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1. Introduction

As it is known, there has recently reemerged an interest in the extension
of the notion of orthogonality known as multiple orthogonality. Multiple
orthogonal polynomials are a generalization of orthogonal polynomials in the
sense that they satisfy orthogonality conditions with respect to a number
of measures. For a detailed study of multiple orthogonal polynomials we
refer for example Aptekarev [1], Nikishin and Sorokin [18, chapter 4] and
W.V. Assche [21]. Such polynomials arise in a natural way in the study of
simultaneous rational approximation, in particular in the study of Hermite-
Padé approximation of a system of d € ZT Markov functions (see [18, 19])
that goes back to the nineteenth century. Since then, some aspects related
with the theory of multiple orthogonal polynomials have been investigated
such as, existence and uniqueness, recurrence relations, normality of indices,
etc. In this way, multiple orthogonal polynomials are intimately related to
Hermite-Padé approximation. In the literature we can find a lot of examples
of multiple orthogonal polynomials (see [1, 2, 3, 6, 13, 15, 22]). There are
two types of multiple orthogonal polynomials, type I and II. K. Douak and
P. Maroni [9], P. Maroni [17], V. Kaliaguine [14] and J. Van Iseghem [23]
mFebruary 5, 2009.
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have given some characterizations of type II multiple orthogonal polynomials
with respect to the system of linear functionals and diagonal multi-index.
Our purpose in this work is to present an algebraic theory of type I and II
multiple orthogonal polynomials for more general families of multi-indices,
called quasi-diagonal, that we introduce in [5].

Let @@ = (ny,...,nq) € Z% which is called a multi-indez with length |7| :=
ni+---+ng and let {ul, el ud} be a system of linear functionals v/ : P — C
with 7 = 1,2,...,d. Let (As1,...,Ar4) be a vector of polynomials where
degAn; <n; —1,for j =1,...,d. We say that the vector of polynomials
(Aji1, ..., Amq) is type I multiple orthogonal, with respect to the system of

linear functionals {ul, - ,ud} and multi-index 11, if
d
W@ Any(x) =0, m=0,1,... i —2. (1)
j=1
In the particular case that the system of linear functionals proceeds from
positive Borel measures, y;, j = 1,...,d, we have u/(2*) = [; z*dp;, k€N,
j =1,...,d, and the conditions of multi-orthogonality (1) can be rewritten as

d
Z/Ixmﬁ,j(x)duj(x) =0, k=0,1,..., |7 —2.
j=1

Let { P;} be a sequence of polynomials where deg P; < |7|. We say that { P;}
1s type I multiple orthogonal with respect to the system of linear functionals
{ul, e ud} and multi-index 1, if

W (2"P7) =0, m=0,1,...,n; -1, j=1,...,d. (2)

Similarly, if the system of linear functionals is a system of positive Borel
measures, fi;, j = 1,...,d, the multi-orthogonality conditions, (2), can be
rewritten as [, Pi(z)xbduj(z) =0, k=0,1,...,n;—1, j=1,...,d.

A multi-index @@ = (ni,...,ng) € Z< is said to be normal for the system of
linear functionals {ul, o ,ud}, if for any non trivial solution (Az1, ..., Anq)
of (1) (respectively, non trivial solution P; of (2)), deg Az; = n; — 1 (re-
spectively, deg P; = |7i]). When all the multi-indices of a given family are
normal, we say that the system of linear functionals {ul, ey ud} s reqular
for this given family.

This work is organized as follows. In section 2 we show which families
of quasi-diagonal multi-indices, J, will be considered in this work, and we
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TLZlT_):‘ ﬁ:(nla"'and)
0 0,...,0)
1 (1,0,...,0)
i (ki k)
sd—11(s,...,s,8s—1)

TABLE 1. Pattern blocks

present a characterization for type I and II multiple orthogonal polynomi-
als with respect to the regular system of linear functionals {u!, ..., u?} and
family of quasi-diagonal multi-index J. In section 3 we present an alge-
braic theory and some definitions which enables us to operate with the new
objects presented in this work, and give a necessary and sufficient condi-
tion for the type I and II regularity for a vector of linear functionals and
quasi-diagonal multi-index . In section 4 we present a matrix interpreta-
tion of the type I and II multi-orthogonality conditions with respect to the
regular system of linear functionals {u!, ..., u?} and family of quasi-diagonal
multi-indices, J. In [10, 11, 12, 14] we can find a characterization of orthog-
onal polynomials in terms of matrix three term recurrence relations. In this
section we prove a Christoffel-Darboux formula verified by the sequences of
type I and IT multiple orthogonal polynomials and give a reproducing kernel
property. Some Christoffel-Darboux formulas for multiple orthogonal poly-
nomials can be found in [7, 8, 20]. In section 5 we present a reinterpretation of
type I and II Hermite-Padé approximation in terms of matrix functions, and
an important result of bi-orthogonality with respect to the matrix generat-
ing functions of the moments associated with the system of linear functionals
(see for instance [4, 16, 19]).

