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ABSTRACT: For a Peirce algebra P, lattices CongP of all heterogenous Peirce con-
gruences and IdeP of all heterogenous Peirce ideals are presented. The notions of
kernel of a Peirce congruence and the congruence induced by a Peirce ideal are in-
troduced to describe an isomorphism between C'ongP and IdeP. This isomorphism
leads us to conclude that the class of the Peirce algebras is ideal determined. Oppo-
sed to Boolean modules case, each part of a Peirce ideal I = (I3, I3) determines the
other one. A similar result is valid to Peirce congruences. A characterization of
the simple Peirce algebras is presented coinciding to that given by Brink, Britz and
Schmidt in a homogeneous approach.
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1. Introduction

Boolean modules were defined and studied by Brink in [1]. A Boolean
module is a two-sorted algebra M = (B, R,:) of a Boolean algebra B and a
relation algebra R (Tarski [9] and Chin and Tarski [3]) that are combined by
an operator : (the Peircean operator) a map R x B — B taking a relation
algebra element and a Boolean algebra element and returning a Boolean
algebra element.

A Peirce algebra P = (B,R,:,°) is a Boolean module (B,R,:) with an
additional operator ¢ (the right cylindrification) a map B — R that creates
a relation algebra element from a Boolean algebra element. There is a close
relationship between the class of relation algebras and the class of Peirce
algebras since every relation algebra gives rise to a Peirce algebra. In [2],
Brink, Britz and Schmidt defined a simple Peirce algebra as a Peirce algebra,
whose underlying Boolean module is simple. There they claim that this
definition is equivalent to requiring that the underlying relation algebra is
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simple. But a homogeneous approach was taken on the characterization of a
simple Boolean module. A heterogeneous approach will be taken throughout
our work: in the study of the lattices of heterogeneous Peirce congruences
and of heterogeneous Peirce ideals and in the classification of the simple
Peirce algebras.

2. Preliminaries

Peirce algebras are closely related to Boolean modules. We present here
the required notions to establish the definition of a Peirce algebra.

Definition 2.1. A relation algebra is an algebra R = (R,V,A,,0,1,;,%€)
satisfying for each a,b,c € R the following axioms

R1  (R,V,A,,0,1) is a Boolean algebra

R2  a;(b;c) = (a;b);c

R3 aie=a=¢€a

R4 a "=

R5 (aVb);c=a;cVb;c
R6 (aVb)=aVb

R7  (a;b)"=b5a”

R8  a’i(a;b) <V

Notation. For a,b € R we also write ab instead of a; b.

As usual, for every elements p, ¢ on a Boolean algebra B we define p® q =
(pAG)V (P Aq). In particular, for every elements a, b on a relation algebra
R we define a @ b= (a AV)V (a' A\D).

The standard class of models of relation algebras is the class of proper
relation algebras.

Definition 2.2. A proper relation algebra over a non-empty set U is a set of
binary relations on U that contains the identity relation and is closed with
respect to union, intersection, complementation, relational composition and
converse. If a proper relation algebra consists of all binary relations defined
on U, then this algebra is called the full relation algebra and is denoted by
R(U). More precisely, R(U) is the power set algebra over U? endowed with
composition (“;”), converse (“~”) and identity (“/d”) operations defined, for
a,b CU? by

a;b={(s,t): exists u € U such that (s,u) € a and (u,t) € b}

a’={(s,t): (t,8) € a}

Id={(s,s):s € U}.
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Definition 2.3. An element a of a relation algebra is a right ideal element
if and only if a;1 = a.

The arithmetic of relation algebras can be described by the facts assembled
on the following theorem.

Theorem 2.4. On any relation algebra R the following hold for any a,b, c,d €
R

R9 e€e€=e o0=0, I'=1

R10  a <b if and only z'f a <b

R11  (aAD)=a"Ab, d =a

R12 a;0=0=o0;a, 1;1=1

R13  a(bVe)=abVac

R14 If a<b then ca<cb and ac<bc.

R15  (ab)Ac= o if and only if (ac)ANb= o if and only if (cb)ANa = o

R16  (ab) A (ed) < af(a) A (bd)]d

R17  Ifb is a right ideal element then a ANb = (b A e)a.

