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ON THE STRUCTURE OF GABOR AND SUPER GABOR
SPACES

LUIS DANIEL ABREU

ABSTRACT: We study the structure of Gabor and super Gabor spaces as subspaces
of L2(R?%) and specialize the results to the case where the spaces are generated by
vectors of Hermite functions. We then show that such spaces are isometrically iso-
morphic to Fock spaces of polyanalytic functions and obtain structure theorems and
orthogonal projections for both spaces at once. In particular we recover a structure
result obtained by N. Vasilevskii using complex analysis and special functions. In
contrast, our methods use only time-frequency analysis, exploring a link between
time-frequency analysis and the theory of polyanalytic functions, provided by the
polyanalytic part of the Gabor transform with a Hermite window, the polyanalytic
Bargmann transform.

KEYWORDS: time-frequency analysis, Gabor transform and super Gabor transform,
Bargmann transform, polyanalytic Fock spaces .

1. Introduction

In [1] we have proved sharp results concerning sampling and interpolation
in polyanalytic Fock spaces, by relating the problem to vector valued (super)
Gabor frames and Riesz sequences with Hermite windows and applying du-
ality principles from time-frequency analysis. Motivated by the connection
between Gabor analysis and complex analysis of polyanalytic functions, we
have also introduced a vector valued version of the Gabor transform, a map

Vg : LA(RY C") — L*(R*),

which provides the continuous counterpart of the theory of super Gabor
frames presented in [3] and developed in the case of Hermite functions in [§],
[9] and [6]. Such transform reduces to the Gabor transform when n = 1.

In this paper we will study the structure of the subspaces of L?(R??) consti-
tuted by the images of H = L?(R?% C") under V (Gabor super spaces). We
will find analogues of recent results obtained by Hutnik [10] in the context
of the scalar wavelet transform. Our first result provides a unitary mapping

U:L*R*) - H®H,
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such that
U(Vgf) =(f,8)y-

Then we will compute the reproducing kernel of the Gabor superspaces by
relating them to the scalar case.

By specializing our results to the case where the window g is constituted by
the first n—1 Hermite functions, we obtain explicit results for the reproducing
kernel (here our approach diverges from that in [10], [11], since we use more
direct methods).

Finally, we show that the multiplier

2
2|

M(z)=¢e">
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provides an isometric isomorphism between the Gabor spaces with Hermite
windows and the Fock spaces of polyanalytic functions, using some of the
results in [1]. This provides a method for the study of polyanalytic Fock
spaces by means of time-frequency analysis techniques. Using this method,
we recover a result of Vasilevskii [13] concerning the structure of polyanalytic
Fock spaces. Moreover, we obtain an explicit formula for the reproducing
kernel of the polyanalytic Fock space from where growth estimates can be
derived.

The organization of the paper is as follows. We have a background sec-
tion with the essential tools: the Gabor transform, the Bargmann transform
and the Hermite functions. Then, third section is devoted to the study of
Gabor and super Gabor spaces with general windows. We then specialize
the windows to be Hermite functions and we find a bit more of structure,
namely we are able to compute an explicit form of the reproducing kernel. In
the last section the polyanalytic Fock spaces are introduced. Combining the
results of the previous sections with some results obtained in [1], we obtain
the results for the polyanalytic Fock spaces.

2. Background

2.1. The Gabor transform. Fix a function g # 0. Then the Gabor (short-
time) Fourier transform of a function f with respect to the ”window” ¢ is
defined, for every z,w € R? as

Vf(z,w) =25 [ f(t)g(t — z)e 2™t (1)
Rd
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The Gabor transform provides an isometry
Vy: LA(RY) — L*(R™),
that is, if f,g € L*(RY), then
HngHLz(R?d) - HfHLz(Rd) HgHL2(Rd) . (2)

The following relations are usually called the orthogonal relations for the
short-time Fourier transform. Let fi, fa, g1, 92 € L*(R?). Then V,, f1,V,,f2 €
L*(R?*?) and

<‘/g1 f17 ‘/ng2>L2(R2d) — <f1, f2>L2(Rd) <gl, 92>L2(Rd)- (3)

For every z,w € R? define the operators translation by = and modulation by
W as

T.f(t) = f(t— o),
wa(t) — €2mwtf(t).
Using these operators we can write (1) as
vaf(Q?, CU) - <f7 Mwa9>Lz(Rd) .

