u(x,t) = (u,...,uy) has all its components completely ordered
Uy > us > ... >uy, ae. (r,t) € Qr, (1.2)
and subjected to a given nonhomogeneous term f = f(x,t) = (f1,..., fx)

and given boundary conditions. For simplicity, we assume
u=0 onXy=00x(0,T) and u=~h onQy=Qx{0}, (1.3)

for given Cauchy data h.
The time independent case corresponds to the classical N-membranes prob-
lem which can be formulated as an elliptic variational inequality. It has been
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studied for different types of operators (see [20, 21, 8, 2, 3]) associated with a
convex subset of a Sobolev space determined by the constraint (1.2). In the
recent papers [2, 3] it has been shown, in particular, that the N-membranes
problem can be interpreted as a reaction-diffusion system with additional
discontinuous nonlinearities. In the evolutionary case (1.1), it will be shown
in this work that the solution u solves a parabolic system of the form

Pu=f+R(zx,t,u) in Qrp, (1.4)

where Pu = (Puy, ..., Puy) and each of the components of the nonlinear
reaction term R depends on (z,t) through linear combinations of the f;,
1 <¢ < N, and on u through the characteristic functions X;, = X, x(x,t) of
the N(IN — 1)/2 coincidence sets

Liy=A{(z,t) € Qp : uyj(z,t) = ... =w(z,t)}, 1<j<k<N, (1.5

i.e., Xjp(z,t) =11if (x,t) € I;; and X, ;(x,t) = 0 otherwise.
We can illustrate the general form of the system (1.4) for N = 3 (see [2])

Pu;p = fi + 3(f2— fi)Xi2 + +(2fs — fa— fi)Xas
Puy = fo — 3(fa—fi)Xa2 + 3(fs— f2)Xos + 2(2f2 — i — f3)Xas (1.6)
Puz = f3 - %(fs — f2)Xa3 + %(Qfl — fa— f3)X13

which contains the simpler case N = 2, that corresponds to the first two equa-
tions with X9 3 = 0 and X; 3 = 0, in which case the third equation is indepen-
dent of the first two. Noting that, in general, X = X; 11 X411 12 - X1k,
for 1 < j <k < N,in (1.6) the last terms containing X; 3 = X; 92Xy 3 are in
fact doubly nonlinear in w. This introduces additional difficulties in analyz-
ing the stability of the system with respect to the perturbation of the data.
In fact, in section 3, we show that the sufficient conditions on the averages
of the components of f, obtained in [3] for the stability of the coincidence
sets [, in the stationary problem, extend to the parabolic case as well. In
particular, for N = 3, they take the form

E7 TY NS L R

We notice that the stability result on the X;; is not a direct consequence
of the stability of the solution w with respect to the data f and h, which
can, however, be obtained by direct variational methods, as we also show in
subsection 2.4.

a.e. in QT.
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Classical monotonicity methods (see [15], for example) or the theory of
accretive operators and evolution inclusions in Banach spaces (see [12], [18],
[22] or [1] and their bibliography) are directly applicable and yield general
results on the existence of solutions to our problem, when formulated as a
variational inequality in the convex set associated with the constraints (1.2).
In section 2, we introduce an approximation of the variational inequality
formulation and we obtain directly useful a priori estimates for the existence
of solutions. We remark that we assume the p’-integrability of f and rely
on the p-integrability of a compatible h and its derivatives, but we do not
require the boundedness of h nor of the variational solution globally in Q7.

Considering the relation of the upper and lower membranes (in particu-
lar, the two-membrane problem) with the obstacle problem and of the inner
membranes of the N-problem, with N > 3, with the two—obstacles problem,
we apply the dual estimates for unilateral parabolic problems (see [6], [12] or
[11]) to obtain Lewy--Stampacchia type inequalities

i N
/\ijPuiS\/fj a.e. in Qp, i=1,..., N, (1.7)
j=1 j=i

for the parabolic operator (1.1). Here we use the notation

k
Vé=av.. . va=sup{s,. . ..&)
1=1

k
AN&=6n. . Ag=mf{&,....&)
i=1

and we also denote T =¢V 0 and & = —(£A0).