R18 (a®b)'=a @b

Proof: R9-R16, R17 and R18 are proved in [3], [2] and [6], respectively. m

Associated to a relation algebra R Brink introduced the notion of a Boolean
R-module B as a homogeneous algebra, a Boolean algebra B where each
element of R define an action on B. The roles of B and R as universes of a
single two-sorted algebra are taken evenly on the next notion.

Definition 2.5. A Boolean module is a two-sorted algebra M = (B,R,:)
where B is a Boolean algebra, R is a relation algebra and : is a mapping
R x B — B (written a : p) such that for any a,b € R and p,q € B the
following assertions are satisfied.

Ml a:(pVqg =a:pVa:q
M2 (aVb):p=a:pVb:p
M3 a:(b:p)=(ab):p
M4 e:p=p

M5 o:p=0

M6 a:(a:p) <yp

Notation. For a,b € R and p € B we also use ap to represent a : p.
The standard models of Boolean modules are the proper Boolean modules.

Definition 2.6. A proper Boolean module is a two-sorted algebra of a proper
Boolean algebra (a field of sets) and a proper relation algebra together with
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Peirce product defined on sets and relations. For any relation a over some

non-empty set U and any subset p of U, the Peirce product : of a and p is
defined by

a:p={s€U: there exists t € p such that (s,t) € a}.

A full Boolean module M(U) over a non-empty set U is the Boolean module
(B(U),R(U),:), where B(U) is the power set algebra over U, R(U) is the full
relation algebra over U, and : is the Peirce product defined set-theoretically.

On a Boolean module M = (B,R,:) a part of B, the set of all ideal
elements, will take a fundamental role later on.

Definition 2.7. Let M = (B, R,:) be a Boolean module. An ideal element
in M is a p € B satisfying 1p = p.

Some facts satisfied on Boolean modules deserve mention.

Theorem 2.8. On any Boolean module M = (B, R,:) the following hold for
any a,b € R and p,q € B

M7 If p<gq then ap < agq.

M8 If a<b then ap < bp.

M9 a(pAq) < (apAaq)

M10 (aAb)p < (ap A bp)

M11 apANq=0 ifandonlyif aqAp=0

M12 If > .. pi exists, then so does ) ..;ap;, and a) .. Di= D 5 ODi-

M13 a0 =0

M14 1:1=1

M15 (al) <d'l

M16 apAq <a(pAaq)

M17 p<lp

M18 If p is an ideal element so is p'.

M19 If p and q are ideal elements so is pVq.
M20 1p s an ideal element.

M21 If p s an ideal element, then aqAp=a(qAp).
M?22 If p is an ideal element, then ap = al A p.

Proof: Proved in [1]. m
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3. Peirce algebras

A Peirce algebra P = (B,R,:,°) is a Boolean module (B,R,:) with an
additional operator ¢ (the right cylindrification) a map B — R that creates
a relation algebra element from each Boolean algebra element.

Definition 3.1. Let B = (B,V,A,,0,1) be a Boolean algebra and R =
(R,V,A,,0,1,;, €e) be a relation algebra. A Peirce algebra is a two-sorted
algebra P = (B, R,:,¢) where (B, R,:) is a Boolean module and ¢ : B — R
is a mapping such that for every p € B and a € R

Pl p°:1=p

P2 (a:1)=ua;l.

The standard models of Peirce algebras are provided by the class of proper
Peirce algebras.

Definition 3.2. A proper Peirce algebra is an algebra (B,R,:,°) in which
(B,R,:) is a proper Boolean module and € is the cylindrification operation
on sets, defined by p® = p x V, for V' the universal set of B and p any subset
of V.

The full Peirce algebra P(U) = (B(U),R(U),:,%) over some non-empty
set U is the full Boolean module (B(U), R(U),:) closed with respect to set-
theoretical cylindrification ¢. Here p¢ =p x U = {(s,t) e U x U : s € p} for
p any subset of U.

Example 3.3. The following example can be found on [2]. We can cons-
truct a Peirce algebra P = (B, R,:) through a relation algebra R =
(R,V,A,,0,1,;, Te). In fact, if B is the Boolean algebra of right ideal
elements of R, : is ; on R and € is de map B — R defined by p® = p, then P
is a Peirce algebra.

Later on, a subclass of Peirce algebras will be quite useful.

Definition 3.4. A Peirce algebra P = (B, R,:,°) is bijective if and only if,
for all a,b € R we have a = b whenever ap = bp for all p € B.

