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ABSTRACT: In this paper we study sequences of matrix polynomials that satisfy a
non-symmetric recurrence relation. To study this kind of sequences we use a vector
interpretation of the matrix orthogonality. In the context of these sequences of
matrix polynomials we introduce the concept of the generalized matrix Nevai class
and we give the ratio asymptotics between two consecutive polynomials belonging to
this class. We study the generalized matrix Chebyshev polynomials and we deduce
its explicit expression as well as we show some illustrative examples. The concept of
a Dirac delta functional is introduced. We show how the vector model that includes
a Dirac delta functional is a representation of a discrete Sobolev inner product. It
also allows to reinterpret such perturbations in the usual matrix Nevai class. Finally,
the relative asymptotics between a polynomial in the generalized matrix Nevai class
and a polynomial that is orthogonal to a modification of the corresponding matrix
measure by the addition of a Dirac delta functional is deduced.
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1. Introduction

In the last decade the asymptotic behavior of matrix orthonormal polyno-
mials, the distribution of their zeros as well as their connection with matrix
quadrature formulas have paid a increasing attention by many researchers. A
big effort was done in this direction in the framework of the analytic theory
of such polynomials by A. J. Durdan, W. Van Assche and coworkers, among
others (cf. [9, 13, 14, 16, 25]).

In this work we study outer ratio asymptotics for matrix orthogonal poly-
nomials belonging to a new class, the so called generalized matrix Nevai class,
and for these matrix orthogonal polynomials we obtain some new analytic
results.
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Definition 1. Let A, B, and C be matrices, with A and C' non-singular
matrices of dimension N x N. A sequence of matriz polynomials {Vy, }men
defined by

sz(Z) - AmeJrl(Z) + Bme(Z) + Cmvm—l(z)a m > 07 (1)
with A,, a non-singular lower triangular matrix and C),, a non-singular upper-
triangular matrix, belongs to the generalized matrixz Nevai class M (A, B, C) if

lim A,,=A, lim B,,=B, and lim C,, =C.

m—o0 m—o0 m—0o0

We say that a matrix of measures M belongs to the generalized matrix Nevai
class M (A, B, C) if some of the corresponding sequences of matrix orthogonal
polynomials belongs to M (A, B, C).

In order to to study the generalized matrix Nevai class we will recover a vec-
tor interpretation of the matrix orthogonality that was presented for the first
time in [7]. Let (PY)* be the linear space of vector linear functionals defined
on the linear space PV of vector polynomials with complex coefficients. (PV)*

is said to be the dual space. A vector of functionals U = [u'--- u¥]T acting
in PV over Myxn(C) is defined by
<u17p1> T <uN7p1>
W(P) = (WPHT = : : :
<u17pN> <uNapN>

W

where means the symbolic product of the vectors U and P7, where
PT = [p1 --- pn], pi € P, the standard linear space of polynomials with
complex coefficients. The degree of P is given by

deg(P) = [( max {deg p;})/N],

j=1,...,.N

where |.| represents the integer part of a real number.
Given a polynomial A, with degh = N, the set

{1,z,..., 2V h(z), zh(x), ..., 2N h(x), K (z), zh?(x), ...}

is a basis for the linear space of polynomials, P. Furthermore, {P;};cn, with
P; defined by P;(x) = (h(x))?Py(x), where Po(z) = [1x -+ 2V 1T is also a
basis for the linear space of vector polynomials PV .

The vector of linear functionals (z*U) acting in PV over My, n(C) is de-

fined by
(") (P) = ((="W).PT)T = U(2"P).
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So, with this definition and taking into account that {P;},cy is a basis for
the linear space of vector polynomials PV, the j-th moment associated with
the vector of linear functionals z*U is given by (z*U)(P;) = w; :

The Hankel matrices associated with U are the matrices

U -+ U,
D,=1: . |, meN,
U, - Usypy,

where U; is the j-th moment associated with the vector of linear functionals
U. U is said to be quasi-definite if all the leading principal submatrices of
D,,, m € N, are non-singular.

A wector sequence of polynomials { B, } men, with degree of B,, equal to m,
is said to be left-orthogonal with respect to the vector of linear functionals U if

(A" (Bn) = Apbpm, k=10,...,m —1, m €N,

where 0y, is the Kronecker delta and A,, is a non-singular upper triangular
matrix.
Notice that, we can always write B,, in the matrix form

Bun(z) = Vin(h(2))Po(),

where V}, is a m degree N x N matrix polynomial and Po(z) = [1 2 --- 2N 1T,

Similarly, a sequence of matrixz polynomials {G,, }men, with degree of G,,
equal to m, is said to be right-orthogonal with respect to the vector of linear
functionals U if

(GT (h(z)W) (P}) = Objim, 5=0,1,....m—1,meN

where 0,, is a non-singular lower triangular matrix.

In [7] necessary and sufficient conditions for the quasi-definiteness of U, i.e.,
for the existence of a vector (matrix) sequence of polynomials left-orthogonal
(right-orthogonal) with respect to the vector of linear functionals U are ob-
tained.

These sequences of polynomials satisfy non-symmetric three-term recur-
rence relations. So, if {B,,}men 18 a vector sequence of polynomials left-
orthogonal with respect to U and if {G,, },en is a sequence of matrix polyno-
mials, then there exist sequences of numerical matrices { A, }men, {Bm}men,
and {C),}men, with A, a non-singular lower triangular matrix and C,, a
non-singular upper triangular matrix, such that

h(z)B,(x) = ApnBisi(z) + BB (x) + CpBr1(z), m>1, (2)
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with B_y(z) = Op.y and Bo(a) = Po(a), where Po(a) = [La -+~ a7 and
2Gn(2) = Gu1(2)An_1+ Gu(2) By + Gpi1(2)Chyq, n > 1, (3)

with G_1(2) = Onxny and Go(z) = U(Py) L.

Notice that these three-term recurrence relations completely characterize
each type of orthogonality.

Furthermore, right and left vector orthogonality are connected with right
and left matrix orthogonality. Indeed, consider the generalized Markov ma-
trix function F associated with U defined by

<u3107 ﬁ(xﬂ T <u5]cva Z_;ll(x)>
,_ Po(z) _ . . .
?(Z) T um N : T : ,
Z — h(l’) <u1 N1 > o (uN 2N-1 >
) z—h(x) T z—h(x)

.....

