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1. Introduction

In recent years, several results on closed subgroups of free profinite semi-
groups have appeared in the literature [2, B, @, 15, I8]. The first author
explored a link between symbolic dynamics and free profinite semigroups
that allowed him to show, for several classes of maximal subgroups of free
profinite semigroups, all associated with minimal subshifts [2, B], that they
are free profinite groups. Rhodes and Steinberg [T5] proved that the closed
subgroups of free profinite semigroups are precisely the projective profinite
groups. Without using ideas from symbolic dynamics, Steinberg proved that
the Schiitzenberger group of the minimal ideal of the free profinite semigroup
over a finite alphabet with at least two letters is a free profinite group with
infinite countable rank [I8]. The same result holds for the Schiitzenberger
group of the regular [J-class associated to a non-periodic irreducible sofic
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subshift [7]; the proof is based on the techniques of [I8] and on the conjugacy
invariance of the group for arbitrary subshifts [6].

In this paper, we investigate the minimal subshift associated with the it-
eration of a substitution ¢ over a finite alphabet A and the Schiitzenberger
group G(¢p) of the corresponding 7-class of the free profinite semigroup on A.
A minimal subshift can be naturally associated with the substitution ¢ if and
only if it is weakly primitive [2, Theorem 3.7]. Such a substitution always
admits a so-called connection, which is a special two-letter block ba of the
subshift. Provided ¢ is an encoding of bounded delay, from the set X of
return words for ba, which constitute a finite set, one can then obtain a
generating set for G(¢) by cancelling the prefix b, adding the same letter
as a suffix, and applying the idempotent (profinite) iterate ¢*. In a lecture
given at the Fields Workshop on Profinite Groups and Applications (Car-
leton University, August 2005), the first author proposed, as a problem, a
natural profinite presentation for G(p), namely

(X | 2¥(z) =2z (z € X)), (1.1)

where ® is the continuous endomorphism of the free profinite group on X
which encodes the action of a power of ¢ which acts on the semigroup freely
generated by X.

The main results of this paper establish that indeed G(¢) admits the pre-
sentation (L) in the following cases:

(1) the mapping ¢ is the Prouhet-Thue-Morse substitution 7, given by 7(a) =
ab and 7(b) = ba (Corollary B.2);

(2) the substitution ¢ is ultimately group invertible, in the sense that it
induces an automorphism of the free profinite group on the letters that
do not eventually disappear in the iteration of ¢ (Theorem B3));

(3) all words ¢(a) (a € A) start with the same letter and end with the same
letter (Theorem B.F).

This adds evidence to the conjecture that the group G(¢) always admits the
above presentation ([LI]).

Every finitely generated projective profinite group has a finite presenta-
tion [I3] (as a profinite group). Hence, by the previously mentioned result
obtained by Rhodes and Steinberg, every finitely generated closed subgroup
of a free profinite semigroup has some finite presentation. Yet, the conjecture
is finer since it entails the decidability of whether a finite group is a contin-
uous homomorphic image of G(y) (Corollary E3). On the other hand, in
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case ¢ induces an automorphism of G(¢), we may always replace ® in ([LTI)
by a continuous endomorphism of the free profinite group on X to obtain a
presentation of G(¢) (Proposition B1).

The Prouhet-Thue-Morse infinite word and the corresponding subshift are
among the most studied in the literature [§]. To establish case ([I) of the
above conjecture, we first prove that the profinite group G(7) admits a re-
lated profinite presentation with three generators and three relations (The-
orem F.3)). Using just the fact that the relations are satisfied, we show that
G(7) cannot be relatively free with respect to any pseudovariety of groups
(Theorem ). This answers in a very strong sense the question raised by
the first author as to whether this profinite group is free [2]. In the same
paper there is already an argument to reduce the proof of this fact to showing
that the Schiitzenberger group G(7) has rank three. From the same simpler
presentation, we do prove that this group has rank three (Theorem [BG7).

We also consider the only other type of example in the literature of a
non-free Schiitzenberger group G(ip) of a subshift defined by a substitution,
illustrated by the substitution p(a) = ab, ¢(b) = a*b [2, Example 7.2], which
fits in the framework of the above case (Bl). For this group, again we prove
that it is not free relatively to any pseudovariety of groups (Theorem [B4]).

2. Preliminaries

We indicate [3, [I6] as supporting references on free profinite semigroups,
and [TT], B] for symbolic dynamics.

Let A be a finite alphabet. We denote by AT the free semigroup on A.
A code is a nonempty subset of A" that generates a free subsemigroup.
An equality u; ---u,, = v1---v, with u;,v; € AT is said to be reducible if
there are indices r and s such that 2 < r+s < m+n and u,---u,, =
Vg v, A subset C of A' is of bounded delay with respect to a language
L C A" if there is an integer N such that every equality of one of the forms
UC v = ¢+ oruey ey = ) -+ - ¢ v is reducible whenever the two
products belong to L, ¢;, c;- € (', u is a suffix and v a prefix of some word in
the elements of C', and m +n > N. A homomorphism ¢ : AT — BT is an
encoding if it is injective and of bounded delay with respect to L C B™ if so
is the set p(A).

We denote by Q4S (respectively Q4G) the free profinite semigroup (respec-
tively free profinite group) freely generated by A [B]. A symbolic dynamical
system X of A%, also called subshift or shift space of A%, is a nonempty
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closed subset of A% invariant under the shift operation and its inverse [T1].
We denote by L(X) the set of finite blocks of elements of X.

A subshift X' is minimal if it does not contain proper subshifts. There is
another useful characterization of minimal subshifts, with a combinatorial
flavor. Given a subshift X and v € L(X), say that a nonempty word v is a
return word of w in X if vu € L(X), u is a prefix of vu and u occurs in vu
only as a prefix and a suffix. See [H] for a recent account on return words. A
subshift is minimal if and only if each of its blocks has a finite set of return
words.