Theorem 3.5. On any Peirce algebra (B, R,:,°) the following hold for each
p,q € B and a,b € R

P38  p° s a right ideal element.

P, 0°=o0, 1°=

P5  (pVq)=p Vg
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P6 p/c:pc

P7 (pA@)=p"N¢

P8 p=gq if and only if p°=q°

P9  p<q if and only if p°<q°

P10 (a;p°):1=a:p

P11 (a:p)°=a;p°

P12 a:p=gq if and only if a;p° = ¢°
P13 a:1=0 ifandonlyif a=o

P14 aANp®=(p°ANe)a, p°=(p°ANe);l
P15 anp“=a;(p°Ne), p"=1;(p°ANe
P16 (p°Ne):q=pAq, (p°Ne):1=
P17 (aAp®):1=a:p

P18 (aAp?):ig=a:(pAq)

P19 (p®q)=p@q".

Proof: P3-P18 are proved in [2]. To prove P19 we use P5, P6 and P7. Thus
pog) =l AV AYI = AV N = @A)V NE) =
(pc/\qc)v(pc /\qc):pc®qc' -

In [6] we proved that, for R = {o} any Boolean module M = (B,R,:) is
the degenerate Boolean module. The same proof can be used to validate a

similar result for Peirce algebras. Next we present a specific proof to this
class of algebras.

)

p

Proposition 3.6. In P = (B,R,:,°) a Peirce algebra, if R = {0}, then P is
the degenerate Peirce algebra P = ({0}, {o},:,%).

Proof: For any p € B we have p° € R and then p° = o. Since 0° = o then
p¢ = 0°. By P8 we obtain p = 0. |

4. The lattice CongP

The lattice of congruences on a given general structure plays a central role
both on lattice theory and in the theory of the structure under consideration.

Definition 4.1. Let P = (B, R, :,°) be a Peirce algebra. The pair § = (01, 0-)
is a (Peirce) congruence relation on P if 6 is a modular congruence on the
Boolean module reduct of P and moreover p“foq° whenever pbiq, i.e., if 64
is a congruence relation on B, 6y is a congruence relation on R, ap 6 bg
whenever (p 01 ¢ and a 65 b) and p°O-q° whenever pbq.
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Let us denote by CongP the set of all Peirce congruences defined on a
Peirce algebra P.

The set CongP is partially ordered by (61,65) < (71,72) if and only if
8, C v and 03 C 7. Our next aim is to define the lattice structure
(CongP, Ap,Vp). Since the intersection § Ny = (01 N 1,05 N ) of any
two Peirce congruences 6 and 7 defined on P is, itself, a Peirce congruence
on P, let O Apy = 0N ~. Let us use (0) 4 to represent the congruence relation
generated by the binary relation # on any (homogeneous or heterogeneous)
algebra A, i.e., the intersection of all congruence relations 6 on A containing
97

0)4=n{0 : 6 € CongA and 6 C 6’}
Now we need to define 6 Vp v = (11, 72).
Attending to results valid on Boolean modules [6] (71, 72) defined by

n1=0Vgy={hUm)s

Ty = 0y Vr 72 = (fa Uy2)R
is a modular congruence on the Boolean module reduct of P and then (11, 75)
will define a Peirce congruence if and only if for every 6,y € CongP, if
(p,q) € (01 U~1)s, then (p° ¢°) € (B Ua)r. In fact we have

Proposition 4.2. Let P be a Peirce algebra. For 6 = (01,65), v = (71,72)
Peirce congruences on a Peirce algebra P, if (p,q) € (61U)g, then (p°, ¢°) €

(B2 U2)R.

Proof: Let (p,q) € (01 U~)p. By [4], we know that there exists a natural
number n, a sequence pi, P2, P3, - - - , P, 0of elements in B such that

pO1p2, p211D3;s s Pn-1714-
Since # and ~ are Peirce congruences, then
P Oap3, P3V2D5, s Pro1729”
Since pf € Rfor i =2,--- ;n— 1 we have (p, ¢°) € (6 U9)%. m

The structure (CongP, Ap,Vp) where, for every 0,y € CongP the opera-
tions are defined by

OANpy =0N~y=(61Ny,0:N)
OVpy = {(0U~)p = ((01U)p, (62 Uy)r)

is a lattice called the congruence lattice CongP of P.
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5. The lattice IdeP

Usually ideals and congruences are closely related, in the sense that the
zero-class of any congruence is an ideal. Here we present the notion of Peirce
ideals that, later on, will enable us to confirm that such a relationship exists
for Peirce algebras.