Here U, represents the action of U on the variable x and Py(x) the same as
before. In fact, see [7], the matrix sequence {G,, },en and the vector sequence
{B,.} men are bi-orthogonal with respect to U, i.e.,

(Go(h(2))"U) (Bi) = Inxn Opmy m,m €N,

if and only if matrix the sequences {G,, },eny and {V}, binen, where

Bin(2) = Vin(h(2))Po(2), (4)
are bi-orthogonal with respect to J, i.e.,
1
— [ Vu(2)F(2)Gn(2)dz = InxN Onm, n,m €N,
211 C

where C is a closed path in {z € C: |z| > |h(z)],z € L}.

The sequences of matrix polynomials {V;,}en and {G,, }men presented
here are orthogonal with respect to a matrix of measures which is not nec-
essarily positive definite. These sequences satisfy the three-term recurrence
relations (1) and (3), respectively. On the other hand, these recurrence rela-
tions yield a characterization of right and left matrix orthogonality.

The sequences of matrix polynomials {B%)}mEN and {G%’}mGN given by
Vini1(2) = Vinn (h())
BU(2) = U, (2 : P
) = u (Pt g ) )

oie) = [(Cenld=Eaallyy ] ),
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are said to be the sequences of associated polynomials of the first kind for U
and {B,, }men and {G,, }men, respectively.

As a consequence of the definition of associated polynomials of the first
kind for B,, and G,,, we get

Vo ()5(2) — 8 (2) =, (22200, g
FE)Gun(2) — G = (Ghatione) (50 o)

The sequences, {B%)}meN, {G%)}meN, of associated polynomials of the
first kind, satisfy respectively the three-term recurrence relations (1) and (3)

with initial conditions Bgi(z) = Onxn, B(()l)(z) = A, and G(ﬂ(z) = Onxn,
1 _
G\M(z) =cpt.
The sequences of matrix polynomials {V,,}men and {G,,}men satisfy a
Christoffel-Darboux type formula

m

(= 2) Y Gr(2)Vi(z) = Gu(2) An Vi1 (2) = G (2)Conga Vin (), (7)
k=0
with x, z € C and its confluent form

m

Y Gi(@)Vilx) = Gu(@) AV 1 (2) = Gt (2)Cria Vi (), (8)

k=0

with x € C. The Christoffel-Darboux formula characterizes the matrix or-
thogonality (cf. [6]) and allows us to deduce the following result.

Theorem 1 (Liouville-Ostrogradski type formula). Let {V,,}men, {Gm }men
be the sequences of matrix polynomials bi-orthogonal with respect to F with
{Vin}men defined by (4). Let {B%)}meN and {G%)}meN be, respectively, the
sequences of associated matriz polynomials of the first kind for {B,,}men and
{G}men. Then,

Bme - mHGg)—l - A;zl (9)

m

where A,, is the non-singular coefficient that appears in the recurrence rela-
tion (2).
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Proof: The sequences of polynomials {V,, }men, {Gm}men, {Bgll}meN, and

{Ggll}meN satisfy, respectively, the recurrence relations (1) and (3) with
standard initial conditions.

To prove this result we proceed by induction. For m = 0 the result follows
from the initial conditions. We assume the formula

1 1) _ g-1

Bé >Gp o ‘/p-f—le—l - Ap )
is true for p = 1,...,m—1. To prove that this relation is also valid for p = m
we consider the following steps. First, we use the recurrence relation in B%)

and in V.1, i.e.,

BUG,, — Vi G = A (2Iyen — Bo)(BY G — VG )

m m—1

— AC(BY G =V G,

Second, we prove that Bglle — Vmeq = Onyxn-

Multiplying by G, in the right side of (5) and multiplying by V,, in the
left side of (6), changing m by m — 1 in the relations (5) and (6), and then
subtracting these equations, we get

B (2)Ginl(2) = Vi ()G (2).

m—1 m—

Then,

:vm(z)(ag(h(x))u)( El())) U, (%) Gm(2).

Adding and subtracting (GZ (h(z))U,) (Z (( ))> in the last relation and taking

in consideration the left and right orthogonalities, the result follows.
Using the above result we have

BOG,, — VGV = —A-lo, (Bﬁ’ZGm - vm10§1’1> . (10)

m

m—1 —
Agam using the recurrence relations for G,, and G “, in ‘B " oG —
Vm—leq we get
BglgGm - Vm—ngll — (qui),gGm—l - Vm—nglg)(ZINxN - Bm—l)Cn;l
+ (Vm—lGSL)_g - Bg)_QGm—Q)Am—Zanl-
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. 1 1
Since ‘Bfn)ﬂGmfl — melen)ﬂ = Onxn, We get

BY Gy — Vi 1 G = (VG —BY G VA, SO

m—1 m—2

Using this relation in (10) we obtain

B(l)Gm - m+1G£,111 — _A;nblcm(vmfngi)fg - ‘BngGm—Q)AmfZC;Ll-

m

According to the hypothesis of induction the result follows. u

Let U be a quasi-definite vector of linear functionals and let {V},},en and
{G. }men be sequences of bi-orthogonal polynomials. We denote the kernel
polynomaial by
-1
Kin(z,y) = ) Gi(h(y))Vi(h(z)).

0

Notice that, even though we don’t have K,,(x,y) = KI(y,z) like in the
matrix symmetric case, the reproducing property for the kernel holds.

3

il

Theorem 2. Let U be a quasi-definite vector of linear functionals, { B, }men
and {Gu}tmen be, respectively, the left vector and right matriz orthogonal
polynomials with respect to . Given a vector polynomial © € PV of de-
gree m, 1.e.,

m(z) =Y Bi'Bi(x), B € Myxn(C), (11)
then m(x) = (K7, (x, 2)Us) ((2)) Po ().

Proof: From (11), using the bi-orthogonality and taking into account L, =
GIU, we get 3" = Ly(7(2)) = (GT(h(=))U2)(x(2). Then,
m(w) =Y (GF (h(2))W.)(m(=)) B ().

k=0
But,

(Gi (h(2)) W) (7(2)) Bi(x) = (Gi(h(2))Vi(h(2))) " U:)) (7 (2))Po(x).

Hence, the result follows. u
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Let J be the block matrix defined by

By Ay O
Cl Bl Al el
J = 12
0 02 B2 L . ( )

that is known in the literature as N-Jacobt matriz. When the matrix poly-
nomials satisfy a symmetric recurrence relation, it was proved in [15] that
the zeros of the m-th orthogonal polynomial are the eigenvalues of .J,,,. This
result can be generalized for sequences of orthogonal polynomials satisfying
non-symmetric recurrence relations. Thus, for m € N, the zeros of the matrix
polynomials G, and V,,, are the zeros of the polynomial det(¢,,nxmn — Jm),
with the same multiplicity, where I,,n«mn is the identity matrix of dimen-
sion mN x mN and .J,, is the truncated N-block Jacobi matrix of dimension
mN X mN.

