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1. Introduction

Let J denote a Hermitian involutive matrix, that is, J* = J, J? = I,,,
with signature (r,n —1r), 0 < r <n (i.e. with r positive and n — r negative
eigenvalues). We consider C" endowed with the indefinite inner product
induced by J:

[z, y] = y*Jz, x,y € C".
Let M, be the algebra of n X n complex matrices. A matrix H € M, is
J-Hermitian if H# = H, where H* = JH*J is the J-adjoint of H. A matrix
U € M, is J-unitary if UPU = UU# = I,,, the identity matrix of size n.
The J-unitary matrices form a locally compact connected group denoted by
G =U(r,n—r) and called the J-unitary group. For C, T € M,, the J-tracial
numerical range of T' is denoted and defined as

(1.1) WZ(T) = {Te(CUTU ™) : U € U(r,n —7)}.

This set is a connected set in the Gaussian plane C and satisfies the symmetry
property WZ(T) = Wi (C) (see [1], [2], [4] for other properties). In the
case r = n, the matrix J reduces to the identity matrix and the group
U(n,0) = U(n) is the unitary group, which is a compact group. In this
case WJ(T) is simply denoted by We(T) and called the C-numerical range
of T. Hausdorff proved the convexity of W¢(T) in the case C' is a rank
one orthogonal projection. Using Morse theory, Westwick [8] proved the
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convexity of We(T') for C' Hermitian and in [5] Poon obtained an alternative
proof by majorization techniques. In [7], Tam generalized Westwick’s result
for certain compact Lie groups. In this paper we obtain a non-compact group
analogue of Westwick’s convexity theorem applying Morse theory (cf. Lemma
4.1). The eigenvalues of a J-unitarily diagonalizable J-Hermitian matrix T°
are real and will be denoted as:

o (T)={A € C:T¢ = N forsome € C",[£,&] > 0},

o (T)={XAe€ C:TE& = Xforsomef € C", [£,£] < 0}.
The eigenvalues are said to be noninterlacing if
(1.2) maxo_(T) <mino,(T) or maxo (7)) <mino_(T).

Replacing < in (1.2) by < the eigenvalues are said to be weakly noninterlac-
ing. Noninterlacing property plays a key role in the investigation of numerical
ranges associated with non-compact groups.

In the sequel we consider J = I,®(—1,_,). Our main result is the following.

Theorem 1.1. Let C' be a J-unitarily diagonalizable J-Hermitian matrix
with noninterlacing eigenvalues and let T" € M, be a matriz such that for
some 0 € R

Ty = cos O(T + T%) /2 +sin O(T — T%)/(2i)

18 a J-unitarily diagonalizable J-Hermitian matriz with noninterlacing eigen-
values:

U+(C> = {Cl > 2 Cr}:af(c) = {Cr+1 > 2 Cn}a
U—F(TG) = {)\1 > 2> )\T},O'_(Tg) = {>\’I”+1 > e 2 >\n}7
Cp > C1 OF Cp > Cral, Ap > AL OT A\ > Apiq.

Then WZ(T) is a closed convez set in C contained in a closed cone {z+re™ :
r20,91§77§02} with 0 < 0y — 0; < .

Denote by C*°(G) the commutative algebra of all C*>°-differentiable complex-
valued functions on G = U(r,n —r). We consider the even dimensional coset
space M = G/D, where

D:{dlag(dl,,dn)dl,,dneC,\dll = ... = |dn| :1}
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Let the real valued function fy on M be defined by

n

(1.3) folg) = Y cn)jlunjene; = Tr (CygTyg ),
hj=1

where ¢, = lforl1 < h<rande¢, =—-1forr+1<h<n.
This paper is organized as follows. The critical points and the Morse indices
of the function fj are investigated in Section 2. Global properties of f, and

of WZ(T) are studied in Section 3. The proof of Theorem 1.1 is presented in
Section 4 using the results in Sections 2, 3.

2. Local properties of the function f

To treat local properties of the function f;, we introduce some notation
and prerequisites. The Lie algebra of G = U(r,n — r) is given as

(2.1) G={XecM,: X*=_-X}
For1<ky<lp<rorr+1<ky<ly<n,let
Xioto = (OrkoOtty — OktgOtko)s Yoo = #(OkioOity + Okt Oty)
where 0y is the Kronecker symbol. For 1 < ky <7, r+1 <y < n, let
Viodo = (OkkoO11o + 0k1001k0)s Wioito = ©(Ok 011 — Oty Oty ) -

Throughout, we consider the basis of the Lie algebra & constituted by
the matrices Xi 1, Yioto» Viedor Whoi, @nd the diagonal matrices Dy =
diag(7,0,...,0),---, D, = diag(0,...,0,7), which generate the Lie algebra
®. We shall use a canonical coordinate system of second kind

exp(t1.X1) exp(taXs) - - - exp(t,2 X,.2)

in a neighborhood of the identity I,,, where {X,2_,,1,...,X,2} is the above
basis of ®, and { X7, Xo, ..., X,;2_,} is the remaining system of vectors of the
basis of &.

