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LOCAL HOLDER CONTINUITY OF WEAK SOLUTIONS
FOR AN ANISOTROPIC ELLIPTIC EQUATION

AGNESE DI CASTRO

ABSTRACT: We prove, following DiBenedetto’s intrinsic scaling method, that the
weak solution of the problem

N
0
_izl axz

ou
axi

=f in Q

Pim2 gy
85[?@'
u=0 on 0N

is locally Holder continuous, where f is a bounded given function and p; > 2, for
any ¢ =1, ..., N.

1. Introduction

In this paper we identify a class of anisotropic second-order elliptic equa-
tions for which the Holder continuity can be established, following DiBenedet-
to’s method of intrinsic scaling. More precisely we prove that the weak solu-
tion u of problem
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belongs to Cloo’g (Q) for some « € (0, 1), where f is a given function belonging
to L>*(2), Q is a smooth, bounded domain of RN, N > 2 and p; > 2 for
any 1 = 1, ..., N. Without loss of generality, we can assume that the p;’s are

ordered, that is
2<p1 <..<pn;

thus,
P = miin{pi} and py = mz_ax{pi}.
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2 A. DI CASTRO

Moreover, we suppose that p < N, where p is the harmonic mean of the p;’s,

that is
1 1%1.
p N<<pi

otherwise, the weak solution of the problem (1) is C>%(Q) by the anisotropic
Sobolev embeddings (see [28], and also [14], [26]).

The interest in various types of anisotropic operators grew in the last few
years, not only for a humongous number of applications (in modeling electro-
rheological fluids, image processing and the theory of elasticity) but also for
mathematical reasons involved: it is necessary to perform essential modifica-
tions to the classical methods in the analysis, because of the nonlinear and
non homogeneous nature of the considered operators.

The regularity theory for elliptic equations and for integrals of the calculus
of variations with non-standard growth was considered in many papers. We
recall some of these, without hope to be complete, in which local bounded-
ness and local Lipschitz regularity for the solutions and their gradients, are
treated, [1], [11], [12], [17], [18], [21], [22], [23].

Also with respect to the local Holder continuity for solutions of elliptic
equations (and the corresponding minimization problems), in particular as-
sociated to operators having p(x)-growth and p,q type conditions, there are
many papers, for example [2], [4], [9], [20], [25]. The qualitative theory of
equations of the type (1) has not yet been developed to the same extent.
There is however a recent paper about this problem. In [19], the authors
establish the local Holder continuity for solutions of equations as that in (1),
assuming

pr=2<py=..=pN=0D
and

Np
N—-7p
As seen from the structure, the x; variable is separated from the others
and so it was treated similarly to the time variable in the corresponding
studies of parabolic equations. The main novelty of that note is to use
the DiBenendetto intrinsic scaling method for proving Holder continuity of
weak solutions for a class of anisotropic quasi-linear elliptic equations. This
method is a powerful technique introduced in the 1980’s (see [6] and more
recently [7], [29] and references therein) that helped understanding the local
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LOCAL HOLDER CONTINUITY 3

behavior of weak solutions of singular and degenerate PDEs. It was originally
created for studying the evolutionary p-Laplace equation.

In this paper we also use the method of intrinsic scaling but in a simpler way
and we treat the general case in which all the p;’s are different. Moreover,
another novelty of this work is that we don’t need to assume py < p*,
since we are taking homogeneous Dirichlet boundary conditions. Indeed this
assumption assures that the weak solution of problem (1) is bounded without
further hypothesis on the p;’s, as showed in [8] (see also [27]). If we do not
assume Dirichlet boundary conditions the result of this paper is still true,
but we have to add the hypothesis that the solutions are bounded and hence
py < p*. As a matter of fact there exists an example of unbounded solutions
due to Marcellini (see [24] and also [13]) when no boundary assumptions are
given.

The main result of this paper is the following.