Also, for a matrix of measures W and for any polynomial V with degree
less than or equal to 2m — 1 the following quadrature formula holds

/ V(h(x))dW (h(z)) = > V(@) Tk
k=1

where x,, 1, k = 1,...,s, are the zeros of the matrix polynomial V;,, in
general, complex numbers as well as s < mlV, and I';, ;, are the matrices
Ik : _
L = (A} (Vi () @) By Ly (20,

T (det (Vin(2)) ") (1)

for k =1,...,s, where [} is the multiplicity of the zero x,, .
Using the above quadrature formula, in [7] we have obtained the following
asymptotic result:

im V. '(2)BY  (2) = F(2)

m
m—0oQ

locally uniformly in C\ I'; where I' = Ny>oMy, My = U,>ny{zeros of V,,}.

The structure of the manuscript is as follows. In section 2, sequences of ma-
trix orthogonal polynomials belonging to the generalized matrix Nevai class
are studied. Furthermore, the outer ratio asymptotics of two consecutive
polynomials belonging to this class is obtained. We also study the general-
ized matrix Chebyshev polynomials and we present their explicit formulas
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as well as the corresponding generalized Markov function. The example pre-
sented in this section does not belong to the cases studied by A. J. Duran
in [12] and also can’t be converted in these cases by the method presented
by H. Dette and coworkers (see [8]).

In section 3, we introduce a modification of a vector of linear functionals
by adding a Dirac delta. This yields a reinterpretation and an extension of
a perturbation in the usual matrix Nevai class (see [24, 27, 28]). On the
other hand, the meaning of any discrete Sobolev inner product in vector
terms is clarified and this is clearly related with sequences of polynomials
satisfying higher order recurrence relations (cf. [7, 9, 13, 23, 29, 30, 31, 32]).
We also find necessary and sufficient conditions for the quasi-definiteness
of the modified functional. The quasi-definiteness conditions obtained by
the authors in [1, 2, 21] for some special examples coincide with our general
result. To conclude this section, we describe the generalized Markov function
associated to a modification by a Dirac delta functional.

Finally, in section 4 we present the relative asymptotics between a sequence
of matrix polynomials that belongs to the generalized matriz Nevai class
and a sequence of matrix polynomials that is orthogonal with respect to a
modification by a Dirac delta functional of this class. This result generalizes
those obtained by F. Marcellan and coworkers (see [27]).

2. Generalized matrix Nevai class

Let M be a matrix of measures in the generalized matrix Nevai class
M(A, B,C). Notice that M can belong to several Nevai classes because of the
non-uniqueness of the corresponding sequences of orthogonal polynomials.

If A and C are non-singular matrices we can introduce the sequence of
matrix polynomials {UA?C), _y defined by the recurrence formula

m m

UnPC(z) = AU (2) + BURPC(2) + CURA (2), m =1, (13)

with initial conditions Ui (2) = Inxn and UPC(2) = Onwn. According
to an extension of the matrix Favard’s theorem (see [7]) this sequence is
orthogonal with respect to a matrix of measures My g ¢ that is not necessarily
positive definite. This sequence of matrix polynomials is said to be the
sequence of matrix generalized second kind Chebyshev polynomials.

The continued fraction associated with (13) or, equivalently, the generalized

Markov function F4 g ¢ is given by
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1
(ZINXN—B)—A 1 il C

I —B—-A C
ZINxN oy — B — -

Fapco(z) =

where 1/X denotes the inverse of the matrix X.

Matrix continued fractions of different types were studied by many authors
(cf. [3, 18, 26, 33]). In [33] the reader can find a detailed study about matrix
continued fractions and matrix Chebyshev polynomials, where the author
emphasyzes how continued fractions are used to develop the notion of matrix
Chebyshev polynomials in some symmetric cases.

Now, let us consider a sequence of vector polynomials {B,, }men left-ortho-
gonal with respect to the vector of linear functionals U satisfying the recur-
rence relation

h(z)Bn(z) = ABpi1(2) + BBy(2) + CByi(2), m>1,

with initial conditions B_1(2) = Oyx1 and By(z) = Py(z), where A and C
are non-singular matrices. It is straightforward to prove that the sequence
of matrix polynomials {V}, }.en, defined by B,,,(2) = V,,(h(z))Po(z), and the
sequence {‘ng}meN, of associated polynomials of the first kind for U and
{B.n}men, satisfies the same recurrence relation with the following initial
conditions V_1(2) = Onxn, Vo(2) = Inxn, B(_li(z) = Onxn, and ‘Bgl)(z) =
A~! respectively. These conditions are said to be the standard ones.

Rewriting the recurrence equations for {V,,, } ,en and {B%)}meN in a blocks
matrix form, we have

AV ABLY _|#2Inxyn — B —=C Vin 37(71)—1
V., ‘Bg)—l Inxn Onxn Vi1 ‘BSL)—Z

Since the matrix A is non-singular the last equation is equivalent to

Vet BY | [A N elyey —B) —A7C) | V. B,
v, B | Inxn Onxn | |V, B,

Writing the last equation as L,, = T'L,, 1 where

vm—i—l B%)

Ly, = .
v, B

Inun OnxN

—1 -1
and T:[A (ZINXN—B) —A C]
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we have L, =T L, with

A_l(Z]NxN — B) A1

Ly = )
0 InxnN OnxN

For some particular choices of A, B, and C' the matrix T has the spectral
decomposition 7™ = SD™S~! where D is a diagonal.

Using this decomposition we can determine L,, and then, obtain V;, and
37%)—1- By a straightforward calculation we obtain V1 Bg)_l and then taking
the limit m — oo, we get the generalized Markov function 4 g ¢.

As a sake of example, in the case of matrix polynomials of dimension 2 x 2,
if we consider the same problem but with different initial conditions, for

instance, Vp(z) = P, Vi(z) = M + Qz, @gi(z) = Ogx2, and @(()1)(2) = (), with

pP— [pll p12] M = [mll m12] and Q= [(Jn Q12] ’

P21 P22 mao1 M22 21 422

we can relate the generalized Markov function associated with these new
initial conditions, 34 g ¢, with F4 g ¢, in the following way:
— The block matrix L,, is given by

A~

Ly =T"Ly=T"Ly=T"LyLy"'Ly = Ly, L;" L.
Using this relation we get,
Vn(2) = Vin(2)P+BY (2)[AM + BP + (AQ — P)2]
B,Li(2) = BLL(2)AQ

m—

Fapc(z) = P 'Fapc(2)AQ+ M7'Q+ P 'BAQ + (I — P AQ)=.