We also show how the estimates on Pu; imply that the variational solution
to the N-membranes problem solves a.e. a system of the type (1.4), for an
explicit R with the same p/-integrability as f, extending the analogous result
obtained in [3] for the stationary problem. This implies, in particular when
f is bounded, the Hélder continuity of the solution and of its gradient. In
fact, this is an immediate consequence of known estimates for the parabolic
operator (1.1), even without knowing the explicit form of R, as we observe in
section 2. Even for the linear case p = 2, for which we can apply Solonnikov’s
estimates in W2'(Qr), the regularity obtained here for the solution of the
evolutionary N-membranes problem is new.
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In section 3, we study the asymptotic convergence, when t — oo, of the
solution u(t) to the corresponding solution of the stationary problem of [3] in

L*(Q7) (here we denote L*(Qr) = [LQ(QT)]N), in the case p > 2. We show
how a modest convergence of the solution, obtained as in [19], also implies
the asymptotic stabilization of the evolution coincidence sets towards the
stationary ones, under a natural nondegeneracy assumption identified in [3].

Finally, we observe that most results still hold, with suitable adaptations,
for more general quasilinear parabolic scalar operators

Pu = @tu— V- (a(x,t,Vu)),

in particular, for strongly monotone vector fields a(+, £), with p-structure as
in [3], as well as more general data f in L9(0,7; L"(2)) (see [4]).

For simplicity of presentation, we limit ourselves here to the case of the p-
-Laplacian with homogeneous Dirichlet data, i.e., we consider only variational

N
solutions in the usual Sobolev space W (Q) = [Wol’p(ﬂ)} , for 1 < p < 0.

The case of a time-dependent Dirichlet boundary condition is more delicate
and will be considered in [17].

2. Approximation and regularity of variational solutions

Let Q C R? be a bounded domain with a Lipschitz boundary, let 7" > 0,
and define the space-time domain Q7 := Q x (0,7T"), with parabolic boundary
0, = X7 U Q. We use N-vectorial notation for vector fields

w = (wy,...,wy) € RY

and function spaces F := [F]". For 1 < p < oo, define the differential
operator

Vow = (Vyuwy, ..., Vywy), Vyw = |Vwl' > Vw; and Ajw =V - V,w.
We assume the data satisfy
f e L (Qr) and  heKnNLYQ), (2.8)

where p = p/(p — 1) and K is the closed convex subset of W ?(Q) defined
by

K= {’v eW,P(Q) : v >...> oy, ae in Q} : (2.9)
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2.1. Variational formulation of the problem. The evolutive N-mem-
branes problem for the p-Laplace operator consists in finding a vector field
u = u(x,t) such that

we L (O,T; W(l,’p(Q)) NC ([0, T); LXQ)) (2.10)
S € L7 (0,T; WH'(Q)), (2.11)
()eK a.e. t € (0,7), u(0)=hc L*Q), (2.12)
and, for a.e. t € (0,7) and all v € K,

(Ou(t), / Voult): V(o u(t) = [ £ (- u(t). (213

Here, (-,-) denotes the sum of the N duality pairings in W % (Q) x W *(Q)
of the components of the vector fields, and A : B denotes the scalar product
of the matrices A and B.

We observe that, by a simple comparison argument, there exists at most
one solution of (2.10)—(2.13), the variational inequality formulation of the
evolutionary N-membranes problem.

2.2. The approximating problem. We approximate the variational in-
equality (2.13) using a bounded penalization. For that purpose, for each
e > 0, let 6. be the real function defined in [—o0, +00] by

-1 if < —¢
0-(0)=< 0/e if —e<0<0
0 if 6>0.

The approximating penalized problem is the system of boundary value prob-
lems defined as follows:

Pu(zg + 5288 (’U,i - u?—kl) - fi—leg (u(z?—l - ’Uxi) = fz n QT
2.14
u; =0  on Xp and u; = h; on ( )
with i =1,..., N, and the convention uy = +o0o0 and uy,1 = —oo, where for

i—1. .. N,

¢ = max{f1+'ﬁ'+fi;z:1,...,N}, € = ifo—(fite+f), (2.15)

i
(see [3]). Notice that, for i = 1,..., N, we have & > 0 and & € LP (Q).
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Lemma 2.1. Using the convention vy = 400 and vy = —o0, the operator

N
(Bv,w) = Z /Q (fﬂg (Uz' - Uz’—i—l) —&i10: (%’—1 - Uz)) wi; UV, W E W(l)’p(Q),
i=1

1s T-monotone, i.e.,
(Bv — Bw, (v —w)") >0, Yo, we WP (Q).
Proof: Since we can rewrite
N-1
(Bv, w) = Z / §ib= (vi — vir1) (Wi — Wis1),
i=1 /&
it is enough to observe that

(Bv — Bw, (v —w)") =

/ Eil O-(vi — vig1) — O-(w; — wz’—i—l)) ((Uz —w;)" = (vig1 — w2~+1)+).