Theorem 1.1. Let u the weak solution of problem (1) with f € L*(Q2) and
M = ||u|| ). Then u is locally Hélder continuous in ), that is there exists
a constant v > 1 and a € (0,1) depending only on the data such that for
every compact K CC () the inequality

ZZJL |21 — T2, WM
dist(K, 0)

[u(z1) = u(@e)| < vM (

holds for any x1, x9 € K.

Here dist( K, 02) is the distance from K to the boundary of €2, defined by

N
dist(K, 002) = inf (Z ;i — v w M szN> :

Joo it

The rest of the paper contains the proof of the above theorem, after a first
section in which definitions, notations and some already known results are
given.

In the following we will denote 0; := 0/0x;. We will write C' to denote
positive constants, the value of which may vary from line to line, depending
on the data, that is they will be fixed in the assumptions we will make, as
the dimension NV, the set €2, the exponents p;, etc.
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2. Definitions, notations and basic tools

It is well-known (see [16], and also [8] and [3]) that, for any N-vector of
real numbers

2<p1 <..<pN
and for any f € L*(Q), there exists a unique weak solution of problem (1),
that is a function u € Wol’(p"')(Q) such that

N

where I/VO1 (P )(Q) denotes the closure of C*°(2) with respect to the norm

pi_2aiuaifv = / f’U, v NS W(;l’(pZ)(Q)7 (2)
Q

N

Loy = Y 10l

1=1

lv

or, equivalently,
WOL(]%)(Q) _ {U e Wol,pl(Q> O € LPz(Q)’ 1 =1, ,N}

Moreover u € L*°(€)) by the assumption on f. The same result holds under
less stringent assumptions on the regularity of the given function f, namely
f e L™Q), m> N/p, p defined below (see [3], [8], [27]).

In [14], [26] and [28], the theory of anisotropic Sobolev spaces is devel-
oped and, in particular, the corresponding Sobolev embeddings theorems are
studied. Let

N
Np 1 1 1

pr=—— for p< N and - = — —. 3
N—p P NZP' 3)

i=1 't

In [28] it is proved that if p < IV, then
WePl(Q) < L7(Q), ¥V re[l,7].

This embedding is continuous and also compact if r < p*. The following
Sobolev type inequality is also proved: there exists a positive constant C,
depending only on €2, such that

N
HU L7(Q) S CH |‘8¢U|‘§pi(9), v S [Lﬁ*]a (4)
i=1
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for any v € CY(Q). By density, (4) also holds for any v € Wol’(p"')(Q). The
inequality (4) also implies that

N
vl < C Y N0wlln, ¥ re[lp]
i=1
Subsequently, in [10], it is proved that the critical exponent depends on the
kind of anisotropy. If the p;’s are not too far apart (i.e. the anisotropy is
concentrated) the critical exponent is p*, as in [28], that is the usual critical
exponent related to the harmonic mean p of the p;’s. While if the p;’s are
too spread out, it coincides with the maximum of the p;’s, i.e., py. We also

remind a Poincaré type inequality, valid for all v € T/VO1 P i)(Q):
HUHLT(Q) S C(‘QDTH@ZU Lr(Q)s V r 2 1, V 1= 1, ...,N, (5)

see [10].
We recall in this section some technical (and by now classical) tools that
are essential in establishing our regularity result.
Given a continuous function u : {2 = R and two real numbers k& < [, let
Aig={z e S ulx)>1}
Bps :={x € S:u(zr) <k}
ArsNBg:={xeS: k<u(r) <l}
for S C Q. Moreover |S| is the measure of the set S.
Lemma 2.1 (De Giorgi). Let u € WHH(K ,(x0)) N C(K ,(xp)) with p > 0,
zo € RV, K,(x¢) an arbitrary sphere of radius p and centre xg andl > k € R.