—_

In the next example, we illustrate how can we determine the generalized
Markov function associated with generalized second kind Chebyshev poly-
nomials for a particular choice of the recurrence coefficients with standard
initial conditions.

Example 1. Let us consider A, B, and C' as

10 -1 0 -1 0
A:[O 1],B:[1 _1], and C:[O 1].
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The matrices T and Ly are

142 0 —-10 142 0 10
1 z+1 0 1 -1 1+2z 01
=11 0o oo L= 1 0o 00
0 1 0 0 0 1 00
Matriz T have the following eigenvalues
1 1
M=5(1+2- Vz+1)2—4), N\ = §(1+z+\/(z+1)2—4),
1 1
Ay = (142 - V(z+1)2+4), A\ = §(1+z+\/(z+1)2+4)
and the corresponding eigenvectors are
_ 21(1+ Vi(z+1)24+4) 1 1-
U1 = | —4,3 Z — z ) ’ 3
1 2 —1—z+/(z+1)2+4
2 L1t 2+ VE TP 1) . 1
Vg = | —4, 3 z z y ) )
R 1+z+/(z+1)2+4
- _
U3 = 075(1+2_ \/(Z+1)2_4)7071 )
- 1
vy = 0,5(1+z+\/(z+1)2—4),0,1 .
Then, the matriz T has the following spectral decompo:%'tion
T =SD"S™
where D = diagonal{ A1, Ao, A3, \s}, for m € N, and S = [v1| va| v3| v4], where
A and v;, fori=1,...,4 are, respectively, the eigenvalues and the eigenvec-
tors of the matriz D. Thus we can determine L, 1 and then, obtain V,, and
‘Bg)_l as follows

Viu(z) = —%Emm(z) [1 3 . 8] + Epy1(2) llj N 8] + Em(2) [(1) 8]

2

+ Fpa(2) [%(222)2 134 — F(2) [1—(1)—2 (1)] :

B 1(2) = Enaa(2) [_O% 8] + Enia(2) [(1) 8} + Fnsa(2) [%(112) ﬂ ,
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where
Atz /(12 +4)m (1+z—\/(z+1)2+4)m
E,(z) =2 ’
. KRS
- Stz /(z+1)2 =4 —(1+2—/(z+1)2—4)™
Fnlz) =27 \/(1—|—z)2 4 '
)

By a straightforward calculation we obtain V, 1 ‘Bﬂi_l. Taking the limit m —

00, we get

2 0
I+z++/(142)2+4

Fapc(z) = At (12— /(224 4) (12— /(11 2)2—4— /(112)2+4) 5

(1+244/(1+2)2=4) (1+2+4/(1+2)2+4) I+2+4/(142)2—4

This example inspired us to prove the ratio asymptotics between two con-
secutive polynomials in the generalized matrix Nevai class. Indeed, without
loss of generality, we consider a sequence of matrix polynomials {V}, }nen
defined by (1) such that Vj(z) = Iyxn. But first, we need to introduce the
following result.

Lemma 1. Let {V,,,}men be a sequence of matrixz orthogonal polynomials in
the generalized matriz Nevai class M (A, B,C). Then, there exists a positive
constant M, which does not depend on m, such that their zeros x,,; are
contained in a disk D = {z € C: |z| < M}.

Proof: Let us consider the N-block Jacobi matrix, J (see (12)), associated
with the recurrence relation (1). Remember also, that the zeros of V,, are
the eigenvalues of .J,, where J,, is the truncated matrix of J, with dimension
mN x mN.

Taking into account that the sequences { A, }men, {Bm }men, and {Cy, }men
converge, and using the Gershgorin disk theorem for the location of eigen-

values, it follows that there exists M > 0 such that if x,,; is a zero of V,
then z,,, € D where D ={z € C: |z| < M}. So, I" defined by

I'=NnsoMy, My = U,>y{zeros of V,,},
is contained in D and supp(W) Cc T" C D. u

Theorem 3. Let {V,,}men be a sequence of matriz polynomials left-ortho-
gonal with respect to the matrix of measures M and satisfying the three-term
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recurrence relation (1). Assume that, lim, .. A, = A, lim,, .o B, = B,
and lim,, o, C,, = C with A and C non-singular matrices. Then,
lim Vi, 1(2)V, Y(2)A = Fapc(z), z€C\T, (14)

m

where F 4 pc is the Markov transform of the matriz of measures for the gen-
eralized second kind Chebyshev polynomials. Moreover, the convergence is
locally uniformly for compact subsets of C\ I', where I' = Nx>oMy, My =
Um>NZm, and Z,, 1s the set of the zeros of V.

Proof: First, we consider the sequence of discrete matrix measures { i, }men
defined by

pm = > Vit (W) ) ok Gt (W (Ymi)) 6,0 >0,
k=1

where v,,, , are complex numbers such that h(ym i) = Tmp, With x5, k& =
1,...,s, the zeros of the polynomial V,,, and the matrix I';,, ; is given by

b A V(@) D ) By ()
" (det (Vin(2))) ) (2n,1)
l; being the multiplicity of the zero .k, I < N, and {Bg)_l}meN the se-

quence of associated polynomials of the first kind for {B,, },neny and U. Notice
that I',, ; is the weight in the quadrature formula. Hence, it follows that

Jk=1,...,s,

/d,um(h(x)) = Inxn, for m >0.

The decomposition, (cf. [19]),

with
Cone = UVin—1 (@ 1) (Ad] (Vi (£)) D (1) / (et (Vi (8))) ™ (2.0,

is always possible even though the zeros of V,, are complex or have multi-
plicity greater than one (see [5, 7, 11]). Then, we have

V(@) (A (Vi () 5D () A
Coneln-1 = (et (Vi ()™ () '
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Applying the generalized Liouville-Ostrogradski formula (9) and taking into

account that for every b, a zero of a matrix polynomial V,,, (see [10])
Via(b) (Adj (Va (1) (b) = (Adj (Via(£)) "™ (b) Viu(b) = O

we obtain

Conk AL = Vo 1 (Yt ) Tk G 1 (R (Yimik)) -
From the definition of the matrix of measures u,, we get

Vin1(2)V ()AL = /dgﬂi(—zgg), zeC\T.

Let us consider the generalized Chebyshev matrix polynomials of second
kind {UABC}, _y defined by (13). We can prove by induction that

. Inyn, forl =0,
lim [ UPP(h(1))dpin (h(2)) = { O, for [ £0 (15)

m—0o0

To do it, we just use the same technicalities as in [12].
We are now ready to prove

. dpim (h())
hm/ - — h(a)

If not, we can find a complex number z € C \ I, an increasing sequence of
nonnegative integers {n; };cn, and a positive constant C' such that

= C‘FA,B,C(Z), zeC \ I'.

m—o0

dpin, (h(x))
—= -7 >C>0,1>0 16
/ » — h(x) A,B,C(Z) ) — Y — 9 ( )
where || .||2 denotes the spectral norm of a matriz, i.e.,

|A]l; = max{V/\ : \is a eigenvalue of A*A}.