Definition 5.1. A (Peirce) ideal on a Peirce algebra P = (B,R,:,) is a
pair [ = (I, I1) satisfying the following conditions
(1) I; is a Boolean ideal on B;
(2) If pe I and a € R then p¢ € I, and ap € Iy;
(3) (a) I is a Boolean ideal on R;
(b) If a € I5,c € R then ac, ca,a” € Iy;
(4) If a € I, and p € B then ap € I;.

Such a subset I of R satisfying condition (3) is called an ideal of R.

We note that the pair I = (I1, 1) is a Peirce ideal on a Peirce algebra
P = (B,R,:°) if it is a modular ideal [6] on the Boolean module reduct of
P and if p¢ € I, whenever p € I;.

We denote by IdeP the set of all ideals on a Peirce algebra P = (B, R, :,°).
We intend to insert a lattice structure into I/deP. To do so we need to define,
for arbitrary Peirce ideals I and J, I Ap J and I Vp J. It is immediate to
put 1 /\79 J = ([1 N Jl,lz N JQ)

We denote by (X)4 the ideal generated by a subset X of any (homoge-
neous or heterogeneous) algebra A, i.e., the intersection of all ideals I on .4
containing X,

(X)4={I:1ideal on A and X C I}.

In [6] we saw that for [ = ([, I5) and J = (J1, J2) elements of Ide M, with
M = (B,R,:) a Boolean module reduct of P = (B, R,:,) we have

(LUJ)p={p € B:p<pVpy, forsomep, € [ UJy,i=12}

(IyUJy))gr ={a € R:a<ayVay, for some a; € [,U Jy, i =1,2}

Since for I, J € IdeP we have I Vp J = (I U Jyp = ({11 U J1)p, (I U J2)r)
on the Boolean module reduct of P [6] we need to prove that if p € (I; U J1)p
then p¢ € (I, U Jy)x to infer that this definition is valid on P.

Proposition 5.2. For P = (B,R,:°) a Peirce algebra and 1 = (I, 1)
and J = (Ji, J2) Peirce ideals on P we have p¢ € (Io U Jo)r whenever p €
<Il U J1>B.
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Proof: If p € (I;UJy)p, then there exists p1, po € 11 UJp such that p < p;Vps.
Then p¢ < p§ V p§ with p{,p§ € Iy U Jy (since I and J are Peirce ideals on
P). m

Therefore, the structure ZdeP = (IdeP,Ap,Vp) with, for every I =
(I1,I5), J = (J1, J2) € IdeP, the operations defined by

InpJ = INnJ=(0LNJ, LN
IvpJ = ({UJ)yp={11UN)p, [2UJo)R)
is a lattice called the lattice of ideals of P.

6. Peirce congruence versus Peirce ideals

The purpose of this paragraph is to establish the notions of kernel of a
congruence and of Peirce congruence induced by a Peirce ideal. That will
enable us to prove the existence of an isomorphism between the lattices
CongP and IdeP. This isomorphism will lead us to conclude that the class
of Peirce algebra is ideal determined [5], i.e., each ideal is the zero-class of a
unique Peirce congruence.

Definition 6.1. If § = (01,6,) € CongP where P = (B, R,:,°) is a Peirce
algebra we say that Z(0) = Z = (ZV,Z9) defined by

I = {p € B:p6:0} = 0],

7Y ={a € R : a0} = [0y,
is the kernel of the congruence 6.

Proposition 6.2. The kernel Z(0) of a congruence 6 on a Peirce algebra
P =(B,R,:°) is an ideal on P.

Proof: Since the kernel of a modular congruence 6 is a modular ideal on the
Boolean module reduct of P [6] we only have to prove that if p € ZV then
p¢ € IY. If p € IV, then pd,0. Since (01, 6;) is a Peirce congruence p°650°,
i.e., p°fr0. So p° € TY. |

Definition 6.3. The kernel of a Peirce homomorphism h = (hqy, hs) :
P — P’ between Peirce algebras is the pair ({p € B : hi(p) = 0},
{a € R : hy(a) = o}).