As& >0, fori=1,..., N and 0. is monotone nondecreasing, the conclusion
follows. [

Proposition 2.2. Under assumption (2.8), the approximating problem (2.14)
has a unique solution (u5,...,u5) € LP(0,T; W '(Q)) N C ([0,T); L*(2))
such that

u; <ui_y+e, i=2,...,N. (2.16)

Proof: The existence and uniqueness follow, respectively, from standard re-
sults concerning monotone operators and comparison (see [15] or [22]), for
instance, using the Faedo-Galerkin approximation. We notice that, since
f e LV(Qp) c LV (0, T; W~¥(Q)), we obtain, in particular, that

du e LV (0, T: W (Q)).
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To prove inequality (2.16), multiply both the i-th and the (i — 1)-th equa-
tions by (uf —ui_; — &)™, subtract and integrate over €2, obtaining

1d/ 12 /
5 U;— U — € + Vous; — Voui 1) - V(ui —us_;—¢e)"
2 dt Q‘( 1 )’ Q( p P 1) ( 1 )

= [ 0= 6000 = )+ 60y = — )0 = )
—(fz'—l — &i10-(u;y — ui) + & 20-(u;_o — Uf—1))(uf - Uf—1)+]
S/ ((fi = fic1) + (& = &m1) — (Gim1 — &i2) ) (U —us_y — €)™
0
<0.

Integrating between 0 and ¢, using the fact that hy > --- > hy and the
inequality

(Vi = Vi) Vi~ e 20,
Q

we get
2

%/Q [(uf(t) —u;_(t) — 5)1 <0, (2.17)

and so u; <wui_; + ¢ a.e. in Qp. |

2.3. Existence of variational solutions. The proof of the existence of so-
lution for the variational inequality (2.13) will be done passing to the limit in
¢ — 0 on the sequence of approximating solutions u®, by using the following
a priori estimates that can be rigorously obtained through the respective
Faedo-Galerkin approximations.

Proposition 2.3. Under assumption (2.8), the solution of the approzimating
problem (2.14) satisfies the following estimates, for a nonnegative constant
C, independent of e:

|2 || 20, 7:2200)) + VU || e (020) < C, (2.18)

100 | o0 w1 < C- (2.19)
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(
i < Pui < fi+&

< fi —’&—1 < Pu; < fZ + & (1=2,...,N—1) (2.20)

| /v =&y £ Puy < fn a.e. in Q.

Proof: For each i = 1,..., N, we easily conclude (2.20) from (2.14) in the
form

Pu; = fi+ g; in Qrp,
where
g = &i-10= (uj_y —u;) — &be (uj — ugyy) (2.21)
is uniformly bounded in L¥ (Q7).
Then, multiplying each equation in (2.14) by u$ and integrating on €2; =
Q x (0,t), we get

1 1
3 [li@rs [ wap< [ (r g+ g [ o)
Q Q Q Q

Using Poincaré inequality, we find
[riwr+ [ wup<a. (2.22)
0 o,
where the constant C only depends on ||hl| ;2o and || f| . (- Hence, from
(2.22), we immediately obtain (2.18). So
Ayui is bounded in LP' (0, T; W1 (Q)) independently of e, (2.23)
and we conclude (2.19) by recalling (2.20). |

Theorem 2.4. Under assumption (2.8), the problem (2.12)-(2.13) has a
unique variational solution w in the class (2.10)-(2.11).
In addition, u® — w strongly in LP(0,T; W*(Q)) and

Pu® — Pu in LY (Qr) — weak. (2.24)

Proof: If {u®}. is a sequence of solutions of the approximating problems
(2.14), by the a priori estimates (2.18) and (2.19), we can extract a subse-
quence such that, as ¢ — 0,

u® —u in LP(0,T; WP(Q)) — weak,
du —du  in LV(0,T; W (Q)) — weak,
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and, by compactness, also u® — w strongly in LP({p).
Let v € L?(0,T; W“’(Q)) be such that dv € Lp( 0,7; W L(Q)), v(t) e
K, for a.e. t € (0,7), and v(0) = h. As (Bv(t), u(t)) = 0, we have

(Ou, v —u /Vpu Vv— /f v—u 5)

It follows from integration by parts that
1
(Ou®, v —u®) = (O, v —u°) — 5/ [u®(T) — v(T)|
Q

and, using the monotonicity, we get

<(9{U,’U-UE>+/Q Vv : V(v —u) 2/ f-lv—u
!/m ~o(T)f

> f(v—w).