Since {4 bmen 18 a sequence of matrices of measures with support contained
in a disk D (see lemma 1) and taking into account that [ du, = Inxn, by
using the Banach-Alaoglu theorem, we can obtain a subsequence {r;};cy from
{ni}ien, defined on a curve vy, contained in the disk D, with the same k-th
moments of the vector of linear functionals U, for k < 2r; — 1, such that

tim [ £(())dpn (b)) = —— <mmm(£@%)w

i—00 YMm 211 YMm

for any continuous matrix function f defined in D.



16 BRANQUINHO, MARCELLAN AND MENDES

Hence, taking f(h(z)) = UAPC(h(x)), we have

lim [ UM (h(z))dp, (h(z)) = — / UMPC (h(2) Uy <7

[—00 Y

From (15) we have

1 AB.C Po(x) Inyn, forl =0
— Y (h U, | ——— | = ’ '
2 UZ ( (Z>) (z — h(x) ONpr for [ 7é 0.

YM

But, the sequence of matrix polynomials {UA?C}, _y is orthogonal with
respect to J4 pc. Since {Un“}b’B’C}meN is a basis of the linear space of ma-
trix polynomials we get that (16) is not possible. Each entry of the matrix

1l %h(g)) is uniformly bounded on compact sets of C \ I'. Then, according
to the Stieltjes-Vitali theorem, we get the uniform convergence. u

Notice that we have analogous results of Lemma 1 and Theorem 3 for the
sequence of matrix polynomials {G,, }men-

Corollary 1. Under the hypothesis of Theorem 3 we have that

lim (Vuer(2)V,, ()W ALL = T4 0(2) (17)

m—0o0

on compact subsets of C\I', for k =1,2,....

The locally uniformly convergence in (17) means that every entry of the
left hand-side of (17) is locally uniformly convergent to its corresponding
entry in the right hand-side of (17).

3. Delta functionals

In this section we deal with a vector of linear functionals that results of
a modification by a Dirac delta functional and we will illustrate it with a
nice application related to Sobolev inner products. Thus, we can reinterpret
these inner products in a vectorial form and it is a motivation for the study
of these modifications.

In a generic way, we can say that a Dirac delta functional is a vector of
linear functionals where the functional components are linear combinations
of Dirac deltas and their derivatives in a finite set of points in the real line.
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If the polynomial h of fixed degree N consider in the previous sections is
such that
M
hz) = [ [(@ = )™, (18)

J=1

where M; + 1 is the multiplicity of each ¢; € N as a zero of i, then we can
define a new vector of linear functionals as the result of a modification by
the addition of a Dirac delta functional with respect to A as follows.

Definition 2. The vector of linear functionals U defined by
U=U+AS, (19)
with A a numerical matrix of dimension N x N where

6= [0, 0 ...5%1)5 o oM Lo g gT

C1 Yy C2 Yo Co CM Yepn CM

where N = M + Zj\il M;, is called vector of linear functionals modified by a
Dirac delta functional associated with h.

First, as a motivation for the study of these modifications, we will consider
the following example. It gives a vectorial reinterpretation of a Sobolev inner
product. It is important to refer that with the same technics presented in
this example, a vector reinterpretation for any general discrete Sobolev inner
product holds.

Example 2 (see [21]). Let us consider the discrete Sobolev inner product

(f,9)s ::/Ifgdu—l—)\f'(O)g'(O), where X € RT. (20)

To establish the parallelism between vector orthogonality and Sobolev inner
products, let {p,}nen be a sequence of scalar polynomials orthonormal with
respect to the inner product (20), i.e.

(P2 = 0,k=0,...,n—1, (21)
<ﬁnaxn>5 7é 0,neN.

Notice that the multiplication by the polynomial h(z) = 2? yields a sym-
metric operator with respect to the above Sobolev inner product, i.e.,

(2*f,q)s = (f,2%g)s, Vf, g € P,
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and, as a consequence, the corresponding sequence of orthonormal polyno-
mials {p, }nen satisfies, for n > 0, a five-term recurrence relation

2N ~ ~ ~ ~ ~
T°Pnt1 = Cn432Pn+3 + Cng2,10n+2 + Cnt1,0Dn+1 + Cnt1,10n + Cn1,2Pn—1- (22)

On the other hand, taking into account the vectorial approach given in [7],
the recurrence relation (22) yields the following vector expression

$2%m($) = Km+1%m+1(x) + EmBm(x) + gﬁBm_l(z), m >0,
where By () = [Pan (@) Pom1 (7))
i = [CQm,Q 0 ] Cand B, — [ C2m.0 02m+1,1] .

Com,1 Com+12 Com+1,1 C2m+1,0

Notice that E = ET as well as we are dealing with a symmetric case. Then,
by Favard’s type theorem (see [7]), there exists a vector of linear functionals

U = [a@' @27 such that the sequence of vector polynomials {B, e is left-
orthogonal with respect to U and

(22*) (%) — Ogg, k=0,1,....m—1, (23)

~

($2mﬁ) (%m> = A, meN,

where &m is a non-singular upper triangular matrix.
From the definition of a vector of linear functionals, the previous orthogo-
nality conditions are given explicitly, for all K =0,...,m —1 and m € N by

iy (5 ) — | (@2 Pam) (@22 Pam) | _ 00
(IC u) (Bm) N [<u1 372 p2m+1> <a27$2kﬁ2m+1> ~ [0 0]”

(@) (B) = [ <i?1 T Do) (T Do) ] - [‘ ‘] |

U, " Dopnr) <U2;9€2m}?2m+1> 0 e
The vector of linear functionals U represents a Sobolev inner product
like (20) only if it is a modification by a Dirac delta functional, as we will

describe in the sequel. In fact, the vector of linear functionals U has the
representation

U=U+AS (24)
where

U = [u zu]”, Azlg _OA] 5 =[5 oy
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and where u is a linear functional on the linear space of scalar polynomials PP
such that u(p =/ o ). Here p is the weight function that appears
in the Sobolev dlscrete inner product (20).

To illustrate that the orthogonality conditions (21) and (23) are equivalent,
first, take kK = 0 in (23),

(B,) = [ (s s | 0]

Furthermore, for all k =1,...,m, m € N

, D2m+1) <$2k+7p2m+1>5 0 #0

Thus, these relations show us that the orthogonality conditions (21), (23),
are equivalent and it means that the discrete Sobolev inner product (20) can
be represented in the vectorial form by (24).

