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ABSTRACT: In this paper we deal with local estimates for parabolic problems in
RN with absorption first order terms, whose model is

up — Au~+u|Vul? = f(t, ) in(0,7) x RV,
u(0,z) = ug(z) inRY |
where T > 0, N >3, 1< ¢ <2, f(t,z) € LY(0,T; LL (RY)) and up € Li. ,(RY) .
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1. Introduction

In this paper we deal with local estimates for parabolic problems in RY
with absorption first order lower order terms. In particular, our main goal
concerns the proof the existence of a solution for a Cauchy problem whose

model is
{ u — Apu+ulVul! = f(t,z)  in(0,T) x RN

u(0, z) = ug(x) inRY, S

where p—1 < q < p, f(t,x) € L*(0,T; L (RY)) and uy € Li (RY), without
any prescribed condition at infinity.

Such a problem is obviously strictly related to the possibility of proving
estimates for the solutions that are independent from the behavior at infinity.
This is a peculiarity of nonlinear equations with strong absorption lower order
terms. If such term does not depend on the gradient, i.e. for problems of the
type

{ w — Apu+b(u) = f(t,z)  in(0,T) x RN

N (2)
u(0, z) = ug(x) inRY |
with f(t,z) € LY(0,T; L (RY)) and ug € Li _(RY), the existence (and reg-

loc loc
ularity) of distributional solutions has been recently studied in [18] (see also

(6])-
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2 T. LEONORI AND F. PETITTA

Since a strong regularizing effect is needed in order prove local estimates, a
sign condition on the lower order term is assumed, namely b(s)s > 0, Vs € R.

Moreover, in order to prove the existence of a solution, a condition on the
growth of the function b(-) is also necessary, namely

> ds
i 0. 3
/ b(s)s) ¥

In order to prove such kind of estimates the presence of the regularizing ef-
fect of the absorption lower order term is crucial. For instance, if we consider
the heat equation in RY it is well known that the solution is represented by
the convolution of the data with the heat kernel. Thus roughly speaking,
V(t,z) € (0,T) x RN the solution depends even on what happens far away
from (¢, ).

For p = 2 and if b is increasing (at least at infinity), (3) is equivalent to the
well-known Keller-Osserman condition. This condition has been introduced
in the papers [15] and [21] in order to prove a local (uniform) bound for any
subsolution of the nonlinear elliptic equation

—Au+b(u) = f(x) inQ, (4)

where €) is a bounded open set and f is bounded. This tool is strictly related
to the posibility of constructing solutions that blow-up at the boundary (such
solutions are known in literature as large solutions). A huge number of
papers has been devoted to the study of such topic: we mention, among
the others, [2], [27] in which the existence of such kind of solutions has been
proved. We want to stress that (3), (as well as Keller-Osserman condition) is
the necessary and sufficient condition for having a solution for the ordinary
differential equation associated to the equation.

As already noticed, the key tools in order to face problem (4) are local es-
timates. Because of this fact, the study of such problems turns out to be
strictly related to the study of the same problem in the whole RY without
conditions at infinity (we refer to the papers [8], [5] and [17]).

On the other hand, equations with nonlinear gradient terms have been
studied since a lot of years. Recently the problem of both existence of so-
lutions in the whole space (entire solutions) and existence of large solutions
related to such kind of equations has been considered (see [24] and [19]).
More precisely, in [19] the existence of both a large solution and an entire
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solution without any condition at infinity (or at 9D if D is bounded open
subset of RY) is proved for equations of the type

—Apu+u+ulVul! = f(z) inD,

where DCRY, N >3, p>1,p—1<¢q<pand f(r) is a possibly singular
datum, say L{ (D).

loc

The purpose of this paper is twofold: from one side we want to extend
the results of [18] to problems with lower order terms that depend on the
gradient. On the other hand, since we deal with local estimates, our aim
is show that we can construct solutions that assume, in a suitable way, the

value “+o00”at (0,7) x 0S.

First of all we have to define what we mean by a solution for such a prob-
lem. In this framework a lot of notions of solutions have been introduced.
Following the outlines of [12] (see also the more recent papers [11] and [22])
we use a renormalized formulation. In fact, the notion of renormalized so-
lution turns out to be stronger than the distributional one, and it is very
useful in order to face problems involving solution which have no local finite
energy. The main idea relies on the the fact that, roughly speaking, we look
at a family of problems solved by suitable truncations of the solution.

As a matter of fact, local estimates are the key tool to prove existence
of large solutions in bounded domains. We shall deal with this problem in
Section 4. In order to deal with the explosive condition u = +oo at the
boundary, we have to define the meaning of how this value is attained in a
suitable way, since, due to the possible lack of continuity of these solutions,
this condition can not be satisfied (for instance) in a pointwise sense. For this
purpose we extend the definition given in [19] to the parabolic framework;
roughly, we say that a solution matches +00 on the boundary if any of its
truncation at level k£ has constant trace k£ on the boundary.

The plan of the paper is the following: in Section 2 we give the main
hypothesis and we state our main results, while in Section 3 we collect some
useful technical tools. The existence results are proved in Section 4, while
Section 5 will be devoted to de description of some further regularity results.
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2. Assumptions and statement of the main results

Let D be an open subset of RV, N > 3, possibly R itself. Throughout
the paper we will denote, for any » > 0 and Vs € (0,7, by @ = (0, s) x B,
and by @3, = (0,s) x D.

We consider the following equation

up — div a(t, z,u, Vu) + g(t,z,u, Vu) = f(t,z) in Qg, (1)

where f(t,z) € L'(0,T; L} (D)) while a(t,z,s,5) : R x D x R x RY — RY
is a Carathéodory function such that:

da>0: altxscc) ¢>all, (2)
38 >0: la(t,z,s,¢) < BlsPt, (3)

and
(alt,x,s,¢) —alt,z,s,m))- (¢ —n) >0, (4)

for a.e. x € DVt >0, Vs € R, and Vs,n € RY such that n # .
Under the above hypothesis div a(t, x, u, Vu) turns out to be a Leray-Lions
type operator, acting from L?(0, T} Wol’p(D)) into its dual.

As far as the lower order term is concerned, we suppose that g(¢,z, s,<) :
R x D x R x RY — R is a Carathéodory function such that:

g(t,z,s,6)s >0, (5)

Vk >0 suplg(t,z,s,<)| < |ge(t,2)| + vils|?,

|s| <k (6)
Vi > 07 gk(t?x) S L1(07T7 Ll (RN)) )

loc
for a.e. (t,z) € (0,T) x D, Vs € R and Vs € RY, and
3L >0 |g(t,2,s5,9)| = h(|<]"™), V|s| = L, Ve € RY, (7)

for a.e. (t,z) € (0,T) x D, where h : RT — RT is a C*(R") convex function
such that h(0) = 0 and satisfying the following growth condition,

Je; > 0 such that A(r) < ¢ (771 4+ 1),Vr € RT, (8)

and the following conditions at infinity
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and ,
, T°h"(T)
111;11_)s(;1p e < 0. (10)

Some comments on these assumptions are in order to be given. Note that
the absorption nature of the nonlinear lower order term depends on the sign
condition (5), while (6) (and (8)) is known, in literature, as natural growth
condition. We observe that condition (7) is a growth bound from below for
the lower order term with respect to ¢ at infinity. This assumption is crucial,
as it can be noticed in the proof of our main results, and in particular in the
possibility of constructing suitable cut-off functions, in order to prove the
local estimates we are interested in.

We remark that the hypotheses (9) referred to equation (1) corresponds
to the already mentioned Keller-Osserman assumption for equation (4). In
fact, in the same spirit of the stationary case, condition (9) it is what we
have to impose in order to prove the existence of a solution for the ordi-
nary differential equation associated to (1). For instance, a solution for the
problem

/
(IW)P2(s)) =R (P in(0,+00),
Y 015) = +2%
is well defined if and only if (9) holds true. Finally, assumption (10) is
technical and we suspect that it could be removed.

