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Introduction

Two well-known and, apparently, independent subjects are brought to-
gether in this work: central extensions and factorization of functors. The
aim is to make explicit the unexpected relationship between them in order
to provide the construction of the universal central extension.

The categorical Galois theory developed by G. Janelidze in [17] and [18]
gave a final generalized interpretation of the classical Galois theory, com-
pleting the work of other authors (see references in [17] and [18]). Several
examples were investigated and pointed out, eventually, a strong analogy be-
tween the notion of ”covering” and the notion of ”central” morphism. This
led to the introduction of the definition of a central extension with respect to
a reflection I : D — C associated with the inclusion of a full replete admissi-
ble subcategory of an exact category [1], j : C — D, see [19]. Correlatively, it
emphasized the question on the existence of the universal I-central extension
associated to any extension. A positive answer to this question is given here,
based on a special factorization of functors.

The comprehensive factorization of a functor in the set theoretical context
gives a factorization into a final functor and a discrete fibration [24]. The
generalization of such a factorization into an exact context was first done in
[5]. Such a factorization represented an important tool in the development
of the general non-abelian cohomology theory where internal n-groupoids
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2 DOMINIQUE BOURN AND DIANA RODELO

played the role of chain complexes [4]. It turns out that the factorization
of specific internal functors still holds in the more general context of effi-
ciently reqular categories [6], an intermediate notion between regular [1] and
exact categories. So, the range of examples can be widened to include many
topological situations.

The answer to our initial question (Theorem 2.1) is given for an efficiently
regular category D such that the functor I satisfies suitable left exact con-
ditions: given any extension f : X — Y, the associated universal I-central
extension f is reduced to the comprehensive factorization of the upper inter-
nal functor 1, f : R[f] — IR|[f], of the following diagram where R[f] denotes
the kernel equivalence relation of f, and f the quotient of the domain R of
the discrete fibration involved in this factorization:

RIS g2 RS
|

| ] Jo ]

X—=X—=IX
£ |7 111
Y — YV —= IV

ny

The relatively strong left exact suitable conditions needed in the general
situation become much simpler in the Mal’cev context on which we focus
our attention and which deals with many subtle variations about the left
exactness of the functor I. These conditions hold for any inclusion j : C — D
where D is a Mal’cev variety and C is any Birkhoff subvariety. Given any
finitely cocomplete efficiently regular Mal'cev category DD, they hold also
when C is the subcategory MD of commutative objects of .

The article is organized along the following lines: the first section refreshes
the results of [4] about the comprehensive factorization; Section 2 deals with
the above specified result in the efficiently regular context; Section 3 mod-
ulates the assumptions to the regular Mal’cev context, and finally the last
section is devoted to the related, but more specific question, of the preserva-
tion by I of products.

1. The comprehensive factorization

We shall suppose all our categories E finitely complete. Given the follow-
ing right hand side commutative square, we denote the kernel equivalence
relation of f by R[f] and the induced map between the kernel equivalences
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by R(x):
L
RIf) " x -y
R@)l i l ly
R < X'V

1.1. The shifting functor Dec. An internal groupoid X; in E will be
presented (see [4]) as a reflexive graph (dy, d;) : X3 = X endowed with an
operation ds:

R(dz) da
@‘l d1 %
R[do)* = R[do] _ X1 = X,
do do do

making the previous diagram satisfy all the simplicial identities, including
the degeneracies. In the set theoretical context, this operation ds associates
the composite 1.¢ 1 with any pair (¢, ) of arrows of X; with same domain.
Any equivalence relation R = X on an object X in E provides an internal
groupoid:

p3 D2
//?\L p1 %
— 0
Rlpo)* == R[po)) _R<- X
Po Po Po

which, in some formal circumstances, will be denoted by R;.

Let GrdE denote the category of internal groupoids and internal functors in
E, and ()g : GrdE — E the forgetful functor associating with an internal
groupoid X its "object of objects” Xy. This functor is a left exact fibration.
Any fibre (above an object X) has a terminal object V(X)) which is the
undiscrete equivalence relation on the object X:

Do

_—

Xx X2 x

D1



4 DOMINIQUE BOURN AND DIANA RODELO

and an initial object A;(X) which is the discrete equivalence relation on X:

1x

X<—X
Ix
They produce respectively a right adjoint and a left adjoint of the forgetful
functor ()o. An internal functor f, : X; — Y, is ()o-cartesian if and only
if the following square is a pullback in E, in other words if and only if it is
internally fully faithful:
X, f1 Y,
(do.dy) | | (do.dy)
Ko x o, o7 Yo x ¥o

Accordingly any internal functor f , induces the following decomposition,
where the lower quadrangle is a pullback:

X, h Y,

| o

(do,d1) (do,d1)

X()XXO

Yo x Y,
foxfo 0 0

by a fully faithful functor ¢, and a bijective on objects functor 7,- We shall

need the following pieces of definition:

Definition 1.1. An internal functor f s said to be ()o-faithful when the
previous factorization 1 is a monomorphism. It is said to be ()o-full when
this same map v, is a strong epimorphism. It is said to be a discrete fibration
when the following square is a pullback:

f1

X1 Y

A Al
d1l do dll ~do

oy ¥

X, Y

0 fo 0

The codomain Y'; being an internal groupoid, the square with dj is a pullback

as well. It is easy to check that, when f | is a discrete fibration and its



COMPREHENSIVE FACTORIZATION AND UNIVERSAL I-CENTRAL EXTENSIONS 5

codomain Y, is an equivalence relation, then the same holds for its domain
X,.

Lemma 1.1. Suppose [ is a discrete fibration. Then the object Zy in the
previous decomposition is R[f1] and the map v1 is so : X1 — R|[f1], so that
any discrete fibration is ()o-faithful. A discrete fibration is ()o-cartesian if
and only if it is monomorphic.

Proof: Thanks to the Yoneda Lemma, it is sufficient to prove the first asser-
tion in Set. Then the map f; is a monomorphism if and only if v = s¢ :
Xy — R[f1] is an isomorphism. The internal functor f, being a discrete
fibration, f; is a monomorphism if and only if f, is a monomorphism. [

The class Disf of discrete fibrations contains the isomorphisms, is stable
under composition and such that when g .f, and g, are in Disf, then f is
in Disf. The discrete fibrations are Stable under pullbacks

Given an internal groupoid X, we define DecX; as the following internal
groupoid obtained by shifting the indexation:

P2
RN N p
R[do]® = L Rldo)2 = R[do] 2 x,

Po po Po

It is the kernel equivalence relation of the map dy : X7 — Xy. We denote by
€, X4 DecX; — X, the following internal functor:

Po

Rldy| —— Xi

b1
do l L dq
do

X1 Xo

dq

which is a discrete fibration and a strong epimorphism in GrdE, since it is
levelwise split. It is clear that this shifting construction Dec is functorial and
left exact; and that the internal functors €; determine a natural transforma-
tion Dec = Id (which is actually underlying a comonad, see [4]). Moreover
the following diagram, in the category GrdE, is a kernel equivalence relation
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with its quotient:

elDech
Dec’X, DecX, = X (1)
Dece; X

Notice that an internal functor f, : X; — Y, is now a discrete fibration if
and only if the following diagram is a pullback in GrdE:

DecX, X
Deci1 l lil
DecY Y,

€141

1.2. The regular context. Recall that a category E is regular [1] when
the regular epimorphisms are stable under pullbacks and any effective equiv-
alence relation (i.e. which is the kernel equivalence relation of some map)
admits a quotient. Then the strong epimorphisms coincide with the regular
epimorphisms, and the (regular epimorphism, monomorphism) factorization
system is pullback stable. Let us begin by recalling the well-known:

Theorem 1.1. [Barr-Kock] Let E be a regular category. Given any com-
mutative diagram:
Po
R] f] <X L Y

R[f'] %X’?Y’

—_—

where f is a reqular epimorphism, then the right hand side square is a pullback
if and only if the internal functor R(x) : R[f] — R[f’] is a discrete fibration.