Letting ¢ — 0, we obtain
(v, v —u) + Vov:V(v—u / f-(v—wu (2.25)
Qr

Now, let w = u + 0(v — u), 0 € (0,1]. The verification that w can be
chosen as test function in (2.25) is immediate. So,

(Oyu + 00 (v —u),0(v —u)) + / Vo(u+0(v—u)): 0V(v—u)

Qrp

z/ﬂTﬁf-(v—U)-

Dividing both members by 6 and letting # — 0, we see that u solves the
problem

(Ou, v —u) + Vou:V(v—u)> f(v—u),
QT QT

for all v such that v € LP(0,T; W"(Q)), v(t) € K for a.e. t € (0,T) and
v(0) = h. Using standard arguments (see [15]), also

<@va®—u®%ﬁLWm®:V /f u(t).
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for a.e. t € (0,T), for all v such that v € LP(0,T; W "(Q)) and v(t) € K.

In order to conclude (2.24) it is sufficient to recall the estimates (2.20) for
Pu$ and that Vyu; — V,u; in an appropriate sense. In fact, recalling (2.21)
and using equation (2.14), we conclude that

limsup | V,u’ - V(u® —u)
e—0 Qr

e—0

< lim sup [/ (f+9g) (v —u)— (O, u—u’)| =0.
Qr

By well-known results (see, for instance, [5]) this is sufficient to show that
u® — w strongly in LP(0, T; W”(Q)) (notice that g° — g weakly in L” (Q7),
for some g). |

Remark 2.5. If we assume also that f € LZ(QT), which is a consequence of
(2.8) if 1 < p <2, the Faedo-Galerkin approach yields directly the regularity

we H'(0,T; L*(Qr)) N L=(0,T; WP (Q)) (2.26)

through multiplication of (2.14) by Ous.

2.4. Strong continuous dependence.

Theorem 2.6. Let u* be the variational solution to (2.12)-(2.13) correspond-
ing to data f* and h™ satisfying also (2.8) and denote

& = 1 = Fllbao, + I = Al

withq=p' N2 (i.e. q=p ifp>2 and q=2if p<2). Then there exists a
positive constant ¢ = ¢(T, p) such that

sup /Q|u*(t) — ()’ +/Q V(u' —w)lP <ce* ifp>2,  (2.27)

o<t<T

OiltlfT/Q lw*(t) — w(t)|]* + </QT V(u* — u)\p>% <ce” if 1 <p<2.
(2.28)
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Proof: Let v = u*(t) in (2.13) with data f and h, and v = u(t) in (2.13)
with data f* and h*. In the latter case, we have

(O (0, u(®) ' () + [ V(1) V) ~ (1)
/ T w(t). (229)

From (2.13) and (2.29), integrating between 0 and ¢, we obtain

/\u (t)]* + // Vou' —Vyu) : V(u' —u)
S/O(f*—f) w—w+g [ W= RE 230

In the case p > 2, since

/Ot/ﬂ(vpu* —V,yu):V(u' —u) > Cp/ot/Q V(u* —u)|?

the conclusion follows easily by using Holder and Poincaré inequalities.
In the case 1 < p < 2, from (2.30) we find

o - F<sﬁ//m—mﬁ

which, by Gronwall inequality yields, first

sup / [u*(t) —u(t)]? < ele
0<t<T JQ

and, afterwards

T
1
/ / (Vyu" —Vyu) : V(u" —u) < 2(1 + Tele* (2.31)
0 JO
Next we consider the following reverse Holder inequality: given 0 < r < 1
and ' = L2 if ' e L"(Q), FG € L'(Q) and / |G(z)|"dx < oo in Qr, one
Q

has

1
T

(L\F(m)\’”dm) (/ P |d:z:> (/ G| dg;)_’”
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Letting = 5 and, for i = 1,..., N, F = |V(u — u;)|* we get

V(i — )
Vuf—Vui-Vuf—uiZ/ ——
Jy T = Vo) 906 =00 = [ e

([} (]

where Qf = {(x,t) € Q : |[Vui| + |[Vu,| > 0}. Thus, if we denote

p—2

(IVul] + \wz-op) "

%
t

2—p

0 > ( [ vl + \W)p) "

by (2.30), we conclude (2.28) from

N

>(/

1=1 T

) N
VG - u)P) <0 [ (T = V) V- w) < aee”
1=1 T
|

2.5. Holder continuity and further regularity of the solution. The
regularity of the variational solutions of the evolution N-membranes problem
does not, in general, yield their boundedness for 1 < p < d; but, by Sobolev
imbedding, the solutions are bounded for p > d and even Holder continuous
in the space variables for each ¢t € (0,7).