Proposition 6.4. The kernel of a Peirce homomorphism h : P — P’
between Peirce algebras is a modular ideal on P.

Proof: Trivial. |
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Definition 6.5. If I = ([y,1;) is a Peirce ideal on a Peirce algebra P =
(B,R,:,°) we define C(I) = C! = (Cf,Cl) by

pClq if and only if p Vi = ¢ Vi for some i € Iy,

aClbif and only if a vV j = bV j for some j € I,
for p,q € B and a,b € R.

Proposition 6.6. If [ = (I, 15) is a Peirce ideal on a Peirce algebra P =
(B,R,:,%), then C(I) is a Peirce congruence on P.

Proof: Since C(I) is a modular congruence on the Boolean module reduct of
P we only have to prove that if pCfq then p®Clq¢. If pClq then there exists
i € I such that pVi=qVi. So (pVi)° = (qVi) ie., p°Vi°=q°Vi° Since
i € I, then i¢ € Iy and we have p°Clq”. |

Proposition 6.7. If I = (11, ) is an ideal on a Peirce algebra, then Z(C(1)) =
I.

Proof: Similar to Boolean algebras. |
Proposition 6.8. If 0 = (01,05) is a congruence on a Peirce algebra, then
C(Z(9))=20.

Proof: Similar to Boolean algebras. |

Theorem 6.9. The pair of maps C : IdeP — CongP (that for each
I € IdeP assigns the congruence C(I)) and Z : CongP — IdeP (that

for each 0 € CongP assigns the ideal Z(0)) defines an isomorphism between
the lattices IdeP and CongP.

Remark 6.10. Corresponding to any assertion valid for Peirce ideals there
exists a valid assertion for Peirce congruence and vice versa.

Remark 6.11. The Peirce algebra class is ideal determined.

7. Peirce ideal /congruence determined by one of its two
parts

As on Boolean modules [6], on a Peirce algebra P = (B, R,:,°), Boolean
ideals on B can exist that are not the Boolean part of any Peirce ideal on
P. In fact, let U = {p,q} and P the full Peirce algebra over U. The set
I, = {0,{p}} is a Boolean ideal on B(U) but, since, for a € R(U) given by
a={(q,p)}, we have a : {p} = {q} & I, so the pair (I, [5) is not a Peirce
ideal on P, for any subset I of R (by 2 of Definition 5.1).

This gives rise to the following definitions.
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Definition 7.1. Let P = (B, R,:,°) be a Peirce algebra.

(1) A Boolean congruence ¢, on B is called pro-Peirce congruence on P
whenever there exists a congruence 6 on R such that (6,6,) is a
Peirce congruence on P.

(2) A Boolean ideal I; on B is called pro-Peirce ideal on P if there exists
an ideal Iy of R such that ([, I5) is a Peirce ideal on P.

Now we give a characterization of pro-Peirce ideals on a Peirce algebra.

Proposition 7.2. On a Peirce algebra P = (B,R,:,°) a Boolean ideal I
is a pro-Peirce ideal on P if and only if the pair (I;,{a € R : ap,ap €
I for every p € B}) is a Peirce ideal on P.

Proof: 1t is trivial that if the pair (I1,{a € R : ap,ap € I for every p € B})
is a Peirce ideal on P, then the Boolean ideal I; is a pro-Peirce ideal on P.

Now suppose that [; is a pro-Peirce ideal on P and let F, = {a : ap,ap €
I, for every p € B}. In [6] we proved that (I1, F3) is a modular ideal on
the Boolean module reduct of P so we only have to prove that if for p € I3
then p® € F;. Since I; is pro-Peirce ideal on P there exists a ideal Io of R
such that (I1, I5) is a Peirce ideal on P and then for p € I} we have p¢ € I,
and then p® € I5. Since (I, I5) is a Peirce ideal then ps,p©s € I; for every
s € B. Therefore p© € Fs. |

Next example illustrates Proposition 7.2.