Corollary 1.1. Let E be a regular category. Suppose the following whole
rectangle and the left hand side square are pullbacks:

X'i>XL>U

vl o

Y/?YTV

If y is reqular epimorphism, then the right hand square is a pullback.
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When E is regular, a regular epimorphism in a fibre of the fibration (), :
GrdE — FE is an internal functor:

X, fi Y,
e 0
Xo=————=X)

where f; is a regular epimorphism. Accordingly any of theses fibres is reg-
ular, and any change of base functor is left exact and preserves the regular
epimorphisms. The canonical (regular epimorphism, monomorphism) de-
composition of the terminal map X; — V,; X in the fibre:

Xy = 5 Xy — VX

gives an equivalence relation 2, X, called the support of the internal groupoid.
Clearly the construction of the support extends to a functor X, : GrdE —
ReglE, where ReglE denotes the category of equivalence relations in E; it is
a reflection of the inclusion ReqE — GrdE of the equivalence relations and,
up to equivalence, a fibration, i.e. a fibred reflection in the sense of [4].

Definition 1.2. An internal functor f : X, — Y, will be said to be a X;-
discrete fibration, when it is a discrete fibration such that X, f | is a discrete
fibration.

Immediately we get:

Lemma 1.2. A discrete fibration f = X, — Y, is X;-discrete if and only if
the following square in GrdE is a pullback:

Xl e 21&1

I (RSl
X1 - Elzl

Proof: This is a straightforward consequence of the previous corollary. [

Any discrete fibration between equivalence relations is X;-discrete. The
class X;-dis of X;-discrete fibrations contains the isomorphisms, is stable
under composition and such that when g .f and g, are in X;-dis, then f,
is in X;-dis. The X,-discrete fibrations are stable under pullbacks and 21
preserves these pullbacks. Any monomorphic discrete fibration f : Xy &
Y, being ()o-cartesian, the previous lemma shows that it is a X;-discrete
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fibration. Given an internal groupoid X, the discrete fibration €, X is ;-
discrete if and only if X, is actually an equivalence relation (the map d; :
X1 — X, being split).

Definition 1.3. An internal groupoid X, is said to have an effective support
when the equivalence relation X, X, s effective. We shall denote by GrefE
the full subcategory of GrdlE whose objects are the internal groupoids with
effective support.

The internal groupoids with effective support are stable under products.
When E is exact [1] (i.e. when moreover any equivalence relation is effective),
any internal groupoid has an effective support and we have Gre fE = GrdE.
We denote by 7y : GrefIE — [ the functor which associates with an internal
groupoid X; the quotient of the effective equivalence relation X, X; it is a
left adjoint to the inclusion A, : E — GrefE and consequently is right exact.
When an internal groupoid X, has an effective support, then the image by
7o of the above kernel equivalence relation with quotient (1) in GrdE is the
following coequalizer diagram in E:

QXl

X1 Xo

do

Proposition 1.1. Any discrete fibration f : Xy — Y, in GrefE s X4-
discrete if and only if the following square is a pullback in E:

T 0X1

qX,

Xo ToX 4
o e
Yb QX1 WOXI

The functor my preserves pullbacks, when they exist in GrefIE, of X, -discrete
fibrations along any map.

Proof: It is a straightforward consequence of Corollary 1.1. [

1.3. The efficiently regular context. We recall here from [6] an interme-
diate notion between regular and exact categories which allows us to integrate
many topological situations.

Definition 1.4. A reqular category E is said to be efficiently regular when
any equivalence relation T on an object X which is a subobject j : T — R|[f]
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of an effective equivalence relation R[f] on X by an effective monomorphism
in E (which means that j is the equalizer of some pair of maps in E) is itself
effective.

Any exact category is always efficiently regular. The category GpTop (resp.
AbTop) of topological (resp. abelian) groups is efficiently regular, but not
exact. More generally any category Top® of topological protomodular alge-
bras (where T is a protomodular theory) is efficiently regular: it is a regular
category according to [3], and clearly an equivalence relation 7" on X is ef-
fective if and only if the object T is endowed with the topology induced by
the topological product, which is the case when j : T — R[f] is an effective
monomorphism. When E is efficiently regular, so is any slice category E/Y,
and any fibre of the fibration () : GrdE — E.

An important fact in an efficiently regular category [E is that any discrete
fibration above an effective equivalence relation R[f]:

makes its domain S an effective equivalence relation on U. Accordingly we
can complete the diagram with its quotient () which makes the right hand
side a pullback (by the Barr-Kock theorem). So, when E is efficiently regular,
any X;-discrete fibration f : X, — Y, having its codomain Y; with effec-
tive support has its domam X, with effective support. Consequently, in this
context, the category GrefE admits pullbacks of X;-discrete fibrations along
any map, and the functor my : Gre fE — E preserves them (Proposition 1.1).
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Now suppose we have a discrete fibration f Rlqo] — Y, with ¢o a regular
epimorphism:

R(po)

Then completing the diagram by the vertical kernel equivalence relations
makes the upper left hand side horizontal diagram an effective equivalence
relation, which produces, by its quotient 77, an internal groupoid 7'; and a
discrete fibration ¢, : R[fo] — T';. The following result enlarges a previous
version only asserted in an efficiently regular Mal’cev context [8]:

Theorem 1.2. Let E be an efficiently reqular category. Then for the above
construction:

1) if Y, is an equivalence relation, then T is an equivalence relation; the
converse is true when fy is a reqular epimorphism

2) if Y, has an effective support, then T'; has an effective support; the con-
verse is true when fo is a reqular epimorphism.

Proof: 1) According to Lemma 1.1 in [8], when Y is an equivalence relation,
then we have R|[fy] N R[q] = Ax, and since ¢y is a regular epimorphism,
T, is an equivalence relation. The converse is true when f; is a regular
epimorphism, since, then, the role of Y'; and T'; are totally symmetric.