If the subshift X is minimal, then the topological closure of L(X) in Q4S is
the disjoint union of L(X) and a J-class J(&') of maximal regular elements
of Q4S. The correspondence X +— J(X) is a bijection between the set of
minimal subshifts of AZ and the set of maximal regular J-classes of Q4S [2,
Section 2. It is natural to ask what is the structure of the Schiitzenberger
group (that is, of any maximal subgroup) of J(&X'), denoted G(&X') and called
the Schiitzenberger group of X. For instance, it is proved in [2] that, if X is
an Arnoux-Rauzy subshift of degree k, of which the case k = 2 is that of the
extensively studied Sturmian subshifts [T2, 8], then G(X) is a free profinite
group of rank k. An example of a minimal subshift X such that G(X') is not
freely generated, with rank two, is also given in the same paper [2, Example
7.2].

A substitution over a finite alphabet A is an endomorphism of the free
semigroup AT. It is well known that to each primitive substitution o over
a finite alphabet A, we can associate a minimal subshift X,. Actually, it
suffices to assume that ¢ is weakly primitive, which means that there exists
some positive integer n such that all ¢"(a) (a € A) have length at least two
and the same factors of length two. The language L(X,,) is the set of factors
of words of the form *(a), where a is an arbitrary element of A, and k& > 1
is sufficiently large. See [2] for consequences of this definition and for the
following technical notions. We shall denote J(X,,) and G(X,,) respectively by
J(p) and G(¢p): this notation is more synthetic and emphasizes the exclusive
dependence of these structures on ¢, which in turn is a mathematical object
completely determined by a finite amount of data, namely the images of
letters by .

The unique continuous endomorphism of Q4S extending ¢ will also be
denoted by . We shall use the fact that the monoid End S of continuous
endomorphisms of a finitely generated profinite semigroup S is profinite for
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the pointwise topology, which coincides with the compact-open topology [3,
Section 4.3]. In particular, this justifies the consideration of the idempotent
continuous endomorphism ¢“.

A connection for ¢ is a word ba, with b,a € A, such that ba € L(X,),
the first letter of ¢*¥(a) is a, and the last letter of ¢*(b) is b. Every weakly
primitive substitution has a connection. For a connection ba, the intersec-
tion of the R-class containing ¢“(a) with the L-class containing ¢“(b) is a
maximal subgroup of J(y); we also use the notation G(p) to refer to this
specific maximal subgroup. If, additionally, ¢ is an encoding of bounded
delay with respect to the factors of J(p), then the group G(y) is generated
by the set ¢*(X,(a,b)), where X, (a,b) = b"'R(ba)b and R(ba) is the set of
return words of ba in X,.

We now introduce the main example considered in this paper. Let A be
the two-letter alphabet {a,b}. The Prouhet-Thue-Morse substitution is the
substitution 7 over A given by 7(a) = ab and 7(b) = ba [8]. It is a primitive
substitution, and thus we can consider the corresponding minimal subshift
X, of AZ. Tt is also an encoding of bounded delay with respect to the factors

of J(1).

3. Presentations of profinite groups

Consider a profinite group 7" and an onto continuous homomorphism 7 from
QxG onto T, where X is a finite set. Let ¢ be a continuous endomorphism of
T. Since QxG is a projective profinite group, there is at least one continuous
endomorphism ® : QxG — QxG such that 7 o ® = ¢ o 7, that is, such that
Diagram (B) commutes. Call such an endomorphism a lifting of ¢ via 7.

0xG 056G
Wl . lﬁ (3.1)
T ——T
Remark 3.1. If v is an automorphism of T then wo ®¥ = 7.
Proof: The facts that Diagram (BJl) commutes and 7 is continuous entail

the equality m o ®Y = ¢* o w. On the other hand, ¢“ is the identity on T
because ¢ is an automorphism of 7. u

From hereon we assume that ¢ is an automorphism. Put R = {®%(x)a~! :
r € X} and let N be the topological closure of the normal closure of R.
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From Remark Bl it follows that R C Kerm, thus N C Kernw. If N = Ker,
then (X | ®“(z) =z, (x € X)) is a presentation of T' (as a profinite group).

Lemma 3.2. We have N = Ker « if and only if Kerm C Ker ®“, if and only
if Kerm = Ker ¥,

For proving Lemma B2, the following lemma will be useful. It is part of
the proof of [I3, Proposition 1.1], which states that every finitely generated
projective profinite group admits a finite presentation.

Lemma 3.3. If f is an onto continuous homomorphism from QxG onto a
profinite group H and if g is a continuous homomorphism from H into QxG
such that f o g is the identity, then Ker f is the topological closure of the
normal closure of the set {g(f(x))-27' |z € X}.

Proof of Lemma 22 By Remark B, we have Kerm O Ker ®“, and so it
only remains to prove the first equivalence. Clearly, R C Ker ®* since ®“ is
idempotent, thus N C Ker ®“. This proves the “only if” part. Conversely, if
Kerm C Ker ®¥ then there is a unique continuous homomorphism ¢ : T" —
QxG such that ¢ o m = ®“. The composition 7 o ¢ is the identity map in T
indeed, every element of 7" is of the form 7(u), and Topom =0 ®¥ =7
by Remark B.I. We then apply Lemma with f =7 and g = ¢. |

Denote by L,(7) the set of liftings ® of ¢ via 7 such that Ker7m C Ker .
This motivates the following proposition.

Proposition 3.4. If T' is a projective profinite group then the set L,(m) is
nonempty.

Proof: Since T is projective, there is a homomorphism ¢ : T — QxG such
that m o ( = ¢. Putting ® = ( o, we obtain 1o ® = ¢ o7 and Kerm C
Ker ® C Ker ®“. [ ]

The existence of a finite presentation of T defined by an element of L ()
is thus guaranteed by Lemma and Proposition B4 but the latter is not
constructive. The following result summarizes the above discussion.

Proposition 3.5. Let 7 : QxG — T be a continuous homomorphism onto
a projective profinite group and let ¢ be a continuous automorphism of T
Then T admits a presentation of the form

(X | 9¥(x) =2 (x € X)) (3.2)

where ® is a continuous endomorphism of QxG such that por =7o®. m
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Sections Ml and B, exhibit constructive examples of such presentations.
By a retraction of a profinite group G we mean a continuous idempotent
endomorphism of G. The image of a retraction of GG is called a retract of G.