2. Quasi-diagonal multi-indices

We begin introducing the multi-indices being considered in this work. For
that, we consider blocks with sd elements of Zi in the Table 1. The multi-
indices (k}, el k;l) where ¢+ = 0,1,...,sd — 1 are defined by the following
conditions:

okl >k, i=01,...,5d—2, j=1,...,d;
o kTN <k i=0,1,...,sd—1, j=1,...,d—1;
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d
o) k=i i=0,1,...sd—1, j=1,..d
j=1
il = s, j=1,2,...,d—1

s—1, 7=d.

Now, we identify as Jj, the set whose elements are the ones of any of the
blocks presented in the Table 1, i.e, Jy = {(0,...,0),(1,0,...,0),...,(s,...,
s,s — 1)}. From J, we generate a sequence of sets which we denote by J,,,
n € N, according to

TIn=To+n{(s,...,s)}, neN.

In this way we obtain a set of multi-indices, J, given by J = {Jo, J1, - - - T,
...}, n € N. Remark that for s = 1 we have that [J is given by, Jy =
{(0,...,0),(1,0,...,0),(1,1,...,0),...,(1,...,1,0)}, and the multi-indices
are called diagonal.

In this work we restrict ourselves to the families of quasi-diagonal multi-
indices, J. We identify the vectors @ = (ny,...,ng) € Z% with n € Z;
because in our sets of quasi-diagonal multi-indices, 7, there is an one-to-one
correspondence, i, between the sets Z< and Z{ given by, i(7) = |7i| = n.

Algorithm (Construction of linear functionals). Let us consider the system
of linear functionals {u', ..., u?} and family of quasi-diagonal multi-indices
given in Table 1, T ={To, T, Tn,---}, n € N.

Let v!' = u', ?_)i = xkf—luj, t=2,...,8d — 1 where j is uniquely defined by
the condition k] = k!_, + 1 and v*¢ = x*~'u?. Hence, we have

vie{ah k=0,1,...,s—1,j=1,2,...,d}, i=1,2,...,sd

Theorem 1 (type I multi-orthogonality). The vector (A1, ..., Anq) where
the polynomials A, j have degreen; —1, forj=1,...,d andn € N, is type |
multiple orthogonal with respect to the reqular system of linear functionals

{ul, ..., u?} and family of quasi-diagonal multi-indices J if, and only if,
d s—1 .
( (A (@*)a"u?)) (™) = 0, m =0,1,...,]d] -2,
7=1 k=0
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where

s—1
A, i) = ZazkAfL,j(:Us) , for j=1,2...,m. (3)
k=0
Proof: By (1) we have
d .
Zuj(xmAn,j(:z:)) =0, m=0,1,...,|1] — 2.
j=1

Now considering the representation for the polynomials A, ; we have for all
m=0,1,...,|7 — 2,

d d
Zuj (2" A (7)) = (Y Y (An(a”)au!)) (a™).

<
Il
—_
T
o

Now, let us suppose that,

Then, the vector of polynomials (4,1, ..., A, ) verify the same multi-ortho-
gonality conditions of the vector of polynomials (A,111,..., Ayt1.4) and tak-
ing into account that n; < (n+1);, j = 1,...,d (because of the increasing
struture of the quasi-diagonal indices), we get a contradiction with the nor-
mality of the multi-indices.

Reciprocally, if

d s—1
O (AL (a)afud)) (@) =0, m=0,1,...,]7| -2,
j=1 k=0
and as deg A, j =n; — 1, for j =1,...,d and n € N, by the normality of the
multi-indices, we conclude that the vector of polynomials (A, 1,..., A,q) is
type I multiple orthogonal with respect to the system of linear functionals
{u!,...,u?} and quasi-diagonal multi-index n. m

Theorem 2 (type II multi-orthogonality, cf. [5]). The sequence of monic
polynomials {B,} where n = sdr +k, k=0,1,...,sd—1 andr =0,1,...,
s type Il multiple orthogonal with respect to the reqular system of linear
functionals {u', ..., u?} and quasi-diagonal multi-index J if, and only if,

v ((2°)"Begrsi) =0, m=0,1,....,r—1,j=1,...,sd
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Ua((xs)rBSdT‘—H’) — 07 o = 17 ceey i) UH—l((xS)TBSdT—H') 7é 0;

where the linear functionals v/, j = 1,...,sd are defined by the algorithm.

3. Matrix interpretation of multi-orthogonality

Now, we present an algebraic theory of multiple orthogonal polynomials,
with respect to a family of quasi-diagonal multi-indices. Let us consider the
family of vectors of polynomials

Pl = ([P, --- Py : P; € P},

and Mixsq the set of sd x sd matrices with entries in C. Let {P;} be a
sequence of vectors of polynomials given by

Py = [art ot e (4)

Let {B,} be a sequence of polynomials, deg B, = n, n € N. We define the
associated vector polynomial sequence {B,} by

B, = [and T B(n—l—l)sd—l}T

It is easy to see that

, neN.

n
Bn = ZB;L Pja B;L € Msdxsda
=0
where the matrix coefficients B?, j=0,1,...,n are uniquely determined.
Taking into account (4) we have that P; = (2*?)/P,, j € N. Therefore, B,, =
Vi (2°9)Py, where V,, is a matrix polynomial of degree n and dimension sd,
given by

Vn('x) - Z B;'lxja B;l € Msdxsd .
j=0

Now, we present a vector of functionals acting on P*? over M gy sd.