Using the Fourier transform
Ffw)= [ f(x)e ™ ™dux,
Rd

the operators translation by x and modulation by w can be related in the
following way:

2.2. The Bargmann transform. Here we will use multi-index notation,
z=(21,...24), n = (n1,_nq) and |n| = ny +... + ng. The Bargmann transform
is defined by

LIS

(Bf)(2) =2

It is an isomorphism

f(t)e27rtz—7r22—§t2 dt
Rd

B: L*(RY) — F(C%
where F(CY) stands for the Bargmann-Fock space of analytic functions in
C? with the norm

|‘F‘|i2(cd7e—w|z\2) = /(Cd ‘F(Z)|26_7T|Z| dz. (5)
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The collection of the monomials of the form

en(z) = (ﬂ) =

with n; > 0, constitutes an orthonormal basis of F(C?). The reproducing
kernel of F(C?) is the function

K9z, w) = ™, (7)

nﬂa n = (ni,..na), (6)

A simple calculation shows that the Bargmann transform is related to the
Gabor transform with the Gaussian window go(x) — 29¢~™" by the formula

F(Bf)(2), (8)

Vof(x, —w) = ¢
where z = x + 1w.

2.3. The Hermite functions. The Hermite functions can be defined via
the so called Rodrigues Formula

ha(t) = cpe™ <%>” <e_2”t2> :

where ¢,, is choosen in such a way they can provide an orthonormal basis
of L(R). Now let n = (ny_ng) and x € RY. The d-dimensional Hermite

functions are
n
=[] 7, (=)
j=1

They form a complete orthonormal system of L?(IR?).
A very important property of the Hermite functions is that they are mapped
into a basis of the Bargmann-Fock space via the Bargmann transform:

(B®n)(2) = en(2). (9)

3. Gabor spaces and Gabor super spaces

3.1. Gabor spaces. Let G, denote the subspace of L?(R?*?) which is the
image of L?(R?) under the Gabor transform with the window g,

Gy ={V,f: fe )R} .



STRUCTURE OF SUPER GABOR SPACES 5

The spaces G, are called "model spaces” in [2]. It is well known (see [5]) that
Gabor spaces have a reproducing kernel given by

k(z,w,u,n) = (M,Tyg, MyTug) 12 (ga (10)

For instance, if we consider the Gaussian window ¢(z) = 25" a calcula-
tion (see [7, Lemma 1.5.2]) shows that the reproducing kernel of G, is

0 mi(u+a)(w— )_m
K (z,w,u,n) =e g 2

Using the notation z = x + iw and w = u + i1, this reproducing kernel can
be related with the reproducing kernel (7) of the Fock space in the following
way:

kO(Z,IU) _ e—iw(un—xw)_W\ZI glwl_ewmz. (11)

In the remaining of the paper we will use repeatedly the following fact, valid
in any space H with a reproducing kernel K (z,w): if we can estimate the
diagonal function K (w,w), we automatically have estimates for the growth
of an arbitrary function F' € H, since

[Fl = KE K w) gl < [[Flg 1KGo)llg = 1Fllg vVE(@ww).  (12)

As a simple example, observe that k(o)(z’, z) = 1. As a result, elements in
G, satisfy |F| < HFHGg

3.2. Super Gabor spaces. Consider the Hilbert space H = L?(R¢, C"),
consisting of vector-valued functions f = (fy, ..., fn—1) with the inner product

(8= D {frr 0k 2y (13)

0<k<n-—1
Observe that
H @ H =L*(R*).