There ezists a constant C', depending only on N (and thus independent of p,
xo, u, k and 1), such that

~—~~ —~
o 3 O
— — —

PN+
(= DA o] < Ol Vul.
| kaKp(xo)‘ Ak K p(20) Bl K ()
Proof: See [5]. (See also [15], Lemma 3.4 and 3.5, pp. 54-56). m

Remark 2.2. The conclusion of this lemma remains valid for functions u €
Wh(Q)NC(Q), provided Q is a convex region of diameter 2p. We will use it
in the case € is a parallelepiped. We also underline that the continuity is not
essential for the result to hold. For a function merely in W1(Q), we define
the previous sets through any representative in the equivalence class. It can
be shown that the conclusion of the lemma is independent of this choice.
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The next lemma concerns the geometric convergence of some sequences of
real numbers.

Lemma 2.3. Suppose that a sequence yy, for h = 0,1,2, ..., of nonnegative
real numbers, satisfies the recurrence relation

Y1 < CV'y e h=0,1,2,...

where C, € and b are positive constants and b > 1. Then

(1+e)h—1 (1+e)2h—1_§ (1+e)"

y < C = b y h=0,1,2, ...

In particular, if yo < 0 = C~:b 2 then yn < 0b=¢ and consequently y, — 0
as h — +o00.

Proof: See Lemma 4.7, p. 66 of [15]. m

Before starting with the main result of this paper, we want to give some
notations that we will use in the following pages. Let Qf)V be the cube in RY
of side 2p and center at the origin, whose sides are parallel to the coordinate
axes, defined by

N

Q) = (=p,p) x .. x (=p,p) = | [(=p. 0)- 9)

1=1

Let also @, 4, be the parallelepiped in RY . whose sides are parallel to the
coordinate axes, that is
Qpapy = (=a" 7 pn pra’ s ) x .
PN—-1"PN PN PN PN—-1"PN
X (—a PN-1opPN-1 pPN-tg PN-1) X (—p, p)
N
= [[(=a"7 " p7a 7, (10)

1=1

for some a > 0. We have

P1-PN PN PN—-1"PN PN
Qpapy| = 2a 7 pr X ... X2a "N-1 pPN-1 X 2p
N pi=PN N PN Npy  Ney
= Ngxi= T ,021':1 =2V p (11)

with p defined in (3).
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Remark 2.4. We note that if p;, = p for any ¢, that is if we consider the

isotropic problem, @, o (5,) = Q]pv , the usual cube in RY defined in (9). More-

over Q q(p,) C Q]pv if, and only if,

Pi—PN PN

a v pri < p, Vi=1,.. N,
that is a > p.

We also denote

1 N 1 ey pimen 1 pv pimen

§Qp,a,<pi>=H<—§pﬁa W gpria ) (12)
1=1

3. Energy estimates

As it is well known, the building blocks of the method of intrinsic scaling are
a priori estimates for weak solutions. Once established the energy estimates
we can forget the equation and the problem becomes a problem in analysis.
So in this section we prove integral inequalities on the level sets that measure
the behavior of the weak solution near its infimum and its supremum in the
interior of an appropriate parallelepiped. Consider two cubes Q]p\f C ijv CQ
and let

N
=1

be a nonnegative cutoff function, belonging to C&(Qf)\f ), that vanishes outside
of a set Qf)v , is equal to unity in Qf)\f and

C
p—p

_ N
fi - H ffj-

J=1.j#i

Proposition 3.1. Let u be the weak solution of problem (1) and k € R.
There exists a constant C' > 0 depending only on the data such that

i [ 1ou=n)-

€| < Vi=1,..N.

77

We also define

N
mggclz [0 PP, + Byl (9
=17
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Moreover for anyt=1,...,N

[ 1odu=n-

where By, oy is defined in (7), ijv in (9) and & as above.

N

> [lw=0-PIgPE + Brgyl| . (19

Jj=1

piggc

Proof: We use, as a test function in (2), ¢_ = —(u — k)_&, where
(u—Fk)- = (k—u)y =max{k — u,0}.