Let us introduce the truncations as Tj(s) = max{—k min{k, s}}. We will, in
general, handle with measurable functions whose truncations (locally) belong
to the energy space. To get rid of this fact we will made use of the notion of
generalized gradient whose main feature is contained in the following lemma.

Lemma 2.1. Let D CRY, N > 3, and let w(t,z) be a measurable function
such that its truncation belongs to LY(0,T; W' (D)). Then there exists a

measurable function v : (0,T) x D — RY such that Vk > and for a.e. (t,x) €
(0,T) x D,

VT (w) = vX{jw|<k)} - (11)

Obviously, if w € LY0,T;W,"'(D)), then the generalized gradient turns

loc
out to coincide with the classical distributional one. We will made use several

times of this notion throughout the paper.
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Let us introduce the following definition of remormalized solution which is
the natural extension of the classical one (see for instance [12]).

Definition 2.2. Let D be an open subset of RY, N > 3. We say that
a measurable function u(t,x) € L>(0,T; Li. (D)) such that Vk > 0, Ty (u)
belongs to LP(0,T; W,"(D)) is a renormalized solution for equation (1), if

loc

a(t,z,u, Vu) € (LY(0,T; LL (D)V f(t,z), g(t, z,u, Vu) € L(0,T; L (D)),

loc loc

T
D

jLﬂwW@W—AT<ﬂMWM>
.
b Qh

and the following identity holds true:
a(t, z,u, Vu) - VuS" (u) + / a(t, z,u, Vu) - Vip.S'(u) (12)
Qb
[ gttauvos@e = [ fenswe,
Q
Vi € C3([0,T) x D), and for any S(7) € W2>(R) such that S’(7) is com-
pactly supported on R. Moreover,

lim a(t,z,u,Vu)-Vuyp =0, Yy € C([0,T)x D). (13)

=400 JQT N {1<|u|<i+1}

Note that the regularity required to the solution is such that any term in
the identity (12) makes sense. In fact the above definition is nothing that
equation (1) formally multiplied by S’(u)v and integrated on the cylinder .
The fact that S’ is compactly supported ensures that all but the first two
terms in (12) involve only a truncation of u. Condition (13) is due to recover
a uniform information on u on the set where it is large.

Let us also emphasize that, a priori, we are not in the position to apply The-
orem 1.1 in [23] in order to deduce that v € C°([0,T]; L (D)), since we do

loc
not imposed any regularity on u;. Anyway, this result can be applied to S(u),
for any S as above, since, by (12), the distributional time-derivative S(u);
turns out to belongs to L*(0, T; L' (w))+L¥ (0, T; W~ (w)), for any w CC D.
Moreover, it is easy to deduce, using that g(¢,z,u, Vu) € L'(0,T; L} (D))
and (7)—(9), that |Vu[P~t € LY(0,T; L] (RY)).

Here we state our existence result concerning entire solutions.

Theorem 2.3. Assume that a(t,z,s,<) and g(t,x,s,<) satisfy hypotheses
(2)-(4) and (5)-(10), respectively. Then for any f € L*(0,T; LL (RY)) and
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for any ug € Li_(RY) there exists a renormalized solution of the Cauchy
problem
{ uy — div a(t,z,u, Vu) + g(t,z,u, Vu) = f(t,x)  in(0,T)x RY

14
u=(z) my

As a consequence of the local estimates proved in the previous result, we are
able to show the existence of a large solution for the boundary value problem
associated to equation (1). More precisely, let Q C RY be a bounded domain,
N > 3. We consider the following problem:

ur — div a(t, z,u, Vu) + g(t,z,u, Vu) = f(t,z) in(0,T) x Q
u(t,x) = +o0 on OpQ}, (15)
u = up(x) in ().

where 0pQ}, indicates the parabolic lateral boundary (0,7') x 9
In the sequel we will need a localized version of (6), namely

VEk >0 sup ‘g(t,$,8,§)‘ < ‘gk(trx)l"'_fyk‘glpa
|s|<k (16)
>0, gr(t.x) € L'(Qg).

Let us also specialize the definition of renormalized solution to this par-
ticular boundary value problem. We recall that large solutions for parabolic
equations have been introduced in [1], for a different class of equations. Actu-
ally in such a case, since the solutions are continuous, the blow-up condition
is assumed in a pointwise sense. For our purpose, we need to reformulate
this condition in a suitable weak sense adapted to our framework. More pre-

cisely, the value “u = +o0”at €2 is assumed trough a condition on the trace

Definition 2.4. Let © be a bounded open subset of RY, N > 3. For any
f(t,z) € LY0,T; LL (9Q)), we define a renormalized large solution for problem
(15) to be a measurable function u(¢, ) such that Ty.(u) € LP(0,T; W1P(Q)),
a(t,z,u,Vu) € (LY(0,T; LL (D)N, g(t, x,uy, Vu,) € L0, T; LL () and

it satisfies both (12) and (13) in Q. Moreover the boundary condition is
assumed in the following sense:

k— Ti(u) € LP(O, T; W, P(Q)) Yk >0. (17)
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Our result concerning the existence of a large solution is the following.

Theorem 2.5. Assume that a(t,x,s,s) and g(t,x,s,s) satisfy hypotheses
(2)-(4) and (5), (7)-(10) and (16). Thus for any f € L'(0,T; LL () such
that f~ € LYQL) and for any ug € L () such that uy € L'(Q) there exists
a (renormalized) large solution of the problem (15).

Let us introduce, for any 0 < ¢ < oo, the Marcinkiewicz space M?(Q%) as
the space of all measurable functions f such that there exists ¢ > 0, with

meas{(t,z) € (0,T) x D : |f(t,z)] > k} < %
for every positive k endowed with the seminorm
c\ 4
Ty =1 : : > < | = .
| llvogg) = inf {e > 0: meas{(t,2) : |f(t.2)| = k} < (1) '}

Let us recall that, since Q% is bounded, then for ¢ > 1 we have the following
continuous embeddings

LYQp) — MU (Qp) — L*(Qp),
for every € € (0,q — 1].
We stress that from the definition of renormalized solution we can not, a
priori, deduce neither any summability properties nor is u (and not S(u))

assumes the initial value in some sense. Next proposition gets rid of this
tools.

Proposition 2.6. Any renormalized solution of (14) satisfies the following
estimates:

] <ca and ||Vul < o,

MPHR(QE) MPTVEL(QT)

where c¢1 and co are positive constants only depending on N, R, T, f and p.
Moreover, u € C°([0,T]; LL (D)).

We finally want to investigate how the local summability of the datum
f(t,z) influences the local summability of the renormalized solutions. In
particular we will see that that the regularity of the solutions is, locally,
the same of the solution of the equation in (14) without the lower order term
and with homogeneous Dirichlet boundary conditions. For simplicity we deal
with bounded initial datum.

The technique we will use are nowadays classic and follow, for instance [14]
and [7]. However, since a localization is needed, the role of the lower order
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term (and in particular the growth condition (9)) is crucial. Actually we will
only sckech the proof of such result, underlying the main difference with the
cases treated both in [14] and in [7].