The super Gabor transform of a function f with respect to the ”window”
g = (9o, ..-gn_1) such that

<gi7 gj>L2(Rd) - 5i,j, (14)
is defined, for every z,w € R, as

ng(SU, UJ) = <f7Mwag>H : (15)
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> Vytelzw).

0<k<n-1

That is to say,

This defines a map

Vef “H —L*(R*).
Since the vector g is extracted from an orthonormal sequence, most of the
properties of the scalar Gabor transform are kept. In particular, the isometric
property and orthogonality relations, extend to the vector valued case [1].

Proposition 1. Let fi,f,, € H. Then Vgfi, Vefy € L*(R*?) and
<nglanf2>L2(R2d) = (f1,£5),, . (16)
Therefore, Vgf is an isometry between Hilbert spaces.

Proof: First observe that, from (3) and (14),

<‘/gkfk7 fJ>L2 (R24) = = (fr, fj>L2 (RY) (ks g]>L2(Rd) = 0jj- (17)
Then, using (14) and (3),
<ng17vgf2>L2(R2d) = Z <ngfkvvgkfk>1:2(Rd)
0<k<n-1
- Z <f1,/€7 f2,k>L2(R2d)

0<k<n-1

- <f17f2>’H
B

Of course,

vafH]ﬁ(R%) - HfHH .

Now let G4 stand for the subspace of L*(R*?) constituted by the image of
‘H under the vector valued Gabor transform Vf. We will call this the Gabor
super space associated with the window g:

Gy ={Vf:feH}.

jg: L@kfk

0<k<n-—1

Since

and
<‘/gkfk7 ‘/gjfj>L2(R2d) — 51,]
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we know that every I’ € Gg can be written in a unique way in the form
F=F+..4+F,, erggk (18)

That is to say,
Gg =04 ®...8G, . (19)

In the next proposition, as well as in many other places along the text, we
identify (x,w) with z = = + iw.

Proposition 2. The space Gg is a Hilbert space with reproducing kernel
given by
k(z,w) = (M,T,g, M, T.,g),, (20)

Proof: Let F € Gg. There exists f € L*(R?*?) such that F = V,f. By
definition, k(z,.) = Vf(M,Txg). Thus, using (16),

(F. k(z, ')>L2(R2d) = (Vif, ng(Mwag»LQ(R”)
= (f,M,Txg),
= V,f(z)
= F(z).

3.3. Structure of Gabor and super Gabor spaces. In this section we
provide an operator description of the Gabor and super Gabor spaces, show-
ing, in the sense of [13],[14], [10], [11], how much room do such spaces occupy
inside L?(IR?%).

For convenience write L?(R?*) = L}(RY)®L?*(R?). Then define operators
U1 and UQ,

Uy : PRYLARY) — L*(RY)QL*(RY)
with different actions on each variable in R%: Uy (F)(z,w) = (F'®I)(F)(z,w)
and Us(F)(zr,w) = F(—x 4+ w,w). Both operators are clearly unitary. In the
proof of the next result we will use the involution operator * defined as

9" (z) = g(—x). (21)
The next proposition is the analogue of Theorem 2.1 in [10]. It is essentially

the inverse of the representation of the Gabor transform given in lemma 3.1.2
in [7].
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Proposition 3. The operator U = UsU; gives an isometrical isomorphism
of the space L*(R??) into itself, under which the space of Gabor transforms
Gy is mapped onto L*RHYRL, where L is the one dimensional subspace of
L*(R%) generated by g.