Motivated by this example the first question naturally imposed consists

to know when U defined by (19) is quasi-definite, i.e., when there exists a
sequence of vector polynomials {%m}meN left-orthogonal with respect to .
Then, the next step is to obtain necessary and sufficient conditions for the
quasi-definiteness of u.

In the sequel, we denote by {B,,}nen the vector sequence of polynomials

left-orthogonal with respect to U and {B,, } nen the sequence of polynomials
associated with U defined by (19), i.e., the sequence of polynomials satisfying

u (%m> =0yxn, m>1, and u (%0) is a non-singular matrix. (25)

As above, we will denote by {‘N/m}meN the sequence of matrix polynomials
defined by

~ ~

Bra(x) = Vin(h(2))Po(x),
with Py(z) = [12 -+ 2N )T, B
Before the statement of conditions that give us quasi-definiteness for U, we
need the following auxiliary result.

Lemma 2. Let {B,, }men be a vector sequence of polynomials left-orthogonal
with respect to the vector of linear functionals W and {B,,}men be a vector
sequence of polynomials associated with U defined by (19) and verifying (25).
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Then, the following statements hold
(KW (B) = (KU (B) = Onsn, k> 1,
(WU (B) = (WU)(By), k>1, meN,

Proof: The proof of this result is straightforward taking into account that
for any vector polynomial P € PV, we have

(hké)(ﬂ)) = ONXN7 for k > 1,

with
6 =100 - 5(941) 0oy OF <+ 5(@5\42) e Gy Ol 5(EJA\J4M)]T’
and the result follows. ]

In the literature about discrete Sobolev orthogonal polynomials (see for
example [1, 2, 4, 17, 20, 21, 22]) the reader could find the same conditions
that we will achieve in the next result. Another interesting work related with
this topic is [27]. There, the authors studied the outer relative asymptotics
between a matrix polynomial belonging to a matrix Nevai class and a matrix
polynomial that is orthogonal to a perturbation of such a matrix of measures
in the matrix Nevai class. There the existence of matrix orthogonal poly-
nomials with respect to perturbations in the matrix Nevai class is assumed.
The next theorem gives necessary and sufficient conditions for the existence
of such matrix polynomials in a more general case.

Theorem 4. Let U be a quasi-definite vector of linear functionals, { B, }men
be the vector sequence of polynomials left-orthogonal with respect to U and
{%m}meN be the associated vector sequence of polynomials, verifying (25), to
the vector linear functional u defined by (19). The vector of linear functionals
U s quasi-definite if and only if

Inwn +6.(Po(2)) A Koia(cry ), m > 0,
is a non-singular matrixz for all ¢; zero of h defined by (18).

Proof: For the vector sequences {B,, }men and {@m}meN, we can consider the
sequences of matrix polynomials {V},, }men and {V}, }inen such that

Bn(2) = Vin(h(2))Po(2) and %m(z) = Vm(h(z))‘PO(z),
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with Po(z) = [1z -+ 2N Y. Using the reproducing property for the kernel
we get

Vin(h()) = (K1 (2, 2)Us) (B (2))-

Similarly, we can write

Vin(h()) = (K (2, 2) W) (Bn(2)) = D (G (A(2)) A 8.)(Bu(2))V; (h(w)),

=0
where 4, is the Dirac delta functional acting on z. Notice that in the right
hand side of the above identity

(GT (A(2))A8.) (Vi (h(2)Po(2)) = (G (h())A8.) (Vin(h(2)) Po(2)),
holds for any zero ¢; of the polynomial h, independently of its multiplicity.

From now on, we write h(c¢;) = 0.
Again, since

then

m

> (GT(R(2))A8.) (Bn(2)V;(h(x

j=0

| |
Q')
3
O
>
S
)
<
=

Now, to analyze (K (z, )Uz)(%m(z)) we use the definition of the kernel
Kz, 2) = Z;ﬂ_ol G(h(2))V;(h(x)) and consider the following representation
for Gy, G (R(x)) = >0 B (h(x))k, B € Myxn(C). Then, we have

(Kb (@, W) (Bi(2) = > | §: B, (2))B]V;(h(z)).
7=0 =0
Hence,

(K (2, 2)U) (Bra(2) = B Vin ()

if and only if {‘Bm}mgN is left-orthogonal with respect to ﬁz, satisfying the
orthogonality conditions

(hkﬁ) (@m> = zmék,mg kE=0,1,....m, meN,

where A,, is a non-singular matrix. Thus,

Vin(h(x)) = DV (h()) = Vin(0)8-(Po(2)) AT Ky (, ) (26)
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where D,, = ﬁmﬁjg is a non-singular matrix. Taking x = ¢; we get
Vi (0) (s +8.(Po(2)) AT Kysi (e, 1)) = Dy Vi (0).
{‘N/m}meN, is completely determined by the data if and only if
Inun +0.(Po(2))AT Kpyi(er, ¢), m >0,

is a non-singular matrix for any zero ¢; of the polynomial h, independently
of its multiplicity. u

If we apply this result to the previous example, then it is straightforward
to deduce that these conditions are the same as those obtained in [21] for
the existence of a sequence of orthogonal polynomials with respect to the
Sobolev inner product (20).

In the sequel h is a polynomial of fixed degree N defined by (18) and se-
quences of matrix polynomials {V,, },,en and {G,, }men are given by V,,(2) =
doigafz and Gp(z) = Y7 872/, These sequences are bi-orthogonal
with respect to the generalized Markov function F and satisfy the recurrence
relations (1) and (3), respectively.

Theorem 5. Let U be a quasi-definite vector functional, W quasi-definite
vector functional defined by (19), and h be a polynomial of fized degree N.
Let F and F be the generalized Markov functions associated with U and U,
respectively. Then,

2F(2) = 25(2) + 6.(Po(x))AT, (27)
with To(l') [ e N—l]T nd
6 =0 521 S (R | R MO APRERN cetd]

Proof: From the definition of F we have

2F(z) = Zzux(h(x)) Po(z)

Skt

Skt

ki ((h(2)) Po() + (A6,) ((h(x))*Po(x)
SC

) + (Ad2) (Po(2))

as we wanted to show. ]
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On the other hand, we can also consider the sequences {Vm}meN and

{GYmen where Vi, (2) = S @72 and G (2 ) =2 i ﬁmzj are bi-ortho-

J=0"7
gonal sequences with respect to the functional F defined by (27).

The next result states the relation between {V,, }en and {V;, }nen.