2) Suppose Y, has an effective support and let gy, be the quotient of the
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effective equivalence relation Y;Y;. Then consider the following diagram:

R(qo0)
Row TN
R[fi] _ R[fo] ;= T1 —— Rld]

L ||l e

Rlqo) — X R To

fl do : q
fO , 0 qy
o1 J //

}
Q
EY1

We are going to show that R(qp) is a regular epimorphism, which will imply
that the factorization 1 is a regular epimorphism and the effective equivalence
relation R[q] is the support of T. This will come from the fact that oy is a
regular epimorphism. For that, first consider the following diagram, where
the right hand side square is a pullback:

Do

01 1
R[q] — P —> X
fli/ ¢1J/ ifo
Vi DY - Y

do

Since f is a discrete fibration, the left hand side square is a pullback, and
the factorlzatlon 01 is a regular epimorphism. Then consider the following
diagram where the right hand side quadrangle is a pullback and the map @
is the factorization induced by the right hand side square:

Po

q0

R[QO]

o1

R(fo)
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The maps gy and d; produce the factorization ¢, : P, — F, which makes
the two quadrangles with dotted parallel edges commute. Then the upward
quadrangle is a pullback and makes d; a regular epimorphism, since so is qp.
It is easy to check that 7.p; = d1.61. This composite is a regular epimorphism
since so are 01 and 1. Accordingly the map 7 is a regular epimorphism, and
also the map R(qy) = R(q).R(7) as a composite of regular epimorphisms:

R(qo0)
Rlfi) — Bion] — Al
T TRt
X — P 7 To
d A
Yo——=Y— =«

the map R(G) because the two right hand side squares are pullbacks, the
map R(7) because it is the product of the regular epimorphism 7 by itself in
the regular category E/Y;. Again the converse is true when fy is a regular
epimorphism, since, then, the role of Y'; and T'; are totally symmetric. = =

1.4. The comprehensive factorization. We shall suppose from now on
that E is an efficiently regular category. Let f X, — Y, be any internal
functor. Then consider the following diagram in GrdE with the right hand
side pullbacks:

Deczi1
v,y e D 602X1

1 b
€ DecX i lDecele l l € DecY J/ lDecelYl

DecX,4 U, p DecY,
aX, - € B €6Y,
X ——X, ——Y,

5

The middle vertical diagram is then a kernel equivalence relation with quo-
tient, since so is the right hand side vertical one. Since the two upper right
hand side vertical arrows are X;-discrete fibrations, so are the two unlabeled
projections V; = U;.



COMPREHENSIVE FACTORIZATION AND UNIVERSAL I-CENTRAL EXTENSIONS 13

Proposition 1.2. Suppose E is efficiently reqular and U, of the previous
construction has an effective support. Then the image by my of the upper part
of the previous diagram:

A f1

X1 T Y,
wlfla dolf|a awll]a
XQ - TO — }/b
fO fO
v 4X1 y 91 =70 (e1)
7r0(X1) - WO(il)

produces the universal decomposition ofi1 = zlfl : Xy — T, — Y, through
the discrete fibration zl. If, moreover, the internal groupoid X, has an ef-

fective support, then we can extend the previous diagram with their (dotted)
coequalizers.

Proof: The upper right hand side pullbacks, in the diagram in GrdE, having
X,-discrete fibrations as vertical edges are preserved by 7y (Proposition 1.1)
and produces the discrete fibration Zr Suppose now that f | = 9,0y with g,
a discrete fibration. Then consider the following diagram in GrdkE:

Dec2i1
Dec®’X | —> Dec*Z, —> Dec?Y

Dec*h, Dec®g,
€ DecX i T l Dece; X4 i T l €, DecY i T l Dece Y,

DecX, —— DecZ; —— DecY,
ech, ecg,
§1X1 \L §1Z1 \L \L€1Y1
h g
X, gy,
5
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The right hand side squares are pullbacks since g, is a discrete fibration.

Whence the following factorizations with ¢, = Decg, .h;:

o)

V) ——= Dec*Z, —> Dec’Y,

hy Dec? 9,
l l l i elDechl iDecelY1

which make the left hand side squares pullbacks. The image by my of the
upper pullbacks:

A
Tl 1 Zl g1 Yi
wllla ofl]a alfa
TO 7o ZO 9o Yb
fo

produces the factorization 7, : T'; — Z; such that Z | = 9,-T1 we were looking

for. It is easy to check that 7;. f = h;. Finally, when X, has an effective
support, we can apply 7y to the - left hand side of our initial diagram: both
vertical coequalizers are preserved and coincide. [

The discrete fibrations are stable under composition and pullbacks. Then
necessarily the factorization f | through the associated universal discrete fi-
bration zl belongs to the class of morphisms which is orthogonal to the class
Disf of discrete fibrations, see Theorem 1.8 in [13], namely the class of those
internal functors ¢, : M; — N, such that any commutative square with £,
a discrete ﬁbratlon produces a unique diagonal factorization:

M, — 4,

o 7 |k

Ml Hﬁl
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So according to the terminology introduced in [24] when E is Set, and ex-
tended to any exact context in [4], we shall call this orthogonal class the class
of final internal functors and the previous decomposition the comprehensive
factorization of the internal functor f . Clearly, when E is exact, any internal
functor f admits a comprehensive factorization. This was first shown in [4].

Proposition 1.3. Suppose E is an efficiently regular category. Let [ :
Rlq] — Y, be an internal functor. Then the comprehensive factorization
of [, does exist. Moreover the groupoid T’ is itself an effective equivalence
relation which has the same quotient as R|q].

Proof: The internal functor e, : U; — R|q| being a discrete fibration and E
efficiently regular, the internal groupoid U, in the previous construction is an
effective equivalence relation. Accordingly the comprehensive factorization
holds. Now the following diagram satisfies the condition of Theorem 1.2:

And the internal groupoid T'; is the effective equivalence relation R[g]. Not
only it has same quotient ) as R|qg|, but according to Proposition 1.2, the
internal functor f, : R[g] — R[q] induces the identity on Q. |

From that we get:

Corollary 1.2. Let E be an efficiently regular category and L VX =Y, an
internal functor. Its comprehensive factorization exists and is of the following
form:

VX -VIT =Y,

Proof: The indiscrete equivalence relation VX is effective and its quotient is
a subobject W of the terminal object 1. According to the previous proposi-
tion, the internal groupoid T is then an effective equivalence relation with
quotient 1/, namely an indiscrete equivalence relation VT [
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In the same way, we get the following proposition which makes the last
assertion of Proposition 1.2 more precise:

Proposition 1.4. Suppose E is an efficiently reqular category, il X, — Y,
an internal functor and the internal groupoid U, of the previous construction
has an effective support. If moreover X, has an effective support, then the
internal groupoid T’ given by the comprehensive factorization has an effective
support, and the same my as X;.

Proof: First consider the diagram:

do
Vi——S\Vi_ _Vo—T)

b el e

U —= XU, Uy—Ty

N
Xp =Xy Xo >«
dy =

We know that the pair V; = U; of projections are ;-discrete fibrations
which means that the central upper squares are pullbacks. Accordingly, on
one hand, the right hand side upper squares are pullbacks by the Barr-Kock
theorem and determine a discrete fibration R[eg] — T';; on the other hand
the equivalence relation »;V; = »,U; is effective. Let us denote by = its
quotient which determines the following diagram and produces an internal
groupoid =;:

do
El‘ﬁd:)voq?;ﬂ
Lvoa ) o) e

“ e
/ 5 do 0 Vq
—_—
I 0 gn Q
2161 ‘ p dl =1
\ _ 0
3
\& .
XXy

§ince Yieq @ X1Up — ¥1X; is a regular epimorphism, so is the factorization
£ : = — ¥1X1. Accordingly the internal groupoids X; and =; have the same
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effective support 2, X;. Now, according to Theorem 1.2, since =; has an
effective support, this is also the case for T';. [

2. Regular reflections

Now let 5 : C — DD be a full replete inclusion.

2.1. The reg-epi reflections. Recall the following:

Definition 2.1. A reflection I : D — C of the inclusion j is said to be a
reg-epi reflection when any projection ny : X — IX is a strong epimorphism.