Proof: The operator U = UsU; inherits the unitarity and linearity properties
from Us; and U;. Using the notation (21) for the involution operator, we can
write the Gabor transform (1) as the convolution product

Vof(z,w) = (Ff* M_o(Fg)")(w). (22)
Now, apply the operator U; to a general element of G, written in the form
(22). A calculation shows that F~!((Fg)*) = g. Combining this with the
identity (4) and taking into account that F~'[L*(R?)] = L*(R?), we see
immediately that the image of the space G, under U is the set of all functions
in L?(R??) that can be written in the form F(z,w) = f(w)g(w — x). Applying
U,, we see that the image of the space G, under U is constituted by the
functions of the form F(z,w) = f(w)g(z). |

Observe that .
UlVyf(z,w)] = f(w)g(). (23)

The result for super Gabor spaces follows now easily.

Theorem 1. The operator U = UsU; gives an isometrical isomorphism of
the space L*(R*?) into itself, under which the space of super Gabor transforms
G, is mapped onto HRL, where L is the subspace of H generated by g.

Proof: From the linearity of U and (23),
UlVef(z,w)] = ) UV frlz,w)]

0<k<n-1

= Y flw)g@).

0<k<n-1

- <f7g>H'
|

4. Gabor and super Gabor spaces with Hermite windows

4.1. Structure. We will use the following notation for Gabor spaces with
Hermite windows.

g" = {chnf(x,w) . fe L2(Rd)} . (24)
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We can apply Proposition 3 to the spaces G"(R?).

Corollary 1. The operator U gives an isometrical isomorphism of the space
L%(R?9) into itself, under which the Gabor spaces with Hermite window G"(R?)
is mapped onto L*(RT)QL", where L™ is the one dimensional subspace of

L*(R?) generated by ®,(z).

Therefore, the image of the space G"” under U is constituted by the functions
of the form

F(z,w) = f(w)®,(x),
where f € L?(RY).
The vector valued version is

Corollary 2. The operator U gives an isometrical isomorphism of the space
L*(R?) into itself, under which the Gabor spaces with Hermite window G"
1s mapped onto HRL™, where L™ is the subspace of H generated by ®,,_1 =

(Boe.., D).

4.2. Reproducing kernel. Define the operator 3 on F(C?) by

<12

ﬁgF(Z) _ ez’www—wTewZzF(Z —0).
The operator 3 satisfies the intertwining property

BeB = BM,T,, z=ux+1iw. (25)
Theorem 2. The reproducing kernel of G" is given by
1 . x d\"r1 -
K (z,w) = melﬂ(ivw—un)+§(|w|2—|2|2) <%> {emw—wlwlz(w —z)" (26)

Proof: Using (10) and (25), we obtain
kn(z’, ’U}) == <Mwa®n(l'), MnTu(Dn(x)>L2(Rd)

- <BZB(Dn(x)7BwB(I)n(x)>]:(@i)
1 n_in(zw—un)—=(|z|*+|w|? Tz n _mTw n
= mﬂ-e ( 77) 2(||+| |)<6 C(C—Z) , € C(C—w) >_7:((Cd)
Now, diferentiating the reproducing kernel equation F'(w) = < F((), TS >f((c)’
gives
(F(Q). ¢"He™) 1y = 7O (w), (27)
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Therefore,
1 . o~ _
]{jn(z, w) = _'6”7(517“’—“77)—5(|Z| +wl?) ( ) ﬁz((C o Z)n, Cn_kemu<>
" 0<k<n-1
1 i (aw—un)—Z (|2 +|w|?) d nh TZW n
= He ? T [e (w— 2) }
O<k<n 1
1 . T 2 d 2 _
— aem(xw—un)—iﬂﬂ +|w|? )eﬂ'|w| <%> [e—w|w| eﬂ'zw(w o Z)n} '
and the result follows. [

Corollary 3. The functions in G" satisfy the growth estimate

] < \/—Hngm RY)

Proof: From the representation of the reproducing kernel (26)

1
E'(. ) g = VEY2,2) = ——.
H ( )Hg() ( ) m

and use (12). |

Corollary 4. The orthogonal projection of L*(R?) over the space G" is given
by the operator

R = [ SR

Proof: This follows at once from the fact that £"(w, z) is the reproducing
kernel of G". ]

Remark 1. There are other ways of computing the reproducing kernel, for
instance, in the form of an double infinite sum, by using the series develop-
ment of the Hermite functions. We choose the above form because it becomes
easy to evaluate the diagonal required in corollary 5.