We note that d;p_ = E05[—(u — k)] — (u — k)_pi" €€, so we get

N N
;/ﬂ@i(U—k)_ big < PN;/Q\@(U—/C)_
+ [ 1A= R)-le

Pl (u — k)| THEE

We apply the e-version of Young’s inequality to

Pt (u - K)_|€i el

with p; and p;, for any ¢ = 1, ..., N; we obtain

f; [ 1au=n-

|6@(u - k)_

N _
¢ s<x2§£]&@—k)z@fi

+ C’;EN;/Q(uk)

Noting that 55@. = £ and choosing ¢ such that 1 — C. > 0, we arrive at

ﬁ;/ﬁl@'(uk)pf < Cﬁ;/g(uk)

We estimate the second term on the right hand side of the previous inequality
using Poincaré type inequality (5), with r = p;, the e-version of Young’s

Pi

&

PE, + / Il (u— k)€,

Di

EPE 4 C / Il (u— k)€,



LOCAL HOLDER CONTINUITY 9

inequality and the assumptions on f

N

/Q\f\l(u—k)—\ﬁ < cZ/
N

< CY S
=1

N
T c:Z/Q (u— k)_P[€)PE,
=1

where Bk,le)v is defined in (7). In conclusion, choosing € conveniently, that

is such that 1 — C. > 0, we obtain (13); obviously also (14) follows, for any
1=1,...,N. u

In a similar way it is also possible to prove the proposition below.

Di

f

N
Hyory / 9((u — )_€)
QY i=1 7

N
Yo Brayl + CIS / 91(u— k)
=1

pig

Proposition 3.2. Let u be the weak solution of problem (1) and k € R.
There exists a constant C' > 0 depending only on the data such that

N N
Z/ 0i(u— k)P < C Z/ (= k)| + [Argyl| , (15)
i=1 V& j=1 79
Moreover for anyi=1,...,.N
N
[otu=rnpe< o) [ lw-kapIgre + Ayl (6)
j=1

where Ay, on is defined in (6), QY in (9) and & as before.

Proof: We proceed as in the previous proposition but we use as a test function
in the weak formulation of (1), ¢, = (u—k) € instead of p_ = —(u—k)_&. =

4. Auxiliary lemmas
We consider 0 < p < 1, sufficiently small so that Q]pv C €2, and we define
the essential oscillation of the weak solution u in Q]pv

W =essoscU = fiy — fi_,
QY
where

fy =esssupu  and p_ = essinfu.
QY @
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Then, we construct the rescaled parallelepiped () P (pi)» defined in (10), with
a = w/2*, where A > 1 is to be fixed later, depending only on the data (see
(29)). We assume, without loss of generality, that

w
Instead, if this is not true, we have w < 2%p and there is nothing to prove
because the oscillation is comparable to the "radius”. Now (17) implies that

N
Qp.5.0) C &y s

see Remark 2.4, and the relation

essosc u < w,
Qo %.(0)

which will be the starting point of an iteration process that leads to the main
result. We consider a subparallelepiped of Q%%,(p ), namely

i

N
Qe () C Qp,Qi/\,(pi) cQ, C

The proof of the Hélder continuity of the weak solution u of (1) now follows
from the analysis of two complementary cases. For (), ¢ (,,) either
The First Alternative: there exists 1y € (0,1) such that

{7 € Qs ule) <+ 5 }| < wlQus (18)
or this does not hold. Then for any v € (0, 1),
The Second Alternative holds:
{2 € Qi tu@ <p-+5}| > VIQps00 (19)
Since pi — ¢ = p— + %, (19) is equivalent to
va € Qpe p) ulT) > py — g}‘ < (1 =)@ )| =11|Qpe ], (20)

for any 11 € (0,1).

Now we start the analysis assuming that (18) holds in @, (,, for some
vy € (0,1), that will be determined depending only on the data, that is w is
essentially away from its infimum. We show that going down to a smaller

parallelepiped the oscillation decreases by a small factor that we can exhibit.
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Lemma 4.1. Assume (17) is in force. There exists a vy € (0, 1) such that if
(18) holds, then

u(:c)>,u,+g a.e. in Qe e ().