Example 7.3. Let R be the relation algebra with R = {A,a,b,c}, A the
empty relation, a = {(p,p)}, b = {(¢,q)} and ¢ = {(p,p), (¢,q)} where the
operations are defined as in a full relation algebra. Let P = (B, R,:,°) be
the Peirce algebra constructed through R as in Example 3.3. Since every
element of R is a right ideal element then B = {A,a,b,c}. Let Iy = {A,a}.
Since

ANMA=AA=A aA=al\=A b’A =bA = A cAN=cA=A

ANa=Aa=A a’a=aa=a b’a =ba = A ca=ca=a
ANb=Ab=A ab=ab=A b’b=0bb=1> cb=cb=1b
ANe=Ac=A a’c=ac=a b’c=bc="0 cc=cc=c

then Fo = {d € R : dp,dp € I, for every p € B} = {A,a} and so (1, F) is
a Peirce ideal on P and I; is a pro-Peirce ideal.
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Corollary 7.4. On a Peirce algebra P = (B, R,:,°) a Boolean congruence 6,
is a pro-Peirce congruence on P if and only if the pair (01, {(a,b) € R X R :
there exists j € R such that aVj = bV j, jpth0 and jp010 for every p € B}
1s a Peirce congruence on P.

Proof: Let F' = ([0]p,, {a : ap,aD € [0]g, for every p € B}). By Proposition
7.2 we know that [0]p, is a pro-Peirce ideal on P if and only if F' is a Peirce
ideal on P. So it is sufficient to acknowledge that C(F) = (01,{(a,b) € RxR :
there exists j € R such that a VvV j = bV j, 7p6:0 and jpb,0 for every p €
B}). _

In the theory of Boolean modules we recognized [6] the existence, under
assumed conditions, of several modular ideals (11, I5) with the same Boolean
part [;. In particular, we were able to construct the smallest and the greatest
modular ideals with the same Boolean part. This does not happen for Peirce
algebras. In fact, we can establish the following result.

Proposition 7.5. For each pro-Peirce ideal Iy on a Peirce algebra P =
(B,R,:,°) there ezists a unique ideal Iy of R such that (I, I3) is a Peirce
ideal on P.

Proof: Let I be a pro-Peirce ideal on P and suppose that (I, Iy) and (I3, F3)
are distinct Peirce ideals on P. If j € I, then jp € I for every p € B. In
particular, for p = 1 we have j1 € I;. Since (11, F3) is a Peirce ideal, then
(J1)¢ € Fy. But (j1)¢ = j;1¢ = j;1 and then j;1 € Fy. Since e < 1 we have
J;e<g;l,ie.,5<7j;1andsoj € Fs. |

Corollary 7.6. For each pro-Peirce congruence 61 on a Peirce algebra P =
(B,R,:,°) there exists a unique congruence 03 on R such that (01,05) is a
Peirce congruence on P.

We have already seen that on a Peirce algebra P = (B, R,:,°), Boolean
ideals on B can exist that are not the Boolean part of any Peirce ideal on
P. We can ask if the same happens for ideals of R, i.e., if there are ideals
of R that are not the relation part of any Peirce ideal on P. Proposition 7.7
states that every ideal of R is the relation part of a Peirce ideal on P and
gives us the corresponding Peirce ideal construction.

Proposition 7.7. For each ideal Is of R on a Peirce algebra P = (B, R, :,)
the pair ({p € B : p° € I}, I5) is a Peirce ideal on P.
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Proof: Let P = (B,R,:,°) be a Peirce algebra, I, be an ideal of R and
I ={p € B:p° e L}. Since 0° =0 € I, we have 0 € I} and then I # ().
Let p,q € I;. then p¢,¢° € I and (pV q)* =p°V ¢ € Ir. SopVqe . Let
p € I; and ¢ < p. Then ¢° < p¢ and since p° € I, and I, is an ideal of R we
have ¢¢ € I, and then ¢ € I;. Therefore I; is a Boolean ideal on B.

Now we have to prove that if a € R and p € I then ap € I and p° € Is.
In fact, (ap)® = a;p° and since p° € Iy and I is closed by composition by
any element of R we have a; p® € Iy, i.e., (ap)¢ € I5. So ap € I,. Trivially if
p € I; then p° € Is.

It remains to be proved that if a € I, and p € B, then ap € I. In fact,
(ap)¢ = a; p° and since a € I and I is closed by composition by any element
of R we have a;p° € Iy, i.e., (ap)¢ € Iy and then ap € I. |

Corollary 7.8. For each congruence 6 on R on a Peirce algebra P =
(B,R,:,%) the pair ({(p,q) € B X B : there exists i € B such that p Vi =
q Vi and i“Oy0},65) is a Peirce congruence on P.