Theorem 6. Let {V,,}men be a sequence of matriz polynomials left-ortho-
gonal with respect to the generalized Markov function F and satisfying the
three-term recurrence relation

W) Vin(2) = AnVinga(2) + BuVin(2) + CoVina(2), m = 1.

Let {Vm}meN be the sequence of matriz polynomaials left-orthogonal with re-

spect to F defined by (27). Then, the sequence of matriz polynomials {Vy, Ymen
15 defined by

Wx)WVn(2) = al o Vi1 (2) + a2 Vin(2) + 0, Vi1 (2). (28)

2

2 and o2, | such that

71n+1 = DpAy — mﬁ(T)nA

with o, 4,

a2 = DBy + L3 Cia
Oé?n 1 — DmCm,
where Ly, = Dp Vi (0)Inxy + 0.(Po(2)AT K, 1(c,¢)] 710 (Po(2) AT and

= ()" -
Proof: From the proof of Theorem 4 we have
Vin(h(2)) = D Viu(h(x))
= DV (0) I + 82(Po(2)) A Ko (a1, €0)]702(Po(2)) AT Ko (, ).
For the sake of simplicity, we denote by L,, the matrix
L = Dy Vi (O [ Inun + 6.(Po(2))AT K1 (cr, )] 16 (Po(2)) AT

Then B
Vin(h(x)) = Dy Vi (h(x)) — Ly Kpa (2, ¢1).

Using the definition of the kernel as well as the three-term recurrence relation
that {V},}men satisfies, then

2V (2) = [Dyn A — LG (0) Ap] Vit (2)
+ [DmBm + Lme+1(0)Cm+1]Vm(z) + DmCme_1(Z).
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Then the Comparison of the coefficients in (28) leads to the representation of

LAl
oy g, a2, and o, . ]

Example 3. In the last theorem if we consider the generalized second kind
Chebyshev polynomials, {UAPC}, oy, left-orthogonal with respect to the gen-
eralized Markov function 4 pc and satisfying the three-term recurrence re-
lation

U (z) = AUZEC (2) + BUAPC(2) + CURE (), m =1,

and consider the matriz polynomials {ﬁn‘é’B’C}meN left-orthogonal with respect
to Fapc given by

ZgrA,B,C(Z) = Z,FTFA7B70(Z) + 5m(T0($))AT
with Po(z) = [1z -+ 2V )T and

6 = [0, 0, - 5M1 Jey O, -+ 522 e Oy O 5£%M)]T’
we get that
UABC(2) = ab \UAEC(2) + R UAPC(2) 4 o, UABC(2),

2

ap 1
with o .1, o2, and o3,_; given by

ol = (BI)UEIA - LagpA
Oé2 _ (ﬁm) 1BmB+L +10
ad o= (Bmene,
and

= (BT BIUAEC(0) Inen + 8- (Po(2))AT K i (1, )] 18, (Po(2)) AT

4. Relative Asymptotics

The works about perturbations in the matrix Nevai class (see [27, 28]) moti-
vated us to study the outer relative asymptotics in the case of the generalized
matrix Nevai class.

First, we present how can we reinterpret the model studied by the authors
from a vectorial point of view. Second, the outer relative asymptotics is
deduced. B B

Let {Gp}nen and {B,, }nen be bi-orthogonal with respect to U, i.e.,

ég(h(fv))ﬂ(@m) = [NXN(Sn,ma (29)
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where U = U 4+ A8 with A a numerical matrix of dimension N x N :

§= 1[0, - 6M) 5 5 e 5 g, g g M)

C1 Yy C2 Yo Co CM Yep CM

and h is defined by (18).
By a straightforward calculation in (29) we have

(G (h(@)(U+ A8,))(Brn) = (G (R(@)U)(Byn) + ((Cr(B(c))) A E)(By),

where ¢; is any zero of the polynomial h.
Since h(¢;) = 0 and

((Gn(0)"A8,)(Br) = Vin(0)8,(Po) AT G 0).

)

Thus
(GL(h(2)) (U + A8,))(Br) = (GF(A(a))U)(Byn) + Vin(0)82(Po) AT G (0).

By the bi-orthogonality, we have the following matrix interpretation

QLM 7f/m(,z)é’f(z)ém(,z)dz
% Vin(2)F(2) G (2)dz + V, (0)8.(Po(2)) AT G (0)

where we get the same model studied by F. Marcellan, M. Pinar, and H.
O. Yakhlef when we choose all zeros of the polynomial h equal to ¢, i.e.,
h(z) = (z — c)V.

Next, we will deduce the outer relative asymptotics of {Vi, (Vi)™ }imen
when {V,, }men belongs to the generalized matrix Nevai class. To prove it,
the following lemma is needed as an auxiliary result.

Lemma 3. Let U and U= U+ A& be quasi-definite vector linear functionals
and let F and F be the generalized Markov functions associated to U and ?Nl
respectively. The sequences of matriz polynomials bi-orthogonal to F and F
are denoted by { Vi, }men, {Gm}meN, {Vm}meN and {Gm}meN, respectwely
Let also, o, o and (3", ﬁm be the leading coefficients of h of Vi, V and
G, ém, respectz'vely. Then,

(B~ 1By @m(aim)™) = I
— Vi (0) Iy + 8.(Po(2)) AT K1 (1, 1)) 710 (Po(2)) AT G (0). (30)
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Proof: Taking into account (26), we have

Viu(h(x)) = D Vin(h(x)) = Viu(0)8-(Po(2)) AT Ko (7, 1),
where D,, = (6™)718™ (sce theorem 8 of [7]), and thus

(o) = o [ Valh(e)F () Col(x)d(h()
= o [ (D (Vi) = Vil0) (v +8-(Po(2)AT Ko (et 1))

% 8. (Po(2))AT Ko, )T (h () G () d ()

This means that

D, d (o)™

= Inun — Vin(0) (Inxn + 8.(Po(2)) AT Ko (i, Cz))_l 8.(Po(2)) A" Gr(0)
and the statement follows. ]

Theorem 7. Let U and U = U+A S be quasi-definite vector linear functionals
and let F and F be the generalized Markov functions associated with W and
U, respectively. The sequences of matriz polynomials bi-orthogonal to F and
F are denoted by {V;, }men, {Gm tmen, {‘N/m}meN, and {ém}meN, respectively.
Let also o], o™ and 3], Bg; be the leading coefficients of V,,, ‘N/m and Gy,
ém, respectively.

Assume that, lim,,_.. A, = A, lim,,_.o B,, = B, and lim,,_. C,, = C,
where {Am}men, {Bm}tmen, and {Cp}men are the sequences of numerical
matrices involved in the recurrence relation (1). Then,

Tim (82 B (@)™ = L + Famc(0)(Fyp.o(0) " Famc(0),
To prove this theorem we need the following lemma.