4’ 5.5.(p
Proof: We consider a sequence of parallelepipeds Qn = @, « (»,) Where
P P
ph:§+ﬁ, h=0,1,... (21)

We note that @, C €, for any h, since the sequence {py} is decreasing and

hmph—g<,0h<,00—P

h—o00

Let us also consider a sequence

w
b = - +4+2h+2’ h=0,1,.., (22)
and cutoff functions, &, defined as followed
N
&o=1]¢&, with &u=8&(x), Vi=1..N
i=1

&, € C}(Qp) is a nonnegative function, 0 < &,; <1, for any i = 1, ..., N, that
vanishes outside of the set @), is equal to unity in Q5,1 and

2(h+1)’;—1;f
‘fl/m' < == v vVi=1..,N. (23)
pr(5) 7
By the definitions of kj, the sets By, ¢, and &, we have
w \P _
(W) ‘Bkh+17Qh+1‘ = (kn — kh+1)p‘Bkh+17Qh+1‘

-,
<),

Now we use Holder’s inequality with exponents N/(N —p) > 1 and N/p to
obtain

R N
Bkthl’Qthl

n = & = [ (=t €

kpy1,@nt1
kp Q@pt1

N

w \P B
(ﬁ) ‘Bkh+1;Qh+1| < (/Q(u - kh) gp ) ‘Bkh;Qh|

’S |
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where p* is defined in (3). So, by the anisotropic Sobolev inequality (4), we

have
w \P i
(ﬁ) ‘Bkh+1;Qh+1| < C{ (/ |a u = kh fh] ) } ‘Bkhth‘
nghz) } |Bkh;Qh|_

<C{ (/Iﬁu—kh) p‘fﬁ/(u— n)?

recalling that &,; <1, p; > 2 for any ¢ and
i—1 ra
0ini = ZJ f;z,z‘ Ehi-

Now we use (14) with £ = kj;, and £ = &, to estimate the first terms of the
product in the right hand side of the previous inequality. We obtain

w \P
(%) ‘Bkthvathl | <

ghz

p

N [N N ]
<C H [Z /Q(u N kh)]ij|£;%j|pj§hj + |Bkhth‘ ‘Bkhth‘N
i=1 Lj=1
N n
=C [Z/Q(u o kh)fi]lg;l,j‘pjghj + ‘Bkh;Qh‘ |B/€;“Qh‘ﬁ'
j=1
By (23), the definition of (u — kj;)— and &, we have
N
> [l rE, < Z / (ks — i P
j=1 Q Buy,.qp
EN: wNpi O 2(h+py ‘ ‘
= (_) — Bkah :
N2 ()
We note that
w w w
k‘h—u:u,—l—z—l——QhH —u < 5
We arrive at
w \P w\py 2h+1)pN LB
(W) |B/€h+1,Qh+1| < C [(5) PPN + 1:| |B/€h,Qh| N
= <_) ‘Bkah‘N—Ha
PPN 2
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by the assumption (17). Simplifying

9(h+3)(pn-+D)

W\ PN—DP ¥
2 (0

Now we divide both terms of the previous inequality by

N-_Yen Noy
Q1| =2V (f) '

2 ph—il’

|Bkh+17Qh+1 ‘ <C

defined in (11), to get

NoN (142 1+2
‘Bkh+17Qh+1‘ < O9n+P)h 1 phpN( ¥ (‘Bkh;Qh‘) N
@nial  — pry- S |Qnl

p
Phi1

We note that, by (21),

7 N “PN 4 1 1 == +PN
L op” (%) pr N Gtga) T e
DN Npn N Npn Npn — P
P 5 PP PP Ly 1 P

Ph+1 2 T ghT2

In conclusion, we arrive at the following inequality

Q]

where the constant C' depends only upon the data. So we can use Lemma
2.3 if we define

1+%
‘Bkh+1th+1| < C2h(pN+p) <‘Bkh,Qh‘) N
Qnial  — ’

h = 7‘B|gjh‘, b=2"P>1 and e= %
and we have that if ,
Yy < C*% 2—(pN+ﬁ)%— (24)
then y;, — 0 as h — co. We observe, by (21) and (22), that
e
Yo = =

Qo B ‘QP,%,(@)

Therefore, we can take

vy < C—% 2_(pN+ﬁ)];_22
and so (24) is equivalent to the assumption (18). This complete the proof of
the Lemma.