The following is a simple characterization of the groups that admit presen-
tations of the form (B2).

Corollary 3.6. The following are equivalent for a profinite group G:

(1) G admits a presentation of the form (3Z2A4) for some continuous endomor-
phism ® of QxG;

(2) G is projective and X -generated;

(3) G is a retract of QxG.

Proof: The implication (2) = () is given by Proposition B while (B) = (&)
follows from the well-known fact that the closed subgroups of a free profinite
group are projective (cf. [I7, Lemma 7.6.3]). It remains to prove the impli-
cation () = (). Let ® be a continuous endomorphism of QxG and denote
by H the image of the retraction ®“. It suffices to establish that H admits
the presentation (B2). For this purpose, we apply the general setting of this
section to the following commutative diagram:

046 004G

o o
)

From Lemma B2 we deduce that indeed H admits the presentation (82). =

Note that the implication () = (@) is well known.

4. A finite presentation of G(7)

We now focus our attention on the Prouhet-Thue-Morse substitution 7 in-
troduced in Section P2l The word aa is a connection for 7. The four elements
of X;(a,a) are abba, ababba, abbaba and ababbaba, cf. [B, Section 3.2.]. While
the list of elements of X, (a,a) given in [2, Example 7.3] is incorrect, it is cor-
rectly observed that 7 is an encoding of bounded delay with respect to the
factors of J(7), and that, consequently, the maximal subgroup G(7) is gen-
erated by (X, (a,a)). Let o = 7¥(abba), 6 = 7¥(ababba), v = 7 (abbaba)
and 0 = 7¥(ababbaba).
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Remark 4.1. Let ¢ be a continuous semigroup homomorphism from QS
into a profinite semigroup S. Suppose that ((abba) belongs to a subgroup
of S. Then ((ababba) - ((abba)*~! - ((abbaba) = ((ababbaba).

Proof: We have ((ababba) - {(abba)*~! - {(abbaba) = ¢(ab) - ((abba)*t - ((ba),
and ((abba)“™! = ((abba), because ((abba) is a group element of S. |

Applying Remark BTl to the continuous homomorphism 7%, we conclude
that Sa~ly = § in G(7), so that the profinite group G(7) is generated by
{a, 8,7}

As argued in [2, Example 7.3], the restriction 1 of 72 to G(7) is a continuous
automorphism of G(7).

Remark 4.2. The images of the generators o, 3 and v of G(T) by ¥ are
given by ¥(a) = vaf, ¥(B) =yBa~t - yap, Y(v) =yaB-a"yB.

Proof: We have the following routine computations:
Y(a) = 7¢(7%(abba)) = 7¥(abbaba - abba - ababba) = va3
(B) = (7% (ababba)) = 1% (abbaba - ababbaba - abba - ababba) = yéa
(7)) = 7(1%(abbaba)) = 7 (abbaba - abba - ababbaba - ababba) = yod 3.

Finally, we use the already mentioned equality 6 = Sa~1y. |

In this section we give an explicit presentation of G(7) as a profinite group.
To apply the general approach introduced in Section B, consider T = G(7),
X ={a, 3,7}, the above automorphism v of G(7), the surjection m given by
the unique homomorphism QxG — T whose restriction to X is the identity,
and the lifting of ¢ via m which is the unique continuous endomorphism W of
Q0,31 G such that ¥(a) = vaf, ¥(08) = yBa~t-yafb, U(y) = yab - o 1q0.

By Lemma B2 every element of L, (m) defines a presentation of G(7). The
existence of such an element follows from Proposition B.4l since every closed
subgroup of a free profinite semigroup is projective [I5]. But the proof of
Proposition B4 does not construct any elements of Ly(7). The following
result provides such a constructive element.

Theorem 4.3. The endomorphism ¥ belongs to Ly(m), and hence the profi-
nite group G(7) admits the following presentation:

(o, 8,7 | ¥¥(a) = o, U¥(B) = 5, ¥¥(7) = 7).
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Proof: Let u be an arbitrary element of ﬁ{aﬁﬁ}G not belonging to Ker U«.
If we show that 7m(u) # 1, then the theorem is proved, thanks to Lemma B2

Since W¥(u) # 1, there is a finite group H and an onto continuous homo-
morphism A : Q¢, 3,1G — H such that A(U¥(u)) # 1. Note that Ag = Ao ¥
entails A\g(¥*(u)) = A(V¥(u)). Hence we may replace A\ by \g, that is, we
may assume that A = X o W%,

Suppose that p : ﬁ{ajb}S — S is a continuous homomorphism into a finite
semigroup S such that H is (isomorphic to) a subgroup of S and such that

the following diagram commutes:

Qap) G =H =9

‘| |

G(T) C ﬁ{a,b}s

Then we have p(m(u)) = AMu) = AM(W¥(u)) # 1 and so 7(u) # 1. The proof
of the theorem is thus reduced to the existence of the homomorphism pu.

For each integer ¢, let g, = AW“(a)), hy = AN¥*TB3)) and k, =
MU (). Let w = af 'ay'a and p = Mw). A straightforward com-
putation shows that W(w) = w. Therefore, the equality W< (w) = ¥¥(w)
holds for every integer £. Since A o ¥“ = ), we then have p = (W< (w))
and

p = gehy ' giky g (4.1)

for every integer /.
Let S be the Rees matrix semigroup M ({1,2}, H, {1, 2}; P) with sandwich
matrix P = (% 11)) For each (x,y) € H x H, let p1,,, be the unique continuous

semigroup homomorphism Q, ;S — S such that p,,(a) = (1,2,1) and

,ux’y(b) = (27y7 2)'
For each pair of integers (n, /) such that n > 0, let S, be the set of
elements (z,y) of H x H such that

pay (77" (abba)) = (1, gr, 1)

:uil?,y(7_2n(ababba)) - (1? hﬁ? 1)

fo oy (T?" (abbaba)) = (1, k¢, 1),
Claim 4.4. S(n,0) - S(n+1,0+1) and S(n,0) =+ 0.