This last point is equivalent to saying that C is stable under subobjects.
Also, it is straightforward that the strong epimorphism 1 — [I1, having a
retraction, is an isomorphism, and that 1 is in C. In the same way, given
a pair (A, B) of objects in C, the strong epimorphism n4xp : A X B —»
I(A x B) has (Ipo,Ip1) : I(A x B) — A x B as a retraction, and thus is
an isomorphism. Accordingly C is stable under products. Being also stable
under monomorphism, C is stable under finite limits.

Following [19], we shall now be interested in certain classes of maps with
respect to the reflection I:

Definition 2.2. Giwven a reg-epi reflection I, a map f: X — Y in D s said
to be I-trivial when the following square is a pullback:

X =X

L

Y = 1Y

Clearly the isomorphisms are [-trivial, the /-trivial maps are stable under
composition and such that, when ¢.f and ¢ are I-trivial, then f is I-trivial.
Clearly also I-trivial maps are stable under the pullbacks which are preserved
by the reflection I. This last point emphasizes the importance of those
pullbacks in D which are preserved by I. An [-trivial map f is certainly
I-cartesian, namely universal among the maps above I f.

When D is a regular category, a reflection [ is a reg-epi reflection if and
only if any 7y is a regular epimorphism. In this case, a map in C is a regular
epimorphism in C if and only if it is a regular epimorphism in D and C is
also a regular category.
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Example 2.1. Suppose D is a reqular category. The category GrdD is not
necessarily reqular, but the reflection %, : GrdD — ReqD is a reg-epi reflec-
tion. In this context, any ()o-cartesian functor f L8 X, -trivial. According to
Lemma 1.2, a discrete fibration is X, -discrete if and only if it is X -trivial.

Again, following [19], we have the following:

Definition 2.3. Given a reqular category D and a reg-epi reflection I, the re-
flection I s said to be admissible when any pullback of a reqular epimorphism

¢ 1n C of the form:
X =4
f ¢
YWIY

18 I -trivial.

Lemma 2.1. Let D be a reqular category and I a reg-epi reflection. Then I is
admissible if and only if the pullback along any map of a reqular epimorphism
in C s I-trivial. Then I preserves such pullbacks. Accordingly a reg-epi
reflection I is admissible if and only if the I-trivial extensions are stable
under pullbacks.

Proof: The first point is a straightforward consequence of Corollary 1.1. And
the second one a straightforward consequence of the first one. [

In the conditions of the previous lemma, when [ is admissible, the I-
trivial extensions, being also stable under composition, are also stable under
products.

Definition 2.4. Given a reqular category D and a reg-epi reflection I, a map
f X — Y is called I-central when it s I-trivial up to a reqular epimorphism,
namely such that there exists a reqular epimorphism along which this map f
is pulled back onto an I[-trivial map. A map f s called I-normal, when its
projection py : R[f] — X (or p1) is I-trivial.

The class of I-central morphisms contains the /-trivial morphisms and thus
the isomorphisms. It is not stable under composition, nor under pullbacks,
in general; however, according to the previous lemma, when [ is admissible,
the I-central extensions are stable under pullbacks. Any /-normal extension
f is I-central (pullback f along itself). Notice that, although any I-trivial
extension is /-central, it is not necessarily /-normal. However it is clear that
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when [-central extensions and [-normal extensions coincide, any [-trivial
extension is /-normal.

Proposition 2.1. Let D be a reqular category and I a reg-epi reflection.
Suppose the map f : X — Y s I-trivial. Then the two following conditions
are equivalent:

1) f is I-normal

2) IR[f] = R[I]

Suppose now f : X — Y is a regular epimorphism. Consider the following
conditions:

1) f is an I-trivial extension

2) f is an I-normal extension

5) IR[f] = RIIf]

If any two conditions are satisfied, the third one holds. Accordingly any I-
trivial extension is I-normal if and only if the kernel equivalence relations of
I-trivial reqular eptmorphisms are preserved by I.

Proof: It is a straightforward consequence of Corollary 1.1. |

We shall now request a context in which we shall be able to show that I-
trivial extensions are /-normal, and that [-central and I-normal extensions
coincide. Eventually, thanks to the comprehensive factorization, we shall
associate with any regular epimorphism an /-central extension.

Definition 2.5. Given a regular category DD, we call regqular reflection any
reg-epi reflection I which preserves the pullbacks of split epimorphisms along
reqular epimorphisms.

We shall give a large class of examples in the next section. Such reflections
I preserve in particular the kernel equivalence relations of split epimorphisms,
and thus preserve the internal groupoids. This produces a functor still de-
noted by [ : GrdD — GrdC for sake of simplicity.

Lemma 2.2. Let D be a regular category and I a reqular reflection. Any
I-trivial map s I-normal.

Proof: When f : X — Y is [-trivial, the pullback defining it produces the
following whole rectangle of pullbacks of split epimorphisms along the regular
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epimorphism 7y:

R(nx)
R[] 5 LRIf] =~ RIIf]
poi lpl UXIPOJ/ i[m poi lpl
X—=IX—1X

nx
It is preserved by I. This makes the right hand side squares pullbacks, and
the factorization y an isomorphism. Accordingly po : R[f] — X is [-trivial
and f I-normal. n

Proposition 2.2. Given a reqular category D and a reqular reflection I, any
I-central map is I-normal. Accordingly the I-central extensions and I-normal
extensions coincide.

Proof: Suppose f is an I-central map and h : Y’ — Y is the regular epimor-
phism along which f is pulled back onto an I-trivial map f’. Then consider
the following diagram where all the left hand side squares are pullbacks:

RIF) ™2 Rl ™ TR
pol ipl pol J{pl Ipol i[pl
X' —— X ——IX
7| % |11
Y =Y — 1Y

Since the upper ones are pullback of split epimorphisms along regular epi-
morphisms, they are preserved by I. Now the following diagram is globally
the same as the previous one:

RIS R Y R f)

w| Jp i [ m] |

X ——IX' IX
X! Ig

) |1 lff

Y —— IV Iy
Ny Ih

All the left hand squares are pullbacks since f’ is I-trivial, and thus /-normal.
We just noticed that the upper right hand side squares were pullbacks. Ac-
cordingly the upper rectangles are pullbacks. So this is also true for the
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upper rectangles in our first diagram, where moreover the left hand side ones
are pullbacks. Accordingly, the upper right hand side squares are pullbacks
as well, which make the projections p; : R[f] — X [-trivial, and the map f
I-normal. Accordingly any [-central extension is /-normal. [

Corollary 2.1. Given a reqular category D and a regqular reflection I, any
split epimorphism f which is I-central is I-trivial.

Proof: Being split and [-central, f is an [-central extension, and thus an
I-normal extension. On the other hand, being split, its kernel equivalence
relation is preserved by I. According to Proposition 2.1, it is [-trivial. [

2.2. Associated universal [-central extension. We shall suppose now
that DD is an efficiently regular category. In this context we get two important
precisions:

Proposition 2.3. Let D be an efficiently reqular category, and I : D — C
a reqular reflection. Then I is admissible, and the I-central extensions are
stable under pullbacks.