For f € C*(G), consider a representation a of & on C*°((G) given by

2.2) () (F)(g) = — Tim fe%g) = flg) _ . fle9) = flg)

t—0 t t—0 t

The function space C*°(G/D) is identified with the space
2.3 {f € C=(G): (gd) = f(g)ford € D},
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For S, the symmetric group of degree n, let

Spm—r ={0102:01(J) =j(r+1<5<n),00(j) =5 (1 <5 <)}

Proposition 2.1. Let H = diag (A, ,\,) and C = diag(c1, -+ ,¢,) be
such that ¢y, # ¢j, A # Aj for 1 < h # j < n. A point g = (up;) of G is
a critical point of fy if and only if (up;) is a permutation matriz associated
with a permutation in Sy ;.

Proof. We take an arbitrary critical point g. A straightforward computation
shows that

—a(X)(fo)lg) = Tr (X[gHg ™", C]) = 0,
where [X,Y] = XY — Y X stands for the commutator. Thus, gHg ! com-

mutes with the diagonal matrix C, whose diagonal entries are pairwise dis-

tinct, and so

gHg™" = diag (As(1)s - - -5 Aa(n))
for some o € S,. For g = (uy;), we have upj\; = A\;pyup; and so up; = 0
unless A\; = Ay(p). Therefore, uy; = 70,5y, where |n;| = 1. We notice that
gHg™' = dgHg 'd™! for any d € D. Moreover, o belongs to S,,,_, because
g~ ! = Jg*J. The converse is clear. [J

Proposition 2.2. Let H = diag (A, -+, \,) and C = diag(cy, -+ ,¢p,) be
such that ¢, # cj, Ay # Aj for 1 < h # 5 < n. The numbers of positive
and negative eigenvalues of the Hessian matriz of fo at each critical point
are even.

Proof. We analyze the Hessian matrix of the function f, at a critical point.

For f € C*°(G), the representation a of & satisfies

d d
2.4 X)a(Y = —— fle™e X
(2.4 D(X)a(Y)(F)(g) = - (Ve )

$,t=0

For X = — X%, consider the expansion of f(e ™ ¢) in powers of ¢

. . iy, .
ol g) = Te(CHg ™)~ TH(CIX, gHg ) +5 TH(CIX, [X, gHg ) +O(F).
Assuming ¢ is critical, we get

foleg) = Te(CaHg™) + L THOLX, [X.0Hg 1)) + OF)



CONVEXITY OF THE KREIN SPACE TRACIAL NUMERICAL RANGE 5

Let M(X,Y) = a(X)a(Y)(fo)(g) = Tr(C[Y,[X,gHg]]). Having in mind
Jacobi identity and performing some computations, we find
(2.5)  a(X)a(Y)(fo)lg) = Te(CY, [X,gHg™']]) = Te((C, Y][X, gHg ™)),

and so M(X,Y) = M(Y, X). For X = (xy), Y = (yu), we have [C|Y] =
(ynj(cn —¢;)) and [X, gHg™'] = (@nj(Ao(j) — Aon)))- By straightforward com-
putations we obtain

M(XY) = Te(C[Y,[X,gHg ™)) = Tr ((ynj(ch — ¢)) (2ni(Aoi) — Ao)))

= Z Yy (cr — Cl)(>\a(k) - )\0(1))-
k=1

The matrix representation of M(X,Y), relative to the fixed basis in & /D,
is diagonal. In fact, for 1 < kg < lyp <rorr+1 < ky < ly < n, an easy
computation leads to

M(Xioty, Xigir) = M Yot Yigi,) = =208k 01001 (o — C1o) (M) — Aolio))-
For 1 < ko, k), <7, v+ 1 <l <n, we analogously have

M (Vigtos Viarr) = MWty Wiz ) = 2051 6111 (Cry — C1o) (Aa(ig) — Ao(ly))-

The off-diagonal entries of M(X,Y’) vanish. Thus, the (n* — n) x (n? —
n)-Hessian matrix of the function f; at every critical point is nonsingular.
Moreover, the numbers of positive and negative eigenvalues of the Hessian
matrix are even. []

We recall, in passing, that the number of negative eigenvalues of the Hessian
is called the Morse index.