Proof of the clatm: It will be convenient to denote by ,uf,c’y the composition
of p,, with the projection (7, z,j) + z. Note that p,,(u) € {i} x H x {j}
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if and only if u starts with the i-th letter in {a, b} (where a is the first letter
and b the second) and ends with the j-th letter. Since 7™ preserves the first
and last letters when m is even, by the choice of the matrix P the element
11, (72" (urug)) is equal to pih, , (77" (u1)) - p- 4, y( "(ug)) if uy ends with b and
uy starts with b, and is equal to 4, , (72" (u1)) - ), ,(7*"(ug)) otherwise. These
facts allow us to make the following computations:

4

(72" (abba)) = go
(7,y) € Sy = {1, (72"(ab)) - i, (77" (abba)) = hy,
14, (72" (abba)) - i, (77" (ba)) = ky.
(11, (72" (abba)) = g¢
= { pth,(T7"(ab)) - go = hy,
g0 - 1, (7" (ba)) = k.

heg; !, (4.2)

By (B1), the first equality in (f2) is redundant. Hence the equivalence

/ 2n _ —1
:ugc,y<7- (ab)) - hégﬂ ’ (43)

(x,y) €Sy <~ n —
" oy (72 (b)) = g; 'k

holds for all integers n, ¢ with n > 0. Suppose now that (z,y) € S¢,. Then
we may perform the following calculation:

(72D (ab)) = g, , (7% (abbabaab))
=, ,(7°" (abbaba)) - i, , (7°" (ab))
= ke hug, !
= \@*(yBa™h))
= A (Bt W(a) - Wa™h)

Since ¥ () = vBa~! - ¥(a), we deduce that

Hoy (TP (ab)) = AT (Ba™)) = herigi- (4.4)
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Similarly, we have g’x7y(72("+1)(ba)) = ¢, key1. From this equality, (E2)
and (E3), we obtain (z,y) € Sgu41,41)- Hence S¢, ) is contained in Sg,41,041)
for all integers n, ¢, with n > 0.

We may then conclude that S —n) € Spn,r), and so to prove that S, ) # 0
for all integers n, £ with n > 0, it suffices to prove that S # 0 for all ¢.
Thanks to (E3),

Hoy(ab) = heg ' {wy = heg;!

(z,y) € S0 < - -
04 i, (ba) = g; ke yr = g; k.

Hence S # 0 if and only if hggé_1 and g[lkg are conjugate elements
of H. Straightforward computations show that ¥(a™1y) = a1 - ¥ (Ba1) - a.
Applying A o U1 to both members of this equality we obtain gé_lkg =
9:1 - hugy - g1, whence S ) # 0. =

We proceed with the proof of the theorem. For each n > 2, let (x,,y,) be
an element of the nonempty set Sz 0)- Since H x H is finite, the sequence

(n, Yn)n has some subsequence (z,,, Y, )r With constant value (z,y). Then
oy (@) = pray(7(abba)) = lim piy , (7" (abba))

Since (z,y) = (T, Yn,) € Sl )y We have fi, (7" (abba)) = (1, go, 1),
whence 11, () = (1, go, 1). Identifying {1} x H x {1} with H via the isomor-
phism (1, z,1) — 2, and because AoW*¥ = A, we have therefore y, ,(a) = A(«).
Similarly, we obtain the equalities i, ,(3) = A(8) and g, () = A(y). Hence
the maps p,, o7 and X coincide on the set {«, 3,v}. This set (freely) gener-
ates ﬁ{aﬁﬁ}G, thus p,, o m = A. According to the remarks at the beginning
of the proof, this establishes the theorem. u

5. The general problem

We now consider the general framework introduced in [2]. Let ¢ be a
weakly primitive substitution over a finite alphabet A, with connection ba.
There is a finite power ¢ of ¢ such that the first letter of ¢(a) is a and the
last letter of ¢(b) is b. This implies that the restriction of ¢ to G(p) is an
endomorphism of G(¢). If, additionally, ¢ is an encoding of bounded delay
with respect to the factors of J(¢), then this restriction is an automorphism
of G(p). We have already mentioned in Section Bl that the profinite group
G(p) is generated by ¢*(X,(a,b)). Note that ¢* = ¢*, since ¢ is a power
of .
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To avoid overloaded notation, X, (a, b) will be denoted by X. The set R(ba)
is easily recognized to be a code and so is X = b~ 'R(ba)b. Let i be the unique
homomorphism from the semigroup freely generated by X into the semigroup
freely generated by A such that i(x) = x for all x € X. Then i is injective,
because X is a code. If x € X then ¢(z) belongs to the subsemigroup of A™
generated by X. Therefore, we can consider the word w, = i 1(@(x)), the
unique decomposition of ¢(z) in the elements of X. The homomorphism i has
a unique extension to a continuous homomorphism QxS — Q4S, which we
also denote by i. Let ¢ be the canonical projection QxS — QxG, namely the
unique continuous homomorphism from QxS into QxG that is the identity
on the generators. Then there are unique continuous endomorphisms ¢ xy and
¢x .6 such that Diagram (BJI) commutes. More explicitly, for each z € X we
have ¢x(z) = w, and Px ¢(x) = w,, where we regard w, as a semigroup and
a group word, respectively.

Q45— QxS —0xG
ol e q |#xe (5.1)
045~ QxS —0xG

The following conjecture was proposed as a problem by the first author in

a lecture given at the Fields Workshop on Profinite Groups and Applications
(Carleton University, August 2005).

Conjecture 5.1. Under the above hypotheses, the profinite group G(p) ad-
mits the presentation

(X | (@xe)"(z) =z (z € X)).

Note that, by Remark Bl for each x € X the relation (¢x ) (z) = x on
the generators of G(y) is valid, since ¢px ¢ is a lifting of ¢ via the unique

continuous homomorphism 7 : QxG — G(p) such that 7(z) = ¢*(z) for all
x e X.

Corollary 5.2. Conjecture [o 1l holds for the Prouhet-Thue-Morse substitu-
tion: denoting by 1 the homomorphism 7'2T(a 0.6’ the profinite group G(T)
has the following presentation:

(Xr(a,a) [ 97(z) =z (z € Xr(a,a))).