Theorem 2.7. Suppose 1 < p < N, ¢ > 1, m > 1 and suppose that f(x)
belongs to L™ (0,T; L. _(D)). Thus for any renormalized solution of (14) there

loc

exists Cy > 0 such that: Yuy € L (D)

loc
(1) of . N
l<—+—<14—, (18)
m  pq pm
then

mq(N +p)+ N(p—2)(g(m —1)+m)

lullzso,r:0e () < Co,  where s = N — palm — 1) ,
moreover
/ /
I L#1(0,T;L,;2.(D)) < Cy, where sy =m'sy, s3=q's

mq(g — 1) +q(m — D[p(N +1) — 2N]

d —
ane 5o mN — pg(m — 1)
(2) If
1 N N
— > 14— (19)
m  pq pm
then
|ullzso,7:5 (D)) < Co,
where
N(p—1)(g—1 N — N
D@D N—p N+ |,
N(N —pq)
moreover
[ll s (0.2 () < Co
where
N(g—1)(p—1
s =m'sy, s =¢q'sy andsy= (g )(p )
N —pq
(3) If R
—+—<1, (20)
m  pq
then

||| oo 0,7:20 (D)) < Co.

loc
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Notation. Let us define py(s) = se*’

lowing useful property:

: we recall that ¢)(s) enjoy the fol-

b2
Va>0,b>O,VA>@ ap)(s) —blpa(s)| > 1, VseR. (21)

We will also make use of the following functions related with the trucations:

S(r) =Si(r)  S;(r) = / 11— T4(Gy(s)))ds. (22)
and Gi(s) = s — Tx(s).

By < -,- > we mean the duality between suitable spaces in which function
are involved. In particular we will consider both the duality between VVO1 (D)
and W1 (D) and W~ (D) + L'(D) and W, *(D) N L>(D).

Finally, we use the following notation for sequences: Va,b > 0, by &(a, b)
we denote a sequence such that

lill)m lime(a,b) =0.

a

3. Technical results

In this section we collect some technical results that will be useful in the
rest of the paper. The first one concerns the construction of suitable cut-off
functions.

Proposition 3.1. Let h : Rt — R* be a C?, convex function, such that
h(0) = 0, and such that (9) and (10) hold. Then, for any  there exists a
constant Cy = Co(6) > 0 and a function o : [0,1] — [0,1], ¢ € C°[0,1] N
C1(0,1) with o(0) = 0’(0) = 0, o(1) = 1, such that

Yo > 0, vo'(s) < dh(v)o(s)+Cs, Vse[0,1]. (1)

To construct the function o, we are lead to use suitable spatial cut-off
functions. We denote by ¢ = &5 (|z|) a C}(RY) function such that Vp > 0

E=1 if || <R
0<¢E<l if |z <R+p (2)
=0 if |z| > R+p.

Another fundamental tool in our arguments relies on the so called gener-
alized Young’s inequality with the function h which appears in (7)-(9), so
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that we have to introduce the Legendre transform for h together with its
first properties that we will use in the sequel.

We recall that h is a C? increasing and convex function such that h(0) = 0.
Moreover by the convexity and since hypothesis (9) is in force (i.e. roughly
speaking h “a bit more” than superlinear at infinity) it follows that

lim //(s) = +00.

5§— 00
Let us consider the so called Legendre tranform of h defined through
h*(q) = sup [qr — h(r)] .
reR

Here we recall the so called generalized Young inequality namely: for any

positive z, w,
wz < h(z) + h*(w). (3)

It is clear that A* is continuous, increasing and, since (3) holds, superlinear
at infinity. Consequently ~*~! is well defined and moreover

lim h* ' (q) = 400.

g—00

Moreover, since h is smooth, Vq > 0, we have

h(q) = q[(R) " (q)] = R((K)) "' (q)),
so that
W (W (y)) = yh'(y) = h(y), Yy>0.

Proposition 3.1 is based on the possibility of construct a solution of a
suitable Cauchy problem, as stated in the following Lemma.

Lemma 3.2. Let h : RY — RT be a C?, convex function, such that h(0) = 0,
and such that (9) and (10) hold. Then, for any 6 > 0 there exists Cy = Cy(0)
and a function o = o5 : [0,1] — [0,1], o € CY[0,1] N CY(0, 1) solution of the
problem

o'(s) = 6o (s)h*" ( 55(03)) in (0,1),

c(0)=0, o(s)>0,

(4)

Moreover
o(1)=1, and lim o'(s)=0. (5)

s—0t
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Proof: Let us define o(s) trough the implicit formula

o(s) dt
AN CECT v

Step 1: Near 0. We first prove that VCy > 0, o(s) is well defined in a

neighborhood of s = 0. Indeed, through the change of variable defined by
the relationship h'(z) = (h*)™! (%), and by the properties of h and h* we
have stated at the end of the previous section, it follows that:

dt oo zh"(2) B
/o(h*)‘1 ($)¢ @/ h(z)[W(z) —h(Z)]d |

Recalling hypothesis (10) and since h'(z)z — h(z) > 0, for any z > 0, there
exists a constant c¢; such that

R LG R Y

where the last inequality holds since h is convex; by (9) last integral is finite
and so o is well defined near 0.

Step 2: The choice of Cy. It follows by Step 1, through the change p = &,

Vo > 0, that
1 [~ dp
lim — / —— =0;
eils 7T
on the other hand, since (h*)™'(0) =

Pi%(s/ h* - e

Thus there exists C such that

L[>~ dp (' dt B
5/% p(h*)~1(p) _/0 (B~ (9t B

Step 3: The limit of ¢’. Recalling the definition of ¢’ from (4), we want
to prove

lim o (s)h* ! ( 55(2)) =0. (7)

s—07t
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This is equivalent to prove that

lim 7}/(7—) = lim W)
r—+o0 h*(W/(T))  r—+oo W(7)T — h(T)

since 7 is such that (h*)_l(éf&)) = K (1). Using that h*(h/(7)) — 4o0 as
7 diverges and by De I’'Hopital rule we deduce that (7) holds, and so the

Lemma is proved. u

=0

Proof of Proposition 3.1: Let o(s) be the function defined in Lemma 3.2.
Thus it is clear that inequality (1) is verified at s = 0, and we can mul-
tiply and divide the left hand side by o(s); using (3) we get

50(3)@;’;((?) < §0(s)h(v) + do(s)h* ((;’0((38))> .

Recalling that o is the solution of the Cauchy problem defined in (4), (1)
holds true. u

In the sequel we will also handle with dualities involving the time deriva-
tives of suitable functions; to this aim we will use the following Landes-type
(see [16]) regularization result.

Lemma 3.3. Let Q be an open bounded subset of RN and let w be a function
in LP(0,T; Wy () and wy € L'(Q). Then, for any v > 0, there exists a
function 0, = n,(w,wy) € LP(0,T; Wy(Q)), such that

d
S = vl =)

and nu(wa wO) (07 I) = To,v S Lz(Q)7 with
Mo —= wy in  L(Q).
If furthermore w € L™(QF), then
1Ml e(@) < llwll oz - (8)

Moreover, if w, = w" + w® € LYQE) + LV (0,T; W~ (Q)), then it is

possible to choose 1, such that %ny = p(yl) + p,(jz), with both

) = w in LNQ)

and
P2 25 w® i LY(0, T, WH(Q)).
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Proof: See [13], Lemma 2.1. |

Here we state a useful result which allows us to handle with functions such
that do not have the time derivative belonging to the dual of the energy
space. In fact it consists in a generalized integration by parts formula, whose
proof can be found in [11] (see also [9]).

Lemma 3.4. Let D be any domain in RN, N >3, and let f : R — R be a
continuous piecewise C1 function such that f(0) = 0 and f' is zero away from
a compact set of R; let us denote F(s) = [ f(r)dr. If ve L?(0,T, W, ?(D))
is such that v; € LY (0, T; W='"7(D)) + LYQ) and if v € C=([0,T] x D),
then we have

T
| et = [ Feme@) - [ Peopeo) - [ wFe) . o
0 D D Qr
We observe that v, € L¥(0,T; W= (D)) + L'(Q%) implies that there
exist n; € LY (0, T; W= (D)) and 1, € L'(Q%) such that u; = 1y + 1. Even
if 71 and 7y are not uniquely determined, the integration by parts formula
turn out to be independent on the representation of v;; moreover, according
with the notation introduced before, (-, -) will indicate the duality between

LP(0,T;W(D)) + LN(QF) and L0, T; Wy (D)) N L*(Qp).
We also recall the following classical result due to Gagliardo and Nirenberg.