However, estimates (2.20) and (2.24) imply that, in fact, Pu has the same
regularity in Q7 as the data f. Then, if f € L*>(€Qr), local and global Holder
estimates for the evolution p-Laplace equation may be directly applied to
bounded solutions of the N-membranes problem (see [9], [14] or [10]). In
order to illustrate these results, we assume in addition that h € L (),
which also implies that w € L*(€2r), and consequently that w and Vu are
locally Holder continuous. Referring to [7] and [14] for the boundary and
initial regularity in the space of Holder continuous functions C'%, 0 < a < 1,
with the standard parabolic norms, we may state the following result:

Theorem 2.7. Suppose f € L*(Q2) and the initial data h € C*(2) N K,
0 < o < 1. Then the solution u € C*(Qr), 0 < &/ < a < 1, and Vu €
C’ (Qr), for some 0 < 3 < 1. If, in addition, 92 € C** and Vh € C*(Q),

loc

0< (<1, then also Vu € C’ﬁl(ﬁT), for some 0 < 3/ < 3 < 1.
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In case of a linear operator (p = 2) we can apply directly Solonnikov’s
parabolic estimates (see [13], Thm. 9.1 of page 341).

Theorem 2.8. Let p = 2. Then, for any f € LY(Qr), q > 2, the solution
w to (2.12)-(2.13) satisfies w € W2 (Qr), which implies, by Sobolev imbed-

q,loc
dings, that w and Vu are locally Holder continuous, respectively for q > <=

and ¢ > d+ 2. If, in addition, h € KN W2_§’q(Q), those results can be
extended up to the boundary 00 € C? and up tot = 0, i.e., u € W?I’l(QT)
and w, Vu are Holder continuous on Q.

3. The N-system and its stability

The N-membranes problem can, a posteriori, be regarded as a lower obsta-
cle problem for u;, a double obstacle problem for u;, j =2 < j < N —1, and
an upper obstacle problem for uy. This fact has interesting consequences
and, similarly to the theory of the obstacle problem that we recall briefly
for completeness, allows us to characterize the N-membranes problem as a
nonlinear parabolic system with known discontinuous nonlinearities on the

right hand side as in (1.4).

3.1. Dual estimates for obstacle type problems. We consider the scalar
two--obstacles problem for the nonlinear operator P defined in (1.1), with
compatible Cauchy-Dirichlet data on 0,{7. Let

pe L’ (Qr), neW,P(Q)nLQ), (3.32)

U1, Yo € LP(0, T; WHP(Q)), 4y >y in Qp, 1 > 0> 1) on By, (3.33)
and, for j =1, 2,
Opb; € LV (0, T; W=L(Q)),  Pip; € LP(Qr),  1(0) > 1> 1h5(0) on Q.
(3.34)

Using the Lipschitz continuous function 6. defined in subsection 2.2 for
each € > 0, we may easily show that the problem

Pw® + GO-(w" —hg) — G0-(Y1 —w®) = ¢ in Qrp, (3.35)
w"=0 on Xy and w”=mn on (, (3.36)

where (; = (PYy — @)~ and (o = (P1s — )", has a unique solution w® €
LP(0,T; Wy P(Q))NC(]0, T]; L)), with Pw® € L (Q7), uniformly in e < 1.
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Similarly to Proposition 2.2, it is easy to show that
Py —e<w < te a.e. in Qr,
and, when € — 0, as in Theorem 2.4, that
w® — w strongly in LP(0,T; W,"(Q)),
where w is the unique solution of the double obstacle problem

weK={ve PO, T; W (Q) v > v >4nin O}, (337)

/ (Pu—@)w—w)>0, YoeK?  aete(0T), (338)
Qrp

such that w(0) =7 on €. The solution w satisfies also
w e LP(0,T; Wy (Q)) N C([0,T]; L*(Q)) and  Pwe LY (Qr)
and, arguing as in Proposition 4.1 of [16], we can state the following impor-

tant property.
Proposition 3.1. The solution w to (3.37)-(3.38), under assumptions (3.32)-