13
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Now we prove another lemma, useful to prove the Holder continuity of the
weak solution of problem (1). This lemma states that, if (18) does not hold,
then v is strictly below its supremum g in a smaller parallelepiped.

Lemma 4.2. Assume (17) is in force. If (19), or equivalently (20) holds,

then there exists A > 1, depending only on the data such that
1

P &€ M S Qsx

where %Qg,%,(pi) is defined in (12).

U< oy —

Proof: We proceed as before. We consider a sequence
P P

phzg—f—ﬁ, h:0,1,2,....
and a sequence of parallelepipeds ()), = %Q%Q%,(pi). Let us consider
w w
ki = by — D1 oAk h=0.1,...
an increasing sequence, that is
w , w
k0=M+—§§/€h<hl_l>Ifookh=M+—ﬁ

and cutoff functions, &, defined as follows

N
&h = ngfw with &, =& () Vi=1,.., N,
=1

&, € C(Qp) is a nonnegative function, 0 < &,; < 1, forany i = 1,..., N, that
vanishes outside of the set (), is equal to unity in (), and

2(h+3)pp—1;’
< Vi=1,.. N.

PN Pi—pPN
pry () "

Using the same tools of the previous lemma, and (16) instead of (14), we
arrive at the following inequality

15%

w p
(W) |Akh+vah+1‘ <C

N

; — i
S / (w— k)2 1€ PG+ [ Aol | 14600l
j=1

We note that
w w w

“_kh:u_“++2A+1+2A+1+h§§
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and by the choice of £, and (17) we obtain

(W) | Akyir. @il £ C (g) P [ Akl N,

and so

+4&
|Akh+1,Qh+1| < 09MpN+D) <‘Akh,Qh|> N |
[@Qns1|l (o

So we can use Lemma 2.3 if we define

|Akh Qh‘ p Z_?
Qnl TR
and we have that if
yo < C 3 2Py, (25)

then y, — 0 as h — oo. We observe, by the definition of {p; } and {k;}, that

A
|Ak0,Q0| _ ‘ k2 Q
1

P A(P»L

Yo =

So if we show that

1 w
:ceiQp72%,(pi):u>,u+—§ <v

for some A > 1, depending only on the data, the lemma is proved.
We use (16) with

72%7(171')

£ = H fx;), 0<&<1, Yi=1,.,N,

¢ € C&(Qgp’ﬁ’(pi)) vanishes outside of the set Qgpjﬁ’(pi) and is equal to unity
iniQ, .«
2 pa2_,\7(pz)7
2

€] < o V=101,
®) opr
and
w
k=py — o5

25
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We have

A

1
k5 Q) w (.
2 P72A1(1)1)

pzSC

-

_ L\Pil ¢!l |piE
Z /Q(u R)YIGIPE + |Ak7Q2p,2°j\’(Pi)}

W\Pi /w\PN—Di IPN
S ¢ { - <§) <§> p]’fN T 1} |Ak’Q2p,2%\y(m)
1

N PN
< o(3)

s ppN k’QQﬂvi\v(m)

1

=

1

: (27)

forall i =1,..., N and for any s < A, by the fact that
Wwooow
— k= _ T — < —
u u—p 2s 95
1 1 w
—>— and — >1,
25 = 2 250
since s < A and (17) holds. Now we apply Lemma 2.1 to the one variable
function u(xy, ..., xy_1,-) for the levels
W W
k:M+—§ and l:M+—F,
and A; g1, By o1, Aoy N Bl,nga subsets of R, defined respectively in (6), (7)

and (8), with

1 _(_PP
Q§_< 2’2)'
and
Pi—PN Pi—PN
—%p%} (%) o<y < %pZ_N (%) " VYi=1,..,N—-1.