Proof: Note that indeed we can take 7 = 72. Let o = abba, ' = ababba,
v = abbaba and &' = ababbaba. Recall that X, (a,a) = {d/,#,+','} and, for
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each x € {«, 3,7,0}, one has x = 7¥(x’) by the definition of . We have w, =
Yo'f, wg =0 B, wy =+'d'd'F and wy = 4'9'a’d’F. In Diagram (B2),
the continuous homomorphisms ¢ and £ are respectively defined by «(z') = «
for each = € {a, §,7,0}, and by {(2') = = for each = € {«, 5,7} and &(&) =
Ba~ty. Then ¢ is an isomorphism and Diagram (52) commutes.

Y & — .
QXT(a,a)G —42{%57%5}(; —>Q{a,6,7}G —>G(7-)
J’l Lo1/_)orll l\I/ lw (52)
_ — ¢ 7r
Qx,(0.0)G 20,5716 70,87} 6 —G(7)

Our claim then follows from Theorem E.3. u

Another situation in which Conjecture .1l holds is the main setting consid-
ered in [2]. For this discussion and for later parts of the paper, the following
notation is convenient: given a pseudovariety of semigroups V containing G,
and an endomorphism ¢ of Q4V, let g be the unique continuous endo-
morphism of Q4G such that pgop = po ¢, where p : Q4SS — Q4G is the
canonical projection. In particular, if ¢ € EndQ4G, then ¢g = . We say
that a weakly primitive substitution ¢ over the alphabet A is ultimately group
invertible if, for the alphabet B of all letters that occur in any ¢“(a) with
a € A, the restriction of pg to QG is an automorphism of QpG.

Theorem 5.3. Let ¢ be an ultimately group invertible weakly primitive sub-
stitution over the finite alphabet A, with connection ba. Then, in the notation
of the beginning of this section, Conjecture [2.1 holds.

Proof: Let H be the subgroup obtained by intersection of the R-class of ¢*(a)
with the L-class of ©¥(b). Combining [2, Theorem 5.3, Corollaries 5.6 and
5.8], we know that the projection p : Q4S — Q4G sends H isomorphically to
the closed subgroup generated by X, which is a free profinite group. Asin [2],
denote by Z the unique basis of this free profinite group which is contained
in A™. It is obtained by successively applying the operations (zy, z) — (z,y)
and (yx,x) — (x,y), while y € AT, starting with the set X.

Besides the associated diagram (BEI), we also have the following commuta-
tive diagram, where gz is the canonical projection, and where we also take
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into account that Z is a code (so that we may consider the coding homomor-
phism iz) such that $(A) C Z* (yielding the homomorphism ¢y):

p

ﬁAS ] QAG

NE 7
ﬁzs —>ﬁzG QQBG

@ sﬁzl lm l@mﬂ%c de (5.3)

045 01,6 —15G

e

— P N

QAS QAG

The restriction of pg to QpG is a continuous automorphism, whence, since
¢ is a finite power of ¢, the restriction of ¢g to QpG is also a continuous
automorphism. Therefore, ¢ ¢ is a continuous automorphism of Q,G. Hence
($7.6)" is the identity mapping of QG and, since H is isomorphic to QzG,
it follows that H admits the profinite group presentation

(Z | (¢26)"(2) = 2 (z € Z)). (5-4)

Thus, it remains to show that, without changing the group, one can modify
the presentation (B.4]) to the presentation of Conjecture Bl namely

(X | (Px0)"(z) = 2 (x € X)).

To establish such a claim, taking into account how Z is constructed from X, it
is better to analyse how such presentations are affected by the transformation
(z,y) — (z,xy), which is considered in Lemma B4 below, and its dual. From
the lemma and its dual, a simple induction argument completes the proof of
the theorem. n

Let B be a finite alphabet and let ¥ be a continuous automorphism of QzG.
Suppose that C' C BT is a finite code such that the closed subgroup generated
by C' is stable under the action of 1. Let i¢ be the induced continuous
homomorphism Q¢G — QpG that sends each element of C to itself and let
U be the unique continuous endomorphism of Q¢ G such that ico¥ o = 1)oic.
Given distinct ¢,d € C, note that D = (C'\ {d}) U{cd} is again a code. The
continuous homomorphism Q¢G — QpG that sends the generator d to the
group word ¢! - ed and fixes every other element of C' is denoted €.4. Then
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we have the following diagram

0cG — te 06
\_ . /

ic OpG —0pG ic (5.5)
/z'D y N

Q5G

Q5G
where Imic = Imip. It is immediate to check that the diagram commutes.

Lemma 5.4. In the above setting, (C' | V&(t) =t (t € C)) is a profinite
presentation of the group Imic if and only if so is (D | V4, (t) =t (t € D)).

Proof: In view of Lemma B.2, we need to show that Keric C Ker U¢ if and
only if Kerip C Ker W$,. Since €. 4 is an isomorphism, the commutativity of
Diagram (B5.0) implies that Kerip = e, 4(Keric) and Ker ¥4, = ¢, 4(Ker ¥).
The desired equivalence is now immediate. u

The remaining part of this section is dedicated to a special case in which
the Schiitzenberger group of the subshift is realized as a retract of the free
profinite semigroup under the w-power of a weakly primitive substitution.
The section closes with a result (Theorem B.§) that gives further evidence
towards Conjecture Bl Before that, we prove a related result that was also
announced in the same lecture where the problem was proposed; its proof
appears here for the first time.

Theorem 5.5. Let ¢ be a weakly primitive substitution over a finite alpha-
bet A such that:

(1) all (a) (a € A) start with the same letter and end with the same letter;
(2) ¢ is an encoding of bounded delay with respect to factors of J(p).

Then we have the following profinite group presentation:
G(p) = {A]gcla) = a (a € A)).