Proof: Consider the following diagram where the regular epimorphism ¢ is
in C and the lower rectangle is a pullback:

R(g)
NR(() IR(g)

RIf] " IR Rlo)
l

D1 g[pol l/]pl pO\L l/pl

Po

X—~IX— =4
I L1t Lo
Y ——IY —— 1Y

So are the corresponding two upper ones. The maps g and R(g) being regular
epimorphisms, these pullbacks are preserved by /. This makes the internal
functor IR(g) : IR[f] — R[¢] a discrete fibration. Since its codomain is an
effective equivalence relation and D is efficiently regular, its domain [ R[f] is
an effective equivalence relation whose quotient is I f. Accordingly we have
IR[f] ~ R[If]. Since If is a regular epimorphism, the pullback properties
of the upper right hand side squares can be shifted to the lower right hand
side square by the Barr-Kock theorem, the lower right hand side square is
a pullback as well, Ig is an isomorphism, and f is [-trivial. Now we can
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apply Lemma 2.1: so [-trivial extensions, and consequently /-normal maps
and extensions, are stable under pullbacks. On the other hand we know that
I-central extensions coincide with /-normal extensions. [

Theorem 2.1. Let D be an efficiently reqular category, and I : D — C
a reqular reflection. Then with any extension f : X — Y is associated a
universal I-central extension f : X — Y. Moreover, we have IX ~ IX,

If ~If and IR[f] ~ IR[f].
Proof: Let f : X — Y be an extension. Consider the following diagram:

TIR[f]

R[f] = IR][f]

pol lm Ipol i[pl
X — > 1IX

Y

YT»IY

This way, we get an internal functor n f : R[f] — IR[f], with codomain
the internal groupoid I R[f]. Take its associated comprehensive factorization
which exists, since R[f] is an effective equivalence relation and gives the
following diagram according to Proposition 1.3:

Accordingly the upper right hand side squares are pullbacks, so that the
projections p; : R[f] — X are I-trivial and the extension f is [-normal.
As pullbacks of split epimorphism along regular epimorphisms, they are pre-
served by I, and consequently the image 7], of the discrete fibration n, is
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still a discrete fibration. This way we get the following diagram in GrdD:

Rf] " IR[f)

/ lIR(ﬁ; 17,
,

RIf| — 1R[]

Y

R(#)

The downward square commutes by naturality. We have ﬁl.R(f}) =1, f by
construction, and I7,.1, f= 7, From the first equality, we get I7,.1R(7) =
17gy)- Thanks to the diagonally property associated with the comprehensive
factorization, we shall get IR(7).7, = Qlf (and thus TR(7).17, = 11p7),
by checking it by composition with the final internal functor R(7}) and the
discrete fibration I, which is straightforward. Accordingly IR(7)) is an
isomorphism of internal groupoids IR[f] ~ IR|[f], which determines the
isomorphism of their quotient maps If ~ I'f.

Now suppose we have a factorization f = f.h: X — X' — Y with [’ an
I-normal extension. We have then the following right hand side commutative
square in GrdD, with the internal functor n, f" a discrete fibration, since f’
is an /-normal extension:

" RI

Rf] n.f n,f'

IR[f] ———~ IR|[']

The internal functor R(f)) being final and the internal functor 5 f’ being
a discrete fibration, we have, thanks to the diagonality property associated
with the comprehensive factorization system, a factorization 7; such that
71-R(7) = R(h) and n f".7; = IR(h).7,. The first equality implies, at the
level of objects, that 75 : X — X’ is such that 79.7 = h. Moreover the image
by 7 of this same equality gives m(7;) = mo(R(h)) = 1y, which implies that
f'.7o = f. If we suppose for sake of simplicity that IR(#) is an identity (and
thus 7, = ﬁlf), we have necessarily I7; = [ R(h). Suppose we have another
factorization 7 : X — X’ such that 7.) = h and f’.7 = f. Then the internal
functor R(7) : R[f] — R|[f’] is such that R(7).R(7) = R(h) = 7,.R(7)) and
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consequently I R(7) = [ R(h) = I7,. Thanks to the unicity of the diagonality
condition, we get R(7) = 7, and 7 = 7. This universal [-normal extension f
is the universal [-central extension, since /-central extensions and /-normal
extensions coincide. [

3. The regular Mal’cev context

Recall that a finitely complete category D is said to be a Mal’cev category
when any reflexive relation is an equivalence relation ([11], [12]). When D is
a Mal’cev category, this is also the case for GrdD. When furthermore D is
regular [1], the regular epimorphisms in GrdD are the internal functors 1
which are levelwise regular epimorphism, and then GrdD is still a regular
Mal’cev category [14]. This context will allow us to give many examples of
regular reflections.

Proposition 3.1. Let D be a regular Mal’cev category. The functor X, :
GrdD — ReqD) preserves pullbacks of split epimorphisms along any map.
Accordingly the functor X, is a regular reflection and the pullback of split
epimorphisms along any map exists in GrefD.

Proof: This a straightforward consequence of Lemma 2.5.7 in [2]. |
Recall Lemma 2.5.6 in [2]:

Lemma 3.1. Let D be a regular Mal’cev category. Given a commutative
diagram of split epimorphisms:

X/i»X

il

Y’?Y

where x (and thus y) is a reqular epimorphism, then the factorization (f', x) :
X' —=Y' xy X is a reqular epimorphism.

From that we get then a very powerful observation:

Proposition 3.2. Let D be a reqular Mal’cev category. Suppose the following
whole rectangle is a pullback and the left hand side square is a commutative
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square of split eptmorphisms:

X/L>X‘U>U

il s

Y’ ? Y o V
If x (and thus y) is a reqular epimorphism, then the two squares are pullbacks.

Proof: By Lemma 3.1, the factorization (f’,z) : X’ - Y’ xy X is a regular
epimorphism. But it is also a monomorphism, since (f’,u - x) is a monomor-
phism, thus it is an isomorphism. This proves that the left hand side square
is a pullback. Since y is a regular epimorphism, then Corollary 1.1 allows us
to conclude that the right hand side square is also a pullback. [

This result was stated in [15] (see Lemma 1.1) in the stricter context of
exact categories. Thanks to this last property, we are going to show that,
in the Mal’cev context, the reg-epi reflections I satisfy some significant left
exact properties which allows us to recover some aspects of regular reflections.
This will eventually lead, by increasing gradually the assumptions, to the
preservation of pullbacks of split epimorphisms along regular epimorphisms,
namely to the property of being a regular reflection. Let us begin by the
following;:

Proposition 3.3. Let D be a reqular Mal’cev category, and I : D — C a
reg-ept reflection. Consider any pullback of split eptmorphisms:

X/ 2o x
rite gl
[,
Y' —~Y
then the factorization v towards the following pullback P is a reqular epimor-
phism:
Iz

X’ 11X
7& -
P If”]s
J/

Iy ——1Y
Y

If

If moreover Ix is a monomorphism, then I preserves this pullback.
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Proof: This is a consequence of the fact that the factorization n : X' — P
between the two pullbacks, induced by the three regular epimorphisms ny,
ny and 7y, is a regular epimorphism in a Mal’cev category by Lemma 2.5.7 in
[2]. When moreover [z is a monomorphism, then 7 is also a monomorphism.
Consequently it is an isomorphism, and I preserves the pullback in question.

|

Then we get to the next important point:

Proposition 3.4. Let D be a reqular Mal’cev category, and I : 1D — C a reg-
epi reflection. The functor I preserves pullbacks of pairs of split epimorphism.
Accordingly it preserves kernel equivalence relations of split epimorphisms,
and the image 1(X;) of any internal groupoid X, is an internal groupoid.