Proof: For 6, a congruence on R we know that FF = ({p € B : p° €
0], }, [0]g,) is a Peirce ideal on P (Proposition 7.7). So it is sufficient to
acknowledge that C(F') = ({(p,q) € B x B : there exists i € B such that
pVi=gqViand i‘9y0},05). |

Next example illustrates Proposition 7.7.

Example 7.9. Let P = (B, R,:,°) be the Peirce algebra defined in Example
7.3, 1.e., R is the relation algebra with R = {A, a, b, c}, A the empty relation,
a={(p,p}, b=1{(q4q} and ¢ = {(p,p),(q,q)} where the operations are
defined as in a full relation algebra and P is the Peirce algebra constructed
through R as in Example 3.3. So B = {A,a,b, c}, the Peirce product : is ;
on R and ¢ is de map B — R defined by s¢ = s for every s € B. The set
Iy ={A,a}isaideal of Rand {s € B:s‘ € b} ={se€ B:se I} ={A,a}.
Therefore ({A, a}, I5) is a Peirce ideal on P with I, as its relation part.

Proposition 7.5 states that for a pro-Peirce ideal I; on a Peirce algebra
P = (B,R,:°) there exists only an ideal 5 of R such that (I3, I5) is a Peirce
ideal on P. Similarly, for any ideal I of R we will show that there exists
only a Boolean ideal I; on B such that (I3, I5) is a Peirce ideal on P.

Proposition 7.10. For each ideal I of R on a Peirce algebra P = (B, R, :,)
there ezists a unique Boolean ideal Iy on B such that (11, I5) is a Peirce ideal

on P.
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Proof: Proposition 7.7 assures us that, for every ideal I, of R there exists a
Boolean ideal I; on B such that (I3, I5) is a Peirce ideal on P. Suppose there
is another Boolean ideal F; on B such that (F}, I3) is a Peirce ideal on P. If
i € I, then ¢ € I. Since (F1,Iy) is a Peirce ideal on P, then i“p € F; for
every p € B. In particular, for p = 1 we have 1“1 € F;. But by P1 we have
1l =1, 801 € F. u

Corollary 7.11. For each congruence 65 on R on a Peirce algebra P =
(B, R,:,°) there exists a unique Boolean congruence 61 on B such that (01, 05)
1s a Peirce congruence on P.

8. Simple Peirce algebras

A simple Peirce algebra is defined in [2] by Brink, Britz and Schmidt as
a Peirce algebra whose underlying Boolean module is simple. And in their
characterization of a simple Boolean module a homogeneous approach is
taken. Although a heterogeneous point of view was followed on our study,
our classification (Proposition 8.3) of a simple Peirce algebra agrees with that
reached by them.

Definition 8.1. A Peirce algebra P = (B,R,:,°) is simple if and only if
CongP = {(Ap,Ag),(Vp,Vg)} (or equivalently, IdeP = {({0},{o}), (B, R)}).

Next result, that will be required in the proof of Proposition 8.3, is proved
in [1].

Proposition 8.2. On a Boolean module M = (B,R,:) a element p € B is
an ideal element if and only if I, = {s € B : s < p} is a Boolean ideal on B
satisfying the condition (as € Iy whenever a € R and s € I1).

Proposition 8.3. A Peirce algebra P = (B, R,:,°) is simple if and only if
1:p=1 for every p#0 in B.

Proof: Let P = (B,R,:,°) be a Peirce algebra where 1 : p = 1 for every
p # 0 in B and let be I} # {0} a pro-Peirce ideal on P. So, there exists a
Boolean element p # 0 such that p € I;. Since [; is pro-Peirce ideal then
ap € I for every a € R. In particular, for a = 1 we have 1 : p € [;. But
l:p=1,s01 € I and so I; = B. Trivially ({0},{o}) and (B, R) are
Peirce ideals and the only ones with, respectively, Boolean part {0} and B
(Proposition 7.5). Conversely, suppose that exists py # 0 in B such that
1 :po# 1. Let ¢q9 = 1 : po. By M20 we know that ¢y is a ideal element
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and using Proposition 8.2 we conclude that the set Iy = {s € B : s < qo}
is a Boolean ideal on B and as € I; whenever a € R and s € I;. Let
I ={a € R:ap < q and ap < q for every p € B}. We will prove that
(I1,15) is a Peirce ideal on P. (The use of Proposition 7.2 to prove that
(11, I5) is a Peirce ideal on P is not allowed since the assumption of I; being
a pro-Peirce ideal on P is not taken.)