Proof: Let H = G(yp) be the maximal subgroup of Q45 containing all ele-
ments of the form ¢“(a), where a € A. By [2, Theorem 4.13], the image
of ¢“ is H. Since Q4G is a free profinite group, ¢“ factorizes through p as
¢ = v op, where v : Q4G — H is an onto continuous homomorphism. By
Lemma B.2), it suffices to prove that Kerv C Ker pg. Let u € Kerv. There
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s w € Q4S such that u = p(w). Then ?(w) = v(p(w)) = v(u) =1, and so
‘E;’( ) = we(p(w)) = pe*(w)) = R
Here is a couple of examples to illustrate Theorem B3,

Example 5.6. Let A = {a,b} and define a substitution ¢ by ¢(a) = ab and
©(b) = ab. Then ¢ is primitive and it is easy to check that it satisfies the
hypotheses of Theorem B0 so that

G(p) = (a,b | p5(a) = a, p5(b) = b).

It is shown in [2, Example 7.2] that G(p) is not a free profinite group. This
result is improved in the next section (Theorem [G4).

Example 5.7. Let A = {a,b,c} and consider the substitution defined by
o(a) = ac, p(b) = aca’c, and p(c) = ac*ac. Again, we may apply Theo-
rem to ¢ to deduce that

G(p) = (a,b,c| p¢la) = a, pE(b) = b, pé(c) = ¢).

Note that, since b does not occur in ¢“(b), the second relation allows us to
drop the generator b, so that a simpler presentation is given by

G(p) = (a,c| pgla) = a, g5(c) = ¢).

Moreover, since in the free group on the set A the subgroup generated by
{ac, aca®c, ac’ac} is also generated by {a, ¢}, the substitution ¢ is ultimately
group invertible and [2, Theorem 5.3] yields that the two relations in the
simpler presentation are trivial. Hence G(y) is actually a free profinite group
of rank two.

Let ¢ be a substitution as in Theorem B.H Let a and b be the letters such
that all elements of the image of ¢ start with a and end with 6. Then ba is
the unique connection for . Note that in this case we can take ¢ = .

Theorem 5.8. With the above notation,
(X [ (¢x0)"(2) =z (z € X))

is a presentation of G(y).
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Proof: We adopt the notation in the proof of Theorem B3 We also retain
all homomorphisms in Diagram (BJl). We define some additional homomor-
phisms, included in Diagram (B5.6).

X

QXS . ' QXS
N e
QXG __________ ’QXG
J| i Jel| |ic \{H fLH>H%/ Je| |ic J| |4 (5.6)
A
QG 04G
Q S/J i 29\9 S
A A

The extension of an injective homomorphism of finitely generated free semi-
groups to a homomorphism of absolutely free profinite semigroups is also
injective [T4, Proposition 2.1]. Hence, the extension 7 : QxS — Q4S is injec-
tive.

For every ¢ € A, the word ¢(c) is in the image of i, whence Im ¢ C Im .
Therefore, since ¢ is injective, there is a unique continuous homomorphism
71 Q4S — QxS such that j(c) = i *(¢“(c)) for all ¢ € A.

Let i7¢ and jg be the unique continuous homomorphisms such that igoq =
pot and jgop = qoj. Finally, let m = v o ig, with which the definition of
all homomorphisms in Diagram (B56) is concluded.

We shall prove that the dashed trapezoid in the diagram is commutative.
Since ¢ is onto, that amounts to proving the equality Topxgoq = pomog.
We first note that

TOPXGO(g=VOIGOYPXGO(q=VOIiGOqOYx =VOPOL0Px.
Since vop = ¢* and i 0 py = p o, we deduce that mo pygoq= ¢ oi.
On the other hand, we also have

pomoqg=povoigoqg=povopoi=yop’oj=!
which concludes the proof of the commutativity of the dashed trapezoid in

Diagram (B5.6). Therefore, px ¢ is a lifting of ¢|gy via 7.
By Lemma B2, to prove the theorem it suffices to prove that Kerm C
c

Ker (pxg)”. Let u € QxS be such that m(q(u)) = 1. Then ig(q(u))

Y
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Kerv. Theoremb.l was obtained by proving that Ker v C Ker ¢¢. Therefore,
¢ 0igoq(u) =1, which justifies the following equality:

je o wgoigoq(u)=1. (5.7)
Since igoq = poi, pcop = po and jgop = qo j, we conclude that
the composite jg o p¢ o ig o ¢ is equal to g o j o ¢p* o4. The homomorphism
©* is idempotent, whence by the definition of 7 we have 7 o ¥ = j, and so
Jjecoypioigoq = qojoi. Note also that ioj = ¢*. Thus we have the equalities
iojoi=@Yoi=10p%. Because i is injective, it follows that j o7 = ¢%.
This yields the equality jg o g€ oigoq = qo ¢%. Since go ox = px.goq,
this means that jg o p€oigoq= (¢xc)” oq. Then, from (&) we conclude
that g(u) belongs to the kernel of (pxg)”. This establishes the inclusion
Kerm C Ker (px¢)” and concludes the proof of the theorem. ]

6. Applications

For a set X, denote by 7 (X) the semigroup of all full transformations of X .
The following technical lemma will be useful. Its proof uses the methods
introduced in [IJ.

Lemma 6.1. Let V be a pseudovariety of semigroups, o € EndQ4V, and
S a semigroup from V. Consider the transformation B € T (S4) defined by

2(f) = fo pla, where f is the unique extension of f € S* to a continuous
homomorphism Q4V — S. Then the correspondence

End QuV — T(SA)
pr=p
is a continuous anti-homomorphism. In particular, we have ¥ = @*.

Proof: Let ¢, € EndQ4V and f € S4. Since fo ola = fo ©, we obtain
the following chain of equalities:

potb(f)=fowpopla= foplao|a=v(fopls) =vop(f),
which proves that our mapping is an anti-homomorphism. To prove that it
is continuous, consider a net limit ¢ = lim ¢; in End Q4V. Then, for every
f € T(S%) and every a € A, we may perform the following computation:

?()(a) = f(p(a) = f((limep;)(a)) = f(limep;(a)
= lim f(pi(a) = limBi(f)(a),
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which yields the desired equality ¢ = lim ;. ]

For a semigroup S, we say that a mapping f € S4 is a generating mapping
if f(A) generates S.

The following result will be useful to draw structural and computational
information about our presentations.