Proof: Using the same notation as that of the last proposition, suppose the
map y is split by &. It suffices to prove that the factorization ~ is a monomor-
phism, which we shall obtain by proving that the two kernel equivalence
relations R[nx:] and R[] are the same. Consider now the following diagram:

—

" Rly) =
//4 (f)

Rlny]

R(f)

R(y)

The lower quadrangle is a pullback of split epimorphisms since it is con-
structed from the pullbacks defining P and X’. The factorization 5 comes
from the factorization ~. It is a monomorphism since it compares the two ker-
nel equivalence relations R[nx:] and R[n]. But also it makes the two squares
of split epimorphism commute, and since D is a Mal’cev category, it is a
regular epimorphism. Accordingly this map v is an isomorphism, and, as
expected, we have R[ny/| ~ R[n]. |

Proposition 3.5. Let D be a reqular Mal’cev category and I : D — C a reg-
epi reflection. If a morphism f is I-trivial, then we have [ R[f] ~ R[If]. In
other words, the functor I preserves the kernel equivalence relation of any I-
trivial morphism. Accordingly, any I-trivial map (and a fortiori any I-trivial
extension) is I-normal.
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Proof: Consider the following diagram with f I-trivial:

Po

Rl RIS 1 2 IRf)
Xi po H ) lX
R[R(nx )] R[f ]%R[ff]
l l pol J{pl - pol im

X —=IX

R(f)i z; lf lff

Rny] 7Y — 1Y

P1

Since the lower right hand side square is a pullback, any square of the two
lower levels are pullbacks. This implies that the map R(nx) is a regular
epimorphism. There is a factorization Y, since R[If] lies in C, which conse-
quently is also a regular epimorphism.

On the other hand, the factorization y, induced by Y, is a monomorphism
since it compares two equivalence relations. It is also a regular epimorphism
in the Mal’cev category DD since it is, inside a square of split epimorphism
(the splittings being given by the maps s), a factorization towards a pullback
(given by the middle left hand square), see Theorem 2.2.9 in [2]. Accordingly
X is an isomorphism, we have R[ng(s] ~ R[R(nx)] and, ng(s being a regular
epimorphism, the factorization x is a monomorphism. Being also a regular
epimorphism, this y is an isomorphism, and we get I R[f] ~ R[I f]. According
to Proposition 2.1, the I-trivial map is /-normal. [

From Propositions 3.4 and 2.1, it is straightforward that, in this context,
any I-normal split epimorphism is I-trivial. In the last step of this section,
we shall extend a bit this kind of observation:

Lemma 3.2. Suppose D is a reqular Mal’cev category and I : D — C a reg-
epi reflection. Given a commutative diagram, where t is a split eptmorphism,
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and ' is I-normal:

R[f]ﬁ /']
T %
o] | ) |
R~ X ——X
f |7
Y —=—VY

then the factorization T is I-trivial.

Proof: The following square is a pullback of split epimorphisms:

@
RIf| s ALY
AR
R[t] ? X'

Since t is a split epimorphism, we have [R[t] = R[[t] and the map [T is
necessarily a monomorphism. According to Proposition 3.3, this pullback is
preserved by I. On the other hand, the map f’ being I-normal, the map
o : R[f'] — X’ and, consequently, the map sy : X' — R[f'] are [-trivial.
Accordingly 7 is I-trivial, being the pullback of an [-trivial map under a
pullback which is preserved by I. [

Proposition 3.6. In the commutative diagram of the previous lemma, when
f and f" are I-normal, then the split epimorphism t is I-trivial.

Proof: When f is [-normal, the map py : R[t] — X is the result of the
composition of two I-trivial maps: R[t] — R[f] £ X. Then it is I-trivial,
and t is I-normal. Being also split, this map ¢ is [-trivial, as mentioned
earlier. -

3.1. The Birkhoff reflections. We shall now request a slightly stronger
assumption for the reg-epi reflection 1.

Definition 3.1. Let j : C »— D be a full replete inclusion and D a reqular
category. We shall say that a reflection I : D — C is a Birkhoff reflection,
when it 1s a reg-epi reflection such that for any reqular epimorphism f : X —



COMPREHENSIVE FACTORIZATION AND UNIVERSAL I-CENTRAL EXTENSIONS 29

Y the factorization R(f) is a reqular epimorphism:

Dbo

Rlnx] - X —>1IX
rop o Tory

Po
R[ny] pT> Y 7]? 1Y
When [ is a Birkhoff reflection, the right hand square above is a pushout.
Accordingly C is stable under regular epimorphism and is certainly a regular
category. Since C is also stable under monomorphism, we conclude that C
is a Birkhoff subcategory of D in the sense of [19]. The reg-epi reflection
2, : GrdE — ReqE is not a Birkhoff reflection, since ReqE is not stable
under regular epimorphism inside GrdE (see the projections ¢; X ).

When D is a Mal’cev category, the previous condition is equivalent to “for
any regqular epimorphism f : X — Y the factorization R(nx) is a regular
epimorphism”. When D is an exact Mal'cev category, we have a converse of
our previous observation: if C is stable under reqular epimorphism, then any
reg-ept reflection is a Birkhoff reflection. So any Birkhoff subcategory C of
an exact Mal’cev category D determines a Birkhoff reflection. When D is an
exact Mal’cev category which is finitely cocomplete, this is precisely the case
of the subcategory MD of commutative objects, as we shall recall below.

Lemma 3.3. Let D be a reqular Mal’cev category and I : D — C a reg-ept
reflection. It 1s a Birkhoff reflection if and only if, given any reqular epi-
morphism f : X — Y, the internal groupoid I R[f] has an effective support.
Accordingly it is a Birkhoff reflection if and only if I preserves the internal
groupoids with effective support.

Proof: Suppose I is a Birkhoff reflection. Consider the following diagram:

DPo f

R[f] X Y

NR[f) & %pl o X i i ny

IR[f) - RIf)_TIX 5~ 1v

D1

The map R(ny) being a regular epimorphism, so is the dotted factorization
which consequently makes R[] f] the effective support of the internal groupoid
IR[f]. As a consequence I preserves any internal groupoid with effective
support.
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Conversely suppose the internal groupoid I R[f] has an effective support R.
Since the map [ f is the coequalizer of I R|[f], it is the effective quotient of R,
and we get R = R[I f]. So R[I f] is the support of the internal groupoid I R[f].
Accordingly the factorization y is a regular epimorphism, which implies that
R(nx) is a regular epimorphism. ]

Corollary 3.1. Let D be a reqular Mal’cev category. Any exact reg-epi re-
flection I : D — C is a Birkhoff reflection (a functor being called exact when
it preserves the kernel equivalence relations of any regular epimorphism).

Proposition 3.7. Let D be a reqular Mal’cev category and I : D — C a
Birkhoff reflection. Then I is admissible. Accordingly the I-trivial exten-
stons, I-normal maps and extensions, [-central extensions are stable under
pullbacks.