3. Global properties of the function fy and W/ (H)

Proposition 3.1. Let C' and H be J-unitarily diagonalizable J-Hermaitian

matrices with respective eigenvalues o (C) ={c1,...,¢.}, 0-(C) ={cri1, -+ -, e},
o (H)={M,...; N}, 0 (H) = {N\s1, ..., A\n} satisfying the conditions

(3.1) Cryl =2+ 2 Cp>0C1 2 2,

(3.2) M2 2N > g 2 2 A

Then the superlevel set {U € U(r,n — 1) : a < fo(U)} is compact for an
arbitrary real number a.
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Proof. Analogously to (1.3) we define a function gy for the diagonal J-
Hermitian matrices C' = diag(c},...,c,), H = diag(\],...,\]) with eigen-
values ¢} = -+ = ¢, = ¢,y = - =¢, = ¢, and A} = - = A =
Ary Aipp = -+ = A, = Ay1. We show that the functions fy, gy satisfy the
inequality fo(g) < go(g) for g € G. To prove this inequality, we may assume
that ¢, > 0 > ¢q, A\, > 0 > \,.1 by adding suitable scalar operators to C' and
H. Observing that ci A, — cp\j = (c1 — en) A\ — (A — A) (1 < h,5 <),
the function go(U) — fo(U) can be expressed as a linear combination of |uy, ;|2
(1 < h,j <n) with nonnegative coefficients. Henceforth the inclusion holds

(3-3) {lUl e M : fo([U]) =z a} C{[U] € M : go(U) = ay},

and the left-hand side of (3.3) is a closed subset of the set in the right-hand
side. It can be easily checked that

Cp — Cl
gO(U) = TCl)\ + ( )Cn>\r—|—1 - T T—l—l Zl |uhj‘2 -—ni,
h.j

so the right-hand side of (3.3) is compact for an arbitrary a and so is the
left-hand side. O

Proposition 3.2. Let C be a J-unitarily diagonalizable J-Hermitian matrix
with noninterlacing eigenvalues o, (C) = {c1 > -+ > ¢}, 0_(C) ={¢p41 >

. > ¢}y cn > . Let H be a J-Hermitian matriz such that WZ(H) =
(—00, ap]. Then the matrix H is J-unitarily diagonalizable and its eigenvalues
are weakly noninterlacing.

Proof. We assume that the maximum value qq is attained at Tr(CgHg™).
This assumption implies that Tr(X[gHg !, C]) = 0 for an arbitrary X € &,
so that [gH g™ !, C] = 0. The condition ¢, > ¢; implies that gHg™! = H,® Hy,
where Hy, Hy are Hermitian block matrices of sizes » and n — r, respectively.
Thus, gHg ™! is J-unitarily diagonalizable as VgHg V™! = diag(\1, ..., \n),
where V' is a J-unitary matrix of the form V = V; & V5, the blocks V4, V5
being unitary of sizes r and n —r, respectively. Weak noninterlacing property
of the eigenvalues follows from Theorem 1.1 (iii) in [1]. O

Proposition 3.3. Let C' = diag(cy,...,c,) with 0. (C) = {1 > -+ > ¢},
o (C) =A{cry1 > -+ > ¢}, ¢y > 1, and let H = diag(Ay,--- , \,) with
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or(H)={M>-2>2N} o (H)={Na1>> M} A > Aia, so that
{Tr(CgHg ) :geU(r,n—1)} = (—oo,zn:cj)\j] :
j=1
Then, for K J-Hermitian, the set
W = {Tr(CgKgl) 0 g € Uppp, Tr(CgHg ™) = icm}
s connected.

Proof. Let H = (A\1,,,)®---®(X\,,), where the A are all distinct. Consider
C=C¢---0C,, J=J,D---d J,, and let K be the J-Hermitian block

matrix

KH Kls

K=1\|... ... ...

Kg ... K

where Cj, Jj, ij c Mnj, jg=1,...,s. If Tl"(CgHg_l) = Z?:l Cj)\j, then

g = WV, where W,V € U(r,n —7r), WOW™! = C and VHV! = H.
Obviously, V.=Vi & ---® Vs, V; € My, and V;J;V = J;. Moreover,

VIKnVit o VKV

VKV =
ViKa Vit o ViKV!
and
Tr(CgKg™') = zn:Tr(CjVjijV}_l)
j=1
Thus
(3.4) W = W (Kup) + WE (Kp) + -+ + W (K.s).

Since each summand in the Minkowski sum in the right hand side of (3.4) is
connected, the result follows. Il
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4. Proof of Theorem 1.1

Lemma 4.1. (cf. [3, 6]). Let M be an m-dimensional connected C>-
manifold (m > 2) and let f be a real-valued C*-function on M. Assume
that the function f satisfies the following conditions:

(i) The function f attains a minimum value;

(i) The set {x € M :a < f(x) < b} is compact for every —oo < a < b <
+00;

(iii) The number of critical points xy1,xo, ..., x, of [ is finite, and the crit-
ical values f(x1), f(x2),..., f(x,) are all distinct;

(iv) The Hessian matriz of f at each critical point x; is non-singular;

(v) The number of the negative eigenvalues of the Hessian matriz of f at
each critical point x; is neither 1 nor m — 1.