Theorem 3.5 (Gagliardo-Nirenberg). Let Q C RY, opend and bounded, and
let v be a function in WH(Q) N LA(Q) with u > 1, X > 1. Then there exists
a positive constant C', depending on N, q and X\, such that

0] zn) < C\W”H?Lu(@))NHUH}}(HQ) ;

for every 0 and n satisfying

Proof: See [20], Lecture II. |

The following embedding results are consequences of the previous theorem.
We will use them in the last section but we give their statement here for
completeness.
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Corollary 3.6. Let v € L0, T; W, %(Q)) N L*(0,T; L'(2)), with ¢ > 1,
v > 1. Thenv € L7(Q}) with o = q% and

/QT 0|7 dxdt < CH”Hfoo(o,T;m(Q)) /QT IVoul? dxdt . (10)
Q Q

Corollary 3.7. Let Q C RY, opend and bounded, 7 > 0,1 < p < N and let
further w € L*®(0,7; LP(Q)) N LP(0, 7; W, P(Q)). Then there exists a positive
constant K depending only on N and p such that

[AT(LWW>1Z§chgg/hwp /iéﬁmw>

for all p and o satisfying

§ N 1 N
p<o<p, p<pu<oo, —+-—=-. (11)
po u P

We want also recall the interpolation inequality, we will make use in the
proof of Theorem 2.7. Assume that z € L*>(0,7; LY(D)) N L*(0,T; L"(D)),
p,q,7 > 1. Thus z in L"(Q%) and

HZHL’?( < CHZHLOO OTLq HZHLP (0,T;L7(D)) (12)
with % = f + 2 p > o,

A useful application of Corollary 3.6 is the following.

Proposition 3.8. Let R > 0 and Br € RY a ball of radius R and let p > 1.
Let w € L*®(0,T; L'(Bg)) such that Ti(w) € LP(0,T;W,"(Bg)), for any
k>0. If [VwP~! € LY(QL), then wP=! € LY(QF).

Proof: We deal only with the case p > 2, since for p < 2 it is trivial.
Since both w € L>(0,T;L'(Bg)) and |Vw[P~! € LY(QL), we have that
w e LY0,T; Wol’l(BR)). Then, we can apply Corollary 3.6 with ¢ = v =1 to
obtain that w € L%(QT). Now, if p < 1+ % we are finished, otherwise
w € LY0,T; W (BR)) and we apply again Corollary 3.6 with v = 1 and

q = N+1 to conclude that w € (5 ) (QR) It is clear that, iterating this
procedure we get the result in a finite number of steps. u

The estimates contained in the following lemma are standard and turn out
to coincide, for instance, with the one proved in [4] (see also Lemma 3.7 in

[18]).
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Lemma 3.9. Let w be a measurable function finite almost everywhere on
QL. If there exists C > 0 is such that

| TG < o+,

for any k > 0, then, both

<c¢  and ||Vw| < ¢,

MY (QF)
where ¢y and co are positive constants only depending on C, N, R, T and p.

Finally let us state the following classical result due to Stampacchia.

Lemma 3.10 ([26]). Let ¢(j,p) :[0,+00) x [0, R) be a function such that
C(+, p) is nonincreasing and ((j,-) nondecreasing. Moreover, suppose that
dKy >0, u>1, and C,v,~v > 0 such that

o(k, R)"
(J —k)"(R—p)
Then for every § € (0, 1), there exists d > 0 such that:

CU,p) <C Vi > k> Ko, Vp € (0, R].

where
-1
ui:/:rl'y) C(Ko, 1)'“
(1=0) ~

Proof: See [26]. |

d’ = C"2 C' > 0.

4. proofs of Theorem 2.3 and Theorem 2.5

Proof of Theorem 2.3: Let us consider u,, as the weak solutions of the follow-
ing problem

(up)e — div a(t, z, un, Vu,) + g(t, z, un, Vu,) = fu(t,z) inQr,
un(t? .I') =0 on 87’@5? (1)
u, (0, z) = ud(z) in B,(0),

n

where f,(t,2) = T,(f(t,z)) and u2(x) = Ty, (ug(x)). Note that, thanks to the
result of [10] (see also [23]), there exists (at least) a weak solution for (1), i.e.
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a function u, € LP(0,T; Wy(B,)) such that (u,); € LY (0, T; W~7(B,)),
g(t, z,un, Vuy,) € LY((0,T) x B,), and the following identity holds true

T
/ < (up)e, Y > —|—/ a(t, x, u,, Vuy,) - Vi
0 QF

+/ g(thaun)VUn)w - fTLw)
Qr QF

Vi € LP(0,T; WyP(B,)) N L=(QY).

We will prove Theorem 2.3 by showing that the terms in (1) are compact
in suitable spaces. In order to do it, here and throughout the whole proof, we
fix a ball By, centered at the origin, and we will prove suitable estimates for
u, in (0,7) x Br. Moreover, a weak solution on Q! turns out to be obviously
a weak solution in Q! for any 0 < t < T'. So that, with an abuse of notation
we will often invoque (2) by tacitly understanding its counterpart on Q.

Local estimate on truncations. For any n > R+ p (for any fixed p > 0),
let us choose in (2) 1 = @\(Ty(un))E, where x(s) = se**” enjoys property
(21), A > 0 will be fixed later, k > L, and &(x) is a cut-off function such that
(2) holds true (we will often omit the dependence on z). Thus we have

/O < ()i oa(Ti(u))€ >
-|—/ a(t, z, up, Vuy) « VT (un) )\ (Te(u,))E
Q. (3)
—|—/ a(t,z, up, Vuy,) - VEoX(Ti(uy))
Q

t
n

+ / g(tv Ly Un, VUH)SOA(Tk(un»f - fn(ta x)gp,\(Tk(un))f .
Qr, Q@

Since ¢ does not depend on time, using the Lemma 3.4,

/0 < (Un)tySp)\(Tk(un))g >:/B (I))\,k(un(tax))g_/B (I)/\,k(un(xvo))ga

where
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s (e = 1) if [s| <k,
Dy i(s) = / ox(Ty(7))dr = 4 2
" or(B)(|s| — k) + (e — 1) if|s| > k.

Note that

so that we deduce

< (un)t, ATk (un))§ >

/mmg (1 5 ) gy meastBre) @)
~oa(®) [ fuale)le.

B,

Moreover, since k > L, by (5)—(9), we have

| ot VeerTuw))e = [ (VP Dlea(Tulw)g

t
n

_ /t <:y’k|VTk(un)|p + |§7g(t,$)|>‘90/\(Tk(un))‘§v

where 7 = v, + ¢1 and gr, = g + ¢1. On the other hand by (3) and choosing
¢ = o(n), where 7 satisfies (2) and sigma is i 1s the function defined in Lemma
3.2, we can apply Proposition 3.1 with 6 = =. Thus there exists a constant
C' =C(M\k,3,T) such that

/T a(t, z, un, V) - VEpr (T (un))

> =0 [ V0 VElloaTiu)

n

> = [ S (Vul™) [T un))lé - Cmeas{Bae, )
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By substituting the above inequalities into (3), we deduce
(k) /B [un(t,)[€ + /Q VL) |00 (Te(un)) = Felor(Ti(ua) ] €

< Comess(Basp} + 2(8) | [ loie+ [ (1n.01+ e ol)e]

()
Note that both f,(t,2)¢ and gi(¢, 2)¢ are bounded in L}(Qr), so that, by
(21) applied with a = o and b = 7 we deduce that there exists a constant

(depending on k) such that

sup /B up (£, )| + /Q£ VTP < C(k),  VYk>0.  (6)

te(0,T)

This implies, since obviously ||T%(u,) || r(0,1)x ) < C(R,T)k, that Tj,(uy,)
is bounded in LP(0, T; W1P(Bg)), VR > 0. Thus, up to subsequences (not re-
labeled) T}.(u,,) weakly converges toward a function vy, in LP(0, T; W?(Bg)).
Moreover the sequence {u,} is bounded in L>(0,T; L'(Bg)).