From (20) we see that the reproducing kernel of G™ is given as

iw(zw—un)+%(|w|2—|z|2) d k _
n (& rzw—r|w|?
K'(z,w)= ) il (%) {e w2
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5. Polyanalytic Fock spaces

5.1. Definitions. We will use multi-index notation in such a way that there
will be little difference between the one and the d-dimensional case.

The Fock space of polyanalytic functions [4], F*(C?%), consists on all func-
tions satisfying the equation

(%)nF(z) =0, (28)

and such that

5 IF(2) e dz < o0. (29)
Functions satisfying (28) are known as polyanalytic functions of order n.
Since (28) generalizes the Cauchy-Riemann equation

d

then the space F"(C?) is a generalization of the Bargmann-Fock space of
analytic functions, F(C) = F}(C?), with the same inner product,

(F.Gypcs oty = [ PG

Observe also that this implies

<F, G>F"((Cd) = <e7TZTF, eﬂ"ZQI G> .
L2(IR2d)

We will need some results from [1].
Proposition A. The set of functions {€xm}ocpcp_1..m=0 Where

exm(2) = (7r|k|k!)_%e”|z|2 (%)k [e_”|z|2em(z)] , (30)

is an orthogonal basis of F"(C?).

Definition 1. The true polyanalytic Fock space of order n is defined as
f”(Cd) = Span [{enam(z)}mzo.] . (31)

The next proposition connects Gabor transforms with Hermite windows
with polyanalytic Bargmann transforms. For the proof see [1].
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Proposition B. The true polyanalytic Bargmann transform, defined by
the formula

(B"F)() = (xl"hnt)- el (di) [ (). (32)

where F(z) = (Bf)(2) is a polyanalytic function of order n+1 on C% This
transform is an isometric isomorphism
B": L*(R?) — F*(CY),

and if we write z = x 4 1wt is related to the Gabor transform with Hermite
windows as follows:

2
2|

Va, f(z,w) = e™ 7T (B f)(2). (33)

5.2. The multiplier isomorphism. Consider the operator £ such that

E:f—Mf,
where ,
M(Z) _ ew‘ZQ‘ —z’mcw’

with 2 = 2 4 w.
Proposition 4. E is an isometric isomorphism,
E: G"(Ch — FM(CY),
and
E: G"(C% — F*(CY.
Proof: Clearly, E' is isometric. From (9) and (30) one can easily see that
erm(2) = (B Cp)(2). (34)
Since {®,,},,>0 is a basis of L2(RY), then {V ®,,},.>0 is a basis of G". Since

2
2|

E Vg, ®,) =™ 2 ™V &, = B"(®,,) = €nm(2),

then £ is a unitary isomorphism G" — F", since {enm(2)},,-( 18 an orthogo-
nal basis of F(C%). Now, applying (19) to G", we have the decomposition:

G'=¢"e.eg" "



STRUCTURE OF SUPER GABOR SPACES 13

On the other side, from proposition A and the definition of F"(C?), it is clear
that

F'(CY) = F(CH e ..o FH(Ch.
Therefore, we also have an unitary isomorphism G" — F*(C%). ]

This proposition allows the transference of results from G" to F*(C¢%) and
from G" to F*(CY).
5.3. Structure. Now, the operator U* = E~!U gives an isometrical isomor-
phism
L2(Cd —7lz|? ) _ L2(Cd —7lz|? )
Thus we recover the results of theorem 2.1 and corollary 2.2 in [13].