Proof: Consider the following diagram with the regular epimorphism ¢ in C
and lower rectangle being a pullback:

R(g)

| " 1R Rig)

P ngOl i]}h Pol ipl
X 11X A

TR
Y — = IV —1Y

R[S
l

Po

So are the corresponding two upper ones. The maps 7x and 7ng(; being
regular epimorphisms, then, since ID is a Mal’cev category, any of the upper
squares are pullbacks by Proposition 3.2. This makes the internal functor
IR(g) : IR[f] — R]|¢| a discrete fibration. Since its codomain is an equiva-
lence relation, its domain I R[f] is an equivalence relation, which is effective
since [ is a Birkhoff reflection. Accordingly we have IR[f] ~ R[If]. The
pullback properties of the upper squares can be shifted to the lower squares
by the Barr-Kock theorem, so [g is an isomorphism and f is /-trivial. The
last point is a consequence of Lemma 2.1. [

This result was stated in [23] (See Theorem 3.5 of ) with slightly different
assumptions. Another important consequence is the following:

Corollary 3.2. In the conditions of the previous proposition, a reqular epi-
morphism f is I-cartesian if and only if it is I-trivial.
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Proof: We already noticed that an [-trivial map is certainly [-cartesian.
Conversely, consider a regular epimorphism f : X — Y. According to the
previous proposition, the pullback f of If along 7y is I-trivial and thus I-
cartesian above I f = I f. If, moreover, f is I-cartesian above I f, then, since
the maps f and f are I-cartesian above the same map I f = I f, they are the
same up to isomorphism and f is /-trivial. [

Eventually, we get a large class of examples of regular reflection:

Proposition 3.8. Let D be a reqular Mal’cev category and I : D — C a
Birkhoff reflection. Then the functor I preserves the pullback of split epimor-
phism along reqular epimorphisms; in other words, I is a reqular reflection.

Proof: We can use the proof of Proposition 3.4, where x and y are now just
regular epimorphisms. Knowing that R(z) and R(y) are regular epimor-
phisms since x and y are such:

R[UX'] R[UX]
" Rl
R(f") MR | | RGs)
//4
R[UY'] R(y) R[UY)

the monomorphic factorization 7 is still a regular epimorphism by Lemma
3.1. |

This result was already noticed [16] in the much more restricted context of
semi-abelian categories, i.e. pointed finitely cocomplete exact protomodular
categories [20].

3.2. Associated universal /-central and /-normal extension. Accord-
ing to Section 2.2, when D is an efficiently regular Mal’cev category and
I : D — C a Birkhoff reflection (and thus a regular reflection), with any ex-
tension we can associate an [-central extension. The Mal’cev context brings
an important precision:

Lemma 3.4. Let D be an efficiently reqular Mal’cev category, I : 1D — C a
Birkhoff reflection and f, + X, — Y, a regular epimorphic internal functor.
Then the comprehensive factorization of f » when it exists, is such that the
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internal functor f | Us a reqular epimorphism.:

f1

X ey

o Yoo ]}t

Xo—=To =Y

fo

Proof: Let us go back to the structural diagram above Proposition 1.2. When
D is a regular Mal’cev category, then the internal functor ¢, : DecX; — U,
is a regular epimorphism, since it is a levelwise regular epimorphism. For
instance, the map vy : X7 — Uy is given by the following factorization

towards the pullback Uy:
fi
X1 =1
}\\ ° 7 14

o Yoo
Juob
Ko,
and it is a regular epimorphism according to Lemma 3.1. The same argument
holds for 1. Accordingly fo = mo(1),) is a regular epimorphism (similarly for

YOZ

fl), thus f s a regular epimorphism in GrdD, i.e. a levelwise epimorphic
internal functor. [

From that, we get immediately:

Corollary 3.3. Let D be an efficiently reqular Mal’cev category and I : 1D —
C a Birkhoff reflection. Then, given any extension f, the projection to the
universal associated I-central extension is a reqular epimorphism:

X —— X
f\ .
Y f

Actually, in the context of efficiently regular categories, when [ is only a
reg-epi reflection, we get the two following relevant pieces of information:
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Proposition 3.9. Let D be an efficiently reqular Mal’cev category and I :
D — C a reg-epti reflection. Then I is admissible.

Proof: We can follow exactly the proof of Proposition 3.7. The only difference
is the reason why the equivalence relation [ R[f] is effective. This time, it
comes from the fact that the discrete fibration I R(g) : IR[f] — R[¢] lies in
an efficiently regular category. ]

Proposition 3.10. Let D be an efficiently reqular Mal’cev category and I :
D — C a reg-epi reflection. Then with any extension f : X — Y is associated
a universal I-normal extension f : X — Y. Moreover, we have IX ~
IX, If ~ If and IR[f] ~ IR[f], and the map 7 : X — X is a reqular
epimorphism.

Proof: In the proof of Theorem 2.1, the assumption "I is a reqular reflection”
was mainly used since it implied the coincidence of I-central and /-normal
extensions, but the construction itself delt with the associated [-normal ex-
tension. We can mimic here, step by step, the proof of this theorem. The
main point was that the regular reflection I preserved the following pullbacks
of split epimorphisms along regular epimorphism:

R[] % IR[{]

| ]

X — X
Mo
But, in the Mal’cev context, thanks to Proposition 3.2, this is true for this
particular pullback even when [ is only a reg-epi reflection. [

4. Preservation of products

Given a full replete inclusion j : C ~— D, we investigated the preservation
by a reflection I : D — C of certain kinds of pullbacks. We shall have a look
now to the preservation of products. Of course when D is pointed (i.e. when
it has a zero object), any terminal map is split and any product is a special
case of a pullback of a split epimorphism along a split epimorphism. So we
shall be interested in the non pointed case. An object X has a global support
when the terminal map X — 1 is a regular epimorphism.

4.1. The reg-epi reflections.
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Proposition 4.1. Suppose D is a regular category and I : D — C an admis-
sible reflection. If the projection px : X X C' — X 1is a reqular epimorphism,
with C € C, it is I-trivial, and we have I(X x C) = IX x C. This is
the case when C has a global support, or when there is a map x : X — C.

In particular, the projection px : X X IX — X s I-trivial, and we have
(X xIX)=ZIX xIX.

Proof: Since the terminal map C' — 1 is in C, the regular epimorphism pyx,
as a pullback of this map, is I-trivial according to Lemma 2.1. So both the
following left hand side square and the following rectangle are pullbacks:

nxxle
Ny Ipx.I
X x 0 1(x x o)y o
px¢ &Ipx ¢p1x
X I X ——=1JX

nx

Accordingly the right hand square is a pullback (by Lemma 3.1). Conse-
quently, I(X x C) = IX x C. |

We shall be now interested in the objects X such that I(X x X) ~ I X xIX.

Proposition 4.2. Let D be an efficiently reqular category and I : 1D — C a
reqular reflection. If X is an object such that I(X x X) ~ IX x IX and if
X and Y have global supports, then the reqular reflection I preserves their
product.

Proof: Consider the following diagram where Y has a global support. Its
left hand part is made of pullbacks of split epimorphism along a regular
epimorphism:

p1x1ly

XXxXXxY_ _XxY—Y
p(XxX)i poxly PX ¢
1

X xX X ——

Do
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Accordingly this left hand part is preserved by I, as pullbacks, and produces
a vertical discrete fibration:

I(p1x1y) »
I(XxXxY) ~I(XxY}"e 1y
Ip(Xwa I(po;;iy) ¢Ipx i

I(XxX) " " IXxX——1
Ipo

Since IVX = VIX is an effective equivalence relation and I efficiently regu-
lar, the upper horizontal internal groupoid is an effective equivalence relation.
If, moreover X has a global support, then py : X XY — Y is a regular epi-
morphism and is the quotient of the upper equivalence relation in our first
diagram. Accordingly Ipy is the quotient of our upper effective equivalence
relation in the second one. Then the Barr-Kock theorem makes the right
hand side square a pullback which shows that I preserves the product in
question. [ |

We are now looking for those objects X such that I(X x X) ~ X x IX.
For that let us call I-normal an object X which has an /-normal terminal
map X — 1.