Then the level set {x € M : f(x) = a} is connected for every a € R.

Some critical values of the function f given by (1.3) at distinct critical
points may coincide. Then we apply a perturbative method. We choose a
vector (yi,...,yn) satisfying > ¢ yr(co) — cr(ry) # 0 for any distinct pair
0,7 € S .n—r. We can find ¢y € R with sufficiently small modulus such that
Ak + yrto satisfy the condition (iii) of Lemma 4.1.

Now, we prove Theorem 1.1. First we show the simple connectedness of
WZ(T) under the assumptions of the theorem. Consider the case ¢, > ¢,
Ar > Ary1. The remaining cases reduce to this one by replacing C' by —C
and/or Ty by Ty,.. By a rotation in the Gaussian plane C, we assume
that # = 0 and so H = Ty = (T + T7)/2 is a J-unitarily diagonalizable
J-Hermitian matrix with noninterlacing eigenvalues A\, > \,.;. Define the
following sequences of J-Hermitian matrices

C,, = diag(c\™, ..., ™), H, = diag(A\™, ..., Alm),

where c,(lm) =c, > = cgm), )\rm) =X\ > Ny = )‘7(«71)1 form=1,2,3,....

Suppose that \cgm) —cp| — 0, |)\§Lm) — M| — 0 as m — oc; Cgm) £ Cg_m)’
)\Elm) + )\gm) for each m, 1 < h < j < n and assume that the critical values
>y cglm))\%% for any distinct permutations ¢ € S,,_, are distinct. By
Proposition 3.1 the set

{geU(r,n—r):Te(ChgHug ) >b0U{gecUlr,n—r): Te(CgHg ') > b}



CONVEXITY OF THE KREIN SPACE TRACIAL NUMERICAL RANGE 9

is contained in a compact set B for any b € R. The pairs {C,,, H,,} satisfy
the conditions of Propositions 2.1 and 2.2. It follows that these pairs satisfy
the conditions of Lemma 4.1. By Lemma 4.1, each set {g € U(r,n —r) :
Tr(CrngHmg™) = a — 1/2™} is a compact connected set. Hence for T}, =
Hy +i(T —T%)/(2i)) € My and a € R, I, = {z € WJ (T,)) : R(z) =
a — 1/2™} is a closed interval. For every a < Y77, cp)p, the set {z €
WZ(T) : R(z) = a} is compact. Let

bp =min{y € R:a+iy € WA(T)}, cy=max{y € R:a+iyec W(T)},

1
by, = min{fy e R:a— om +iy € W (T},

1
cm = max{y € R:a— o + 1y € ng(Tm)}
Let us take an arbitrary 0 < ty < 1 and choose a point U, in B satisfying
1
Tr(ConUpn TnU b)) = a — o T it + (1 = to)cm)

for each m. Since the set B is compact, we consider a subsequence U, of
U,, converging to a point Uy of B. Then as k — oo

Tr(kaUkamkUT;;) — Tr(CUOTUo_l) = a+ i(toby + (1 — to)co).
Hence the set
(4.1) {2 e W2(T) : R(2) = a},

is also a closed interval. We set ag = >, _; cpA. Since the set (4.1) depends
continuously on a, then

WI(T) = {z +iy: —oo < 2 < ag, ¢1(x) <y < ¢go(z)}

for some continuous real-valued functions ¢;(z) < ¢o(x) defined on the half-
line (—o0, ap|, and so it is simply connected.

Now we prove that the boundary of WJA(T) , OWZ(T), is convex. The set
WZ(T) has a point zy with R(zy) = a¢ and the line R(z) = qy is a support
line of WZ(T). If OWZ(T) is not convex, there exists a tangent line at some
point z; € OW(T) expressed as R(ze 1) = by for some 6y, by € R satisfying
R(29e 1) < by, R(z3e7) > by, where 29,23 € WZ(T). Then we find a
point z4 on the arc of 8W@7 (T') joining zp, z; and a support line ¢y passing
through zy, R(ze7%) = ay, such that WZ(T) N4y, is not connected. However
the last condition of ¢4 contradicts Proposition 3.3. So OWJ(T) is convex.
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We take a point zy < ay at which ¢1, ¢o are differentiable. Then we have
(o) < @) (xp) and the cone {x + iy € C : ¢ (xo)(x — xg) + P1(x0) <y <
(o) (x — x0) + ¢o(xo)} satisfies the last assertion of Theorem 1.1. This
completes the proof of the theorem. Il
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