Definition 1. Let v/ : P — C with j = 1,...,sd be linear function-
als. We define the wector of functionals U = [Ul e de]T acting in P
over Mixsd, by
V(R e vi(R)
UP)=UPH =] + . :
Ul(Psd) T USd(Psd)
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W

where means the symbolic product of the vectors U and P7.

Let A = Zizo A 2¥, where A € Mygxsq and U a vector of linear func-
tionals. We define the vector of linear functionals, left multiplication of U by
A, and denote it by AU, to the application of P*¢ in Mgy 4, defined by

I
(AUY(P) = (AUPT)T = (" U)(P) (A0
k=0

Now, we present the duality theory. We denote by P* the dual space of P,
i.e., the vector space of linear applications defined on P over C. As an example
we have the Dirac linear functional on ¢ € C, J., defined by . (p (z)) =
p(c), VpeP.

Let { B, } be a sequence of monic polynomials. The sequence of linear func-
tionals { Ly, }, where L, € P* is its dual sequence, if L,,(B,) = 6mn, m,n €
N, and 0y, ,, is the Kronecker delta.

If v € P* we have that v = ° a;L; where o = v(B;), @ € N. In this way,
if v € P* satisfies v(B;) = 0 for @ > [ then v = Zi;(l) a; L.

Let {L,,} be a sequence of linear functionals where L,, € P*. The vector
sequence of linear functionals {£,,} given by

Em = [Lmsd T L(m—l—l)sd—l]Tv m & N7

is called vector sequence of linear functionals associated with {L,,}. Taking
into account the Definition 1, we have

Linsa(Bpsa) -+ Lns1)sa—1(Bnsa)
L, (B,) = E : = LsixsdOmn -
Linsa(Bns1)sa—1) =+ Limt1)sa—1(Bnt1)sa-1)
Let {B,} be a vector sequence of polynomials. We say that the vector se-
quence of linear functionals {L,,} is its dual vector sequence, if

ﬁm(Bn) — Lsdxsd 5m,na neN.
If V is a vector sequence of linear functionals there is an unique sequence
(An) C© Mgixsa, such that, V =57 N\, L, where (\,)T =V(B,), n € N.
In this way, if V(B,,) = Osqxsq for n=1,1+1,..., then V = me_:lo ML,

Ezample . Let {6,,} be a vector sequence of linear functionals, where

6((Jsmd)

5m — {(_1>smd_ L (_1)sd(m+1)

(sdim+1)—1) 17T
—1 9
(smd)! !} , meN,

(sd(m+1)—1)
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in which {5(()k)} is the Dirac delta sequence. Taking into account the definition
of derivative of a linear functional, we have (—1)"/n! 5(()n)(xm) = Omop, M,N E
N. By using the Definition 1 we have 8,,(P;) = IsixsaOm.j, m,j € N. Then
the vector sequence of linear functionals {d,,} is the dual sequence of {P;}.

Theorem 3. The vector of polynomials (Apa, ..., Ana) where deg A, ; =
n; — 1, is type I multiple orthogonal with respect to the reqular system of
linear functionals {u',... u®} and family of quasi-diagonal multi-indices J
iof, and only if,
i) ((Gn(2*))TU)(P;) = Osaxcsa, j=0,1,...,n—1 (5)
it) ((Gn(2))'U)(Pn) = S,

where U = [1}1 de}T with v", r = 1,...,sd defined by the algorithm, S,
15 a reqular lower triangular sd X sd matriz and

A}zsd—l-l( ) A%n—l—l)sd(xs)
Gn(x%) = : : , n € N.
AZZdH( DAREE Afgﬂ sa(7?)

where A"

Gu(x) = > 1 Guab, G € Mgaxsa, and G" is a regqular upper triangular
matriz.

Proof: We have,

i ; Y ) i ;
nsdik = Ansarny i case that " = x'u’ and A} .., are given by (3),

Bii -+ DBi
(Gu(e)'U)(Py) = | = - ],
Bsd,l Bsd,sd
where for v,k =1, ..., sd we have
sd
By = (Z( S (@) 07)) (27T
r=1

Using the one to one correspondence between the polynomials Ansd 4 and
Al ; it holds

nsd+k,
d s—1
B,y = (Z Z S (%) ul)) (27T

(=1 =0
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Using the multi-orthogonality conditions of the Theorem 1, we get (5), and
reciprocally.

Let us prove that G7! is a regular upper triangular matrix. In fact, notice
that v! = u!, so we have A} ,,, = A gy for b =1,... sd. Taking into

account that deg A, 54+11 = ns, we have deg fl;dwl =n, and so (G])11 # 0.
For the same reason, deg Ay, 1, < nfori =1,...,s — 1. We also have
that deg Apsgr1s = ns — 1, for [ = 2,...,d and so deg AL, ,,, < n for i =
0,...,s—landl=2,...,d. Now, because of the one to one correspondende
between the polynomials A” L and A Lk We get deg A, 4 < n for
r=2,...,sd, hence (GI'),1 =0forr=2,...,sd.