(3.34), satisfies the parabolic nonlinear equation
Pw = @+ (Pt — @) Xjw} — (PU1 — ©) ™ X{uwein} a.e. in Qr. (3.39)
In addition, we have the Lewy-Stampacchia inequalities
0—(P1—9)” = oAPY; < Pw < oV Py = o+ (Piha—¢)" a.e. in Qp
(3.40)
and the a.e. in Qp necessary conditions for contact with the obstacles
{w =11} C{P1 < ¢} and — {w =1} C{Py >} (3.41)
being the inclusions valid up to subsets of Qp with zero measure.
Remark 3.2. We note that for the case of only one-obstacle, we have similar

properties. In fact, if we formally take 11 = +00, we have a lower obstacle
problem

w > o and 0 < Pw <@V Py a.e. in Qpr,  (3.42)
and, with 1y = —00, an upper obstacle problem

w < and o NPy < Pw<ogp a.e. in Qr. (3.43)

Analogously, the semilinear equation holds in each case with the corre-
sponding characteristic function, respectively.
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Remark 3.3. As observed in [16], we have

Pw = a.e. in {1y <w < Yy} (3.44)
and due to the fact that both Pw and Pi; are integrable, we have
Pw = P1; a.e. in{w=1;} forj=12. (3.45)

Using the regularity of Theorem 2.4, we easily see that each component u;
of the N-membranes problem solves an obstacle type problem (3.37)-(3.38)
with ¢ = f;, ¥y = u;—1 and 9 = u;41 (with the conventions uy = +oo and

un+1 = —oo corresponding to the one-obstacle problems). Hence, we have
from (3.42), (3.40) and (3.43), respectively, a.e. in Qp,

fi < Pup < fiVPu
fi/\Pu,’_l S Pul S fi\/Puz’—i—l (’L:Q,,N—l)

fNANPuny_1 < Puy < fn a.e. in Qp.

By simple iteration, we have shown the following Lewy-Stampacchia type
inequalities, that extend Theorem 3.5 of [3] to the evolution N-membranes
problem

Theorem 3.4. The solution uw of (2.12)-(2.13) satisfies

i N
/\ijPuiS\/fj a.e. in Qp, 1=1,...,N.
j=1 j=i

3.2. The nonlinear N-system. As a consequence of the equivalence of the
N-membranes inequality with two one—-obstacle problems and N — 2 two—
obstacles problems, we may prove the equivalence of this inequality with a
N-system of equations, strongly coupled by the N(];_l) coincidence sets [;,
defined in (1.5). Indeed, we can argue as in section 4 of [3], and since we
know that Pu; € LY (Qr), for all i = 1,..., N, we have on each coincidence
set

Pu; =--- = Puy a.e. in Lir={uj=--=u;}

and we conclude, for each 7 <i <k,

Pu; = (f)x a.e. in Lk,
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where we introduce the averages of f by
f. 4+ -+ fk
(Flik = ]k; :
—J+1
On the other hand, in the complementary sets Q7 \ I, 5, for each ¢ > k > j
or ¢ < j < k, we have

Pu; = f; a.e. In Qr\ Ik,

and we conclude, as in [3], the following explicit form for (1.4).

1<j<k<N.

9

Theorem 3.5. The variational solution of the N-membranes problem (2.12)-
(2.13) satisfies the system (i =1,...,N)

Pu; = f; + Z b F] Xk a.e. in Qr, (3.46)

1<j<k<N,j<i<k

where X; . denotes the characteristic function of each I;;. and

( (F)jk — (Flir if 1=17
EE = (P — (P if i=k

\ m ((F)jerh1 —5(F5+ 1) o j<i<k

For the particular case N = 3 (and N = 2), we can easily deduce (1.6)
from (3.46).

3.3. Convergence of coincidence sets. From Theorem 2.6, we know that
if for sequences

ff— f in LY(Qrp), q=7p N2, (3.47)

h" — h in L*(Qr), (3.48)
then, the corresponding solutions of (2.12)-(2.13) also converge
w — u  in CY([0,T]; L*(Q)) N LF(0, T WiP(Q)). (3.49)
Consequently, we have
A’ — —~Ayuin LF(0,T; WH(Q)) — weak
and, by Theorem 3.4, also
Pu” —— Pu in LY(Qr) — weak.
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Since the characteristic functions XJV-JC = X{u;:-:u;} satisfy 0 < X]V,k <1

a.e. in Qp, there are X7, € L>(Qr) such that
Passing to the limit in
v v j ke v
Pu;i = fi + Z b [F1X
1<j<k<Nj<i<k
we obtain, for each 2 =1,..., N,
Pu; = fi + > b1 X
1<j<k<N,j<i<k
which compared with (3.46) yields
> V(X — X)) =0 ae. in Qp.
1<j<k<Nj<i<k

Arguing exactly as in the proof of Theorem 4.6 of [3], we conclude, under
the same nondegeneracy assumption for the limit data, namely

(f)ij # (f)j+1h, ae. in Qp, foralli,j ke {l,...,N}, withi <j <k,
(3.50)
that X;; = X7, and prove the following stability property for the respective
coincidence sets I7; = {uj = - = uj}.