Lemma 4.1. Suppose D s a reqular category and I : D — C a reg-ept
reflection. An I-normal object X is such that [(X x X) ~ IX x IX if and
only if X is in C.

Proof: 1t is clear that if X is in C we have I(X x X) >~ I X x I X. Conversely
let X be an I-normal object such that I(X x X) ~ IX x IX. Consider the
following diagram:

Nxxx

X x X —=1(XxX)

pol J{m Ipoi J{Im

IX

X
T
[ ]
1

—1
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The support @) of X, as a subobject of 1, is such that ng is an isomorphism.
Moreover IVX ~ VIX is an effective equivalence relation, and the upper
squares are pullbacks since X is I-normal. Accordingly the middle square is
a pullback, nx is an isomorphism, and X is in C. [

Proposition 4.3. Let D be an efficiently reqular Mal’cev category and I :
D — C a reg-epi reflection. Then I(X x X) >~ IX x IX for all objects X if
and only if all I-normal objects are in C.

Proof: Suppose all I-normal objects are in C. Given any object X, take the
comprehensive factorization of the internal functor VX — IV X:

XxX—=XxX—I(XxX)

pol J{pl poi lpl Ipol/ \Llpl

X X 11X
g i J1s
Q——Q .~ 1Q

It is the same construction as the one used for the associated /-normal exten-
sion of Proposition 3.10. Then X is /-normal, and thus in C. We have more-
over [IX ~1X =X, andthus (X x X) ~ (X x X) =X x X =X x IX.
Conversely suppose we have I(X x X) ~ I X x [ X for any X. This holds
for any /-normal object X which must be in C according to the previous
lemma. [

4.2. The reflection to the commutative objects. It appears that the
context of Mal’cev categories D particularly fits with the notion of commu-
tator of equivalence relations [9], see also [22]. It is then possible to define an
object X in D as being commutative when we have [VX, VX] = 0, i.e. when
the commutator [V.X, VX] is trivial, or, equivalently, when the object X is
equipped with a (unique possible) Mal’cev operation p : X x X x X — X.
We shall denote by M D the subcategory of the commutative objects X in D
and by j : MDD ~— D the inclusion functor. The subcategory MDD is stable
under finite limits and under subobjects. It is a naturally Mal’cev category
in the sense of [21]: any object is endowed with a natural Mal’cev operation,
or, equivalently, any reflexive graph is an internal groupoid, or, again equiv-
alently, any pair, R and S, of equivalence relations on the same object X is
such that [R,S] = 0, i.e. admits a centralizing double equivalence relation.
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When moreover D is regular, M D is stable under regular epimorphisms, and
is consequently a Birkhoff subcategory of D. If D is efficiently regular, then so
is MID. When moreover D is finitely cocomplete, the inclusion 5 : MD — D
admits a reg-epi reflection (see [7]), denoted by M : D — MD. The sub-
category MDD being a Birkhoff subcategory, when D is exact this reflection
s a Birkhoff reflection. In this section we shall suppose that D is a finitely
cocomplete efficiently regular Mal’cev category. Let us begin by recalling the
following results of [10].

Lemma 4.2. Let A be an efficiently reqular naturally Mal’cev category, and
f: X — Y amorphism in A. Then there is an object N[f] in A such that
the following right hand side square is a pullback:

It (actually the pair (N[f],v(f))) is called the metakernel of the map f.

Proof: The centralizing double equivalence relation on the left hand side
comes from the fact that in the naturally Mal’cev category A we always have
VX, R[f]] =0. Any commutative square, on this side, is a pullback. So the
maps py produce a discrete fibration between the two horizontal equivalence
relation. Now, the lower one, VX, is effective and, since A is efficiently reg-
ular, it is the same for the upper one which, consequently, admits a quotient
v(f) : R[f] - N[f]. The Barr-Kock theorem implies that the right hand
side square is a pullback. [

The terminology comes from the fact that, when A is pointed and, thus,
additive, this metakernel N[f] coincides with the kernel K|[f] of the map f.
When f is a terminal map X — 1, we call its metakernel the direction of the
object X.
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Proposition 4.4. Let A be an efficiently reqular naturally Mal’cev category,
and X, an internal groupoid in A. Then the following square is a pullback:

X, - 1 o). [do]
%l i
Xo——1

Proof: Consider the following two pullbacks:

X; —% Rldy] =%

o A

Xo X 1

We shall set Ay, = v(dp).s1. |

Proposition 4.5. Let D be a finitely cocomplete efficiently regqular Mal’cev
category. Then the reg-epi reflection M : D — MDD is such that for any
object X we have M(X x X) ~ MX x MX.

Proof: According to Proposition 4.3, we have to show that any M-normal
object is commutative. For that consider the following diagram, with X an
M-normal object:

0 TXx X EM(X x XYMVE N M (po))
: Po : :
Pov vpl ” pol Vpl M(po)i vM(pl) l
XxX T X———MX 1

The middle square is a pullback since X is M-normal, and the right hand side
one too according to the previous proposition. So that the right hand side
rectangle is a pullback. Its completion by the horizontal kernel equivalence
relations produces the centralizing double relation which shows that we have
[VX,VX] =0, and that X is commutative. u

Proposition 4.6. Let D be a finitely cocomplete exact Mal’cev category. Sup-
pose X andY are two objects with global support. Then the Birkhoff reflection
M preserves their product.
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Proof: The category D being an exact Mal’cev category, the reg-epi reflection
M is a Birkhoff reflection, and thus a regular reflection. So we can apply
Proposition 4.2. [

4.3. A remark on central extensions. In the Mal'cev context, a mor-
phism f : X — Y is classically said to be central when we have [R[f], VX] =
0. The following proposition gathers part of Theorem 4.6 of [23] and Theorem
6.1 of [15]:

Proposition 4.7. Let D be a finitely cocomplete efficiently reqular Mal’cev
category. A map f s central if and only if it is M -normal. When D s exact,
f 1s a central extension if and only if f is an M -central extension.

Proof: Suppose f is M-normal. Consider the following rectangle:

R "M (L)) N (M (po)]

Wl p M| M) |
X ——— MX 1

It is a pullback as made of two pullbacks. The completion by the horizontal
kernel equivalences produces the double centralizing relation which gives us
VX, R[f]] = 0. Conversely suppose f central. Then the following left hand
side double centralizing relation

makes a vertical discrete fibration which, via the quotient ¢ of the upper hor-
izontal effective equivalence relation, produces the right hand side pullback.
Let us show that C' in MD: the right hand side square being a pullback,
the image of R[pg] by the regular epimorphism q is ¢(R[py]) = VC; from
VX, R[f]] =0, we get [R[f], R[f]] =0 and then [R[po|, R[po]] = 0. Whence,
according to [9], [q(R[po]),q(R[po])] = 0, and thus: [VC,VC| = 0 which
means C' € M. Finally, since the category D is efficiently regular, and,
thus, the reg-epi reflection M is admissible, the map f is thus M-normal
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(Lemma 2.1). When D is exact, M is a Birkhoff reflection, and the M-

normal and M-central extensions coincide. [
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