Let us now suppose that, for i € {2,...,sd — 1}

(GZ)T,i—l#Oa r=1,...,1—1, (GZ)T,Z'_1=0, r==1,...,sd

and v = ¥ 14/ where j is uniquelly defined by the condition k =k | +1.

This implies that deg A,s4+i; = k]_; + ns. So it holds that

Apsdrij = ansd+i,j(:€8)nxkg*1 4+ --- and so Ai;;zlﬂ,j(xs) = Qpsdrij(°)" + -
kj— Ai n

We know that An;dlﬂ’j = Al i and so (G)ii = apsgrij 7 0.

Notice that because of the increasing structure of the quase-diagonal multi-

indeces the degree of A7 +i—1 1s equal to the degree of Ar L, for r #4, so
this implies

(G #0, r=1,...04, (G})i=0,r=i+1,...,sd

and G is a regular upper triangular matrix. n

Definition 2. Let U = [1}1 de]T be a vector of linear functionals and
consider a sequence of matrix polynomials {G,}. We say that {G,} is type [
multiple orthogonal with respect to the vector of linear functionals U/ if

i) ((Gu(z*))"U)(P;) = Osansas §=0,1,...,n—1 (6)
i) ((Gn(2)TU)(P,) = S,,

where S, is a regular sd X sd matrix.

Theorem 4. Let {G,,} be a sequence of type I multiple orthogonal matrix
polynomials with respect to the vector of linear functionals U. Let us consider
En(x) = Gp(x)Foy, n € N, where F,, are reqular sd x sd matrices. Then, the
sequence of matrix polynomials {E,} is also type I multiple orthogonal with
respect to the vector of linear functionals U.
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Proof: Let {G,} be a type I multiple orthogonal matrix polynomials se-
quence, with respect to the vector of linear functionals U, i.e.,

(Gu(@*)U)P;) = S kms k=0,1,...,n, n €N,
where 5), is a regular sd X sd matrix. From,
(Ga(@) UN(Py) = PiU (Gula”) Fo)(Fa) ™ = (5 (2)U)(Py) (Fa) ™"
we have (EL(x*)U)(P;)(Fn)™t = Snkm, k = 0,1,...,n, n € N, and so
(EX ) YU)(P;) = Sp Fukm, k=0,1,...,n, n €N, where S, F, is a regular

sd x sd matrix. Thus, the sequence of matrix polynomials {&,} is also type I
multiple orthogonal with respect to the vector of linear functionals U. n

The same can be said for the type II multiple orthogonal polynomials.

Theorem 5 (type II vector multi-orthogonality, cf. [5]). A sequence of monic
polynomials { By}, is type Il multiple orthogonal with respect to the reqular
system of linear functionals {ul, e ud} and family of quasi-diagonal multi-
indices J if, and only if, its associated vector polynomials sequence, {B,,},
verifies:

) (@)U (Bn) = 0saxsas, k=0,1,...,m—1

it) ((x°)"U)(Bm) = A,
where U = [ v - )T, 00, j =1,... sd are defined by the algorithm,

and A, 1s a reqular upper triangular sd x sd matriz.

Now, we introduce the notions of moments and block Hankel matrices as-
sociated with the vector of linear functionals . We define the moments of
order j € N associated with the vector of linear functionals (z°)*U, by

,Ul(l,jsd-l-ks) L ,Usd(xjsd-i-ks)
U} = ((2*)"U)(P;) = 5

’ Ul(x(j—i-l)sd—i—ks—l) Usd(x(j—i—l')sd—i-ks—l)

The Hankel matrices for U is defined by

O/ R L
Hm: X m € N.
ue ... gm

U is called regular if det H,, # 0, m € N.
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Now, we give the existence and uniqueness of a sequence of type I matrix
multiple orthogonal polynomials with respect to a vector of linear function-

als, U.

Theorem 6. Let U be a vector of linear functionals. Then, U is reqular
if, and only if, given a sequence of reqular matrices, (S,), there is an unique
sequence of matrixz polynomials {G,} with G,(x) = >} _, Giab, G € Mggxsa
where G 1s reqular, such that

i) (Gu(z*)TU)(P;) = Osaxsas j=0,1,...,n—1
it) ((Gn(2))"U)(Py) = Sy,

i.e, the sequence of matriz polynomials {G,}, is type I multiple orthogonal
with respect to the vector of linear functionals U.

Proof: Let {G,,} be a sequence of matrix polynomials where G,, is for each
neN, G,(z)=>1_,Grak G € Mggysq. Applying U, we have
(Ga()) U)(Py) = Y (@) UNP)GL =Y USGY.
k=0 k=0
In matrix form we have,
Ug -+ UgT [Gh ((Ga(2*)U)(Po)

vo ool ler] L(Gae )y,

n n

By the multi-orthogonality conditions (6), the sequence of matrix polynomi-
als {G,}, is type I multiple orthogonal with respect to the vector of linear
functionals U if,

U(()) ot U(? Gg Osdxsd
: e : : _ : ’ 7
Uyg—l T 3—1 GZ—l Osdx sd ( )
O (3 I el S,

where S, is a regular sd x sd matrix. Using the regularity of the vector of
linear functionals U/, we have
1