Theorem 3.6. Under the convergence assumptions (3.47) and (3.48), the
characteristic functions associated with the convergent variational solutions
(3.49) also converge

X{u’;zzuZ} EE— X{uj:"':uk;} m LS(QT),

14

foranyl < s < oo, alll <j< k<N, provided the nondegeneracy condition
(3.50) holds.

3.4. Asymptotic stabilization as t — oo. In this section we assume p > 2
and we consider the unique solution u* to the stationary N-membranes
problem for a given f> € L¥ (Q):

u™ e K: /Vpuoo : V(v—u™) > / e (v—u™), Vv € K. (3.51)
0 0
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Supposing that the problem (2.12)-(2.13) is solvable for all T" < oo and
that f(t) — > in L”(Q) as t — oo in the sense

t+1 /
/ / f@&)— <P —0 as t — 00, (3.52)

by the results of [19], the evolutive solution w(t) is such that

u(t) — u> in L*(9), (3.53)
t+1
/ / IVu(t) — Vu™P — 0 as t — oo. (3.54)
t Q

By the results of [3], the stationary solution also solves the nonlinear N-
system

Apu® = f7° + Z b X7% a.e. in Q,  (3.55)
1<j<k<N,j<i<k
where X35 = X{uoo, —u) denotes the characteristic function of the limit
coincidence set Iﬁ {reQ uP(r) =" =up(v)}.
Denoting by X;x(t) the characterlstlc functions of I, ;(t) = {uj(t) = --- =

ur(t)} at time t, we have the following asymptotic convergence result as
t — oo.

Theorem 3.7. Under assumption (3.52), the variational solution of the evo-
lution N-membranes problem converges to the corresponding stationary solu-
tion in the sense (3.53) and (3.54). In addition, the characteristic functions
satisfy
Xjr(t) — X35 ast — oo in L%(2), (3.56)
forany 1 <s <oo, forall1 < j <k <N, provided we assume
(Fii 2 (FVmn ae inQ, foralll <i<j<k<N. (3.57)

Proof: We rewrite (3.54) for w u(t) — u™

t+1
/ /\V'w |pd7'_/ /\V’w +0)Pdoc — 0 as t — 00,

and this convergence can be interpreted as

wy(t) — 0 ast — oo in LP(0,1; WP(Q)), (3.58)
where we define wy € L>(0, 00; LP(0,1; W *(2))) as

wy(t)(o,)) = w(t+0,-) € WyP(Q), o€ (0,1).
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Consequently, from (3.58) we have
Apuy(t) = Apu® as t — oo in LY (0,1; W™ (Q)) — weak

and, recalling the estimates of Theorem 3.4 and the assumption (3.52), we
may conclude

(Orus — Apus) (1) = —Au® as t — oo in LV (0,1; L” () — weak.

Since wuy(t) solves (3.46), a.e. in Q and for a.e. ¢ > 0, we can pass to
the limit, as ¢ — oo, in L”(0,1; L”(Q)). As in the proof of Theorem 3.6
(and Theorem 4.6 of [3]), we conclude that assumption (3.57) implies the
convergence X;x(t) — X35 as t — oo, first as functions of L>(0, 1; L>*(92))
with the weak-* topology and, afterwards, also in the sense of (3.56). Indeed,
since they are characteristic functions and any subsequence of X; ;. () has the

same limit X795, their weak convergence implies the strong convergence in
L*(Q) for all 1 < s < o0. |

References

[1] Akagi, G. & Otani, M., Evolution inclusions governed by subdifferentials in reflexive Banach
spaces, J. Evol. Eq. 4 (2004), 519-541.

[2] Azevedo, A. & Rodrigues, J.F. & Santos, L., Remarks on the two and three membranes prob-
lem, Recent advances in elliptic and parabolic problems, 19-33, World Sci. Publ., Hackensack,
NJ, 2005.

[3] Azevedo, A. & Rodrigues, J.F. & Santos, L., The N-membranes problem for quasilinear
degenerate systems, Interfaces Free Bound. 7 (2005), n® 3, 319-337.