Hence, from (6) we deduce (integrating between 0 and T'), Vj > 0,

gmeas{(t,z) € (0,T) x B : |u,| > j}

T
</ mtole< [ [l <cr.
{(0.T)x Brp0{(t,): un| =5} 0 JB,

so that

meas{(t,x) € (0,T) X Bg : |u,| > j} < % (7)

Moreover, choosing S}, (u,)€ as test function in (2), we deduce that (Sy(u,)E) .
is bounded in L'(Q7)+ LY (0, T; W~ (Bg,,)) and so, using the compactness
result of [25], we have that Sy (u,)¢ is strongly compact in L'((0,7) X Bry)-
Hence, up to subsequences (not relabeled), it converges a.e. as n diverges.
Using a diagonal argument, it follows that u,, — u for a.e. (¢,z) € (0,T) X Bg,
VR > 0, and consequently there exists a measurable function u(t,z) such
that u, — u a.e. in (0,T) x RY. Finally, we note that (7) implies that u,, is
compact in L'(0,7; LL (RY)) and consequently that

loc

Ti(un) — Ti(u) in LP(0, T; W-P(RY)) . (8)

loc
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Estimate on the lower order term. Let us choose ¢ = @f as test
function in (2), so that we have:

/QT % (65(:”)) o % /T a(t, 2, un, Vi) - VT (un)€

T-(uy)

+/ a(t, z, u,, Vuy,) -
Ta(un)
5

R WA
where O (s) = [; Tx()dr, Vk > 0. We first note that

0< 9 g vser

and by (2), we deduce

2 rre s [ att e, Tu) - Ve w)

T (un)

+/Tg(t,a:,un,wn) & < lfult, )l s, ) /\u

Moreover, using (5)—(9), we have (as above v, = vy, +¢; and g, = gr + ¢1)

T:
/ g(t, T, up, Vun)?(un)ﬁ

IE

1 _ 1
> 2 / A1Vl + 5 / 9t 2, s V)| | 2= )| €
Qr T <

= / VT ()76 — Gt ),
QEN{|un|<L} QEN{|un|<L}

Now we Choose ¢ = o(n) where 7 is chosen as in (2); thus by using Proposition
3.1 with 6 = 45, we have

T:
|/ a(t, x, Uy, Vuy,) - Vf?(un)

1
< Z/ h (|Vun\p_1) £ + C meas(Bpy)) .
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Thus, dropping positive terms, we have

1 1
_/ h(|VUn‘p_1)§+_/ lg(t, x, un, Vu,)|
4 Jor 2 Jgr

< / VT () €+ / gt 2)|¢
BN {|un|<L} BN {|un|<L}

+ [ ub(a)lg + Caneas(B).
Bn

and, by (6) and (6), the right hand side of the previous inequality is uniformly
bounded (with respect to n). Thus, letting e — 0, Fatou’s Lemma yields,

/ B(IVuaaP) + / 9t 2, 4, V)| < . (9)

Equiintegrability of the lower order term and uniform estimate
on the “stripes”. Let us choose ¢ = fy](un)f Vj > L, in (2) where
vi(s) = T1(Gj(s)), and moreover we denote by T’ =[5 7 (t)dt; we note
that

1:

|G ()] < Tj(s) <G (s)] - (10)

Thus we have:
T
| < (> + [ alteu, Vu) - V)
0 3
—l—/ alt, z, tn, V) - Vg i (un)é

# [ ot Vit = | A a(me
Thus, since j > L, using that |y(s)| < 1 and (2) we get

[ Tilluat)e+ [ altonn, Va) - Ve )
B, 3

+/ a(t, z, Uy, V) - Vu,g
Qn{j<|un|<j+1}

_ 1
/ (VP Dl + 5 [ 9t 100, Vi) 5 () €
QN lun|=j} QrN{lun|=j}

(1 L(|ul .
< /Q o Mt /B (Il ()¢

n

1
2
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On the other hand by

(3), and choosing £ as above, we deduce by Proposition
3.1 applied with 6 = %,

[ altaw, Vu) - Velhstu)
Qnlun|27}

1 _

< 5/ B (V7 P0) [y () €
QN {|un|zj}

+Cmeas{(t,z) € (0,T) X Bry, : |us| > 7},

and the last term tends to 0 (uniformly with respect to n) as j diverges by
(7). Moreover, by using (10) we deduce, dropping the positive term,

[ Gratlutee+ | ot 7,10, Vi) - Vi
By

QLM< un|<j+1}

1
+§/ 19t 2, un, V) ||y (un) €
QtN{|un|>7}

€T (2 (x )
< /Q o /B Gy (@)E + <0

Since both uf(z)¢ and f,(t,z)€ are strongly compact in L'(Bg,,) and in

LY Q% ,) respectively, we obtain, dropping positive terms,

J—00  peN

QN {lun|=j+1}

Note that the above estimate, in fact, allows us to say, using (7) and since
h(s) is superlinear at infinity, that

lim inf sup [/ a(t, z, uy, Vuy,) - Vuy
QIN{j<|un|<j+1} (11)

sup/ Vu, [P = e(j). (12)
EN{lun|>4}

neN

Strong convergence of truncations. Let ¢,(s) be the function intro-
duced in (21), where A > 0 will be fixed in the sequel. We set Ti(u), =
n(Ty(w), T (up)), where 1,(+) has been defined in Lemma 3.3.
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Now we choose ¢ = px(2,,)5](u,)€ as test function in (2), where z,, =
Ty (up) — Tr(w)y, k> L, and S;(s) is defined in (22). Thus we have

[ < Situde er(@ien) - Tt )e >
+/ a(t, z, un, Vi) - VEOA(2n,) S} (1)
Q1
+ /Q z alt, ., un, V) - V(Tk(un) - Tk(u),,) P (200) S ()€

(13)
n / 0t 2ty Vi) - Vit 93 (50) S (1)€
QT

+ / 91,2, s Vi) (2) S ()€
QT

- /;QT fn<t7 x)gp)\<zn7’/)5¢; <un)£ '
We first note that

/Q alt, 7, un, V) - V(Tk(un) _ Tk(u)y> P\ (200 S ()€
= / a(t, z, uy,, Vuy,) - V<Tk<un) — Tk(“)u) gp’/\(zw)S}(un)S
QIO {lunl <k}

—/ alt, x, un, V) - VT (1), 9\ (200) S} (un)§ -
QL un| =k}

Using (6) and recalling that Supp(S}) C [—j — 1,7 + 1], there exists ¢ ; €
(L7 (QE))N*! such that, using Egorov Theorem,

lim a(t, T, un, Vug) - VIg(w)y, 0 (2n0) S (un)€

j
e S QRN fun| 2k}

S VRS e
Q£+pﬂ{|u|2k}

and last integral tends to 0 as v diverges, since Ti(u), — Ti(u) strongly in
LP(0, T; W-P(RN)), and consequently VT3 (w) | X{ju>} tends to zero strongly

loc

in LP(0,T; L? (RYM)). Thus

loc

/ at, ., Vty) - 9 (Ti(u) — Teluw), ) (200 S0, )€
a1
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= / a(t, z, uy, VTi(uy)) - V<Tk(un) - Tk(“)u) P\ (2n,0) S (un)€ +e(n, v) .
QF