0 _
Gg UO e Ug)l Osdxsd

0 : (
Z—l Un—l e 7?—1 Osdxsd

Gr vo ... ur S,

n
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and so we uniquelly obtain the sequence of matrix polynomials {G),}. Taking
m = 0 in (7), we have UJ G) = Sy. Using the regularity of the matrices U}
and Sy we have that G{ is a regular matrix. Similarly, taking m = 1 in (7),
we have

{Ug G+ U GI = 0gixsa

d so, (U —UNUNTUHG = 5.
UVGL+ULGL = 8, and so, (U 1(Ug) ™ Uy)G) 1

Using the regularity of & and the structure by blocks, we have
det(Uy — Uy (Uy)~'05) #0,

and so G is a regular matrix. Using the same argument we can conclude
that G is, for each n € N, a regular matrix. Reciprocally, and in the same
way, if G]', n € N, is regular we obtain the regularity of the vector of linear
functionals U. |

Theorem 7 (cf. [5]). Let U be a vector of linear functionals. Then U is reg-
ular if, and only if, given a sequence of reqular sd x sd matrices, (A,), there
is a unique polynomial vector sequence {B,,} where By, = [Bmi -+ Bm.sdl®,
m € N, such that B,, = Z;”:O B"P; where B}" € Maxsa and B 1s a reqular
matriz that verifies

i) ((xs)ku)(lgm) = Osgxsd, k=0,1,....m—1 (9)
i) ((2°)"U)(Bm) = A,
i.e, {Bn} is type Il multiple orthogonal polynomial sequence, with respect to

the vector of linear functionals U.
Moreover,

0 S />

Bm = [Osdxsd “+ Osdxsd Am] T . (10)
Theorem 8. Let U be a reqular vector of linear functionals, {G,} and {B,,}

be defined by (8) and (10), respectively. Then, {B,,} and {G,} are bi-
orthogonal with respect to U, 1.e.

(Ga(a*))" U)(B) = Lsaxsa Snm, nym €N

if, and only if, S, = (B™)™! and A,, = (G™)7!, and so, the dual se-
quence {L,} associated with {B,,} is given by, L, = (G,(2*))TU, n € N.
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Proof: There is an unique sequence of matrices (B;”) C Mgxsd, such that,
B, = Z;”:O BY"Pj, where By} is a regular matrix. Hence,

(Ga(@)U)(Bn) = (Galz)"U) (D BI'Py) Z BI'"((Gu(a*))"U)(P)).

J=0

Using (6)
B"S,, m=n

Osdxsda m<n.

(Ga(2*) U)(Bn) = {

Thus, ((Gn(2*))TU)(B,) = Lxsa if, and only if, B™S,, = Lxsd, i.€., Sy =
(B™)~1. Now, let us consider,

(Gu(a®) U)(B) = ((Z G (")) U)(Bw) = Z((:cS)jU)(Bm)G;?.
As before, using (9)

(Ga(2)U)(Bn) =

05d><3d7 m>n.

{AmG%, m=mn

So, (G (z)TU)(B,,) = Lgxsq if, and only if, A, G™ = Iy, ie., A, =

(G™)~1, as we wanted to show. |

4. A characterization for multiple orthogonal polynomi-
als

Theorem 9. Let {B,,} be a sequence of monic polynomials, {B,,} its associ-
ated sequence of vector polynomials, and a reqular system of linear functionals
{ul, ..., u?}. Then, the following conditions are equivalent:

a) {Bn} is the type II multiple orthogonal with respect to the system of
linear functionals {u', ... u?} and family of quasi-diagonal multi-indices J .

b) {B,.} is the type Il multiple orthogonal with respect to the vector of linear
functionals, U = [v* ... v where v, j =1,...,sd are defined in terms of
the system of linear functionals {u', ..., u?} by the algorithm.

c) There are sequences of sd x sd matrzces (), (859) and (v31), m € N,
with 54 regular upper triangular matriz such that {B,.} is deﬁned by the
three-term recurrence relation

2" Bun(2) = ap Bnya(w) + B3 Bun() + 90 B-(2), m=0,1,... (11)
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with B_1 = 04x1 and By given.
d) There are sequences of sd X sd matrices (”y;’fl), (859 and (o)), m € N,

with fyfbffl reqular upper triangular matrixz such that the dual sequence of {B,},
{L,}, is defined by the three-term recurrence relation

xs‘cn - (f%i,—il)T‘cn—i—l + (ﬁ;,d)T‘cn + (&;ﬁl)T‘cn—la n = 1? 27 coee (12)

with L1 = (1) 7 (2 Laxsa — (B )UBo) U, Lo = U(Bo)) U, and,
L, = (Gu(z)TU where G, is for each n € N a matriz polynomial with
Gn(x) = >0 Giab, Gt € Mgaxsa, and G" a regular upper triangular ma-
trix.

e) The sequence of matrix polynomials {G,} is type I multiple orthogonal
with respect to the vector of linear functionals U.

f) There are sequences of sd x sd matrices (I)..1), (I}') and (I_;), n € N,
such that G, (x*) is defined by the three-term recurrence relation

2°Go(@®) = G (@) ([)" + Gul@) ()" + Goa ()", (13)
forn = 1,2,..., with Go(z®*) = (U(By))™, Gi(z*) = (U(Bo)) (2 Lsqxsa —
(I)")((I)~H"