[4] Boccardo, L. & Dall’Aglio, A. & Gallouét, T. & Orsina, L., Existence and regularity results
for some nonlinear parabolic equations, Adv. Math. Sci. Appl. 9 (1999), n°® 2, 1017-1031.

[5] Boccardo, L. & Murat, F., Almost everywhere convergence of the gradients of solutions to
elliptic and parabolic equations, Nonlinear Anal. 19 (1992), n° 6, 581-597.

[6] Charrier, P. & Troianiello, G.M., On strong solutions to parabolic unilateral problems with
obstacle dependent on time, J. Math. Anal. Appl. 65 (1978), 110-125.

[7] Chen, Y.Z. & DiBenedetto, E., Boundary estimates for solutions of nonlinear degenerate
parabolic systems, J. Reine Angew. Math. 395 (1989), 102-131.

[8] Chipot, M. & Vergara-Cafarelli, G., The N-membranes problem, Appl. Math. Optim. 13
(1985), n° 3, 231-249.
[9] DiBenedetto, E., Degenerate parabolic equations, Springer-Verlag, New York, 1993.
[10] DiBenedetto, E. & Urbano, J.M. & Vespri, V., Current issues on singular and degenerate

evolution equations, Handbook of Differential Equations, Evolutionary Equations, vol. 1, pp.
169-286, Elsevier, 2004.

[11] Donati, F., A penalty method approach to strong solutions of some nonlinear parabolic uni-
lateral problems, Nonlinear Anal. 6 (1982), n° 6, 585-597.



20

12]
13)
14]
15)

[16]

[17]

J.F. RODRIGUES, L. SANTOS AND J.M. URBANO

Donati, F. & Mazteu, M., On the strong solutions of some nonlinear evolution problems in
ordered Banach spaces, Boll. Un. Mat. Ital. B (5) 16-B (1979), n°® 1, 54-73.

Ladyzhenskaja, O.A. & Solonnikov, V.A. & Ural’ceva, N.N., Linear and quasilinear equations
of parabolic type, AMS Transl. Math. Mono., Vol. 23, Providence, 1968.

Lieberman, G., Boundary and initial regularity for solutions of degenerate parabolic equations,
Nonlinear Anal. 20 (1993), n° 5, 551-569.

Lions, J.L., Quelques méthodes de résolution des problémes aux limites non linéaires, Dunod,
Gauthier—Villars, Paris, 1969.

Rodrigues, J.F. & Santos, L., On a constrained reaction-diffusion system related to mul-
tiphase problems, accepted for publication in DCDS, Issue in honour of Mayan Mimura,
arXiv:0711.2814.

Rodrigues, J.F. & Santos, L. & Urbano, J.M., The quasilinear N-membranes problem with
time-dependent Dirichlet data, in preparation.

Showalter, R.E., Monotone operators in Banach spaces and nonlinear partial differential equa-
tions, AMS, Providence, 1997.

Simon, J., Quelques propriétés de solutions d’équations et d’inéquations d’évolution parabo-
liques nonlinéaires, Ann. Scuola Norm. Sup. Pisa Cl. Sci. (4) 2 (1975), n°® 4, 585-609.

Vergara-Caffarelli, G., Regolarita di un problema di disequazioni variazionali relativo a due
membrane, Atti Accad. Naz. Lincei Rend. Cl. Sci. Fis. Mat. Natur. (8) 50 (1971), 659-662.

Vergara-Caffarelli, G., Variational inequalities for two surfaces of constant mean curvature,
Arch. Rational Mech. Anal. 56 (1974/75), 334-347.

Zheng, S., Nonlinear evolution equations, Monographs and Surveys in Pure and Applied Math-
ematics, Vol. 133, Chapman & Hall/CRC, Boca Raton, FL, 2004.

JosE FRANCISCO RODRIGUES
CMAF, DEPARTMENT OF MATHEMATICS, UNIVERSITY OF LISBON, Av. PROF. GAMA PINTO, 2,
1649-003 LisBOA, PORTUGAL

E-mail address: rodrigue@fc.ul.pt

LisA SANTOS
CMAT, DEPARTMENT OF MATHEMATICS, UNIVERSITY OF MINHO, CAMPUS DE GUALTAR, 4710-057
BracA, PORTUGAL

E-mail address: 1isa@math.uminho.pt

JosE MIGUEL URBANO
CMUC, DEPARTMENT OF MATHEMATICS, UNIVERSITY OF COIMBRA, 3001-454 COIMBRA, PORTUGAL

E-mail address: jmurb@mat.uc.pt