Theorem 3. The operator U* = E~'U maps the true polyanalytic Fock space
F(CY) onto LA(RYHKRL, where L is the one dimensional subspace of L*(R?)
generated by ®,,(x).

Proof: Since E is unitary, given a function I € F*(C%), we know that

E-'F € G". By corollary 1, we know that (UE'F)(z,w) = f(w)®,,(2)
and the result follows. ]

In a similar way, the next theorem follows from corollary 2.

Theorem 4. The polyanalytic Fock space F"(CY) is mapped by U* onto

L} RYRL, where L is the subspace of L*>(R?) generated by ®,_1 = (®y,..., P,_1).

5.4. The reproducing kernel. As a further application of the multiplier
isomorphism E, we show that the space F"(C?) has a reproducing kernel
and compute it explicitly. We first relate it to the reproducing kernel of the
Gabor spaces with Hermite windows, providing a generalization of (11) (the
case n = 0).

Proposition 5. Let k"(z,w) be the reproducing kernel of the space G". The
space F"(C) is a Hilbert space with a reproducing kernel, K"(z,w) satisfying

K"(z,w) = ¢™un—ww)+m Lyl k" (z,w). (35)
Proof: Given F = F™(CY), there exists f € G" such that Ef = F, that is,

f(z) = e'm™ 7T_F( ). Since G" is a Hilbert space with reproducing kernel
k™(z,w), the reproducing property gives

f(z) = (f(w), K" (=, w)>gn )
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or

eiwxw—ﬂ'%F(z) _ <ei7Tu77—7T|wTF(w), kn(z, UJ)>
gn
<€mun+7r'wTF(w), k" (z, w)>

Fac)
Therefore,

im(un—axw WM n n
F(z) = <F(w),e (un—aw)+ 2k (Z,UJ)> - - <F(w)7K (va)>}'"((cd)
Fr(Cd

and K"(z,w) is the reproducing kernel of F"(C%). u
Combining (35) and (26) gives:

Corollary 5. The reproducing kernel of F*(C?) is given by

1 2 d\"[ - 2
Kn(z7w) _ _'67T|w| ( > {ewzw—w|w| (w o Z)n

n! dw

Again, from the reproducing kernel we obtain an estimate for the modulus
of functions in F"(C?).

Corollary 6. The functions in F"(C?) satisfy
1 w2
F| < o 1F Nl n gy 21
Proof: Since the norm of the reproducing kernel is

K" ooy = VE(2,2) = oy

the estimate follows at once from (12) |

2
o5l

Another immediate consequence of the reproducing kernel is the orthogonal
projection over the true polyanalytic Fock spaces.

2
—lz| )

Corollary 7. The orthogonal projection of LQ((Cd,e
F(C?) is given by the operator

over the space

(P"F)(w) = /C F(E)K"(w, 2e = dz.

Proof: This follows immediately from the fact that K" (w, z) is the reproduc-
ing kernel of F"(C?). m



STRUCTURE OF SUPER GABOR SPACES 15
We also see that the reproducing kernel of G” is given as

n eﬂwﬁ d ’ rZw—|w|’
K"(z,w) = Z X (%> [6 o (w — 2)*

0<k<n-1

and that functions in G" satisfy
1/2
1 o’
F| < Z A 1E] n gy €2

0<k<n-1

Remark 2. The corresponding estimates for the growth of functions in poly-
analytic Bergman spaces in the unit disk have been obtained in [12], using
direct computations and combinatorial arguments.

Remark 3. An alternative form of the reproducing kernel can be obtained
from the fact that, since {e,m(2)} is a basis of F"(CY),

m=0,1,...

K"(z,w) = Z €n.m(2)enm(Ww).

m=0

This gives the curious identity

( % >n [em_ﬂwﬁ (w— Z)n} _ i el g [e_ﬂzﬁ em(z)] % [e—wlwfm} ,

7 dzn
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