Proof: a) < b). cf. Theorem 5. b) < c¢). cf. [5].

c) = d). Let
n+1
2L, =Y N'L; where (\))" = (2°L,,)(B))=L,(2°B;), jE€N.
=0

Applying the vector of linear functionals £, to both members of the three-
term recurrence relation, we have
s s,d s,d s,d
Ln(2°Bj) = ;" Ly(Bji1) + 8, La(Bj) + ;" Ln(Bj-1)

¢ s.d

a, , j=n—1
== L J=n

T J=ntl
kosdxsda ] 7£ n — 17n7n + 17
e, A = (a2 )T, A = (65T and A", = (7,:1)7, obtaining the three-
term recurrence relation for the vector sequence of linear functionals {£,}.
By induction, we prove that £, = (G,,(2*))TU, n € N. For n = 0, we have
that, Lo = ((U(By)) 1)TU. Now, let us suppose that the property is valid for
k=1,....p ie., L = (Gr(z*))TU with deg G}, = k, k = 1,...,p and we
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verify that it is also valid for k = p+ 1, i.e., L,41 = (Gpa(2%))TU, p € N,
Considering the three-term recurrence relation (12) and taking into account
the hypothesis of induction, we have

Ly = (1)) {(ﬂfsfsdmd — (BOGpa)" = ()T (G ()| U

Thus, L£,11 = (Gpu1(2®))TU, p € N, i.e, if the condition is true for k =
1,...,p, it is also for p 4+ 1, showing our purpose. It easily holds that G is
a regular upper triangular matrix.
d) = c¢). Let 2°B,, = ZZ:LOl B where 0" € Mgixsq. Applying the vec-
tor of linear functionals £; to both members of this representation we have
nt = (x°Ly)(B,). Now, applying our hypothesis, we have

= Lrn(B) 1 + Le1(Bn) B + Lia(Ba) o,
(a8 k=m+1

m

s,d

) v Ak =m—1

Osdxsd, E#m—1,m,m+1,

and so, we get (11).

d) = ¢). By Theorem 8 we know that £, = (G, (z*))TU, n € N, is the general
term of the dual sequence of {B,,} type II multiple orthogonal with respect
to the vector of linear functionals ¢. In this way, using the regularity of the
vector of linear functionals I/, we can identify in an unique way the sequence
of matrix polynomials {G,}, of ¢), with the type I multiple orthogonal se-
quence with respect to the vector of linear functionals .

e) = f). Being {G),} a sequence of matrix polynomials, for each n € N; there
is an unique sequence (I}') C Mgxsd, such that,

k=m

n+1

2 (Gal2”)" = ) B (Gr(a®)"

Applying U(P;), j = 0,1,... to both members of the previous identity, we

have
n+1

(Ga(@))U)(@*Py) = Y (Grla)) UN(PHE)T
k=0
Being,
SIZSP]' = 19{7314-1 + 19%7)]', 195 € Msdxsd7 (14)
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we have
n+1

(Gola)TU) (01Ps11 + 94P5) = S (Gelw™)TUNP )T
k=0

As the sequence of matrix polynomials {G,} is type I multiple orthogonal
with respect to the vector of linear functionals U/, we can verify that:

For j = 0: Osaxsa = ((Go(x*))TU)(P)(I)T, n = 2,3,..., hence I? = Oygxsd
as ((Go(z*))TU)(Py) is a regular matrix.

For j = 1. Ouxsa = (Gu(@®)TU)Y(P)IHT, n = 3,4,..., and so [} =
Osaxsd, as ((Gi(xz*))TU)(Py) is a regular matrix. Continuing this proce-
dure, we get for j = n — 2: Oggxsa = ((Gn_o(2*))TU)(P,_2)(I" ). But,
(Gro(2*))TU)(P,_2) a regular matrix, so I, = 044xsq. Hence, we get (13).
Next, we determine the matrix coefficients 7' _;, [l and {7' ;. Applying U (P,,—1)

n—1""n
to both members of (13) and taking into account that the sequence of matrix

polynomials {G,,} is type I multiple orthogonal with respect to the vector of
linear functionals U/, we have

(Gul(@”) U)(@*Pa1) = 131 Sn-1.
Using (14), we have 97~ 'S, = 1" S, 1, ie [* [ =97159,(S,.1)"'. Sim-

n—1

ilarly applying U(P,,) to both members of (13), we have
(Ga(@®) U)(@"Pa) = [Sn + 11 (Ga1(2) U) (Pu) -
Using (14), we have
I = [97((Ga(@®) U)(Prs1) + 955,] (Sa) ™
— [ (G (@)UY (Pa)] (Sa) ™
Finally, applying U (P,+1) to both members of (13), we have
(Ga(@®) U) (@ Pas1) = U1 Susr + 5 (Gul(@) U (Pag)
+ L1 (G (2)) U (Pas)
Using (14), we have
b = [T (Ga(@*) U (Purz) + 957 ((Gul@®) U (Pasa)] (Sagn) ™!
— [ (Gal@) U (Pusr) + 1y (Gt () U (Prn)] ()™
f) = d). From (13) we have
2Ly =1 Lo + ULy + 10 L,y with £, = (G,(z°))'U, n € N.
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Hence, 1!, = (’y,iffl)T, = (BT and In_, = (o)) u