Lemma 4. Let {V,, }nen and {G, bmen be a sequences of matrixz bi-orthogonal
polynomaials with respect to the generalized Markov function F. Let A,,, B,
and C,, be the matrixz coefficients that appear in the recurrence relation (1)
such that lim,,_ A, = A, lim,,_.o B,, = B, and lim,,_.. C,, = C, where
A and C' are non-singular matrices, then

nll_r)réo G;ll(z) =0yxny and lim Vﬂjl(z) = Onxn

m—0o0
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locally uniformly in compact subsets of C\ I', where I' = Ny>oMn, My =
Um>NZm, and Z,, is the set of the zeros of V,,.

Proof: From Liouville-Ostrogradski type formula we have that

m m—1

VAL G = vy (93“’ Gt = VGl ) Gl
= V!B~ GG
From the generalized Markov theorem for V,, and its analogue for G,,, i.e.,

lim V. '(2)BY () = F(2), and lim GV (2)G 1(2) = F(2)

we have that
lim V, Y(2)A L G (2) = Oyun.
But
Vi (D) A1 Ga (2) = Vila (2) Vi a (2) V() A1 Gt (2)
According to Theorem 3

lim Vi1 (2)V, (2) Aty = Fapo()
and since V-1 is bounded for the spectral norm ||.||2 (see Lemma 1), we have

that lim,, oo G1(0) = Onxn. To prove lim,, ... V,-1(0) = Oyxny we follow

an analogue way. u
Proof of Theorem 7- Writing ®(¢;) = (8™)71ma™(a™)~1, by Lemma 3
we have

CIDm(cl)

= Ly — G (0) (A6.)(Pu(2)) Vi (0) + G (0) Koy (c1, ) Vi (0)]

To analyze lim ®,,(¢;) we start by proving that

m—o0

lim_ G (0) Ka(ct, )V (0) = =F 3k (0)F 5 (005 1 0(0). (31)

m—0o0
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If we put G, ( VK mi1(cr, @)V 1 (0) = ~(ar), taking into account (8) and
that V! (2 )V 1(2) = =V(2)(V,,;1(2))’, then we have
Ym(e) = AnVya(0)V 1 (0) + G (0) G 1(0)Cry 1 Vin (0) (V1 (0))
= AnVy (U)V_1(0)+ _1( )G (0) A Vi1 (0)(V,,, ' (0))
(

- —Am[(Vm(O) Vi1(0) " (Via(0)V,,51(0)) ) (Vi (0)V,,41(0)) ]
Using (14) and (17), we have (31).
Finally, we just have proved that
Jim G O)((A8)(Pa())) 1V (0) = Oy,

From Lemma 4 we have that lim,, ..o G ,1(0) = Oyxn, lim, ..V, 1(0) =
ONXN7 and

1G5 (0)((Ad2) (Po(2))) 'V, H(0)]2
< 1G (0)]1211((Ad2)(Po(2))) Il V,,, ()]

Thus, the result follows. [ |

Remark . Notice that in the generalized matrix Nevai class

lim (6m) ' Gmam (am)~!
m—0o0

is well determined and
%ﬂo(ﬁﬂ)_lNﬂ&ﬁ(@%)_l = Inun + Fa0(0)(Fy 5.c(0) " Fapc(0).
If
== Inxn +Fa5,0(0)(Fy 5c(0) ' Fape(0) (32)

and taking into account that

lim 7 = lim (A,) ' = lim (C,Cpq---C1A¢) = (C---CAy)

m—0o0 m—0o0 m—0o0

lim o = lim (0,,) ' = lim (0gA 14y ---A,) ' = (6pA--- A)7!

m—0o0 m—0o0

we have that

lim 37a7 = lim B7E lim o = (C---CAy) '2(OgA--- A)~!

Now, we are ready to prove the following asymptotic result. So, we set
that lim (87) '8" =W
m—o0
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Theorem 8. Let {V,,}men be a sequence of matrixz orthogonal polynomials
with respect to the generalized Markov function F and { Ay, tmen, {Bm}men,
and {Cp,}men the sequences of numerical matrices involved in the recurrence
relation (1) such that

lim A,,=A, lim B,,=B, and lim C,, =C.

m—0o0 m—0o0 m—o0

Then, there exists a sequence of matriz polynomaials {‘N/m}mgN left-orthogonal

with respect to F defined by (27) such that, for C\ {T' U {c1,ca, ..., car}},
we have

lim V,,(2)V.> ()

m—o0

= U HIyew — %foN — E(?E}B@(O) — (Fapc(2) )], (33)

where Z is given by (32).

Proof: 1f
Insn +0-(Po(2)) N Kpia(c, ), m €N,

is non-singular for every ¢;, a zero of h, then
V(b)) = DoVin(h(2)) = Vin(0)8-(Po(2)) AT K (),

where B

Vm(o) — Dmvm(o) (INXN + 62(T0(2))ATKm+1(Cl7 Cl))_l
and D,, = (#™)~14™. Then, multiplying the last relation on the right by
V-1 we obtain

Viu(h(@) V' (B(2)) = Dl Insx = Vin(0) (L

8- (Po(2)AT Kpia(ci, @) 8(Po(2))AT Ky (2, @)V, (b))

But, from the Christoffel-Darboux formula (7)
K1 (2, 1) = [Gn(0) A Vi1 (M) = Ging1(0)Conid Vin (W(2)] /1),

and then, vaﬂ; I can be written as

B B ~ Vi(0)
V() Vo (b)) = DinlIev = 505

X (Inxn + 8 (Po(2)) A K (e, 1)) ~18:(Po(2)) AT G (0)
X (A Vi1 (h(2)V,, (7(2)) = G (0)Gs1(0) Crn)-
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Using (30) in the last relation, we get

Vl2) Vi (2) = (83 ) vy = v
1 B ) N (AnVnis (Vi (2) = G O)Gonia(0)Cor). (34)

If we denote
E.(z) = G,'(0)Gns1(0)Crs1 — ApVins1(2))V, ' (2)
= C1G L (0)Gn(0) = Vi)V, 1 (2) A

then (34) becomes

Viu(2)V, ' (2)

= 1B B Unew = ~ I = [(87) 7 B[ () 1B (2))-

From Theorem 3 and its analog for the sequence of matrix polynomials
{Gn}men, we have

lim E,,(2) = (Fapc(0)™ = (Fapc(2)

m—0o0

1

z

Since, there exists a sequence of matrix orthogonal polynomials {Vm}meN
such that lim (8™)'3™ = W, we obtain (33). |

m—0o0
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