Proposition 6.2. Let V be a pseudovariety of semigroups containing G, A a
finite alphabet, and o a continuous endomorphism of QaV. The following
are equivalent:

(1) S is a continuous homomorphic image of the group presented by (A |
pgla) =a (a € A));

(2) there is some generating mapping f : A — S and some integer n such
that 1 < n < |S4 and f o p"|4 = f;

(3) there is some generating mapping f : A — S and some integer n such
that f o4 = f.

Proof: Let H be the profinite group defined by the presentation of the state-
ment and consider the natural homomorphisms p : Q4V — Q4G and 7 :
Q4G — H.

We begin by proving () = (). Suppose that § : H — S is an onto
continuous homomorphism. Consider the mapping f = fomop|s € S4, whose
unique continuous homomorphic extension f : 4V — S is the mapping
0omop. Since pgop = po, we deduce that f o oF = fomopiop
for every £k > 0, so that, for every a € A, the following equalities hold:
fow?(a)=0omoyi(a)=0omoplla)=foe’a)= f(a). We have thus
proved that fo ¢“|4 = f. In terms of the anti-homomorphism of Lemma B.T],
this means 7*(f) = f. As @ is a transformation of the set S4, the successive
iterates f,®(f),2°(f), ... ,¢|5A|(f) cannot all be distinct and @*(f) must be
found in the sequence on or after the first repeated point. Hence the equality
?“(f) = f implies that 2"(f) = f for some integer n such that 1 < n < |S4].
This proves the implication since @"(f) = f yields foy"|4 = f by LemmalBl

The implication (B) = (B)) being trivial, it remains to prove the implication
@) = (@). It suffices to show that f factors through o p. Since S € G, f
factors through p, and we have the following commutative diagram, where
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the existence of the dashed arrow 6 is yet to be established:

av s
pl V:o

ﬁAG 7T—>[’I

Thus, it is enough to verify that, for every a € A, n(pg(a)) = n(a). Taking
into account the definition of p and the commutativity of the diagram, the
desired equality is equivalent to n(p¢(p(a))) = n(p(a)). In view of g op =
powand nop = f, this translates into the equality f(gpw(a)) = f(a). We
proceed to prove that fo e = f.

Lemma yields f o ¢4 = @“(f). Since, also by the same lemma and
by hypothesis, @"(f) = fo ©"la = f and as ¥ = (@")¥, we conclude that
fo ©’|a = f, as was claimed. ]

We say that a profinite semigroup S is decidable if there is an algorithm
to determine, for a given finite semigroup 7', whether there is a continuous
homomorphism from S onto 7T'. For instance, if V is a pseudovariety of semi-
groups and A is a finite set, then Q4V, the pro-V semigroup freely generated
by A, is decidable if and only if it is decidable whether a finite A-generated
semigroup belongs to V. Thus, the pseudovariety V has a decidable member-
ship problem if and only if all finitely generated free pro-V semigroups are
decidable.

The following immediate application of Proposition.2 could be stated, and
essentially proved in the same way, for much more general presentations. To
avoid introducing further notation, we stick here to the type of presentations
that we have been considering.

Corollary 6.3. Let ¢ be an endomorphism of the free group FG(A) on a
finite set A and let © be its unique extension to a continuous endomorphism
of Q4G. Then the profinite group presented by G = (A | ¢“(a) = a (a € A))
15 decidable. u

For the profinite non-free Schiitzenberger group of the subshift of Exam-
ple L6l we can prove the stronger property that it is not relatively free,
although in fact we do not know whether the pseudovariety generated by all
its finite continuous homomorphic images is a proper subclass of G.
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Theorem 6.4. Let ¢ be the substitution given by ¢(a) = ab and p(b) = a®b.
Then G(p) is not a relatively free profinite group.

Proof: As has been observed in [2, Example 7.2], the Schiitzenberger group
H = G(y) is the image of the continuous endomorphism ¢* of ﬁ{mb}S. In
particular, H is the closed subsemigroup generated by {¢*“(a),¢*(b)}. The
argument in [2, Example 7.2] shows that H cannot be relatively free with
respect to any pseudovariety containing the two-element group. Hence, it
suffices to show that the pseudovariety generated by the finite continuous
homomorphic images of H contains the two-element group, i.e., that H has a
continuous homomorphic image of finite even order. We claim, more specif-
ically, that the alternating group As; is a continuous homomorphic image
of H.

Let A = {a,b} and let 6 : Q4S — A5 be the unique continuous homo-
morphism such that #(a) = (123) and 6(b) = (345). Note that 6 is onto.
To establish the claim, in view of Proposition it is enough to check that
0o p'? 4 = 04. Although the length of the word ¢"(a) depends exponentially
on n, the verification can be carried out easily by using Lemma since
0o %4 = $2(0]4). The computation of $*2(f|4) can be easily done either
by hand or by using a computer algebra system like GAP [9] and it confirms
that indeed ' fixes 0|4, thereby proving the theorem. |

For a profinite group G and a pseudovariety of groups V, denote by Gy the
largest factor group of G that belongs to V. For a prime p, let Ab, denote
the pseudovariety of all elementary Abelian p-groups. The following result is
well known (cf. [I7, Proposition 3.4.2]).

Lemma 6.5. Let V be a pseudovariety of groups. Suppose that G is a rela-
tively free finitely generated profinite group. Then Gy is a free pro-V group
and the two groups have the same rank.

In [2 Example 7.3] it was proved that the profinite group G(7) is not free
on three generators: although the computation is wrong, as it starts from
an incorrect set of return words, the same argument goes through with the
correct set. We may now show the following improvement. The proof follows
an approach different from that in [2, Example 7.3].

Theorem 6.6. The profinite group G(7) is not relatively free.
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Proof: In view of Lemma [6.8 it suffices to establish that, for the prime p = 2
the factor group H, = G(7)ap, has rank one while G(7) has rank at least
two.

We first note that, since, in G(7), the relations V¥ (z) = z (x € {a,3,7})
hold (which follows from Theorem but is much weaker than it, as it
suffices to apply Remark B1l), H, is a quotient of the finite group K, with
the following presentation:

(o, B,7 | ¥¥(a) = a, ¥¥(B) = B, ¥“(y) =7,
aff = fa, fy =6, ya = ay, of = =4 =1).