Theorem 10 (Christoffel-Darboux type). Let U be a regular vector linear
functional. Let {G,} and {B,,} be, respectively, a sequence of matriz polyno-
mials with deg G, = n, for allm € N, and B,,(x) = V. (x°)Py(x), where V,,
15 a matrix polynomial with degV,,, = m, for all m € N. Then the following
conditions are equivalent:

a) {Gn} and {B,,} are type I and II sequences of polynomials, multiple or-
thogonal with respect to U .

b) There exists sequences of sd x sd matrices, () and (v5?), with v52
reqular, such that

(2= 2) > Gr(2)Vi(a?) = Gu(2)a Vi1 (27) = Grsa (2) 7551 Vin (@) . (15)
k=0

c¢) There exists sequences of sd x sd matrices, (%) and (v59), with 5
reqular, such that

Gm+1<x)72;ilvm(xd) = Gm(gj)afﬁdvm+1<xd) ) (16)

Y Gi(@)Vila") = G ()75 Vin(2?) = G (@), Vi (a) . (17)
k=0

Proof: First we prove that a) implies b). In fact, taking into account the
Theorem 9, we can that the polynomials {V,,} and {G,,} verify the three-
term recurrence relations with sd x sd matrix coefficients given for all m =
1,2... by,

xvm(gjd) = @;%dvmﬂ(xd) + 5S%dvm(33d) + 'YS%de—l<xd) ) (18)
2G(2) = Gt (V50 + Gon(2) 858 + Gru1(2)al” (19)

Subtracting the result of multiplying on the left both members of (18) by
G (%), and on the right members of (19) by V,,(z%), we have

(¢ = 2)Gu()Vaa(a) = |G () Virsa (@) = G ()il Vi)

— |Gt @ Vinla®) = Gl Vi)

and so we have (15).
Now we prove that b) implies ¢). In order to obtain (16) we substitute z by «
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in (15). To obtain (17) we add G,y 1 (2)75% Vin(2?) — Go(2)al; Vi1 (29)
5), 1

o (1
gmj Gl Vi(at) = ~ oD CnlD iy (o

Z—XT
k=0

—+

Gmi1(2) — G () o
(G = o) )

By letting z — x, we get (17).
Finally we show that ¢) implies a). From (17)

Gl () Vin () + G ()75 Vi (2) = G,y ()il Vi (2)
= Gt (01 Vi (2) = G ()03 Vi ().
Now, taking into account (17), we get

Gin(@)Vin(a®) + G ()G (@) G (2) L Vi (2) = Gy () g Vi (2)

= G (@) Vin (@) = G (0) G (@) G ()75 Vin ().
Because, for only a finite number of z € C, det G,,,(z) = 0 or det V,,,(z%) = 0,
multiply, in the last equation, on the left by G-1(z), on the right by V~1(2%),
and taking into account (G !(z)) = =G, 1 (2)G" ()G x), to get
(Gl (@) (Ga ()75 + G ()0 )
+ G;"Ll(x) (Gm-i-l(x)ryzjf—il—l + Gm—l(x)azfl_l), = Lsdxsd -

Integrating on x we obtain that {G,,} verifies a three term recurrence relation
of type (19), and by Theorem 9, the result follows. m

Let U be a regular vector of linear functionals, {G,,} and {B,,}, respectively
the type I and II multiple orthogonal polynomials sequences with respect
to U. We denote the polynomzial kernel by,

= Z_: Gr(2)Vi(2?
k=0

where V,, is a matrix polynomial of degree m given by B,,(z) = V,,,(2°)Py(x).

Theorem 11 (reproducing kernel property). Let U be a regular vector of
linear functionals, {G,,} and {B,,} be, respectively, the type I and II multiple
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orthogonal polynomials sequences with respect to U. Then, given a vector
polynomial © € P*?, we have

(@) = (Ko (27, 2°) U ) (7(2)) Po ().

Proof: As m € P! we have
— Z o Bj(x) with of = L;(7(2)) = (G;(*)U) (7 (2))

Hence, m(x) = 377 o((G;(2*))"U:)(w(2))Bj(x). Using Bj(x) = V;(a*')Py()

the above equality can be written by,
T

m(x) = Y (G4(2")) U ) (m(2))Vj (™) Po ()

J=0
,

((Vj(ﬂ«"Sd))T(Gj( U (7(2)Pox)

= ZG ) U ) (7(2))Po(x) .

as we wanted to show [

5. Hermite-Padé approximation
Now, we present a reinterpretation of type I Hermite-Padé approximation
in terms of the matrix functions.

Definition 3. Let {G,} be a sequence of matrix polynomials with sd x
sd matrix coefficients and U a regular vector of linear functionals. To the

sequence of polynomials {GS_)l} defined by

(2) = <(Gn(2)) — (Gn(2%))

G, S
z—x

ux) (Po(a))

where U, represents the action of U over the variable x, we called the asso-
ciated sequence of polynomials of {G,,} and U.