On the other hand, since k > L,

/ 91,2, . Vit o (n) S (10 )E
QT

> /QT h(|vun‘p_1)|SO)\(Zn,V)|S;'(un)€ - |9x (8, 2)[[oa(20,0) 1€

QRN un|<k}

~

—%/ a(t, x, un, VIi(uy,)) - V(T (u,) — Tk(“)u)S;'(Un)W/\(Zn,u)‘f
@ JQEN Jun| <k}

W
a Jor

+ a(t, z, tn, VIi(un)) - VT(1), S} (un) 0x(2n0)§

where 7. = v, + ¢; and gr = gr + ¢;. Reasoning as before,

Tk

o Jo a(t, z, un, VT (un)) - VT(w)ypr(znw)Si(un)€ = e(n,v),

J

and

/QT Dfn(t, )| 4 g (t, 2) || 0a(20,0) S (un)§ = e(n, v).

n

Gathering the above informations together, we deduce:

A < 5;(un)es oa(Tul(tn) — Te(w))E >

+ a(t, z, up, Vuy,) - VE @A(zn,y)Sé-(un)
QF

- / alt, 2ty V(1)) - V (T () = Th(w)y ) 9 (0.) S} ()€

Q7 (14)

+ [ alt,z,un, V) - Vg o (20,) 5] (un)€
QF
_% / Cl(t, Ly Un, VTk(u”)) -V (Tk(un) o Tk(u)l/> @A(Zn,u)sé(un)f
QF

[ BTl (a0 IS} )6 < (. v).
QF
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Moreover the second integral in (14) is estimated, using that £ = o(n),
chosen as in (2), and by Proposition 3.1,

[ttt V) T (i) = Tifw)

<5 [ (95 lor Tito) = Titw) IS5 ) + (.

n

Thus by (14) we have, dropping positive terms,

T
/O < 5)(un)es oa(Tul(tn) — Te(w))E >

~

# [ a0, VTL0) - Ve [ ) = Lrtznn)|Si(wl (15)
QL @

+/ a(t, z, Un, V) - Vg ©x(20,0) 5] (un)§ < e(n,v).
QF

Noticing that, by definition of Tj(u),,

~

- / &(t7 Ty Up, VTk(U)V) : vZN,I/ [@&(zn,u) - %‘QOA(Zn,u) ‘:| S]/ (un)£ — 5(”7 V) )
Qr @

we can add this quantity in both sides of (15). Moreover using (11) we also
have:

‘/ a(t, x, u,, Vuy,) - Vuy, go,\(znjy)S}/(un)f‘ <e(j).

Finally, in order to get rid of the integral involving the time derivative of
Sj(uy), we apply the following inequality, whose proof is postponed at the
end of this Section.

Claim. Vj > jo:

/O < 8;(un)e» 0r(Ti(ttn) — Ti(w))E > e(n, v) (16)
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Using (16) in (15) we deduce that, for j large enough,

/ (alt, 2, VT(un)) — alt, 2, 1, VTs(w)y)) - Vans
ar

x| (n) = 20 (20| Si(un) < e, v) + ().

By a suitable choice of A (according with (21) applied with @ = 1 and b = %)
we deduce that

/ (a(t, z,up, VIi(uy,)) — alt, z,un, VIi(w),)) - Van,
QF
xSi(un)€ < e(n,v) +£(j) -
Lemma 5 in [BMP] yields
Ti(u,) — Ty(u) strongly in LP(0,T; W'P(Bg)) . (17)

Note that the above convergence implies that, up to subsequences, VT (uy,)
a.e. converges to VTi(u), and by a diagonal argument we conclude that,
again up to subsequences not relabeled,

Vu, — Vu a.e.. (18)

Moreover combining (17) with (12) and (18) we deduce, by using Vitali’s
Theorem, that

IV, [Pt — |VulP™! strongly in L*(0,T; Ly, (RY)), (19)
and by (11), (17) and (18) we have
g(x, un, V)¢ — gz, u, Vu)é  strongly in L'((0,T) x RY) . (20)

Passing to the limit. Let us choose ¥ = ¢(t,2)S"(u,) in (2) where ¢ is a
CL([0,T) x RY) and S(s) chosen as in the Definition 2.2. We have:

T
/ < (un)e, ¢S (uy) > +/ a(t, z, u,, Vuy) - VoS (uy,)
0 QY
+/ a(t, z, wy, Vug) - VugS” (u,) o (21)
Qr

Qn QF
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We first note that there exists R > 0 such that supp ¢(x,t) C (0,7") x Bg,
so that, integrating by parts, and recalling that ¢(T,z) = 0 we get:

T
lim < (un)s, ¢S (uyn) >

n—-4o00 0

— lim [ S(u)é(T,z) — / S(u0)$(0, ) — / S(un) it )

n—-+o00 RN

:_/RN /TS ) Pe(t, ),

where QT = (0,T) x RY. Moreover, by (3) and (19), we have

lim a(t, z, uy, Vuy,) - VoS (u,) = / a(t, z,u, Vu) - VoS’ (u)

n—-4o00
QF "

while by (17) and (20), (11) we deduce that both

hrf a(t, z, up, Vuy) - Vu, 8" (u,)p = a(t,z,u,Vu) - Vu S"(u)g,
and
liI_il_l g(t, z, wp, Vu,)S (uy)d = g(t, z,u, Vu)S'(u)g.
e J QT Qr

Finally, since f,& — f¢&in L'(Qr) it allows us to pass to the limit in the last
integral in (21). Consequently u(t,x) is a solution for (14) in the sense of
Definition 2.2.

To complete the proof of Theorem 2.3 we need to prove that inequality
(16) holds.

Proof of (16): We recall that, by previous estimates, Tj(u,) converges to
Ti(u) weakly in LP(0,T; V[/ﬁ)f (R™)). Here we use an approximation argu-
ment by using Lemma 3.3. We set, for every o > 0, uy, = 1 (Un, ul);
we know that u,, € LP(0,T;Wy"(B,)), (une): € LP(0,T;W,?(B,)), and
moreover, both
Ung — Uy in LP(0,T; Wy (B,)),
and
(Uno)e — (up); in Lp/(O, T W_l’pl(Bn)) + Ll(QZ) ’

with (0, 2) = ul.
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This approximation argument will allow us to consider derivatives with
respect to ¢ of the composition between Lipschitz functions and w,, ,. Thanks

to these properties we have that

/ < 5;(un)es oa(Tul(tn) — Te(w))E >
0 . (22)

= IIII(I) < Sj(un,d)t7 @A(Tk(un,o) - Tk(u)v)f >
ag— 0

Our aim is to prove that
T
/ < Sj(un,o’)ta @A(Tk(un,a) - Tk(u)u)f >> 8(?1, V) }
0

So, note that, for any j > k, we can write

Si(tns) = Ti(tne) + Gr(Sj(une))

thus, if we define ¢x(s) = [ ¢, we have

/O < 8;(tna)e o2(Tiltin) — T(w), )€ >

= | o(T(ung) = Ti(w))(T)E — [ O(Th(uno) — Ti(u),)(0)€

Br Br

T
—|—/ < Gk(Sj(un,g))t, @A(Tk(un,a> - Tk(u>u)£ >
0

n / V(Te(1) — Te(w),)o(Th (o) — Te(1),)E
QT

where we used that (Ty(u),): = v(Tk(u) — Ti(u),). Using that ¢r(s) > 0,
Vs € R and that T).(ul)é — T.(ug)¢ weakly-* in L®(Bg), we deduce that

; AT (un o) = Ti(u),)(T)E — : AT (uno) = Ti(u),)(0)€ = e(n, v).