In the group K,, we have ¥(3) = ?4* = ¥(y), from which we deduce
that 0 = U¥(5) = U¥(v) = ~. Moreover, identifying each function f from
X = {a, 8,7} to K, with the triple (f(«), f(3), f(7)) and applying itera-
tively the transformation ¥ € 7 (K'), one obtains inductively U (a, 3, 8) =
(@@ =1/3 34" 34") By Lemma B0, it follows that, in K, and for n = m!
sufficiently large, the equalities af?*"~1/% = o and $*" = /8 hold. In par-
ticular, for p = 2, we get § = 1, which shows that K5, whence also Hs, is
indeed cyclic.

For a prime p > 3, the above calculations show that K, has rank two. This
would suffice to complete the proof by invoking Theorem EE3. We prefer to
give an additional argument which is independent of that theorem to prove
that G(7) has rank at least two, which is quite similar to the one given for
the proof of Theorem B4 Let A = {a,b} and consider the transformation
7 € AZ associated with the Prouhet-Thue-Morse substitution according to
Lemma Gl Identifying here f € A# with the pair (f(a), f(b)), we have
T(x,y) = (zy,yz). Again, a straightfoward calculation shows that 7° fixes
the pair of 3-cycles ((123), (345)). Hence, for the continuous homomorphism
n: Q4S — Aj given by n(a) = (123) and n(b) = (345), by Lemma Bl we
obtain the equalities n(7*(a)) = (123) and n(7*(a)) = (345), from which it
follows that n(7%(abba)) = (13254) and n(7¥(ababba)) = (152). Since Aj is
generated by the latter two cycles, while 7%(abba) and 7 (ababba) belong to
G(7), we conclude that the restriction of n to G(7) is onto, thereby showing
that G(7) has rank at least two. |

The proof of Theorem shows that the rank of G(7) is either two or
three. The following result settles the precise value of the rank. It is an
application of the presentation of G(7) given by Theorem B3
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Theorem 6.7. The group G(7) has a group of order 18 of rank three as a
continuous homomorphic image. Hence G(7) has rank three.

Proof: Set X = {«, 3,v}. Let H be the group given by the following presen-
tation
(a,b,c|a® =b>=c* =1, bc = cb, aba = b*, aca = ¢*).

Note that H is the semidirect product of the subgroup (b, c), which is the
direct product of two three-element groups, by the two-element subgroup (a).
Let 0 : QxG — H be the continuous homomorphism that sends a, 3,y
respectively to a, b, c.

We first verify that §(V?(x)) = 6(z) for all z € X. Since the calculations
are quite similar, we treat only the case where x = (3, leaving the other two
cases for the reader to check:

O(U2(3)) = caba *cb - cba 'cab - (cab)™' - caba tcb - cab - cba”'cab
= c-aba - cbebac - aba - cbeabed - aca - b
= ¢ b - chebac - b* - cbeabeb - ¢ -b=b = 0(3).

From Proposition 6.2, it follows that H is a continuous homomorphic image
of G(7). Since it is easily checked that H has rank three, it follows that so
does G(7). |

The following result adds further information about the presentation of
Theorem 3.

Proposition 6.8. For each x € {«, 3,7}, the pseudoidentity V¥ (x) = x

fails in the two-element group Cs. Hence, for each x € {«, 5,7}, the relation
U¥(x) = x, which holds in G(T), is nontrivial.

Proof: Let a be the nonidentity element of Cy and let X = {a, 3,v}. Then,
in the notation of Lemma G, one verifies that the transformation ¥ is
idempotent. Moreover, if we identify each function h € C5* with the triple
(h(a), h(B), h(7)), then W(hy, ho, h3) = (hshihy,1,1). In particular, we ob-
tain U (a,a,1) = U(a,1,a) = (1,1,1) for all n > 1. Hence none of the
pseudoidentities V¥ (z) = x, with x € X is satisfied by Cj. |

Remark 6.9. Note that the proof of Proposition also shows that the
Schiitzenberger group G(7) cannot be free relatively to any pseudovariety
containing some group of even order. Since, among the continuous homo-
morphic images of G(7) is a group of even order by Theorem or by the
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proof of Theorem @, this gives another proof that G(7) is not relatively
free. Actually, every finite cyclic group is a continuous homomorphic image
of G(7). Indeed, if we add the relations § = v = 1 to the presentation of
G(7) given by Theorem 3, the relations ¥*(z) = = (z € {a, 3,7}) become
trivial and so the free procyclic group () is a continuous homomorphic image

of G(7).

We end with a couple of open problems.

Let ¢ be a weakly primitive substitution over a finite alphabet. If Conjec-
ture .11 holds, it follows from Corollary that, in case ¢ is an encoding
of bounded delay with respect to the factors of J(p), then the associated
Schiitzenberger group G(¢p) is decidable. This raises the following questions.

Problem 6.10. (1) Is the Schiitzenberger group G(p) always decidable
for a weakly primitive substitution @ over a finite alphabet?
(2) More generally, for which (minimal) subshifts X, is the associated
Schiitzenberger group G(X) decidable?
(3) In particular, is there any such group which is undecidable?

It is well known that a free profinite group relatively to an extension-
closed pseudovariety is projective as profinite group (cf. [I0)] and [19, Corol-
lary 11.2.3]) and so, in view of the results of [2] or [I5], finitely generated
such groups certainly appear as closed subgroups of free profinite semigroups
on two generators. P. Zalesskii asked in the Fields Workshop on Profinite
Groups and Applications (Carleton University, August 2005) and also in the
Meeting of the ESI Programme on Profinite Groups (Vienna, December 2008)
whether in particular free pro-p groups can appear as Schiitzenberger groups
of free profinite semigroups. In our setting, and in view of the results of this
section, this suggests the following questions.

Problem 6.11. Let ® be a continuous endomorphism of QxG and let G be
the profinite group presented by (X | ®¥(x) =z (x € X)).
(1) Under what assumptions on ® is G a relatively free profinite group?

(2) Is there any such group G that is relatively free and not absolutely
free?
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