Theorem 12. Let {G,} and {B,,} be, respectively, the type I and II sequences
of polynomials, multiple orthogonal with respect to the reqular vector linear
functional U. Then, the associated sequence of matriz polynomials of {G,}

and U, {Gfll_)l}, verifies the same three-term recurrence relation as {G}, i.e

G0 (2) = GD()vY + GV, (2800 + GV (), n=1,2, ...
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with G(_lg(z) = Osgxsqa and G(()l)(z) given.
Proof: We know that {G,,} is defined by the three-term recurrence relation
25Go(2%) = Gt ()00 4 Go(2) B3 + Grad?, n=1,2,...  (20)

n—1>

with Go(2*) = U(Bo)) ™", Gi(x*) = U(Bo)) ™ (* Laasa — 55 (7).
Hence, taking transpose operator on (20) and multiplying both members by
U, we have

2" (Go(#) U = (15" (G () TU
+ (B (Gu@) U + (a32) T (G () U (21)
Substituting = by z in (21) and subtracting from (21), we have

RN (<N ) I (HES | A
st GG = Gy,

ZS — :I;S
Applying both members over the vector polynomial Py, we have

5 T ngjs T
<<Gn<x8>>Tu><7>o>+zs((G”( Dt CiCy) u) (o)

- (Gt~ <G<>>_u> S

(LD ) (e
T (G”‘l(zs)); - ;?"‘1(368))Tu> (Po)ay”,

Being {L£,} the dual sequence of {B,,}, i.e., L,(By) = Lsixsd Onm, n,m € N,
we have L,,(By) = Osgxsq, n = 1,2,.... Taking into account that
By = BY Py, B) € Mgysq and L, = (G (2%))"U,

we have ((G,(2))TU)(Py) = Osaxsa, m=1,2,....
Hence, we get after substituting z® by z the desired three term recurrence
relation for {qu)}. |

Lemma 1. Let U be a regular vector of linear functionals and {G,} a se-
quence of matriz polynomials with sd x sd matriz coefficients. If {G,}
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15 a type I multiple orthogonal sequence with respect to U, then for m =
0,1,...,n—=2andl =0,1,...,d—1, we have (G, (2*))TU)((2°)'P,.) = Osaxsa-
Proof: The vector of polynomials (z°)'P,,, m=0,1,... e [=0,1,...,d—1,
can be written by (2°)!'P,, = 9P + 95 P, V" € Msaxsi- Applying
(G(2%))TU to both members of the previous equality, we have
(Gu(@) U ((x°) Prn) = 07 ((Go(@*)) UN(Pra) + 05" ((Ga(2*)) U (P -

Being {G,,} the type I multiple orthogonal polynomial sequence with respect
to U, we have

(GCp(@NTU) () Pm) = Osaxss, m=0,1,....,n—2,
as we wanted to show. ]

Let U be a vector of linear functionals. We define the matriz generating
function associated with U, F, by

pe) . | )
Flz) = U (—2) = : : . (22)
z X 1 sd—1 sd sd—1
U.I(z—xs) o UI (Z—.I'S)
Being,
00 k
1 1 5
= - (w_) for |x% < |z], (23)
z — z Pt z

we have F(z) = 2 0 Zk+(1PO( ).

Theorem 13. Let U be a regular vector of linear functionals, {G,} a matriz

polynomials sequence with sd X sd matriz coefficients, {Gfll_) L}, its associated
sequence of polynomials, and F be the matrix generating function associated
with U, defined by (22). Then, {G,} is type I multiple orthogonal polynomial
with respect to the vector of the linear functions U if, and only if,

F(2)Gn(z) — = > Z ) Ue) () Prl)). (24)

de—i—l—i—l
m=n—1 [=0

Proof: Taking into account the Definition 3, we have

> T s T

= (Gula) o) (P2
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P()(x)

= F(2)Gn(z) — ((Gn(xs))Tu:v)(
and by (23) we have

GL1(2) = F(2)Ga(2) = (Gula) U (= (=) Po(w))

o0 d—1 s T ,ISZ T

Hence, we get (24) if, and only if, {G,} is type I multiple orthogonal poly-
nomial with respect to U. u

Theorem 14. Let U be a reqular vector of linear functionals, and F be its
matriz generating function. Then, the following conditions are equivalent:

a) The sequences {G,} and {B,,} are bi-orthogonal with respect to U, i.e.

((Gn(xs))Tux)(Bm) — dsdxsd 5n,m7 n,mc N.

b) The sequences {G,} and {V,,}, where {V,,} is defined by B,(z) =

Vi (251 Py for m € N, are bi-orthogonal with respect to F, i.e.,
1

— Vm(zd)}'(z)Gn(z)dz = Lsdxsd Onm, n,m € N.
2m Jo

Proof: Taking into account that

2)Po(x), 1 7y, V(2 Po(
VPG () = (EPD g ) — (6, (),
we have
Ly Gz = = [ (@) ) P
21 Jo 21 Jo z—as

Being G,,, V,, and Py analitic functions, by the Cauchy integral formula, we
have

Zd i
L e PR CRLAC)

21 Jo z —x

Jdz = ((Gu(2")) Us) (Vi) Po (),

and so, we have for all n,m € N

% |Vl F(2)Gal(2)dz = (Gol*))Us) (Brn(2)) = s buan-
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From this the result follows. ]
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