Moreover

L VB0 = T Tin) T )

N /Q y(Ti(w) — Te(w))or (Ti(w) — Ti(w), )6 + (o,n) > <(o.m)



LOCAL ESTIMATES FOR PARABOLIC PROBLEMS WITH GRADIENT TERMS 29

since s - se’ > 0. Finally, we deal with the term

T
| < GulSi o)) 2(Tuluns) = Tiwh)6 >
0
Integrating by parts we deduce that

/0 < GulS;(tn))e» 22 (Ti(ttme) — Tilu),)E >

_ /B (S (ttn o)) (T) (T (1t ) — Ti(12),)(T)E
_ /B G (S (1)) (0)or (T (ttn0) — T (10),) (0)E

- / <GS, (ttn0)) Py (Ti(tng) — To(w) )€, (Ti(ttns) — Th())e >

Thus, the first term is positive since

G (S (tn,o) ) (T) oA (T (un,o) — Ti(w)y)(T)E

Br

Gr(Sj(tn,o) ) (T)ox(k — Ti(u)y)(T)E

BRﬂ{un_,g>k}

+ G (S (tno) (T)oA(=k = Ti(u),)(T)E = (0),

BRm{u'n7g<_k}

while in the second term vanishes passing to the limit with respect to o

and then v Concerning the last one, we note that since Gj(S;j(u,,)) is 0 if
|un| < Kk, thus

- / < Gi(Sj(une) )\ T (tno) = Te(w)o)€ . (Tilting) — Ti(u)u)r >

=v
QF
Finally, taking the limit respectively in ¢ and n, we have

Gr(Si(tn.o)) N (Ti(tno) — Th(uw),)(Ti(u) — Ti(u),)§ -

- /0 < Gi(Sj (o)) O\ (Th(tno) = Te(w)n)$ s (Ti(ting) = Tie(u)y)r >

= V/QT Gi(S;(w) P\ (Ti(w) — Ti(w)y) (Ti(u) — Ti(w)y)€ + £(0)
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—v [ GuS )k - i)k - Tiuh)g
QN{u>k}

+V/ Gr(Sj(w)er(—k = Te(w)y)(—k = Ti(u),)§ + £(o,n) = (o, n)
QN{u<—k}

since ¢\ (s) > 0, Vs € R and the lemma is proved because of (22).
This conclude the proof of Theorem 2.3. u

Proof of Theorem 2.5. Let us consider u,, as the weak solutions of the follow-
ing problem

(un)e — div a(t, ,un, Vug) + g(t, 2, un, V) = fu(t,z) inQf,
un(t, ) =n on 0pQY,

u,(z,0) = ud (z) in €,

(23)
where f,(t,7) = T,(f(t,z)) and u(x) = T,(ug(x)). The existence of a
weak solution for (1) is still a consequence of the result of [10]. It means
that there exists a function u, such that u, —n € LP(0,T; W, "(Q)), (u,); €
LP(0, T; W=5P(Q)), g(t, 2, u,, Vu,) € L'((0,T) x Q), and the following iden-
tity holds true

T
/ < (up)e, Y > —|—/ a(t, x, uy, Vuy,) - Vi
O T

Q

+/Tg(t,a:,un,Vun)¢ =/ I, (24)

Vi € LP(0, T3 Wy P () N L=(QF) .

The idea of the proof is similar to the one of Theorem 2.3. The main
difference relies on the fact that now we need to have an information about
u, (and consequently u) at the boundary, and so we need first to prove a
“global ”(i.e. on the whole §2) estimate on the truncations in the energy
space. On the other hand, for the second part of the proof, we follow exactly
the same outline of the one of Theorem 2.3. Indeed, the estimates proved
there are localized in (0,7) x Bgr, VR > 0. Since, in order to pass to the limit
in the equation, we need to use such estimates on any compact subset o CC
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(0, T) x €2, we observe that there exists w CC €2 such that w CC (0,7) X w.
Thus
M
IM €N such that o; € Q, r; > 0,i=1,...,M, andw C | | By, ().
i=1
It is clear that is enough to prove all the estimates on a ball and without loss
of generality we can suppose it centered at the origin.

Global estimate on truncations. We choose Vn > k, ¥ = @)\ (T (u,) — k),
where A > 0 to be fixed, as test function in (24). Thus we have

[ttt - [ i)

Q
4 / 0t 2, 1, Vi) - VT (i) (T (1) — )
o

—l—/ g(t, x, U, V) ox(Tr(u,) — k)

T
Q

= o faoa(Ti(un) — k) — o foox(Ti(un) — k),
where
( —2ke (s + k) + oy {e“kz — e”ﬂ ifs < —k,
Tae(s) =13 3 A=k e/\kq it —k<s<k,
& |1 ] ifs > &,

is a primitive of ¢)(7%(s) — k). Note that, since T)x(s) is decreasing and
Y(0) =0, thus

Q

Z / T/\jk(un(t, (E)) + / TA7k(un(t, (E))
QN{0<u, <k} Qnf{u,>k}

[ e - | INEE)
ON{ud<—k) ON{—k<ud <0}

1 , 1 ) ) 2 _
> _(X [e”“ - 1} +5 [e‘“’“ —eM } )IQI — 2k (up) [l 10y -

[ttt - [ i)
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Thus, by (2), (16) and the assumptions on f we deduce, since the function
ox(Ti(s) — k) <0,Vs € R,

a / VT () "o (Ti(un) — k) = / Ve VI (un) Pl ox (Th (un) — K)

T
Q QQ

<) [ 71+ lout, 1] + 2k 0 08)
+(% [eAkZ B 1} +% {euk? B eAkZ} 4 2k264Ak2> 0.

By fixing a suitable A > 0, according with property (21) of the function
©x(s), we deduce that k — Ty (uy,) is bounded in LP(0, T; W, ?(€)) and so, up
to subsequences (not relabeled), it converges weakly in LP(0, T; W, ().

As already pointed out, the conclusion of the Theorem follows exactly using
the same steps of Theorem 2.3. u

5. Further Regularity

In this section we are going to describe some local regularity properties for
a renormalized solution of problem

{ up — div a(t,z,u, Vu) + g(t,z,u, Vu) = f(t,z) in(0,7) x D o

u(0,z) = ug(x) inD.

Let us first emphasize that, in this section we would like to be able to
choose test functions of the type S’(u)y with S’ not compactly supported on
R and such that (T, z) # 0. In principle, according to Definition 2.2, we
are not allowed to do that. Anyway, up to suitably modify our definition,
this fact can be made rigourous by an easy density argument. In fact, we
can choose S'(u) = Si(u)M(u) where M is a Lipschitz function and S; is
defined in (22), in the renormalized formulation. Then, we take the limit as
j diverges and we observe that S%(u) converges to 1 both a.e. and *—weak
in L=(Q%), and the term involving S” vanishes tanks to (13). On the other
hand, to deal with cut-off functions such that (7, z) # 0 (we will actually
handle with functions which do not depend on time) we can choose a family
Ys(t, x) of functions in C3([0, T') x D) such that they converge in C1([0, T]x D)
to a function ¢ (x). Thus, according with Lemma 3.4, Proposition 2.6, and
considering that ¢;(z) = 0, the formulation change into the following one,
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that is the useful one in order to get rid of our regularity estimates.
[ Mutta)i@)+ [ altzu, 90 Vadr ()
D Qb

n /Q alt,z,u, V) - VoM (u) (2)

- otte VoM = [ g nM e+ | Miwta).

for any 0 < t < T and where M'(s) = M(s), M(0) = 0.

Finally, we observe that, since the estimates we are going to prove in this
section are localized, we will proceed as follows. We fix a ball (without loss
of generality, centered at 0) of radius R contained in D. Thus there exists
p > 0 such that Bry, CC D and we will prove the estimate in (0,7") x Bp,
in dependence of quantities computed on (0,7') X Bry,. By covering any
compact w CC D with balls we get the results.

We start proving Proposition 2.6.