(a) We have to prove that if s € I, then s¢ € I5. So we have to prove that
if s < qo, then (s°:p) < qp and (s p) < qo for every p € B.

We know that p¢ <1 for every p € B and using R14 we have q§; p° < g5; 1.
But by P11 we have g§;p° = (¢ : p)¢ and since ¢ is a right ideal element
(P3) we have ¢§; 1 = ¢§. So (g : p)c S g5 and by P9 we have (qf : p) < qo for
every p € B. As s < gy we have (s°: p) < (qf : p) for every p € B, and since
(45 : p) < qo then (s°: p) < qo.

We know that 10C < 1 for every p € B and using R14 we have qg“ p° < g5 1.
By P15 we have ¢§3 1 = 1; (¢g5Ae); 1. Since gjAe < g§ we obtain ¢§3 1 < 1; ¢§; 1.
Since qq is a ideal element then qo = 1 : qo and so ¢ = (1 : q)° = 1;4§
(by P11). As ¢f is a right ideal element (P3) then 1;¢§ = 1;¢§;1 and so
g5 = 1;¢5; 1. Therefore ¢§31 < ¢ and then ¢§7;p° < ¢§. But ¢§5p° = (¢§7: p)°

o (g5 : p)¢ < ¢, and by P9 we have (¢f”: p) < go. Since s < gy we have
(s p) < (¢§: p) for every p € B and then (s°: p) < qp.

(b) We have to prove that the set I5 is a Boolean ideal. In fact, o € I, so
I, # 0.

If a,b € Iy, then ap < qp, ap < qo, bp < qo and bp < gy for every p € B.
So (aVb)p=apVbp <qyand (aVb)p=apVbp < q and then (aVb) € Is.

If a € I, and d € R with d < a, then for every p € B we have dp < ap < q
and dp < ap < qyg. Sod € L.

(¢) We have to prove that if a € I and b € R, then a7 ab,ba € I5. In fact,
if a € Iy, then ap < gy and ap < q for every p € B. So ap = ap < qo.
Therefore a” € Is.

Since ap < qg for every p € B then (ab)p = a(bp) < qo. As ap < qo
then ap € I, and since ds € I} whenever (d € R and s € [;) we have
(ab)p = blap) € 11, i.e., (ab)p < qo. Therefore ab € I5.

Since ap < qy for every p € B then ap € I, and since ds € [, whenever
(d € R and s € 1) then (ba)p = b(ap) € I, i.e., (ba)p < qo. As ap < qo for
every p € B, then (ba)p = a{bp) < qo. Therefore ba € I.

(d) We have to prove that ap € I} whenever a € I, and p € B. In fact, if
a € I then ap < gy for every p € B so ap € 1.
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Therefore (I3, I5) is a Peirce ideal on P. Since gy # 1 and gy # 0 (since by
M17 we have gy = 1 : py > py # 0) then I} # B and I; # {0} and so P is
not simple. |

Corollary 8.4. Every full Peirce algebra P(U) over a set U is simple.

Proof: The relation Vi € R(U) satisfied Vg : p = Vg for every p # 0 in
B(U). m

Let P = (B,R,:,°) be a Peirce algebra where its relation algebra R contains
an element d; satisfying 34,0 = 0 and d4p = 1 for every boolean element p # 0.
As in Boolean modules, we say that this element of R is the simple quantifier

on P.

Remark 8.5. Let P = (B, R,:,°) be a bijective Peirce algebra with the relation
algebra R containing the simple quantifier on P. Then 4, =1 and 1Ip = 1
for every p # 0. (Since for Boolean element p # 0, 3gp =1 and 1p > 3;p =1
we have 1p = 1.)

Corollary 8.6. A bijective Peirce algebra P = (B, R,:,°) is simple if and
only if 4s € R.

We remark that in [7] we were able to classify the class of simple sepa-
rable dynamic algebras (following Pratt’s definition [8]) as the algebras D =
(B, R = {3}, () with B arbitrary Boolean algebras. Here, the simple quan-
tifier d5 played again a central role.
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