Proof of Proposition 2.6. According to the formulation above we are allowed
to choose 9 (t, x) = £(x), where £ is chosen as in (2) and such that Proposition
3.1 holds true, and M (s) = Ti(s), Vk > L. Thus we have:

[ eume o [ wmmorg [ aver e

2 Jor
R+p R+p

< Kl fllrqr, ) +Co+04/T T (u)PIVE + Elluoll L (Br.,) -

QRer
Note that, since Proposition 3.8 holds true, then u?~! belongs to L'(Q%) and
so the last integral can be estimated with C'k, for suitable C' > 0. Thus we
deduce, by dropping positive terms,

| IV < o),

Qk

and so we conclude applying Lemma 3.9. As we have already noticed, the

continuity with values in Lj,_ is an easy consequence of Theorem 1.1 of [23].
m

Sketch of the Proof of Theorem 2.7- We first give an idea of the proof of
parts (1) and (2). Let us fix any 0 < R < R + p and consider B C
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Bry, CC D Let us choose M(s) = wv.;(s), and ¢ = & in (2), where
- 1,qp 1} £(z) is as in (2) and
vej(s) = [(ITj(s)] +€)” — "] signs,
for any 0 < v <7, with

A = max{p, -

Nm(g—1)+q(m—1)[p(N+1)—2N] :
_ - N;]n—pq(mp—l) if (18) holds
T e if (19) hold )
(N=p)d—N if (19) holds.

We follow the same ideas of previous estimates, we use the ellipticity con-
dition, assumption (7) and Proposition 3.1, and we finally let ¢ vanishing.
Thus, we deduce that there exists a constant C' = C(«, 8, N, R, p, ug, L) > 0,
but independent on j, such that,

A(y+p— U y+1 g A 7+p
Hf p(v+1) ( )HLOOOTL'VJrl BR+ + 0 prlf‘z—}( )l HLP BR+p

1

/! m/

2

q

T
< C I fllzmo,r:09(Brs,)) / ( prj(U)W>
0 BR+p

[Pt
T

R+tp

9

where we have applied a space-time Holder inequality on the term involving
the datum f(¢,x). Using an interpolation inequality, we deduce both that

T~ < G [+ IT@IE S g |70 @
and
1
1T N o g0 5y < O L IT @7 gy, J N &)
where C1, now, depends on f, too. By (4), (5) and by applying the interpo-

lation inequality (to the function \J}(U)\wzil), we have:

pty—1
T(u ;)v 1
175l % o ©
< CIT (=502 (82 HT( il

L1017 P (Bg))
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where 1 and 6 satisfy

1 0 1—-46 —1
L6 0-0Gr-n) by,
nop p(v+1) 0
Consequently,
p(y+1) ]
! [ Ny +p-1)

turns out to optimize the above constraints. Thus gathering together (6),
(4) and (5) we deduce that there exists C' > 0 such that

o1 max{- .57}

1 v+p—1 'y+p 1 'y+1
Tyl g oy < C L IT @I gy, ) G
Actually, roughly speaking, we control the norm of 7j(u) in L e in a

cylinder with the norm in LY*?~! in a slightly larger cylinder. Moreover
the such estimate is uniform with respect to j. Noticing that that n > p,
in order to conclude it is enough to perform an iteration method. We can
construct both k+1 radii 0 = py < p1, ..., 71 < pr = pand k + 1 exponents
Yo < 81, .-, Y5y < V5 = 7, such that

p
50+p—1<p—1+N,
and w is our desired summability. Thus the application of (7) k + 1
times and by Proposition 2.6, we get the result. To get rid of the different
summability in space and time stated in Theorem 2.7 we can argue in a

similar way by applying Holder inequality.
Now we deal with part 3) of the Theorem. Let us denote by

= {x € By(xo) : |u(t,z)| >k}, Vr >0, (8)
and let us set for any fixed ¢ € (0, 1),
1—-4 17"
0=
|BR+p\ ! (9)
AL = <1 S— (1 — B) and Ay = o ;
q(oc —p) o m(p—p) — p
and moreover
Nm' + pq’ Nm' + pq’ (10)
c=p——— =—p——
s N N T
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Let us choose M(u) = Tj(Gi(u)) in (2), 7 > k > L and ¢ = £ (£ chosen
as in (2)) in the cylinder of height t;, where we will fix § (and so ¢;) later.

We also recall that for £ chosen as in (2), we have |V¢| < ~. Thus, by
nowadays standard computations, we have

/Otl /Ak.,Rer IVT;(Gr(w))P€" < %/ IT(Gr(u)) |7

- ' / TGP + | fR / e

Moreover, we choose M. (u) = [(|T;(Gr(u))|+)P~! —el~signu, j > k > L
and ¢ = &P in (2). Thus, dropping positive terms, as £ goes to zero, we get

sup/ 0,(1Gx(u) 5p<—// Ty (Gr(w) P!
te(0 tl Ay R+p Ap JR+p

v [ ] ey ' e

where ©;(s) denotes the primitive of T}(s), such that ©;(0) = 0. Now we
apply Corollary 3.7 with w = T;(|Gr(u)|)¢, Q@ = Bpy, and T" = t;. Thus,
for all u and o satisfying (11), we deduce, by adding (11) and (12), and by
applying Corollary 3.7

[ (/Ahmp(ﬂ(@k(u))m) S ., TG "
oo [V imGnpe e [ e

with pp = max{1l,p — 1}. Recalling the definitions of x and ¢ (see (10)) and
noticing that both of them are greater than p, we apply Holder inequality to
estimate the right hand side of (13), so that

/ / I Gwype

< |Bre, M IET I 000 (A 1 1 Lm @ 1:L0(Brs )

(11)

(12)

where A; and Ay have been defined in (9). We fix now § (and consequently
we fix ¢1) such that cg|| f||(1 — ) < 3; note that this quantity depends on the
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data of the problem but not on u. Thus from (13) we deduce

[ ( [ m(Gk(u))rf“) »
<[] e+ | i G,

Moreover, by Holder inequality it follows that, for every h > k

Q=
T

/Otl </Ak,3+p Tj(G’f(u))%U)ﬁ % > (h— k)? </t1 AhR>ﬁ

On the other hand we have to estimate the right hand side of (14): we first
note that

| Ak, Rpl 7

t 31 / #
/ / f1E7 < 1l m(0.42:00(Brs,)) (/ ) )
0 Ak, R1p 0

and moreover

//A T (Gilw)l < el T(Gu(w)) )

t m
LTPO(Q ) (A ‘Ak,R+p| ¢ > )

where d = max{q, m}. Now, we observe that f(¢,z) € L™(0,t;; L%(Bp4,))

VYmyg, qo such that 1 < my < m, 1 < qy < ¢q. In particular we can choose
mo, qo such that

moq = mqy and

Ve < min {moCJo(N+p) + N(p—

—|—ﬂ—1+s

pod " pmy

Using the first part of the Theorem we deduce that v € LS(QRer)v where
5 = moqo(N+p)+N(p— 2)((10(mo 1)+mq)

2)(qo(mo —1) +mg) N }

. Since § > pod we deduce

t clHu L(QY ) t o\ 7
[ [ o s s ([ )
Ak,r P 0

Gathermg together the above informations, we finally deduce, using also that
g _ m

c pq and passing to the limit with respect to j, that there exists C' > 0
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such that

~

t m c t ! #
|Aprl? £ ——% (/ | Ak, r+ |7> :
/0 (h— k)tpr \Jo !

Since (20) is in force, we have

1 1 N
oL v gypop (L NY
m'p ¢ m'N N N\m pq

and so we can apply Lemma 3.10 to the function

Clh,d) = /0 Al () dt

Thus the proof is complete for 0 < t; < T. As already remarked, it is clear

that the the choice of ¢; only depends on the data of the problem and thus

we can iterate and conclude the same estimate in the whole cylinder in a
finite number of steps. n
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