So we obtain

Y A | <C v / Onu|d
Sl ALy = NUu|ax N .
9s+1141.Qp \Bk,ng | Ay g1 NB
2

1LQY,
2
We can suppose that
L P
\Bk7Q1§| > 5lQs =3
In fact, if this is not true,

p - P
B.n| <= = Al | > = 28
Byl <8 = Migl>" 29
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where A = AU 0A, for some set A. Let a; = pPN/Pi(w/2)P=PM/Pi for any
1 =1,...,N, then

‘{xEQp,Q,pz: ()_M+—— / d$1/ dzs...
LN

w

TN € (=p,p) tu(Tr, . TN) = pg — 5}‘ dryn-1

! w
Z/ dzy.. / {xNG(—p,p):U(ﬂ«")Zm 25}‘dwzv1
ox pp w
o [ [ o (58 2 5o
since
,qu—gg,qu—% if s>1 and g<p

So, using (28), we arrive at

and this inequality contradicts the second alternative (20). Hence we obtain

w
25+1|A1,Qlﬁ| < CP/ |Onuldxy.
2 k,QL NnB

1L,QL,
2

2

Integrating over x4, ..., zy_1 the previous inequality, we arrive at

w
23+1‘A17%Qp,2%(,,i)‘ < CP/A |8Nu|d:c

1 NB, 1
P2%. %m0 h2% %0

By Hélder’s inequality with exponents py and p'y, we get

w
— 1A, 1 <
28+1| l’ﬁQp,Q%\,(pi)‘ -
PN
1—-L
< OnvulPN A N B 1 PN
- C’O / ‘ N ‘ ‘ k’ﬁQﬂy%\y(m) lviQﬂy%\y(m)l
Ak 1o ﬁBl 1o 2 2
’2 pQ%(m) 2 p,2%\7(m)
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<Cp /A Onul™ | 1Ak s, 4 ) N Bria, 4
2

k,5Q

Dol

ﬂQ%\,(Pi)
Now we use inequality (27), with ¢ = N, and arrive at

w 2w 1 1L
< C A PN A NB PN
28+1| ’2Qp = (py) | 'OQSp‘ k’QQ/’vQ%\v(Pz‘)l | kv%Qp,Q%\y(m) l’%QmQ%\y(m)l

and so
1

PN

Y

1—-L 1
A <Cl|A NB PN =) v (o,
‘ lv%QmQ%a(pi)‘ - | k’%Q/”Q%’(pi) l’%Q”’g%’(”i)‘ QQP’Q_M(pZ)

using the facts that

1

PN

|Ak7sz,2%,<pi>‘ < ‘Q2P,2%,(pi) and |Q2p72k,pz)

pN _2 ‘ vaQ,\apz

On the left hand side we replace [A, 10, )| by the smaller quantity
ox P

— W =
+ 28+1 i)

|Au _w 1o |, taking 1 < s < A — 1 and so A > 2, to obtain
+75X02 p,;\,(z)i)
A el A B
w PN~ - W . ﬂ
| ur;éQp,Q%,(pi)‘ = QQP’gw(pz) | k:3Q0 .0 l’%Qp,Q%,m)l’

for s =1,...,A— 1. Let us sum with respect to s and replace the right side
of the resulting inequality by the larger quantity |%Qp,2%7(pi) , to get

PN
pN—1

(A=1)]A

_w 1 ‘pN
Mt 2/\72Qp,2%\,(pi)

J
py—1

C PN
|A,LL+*2%7%Qp,2%7(pi) | S (ﬁ)

We obtain (26) if A is chosen so large that

py—1

<>\L> " <v, and A\ >2 (29)

1
<0 ‘ng,Q%,(pi)

5(pi)

—1

where v, defined in (25). This conclude the proof of (26) and so that of the
lemma. |
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5. Recursive argument, main theorem and final remarks

Before proving the Hélder continuity of the weak solution of the problem
(1), we present two corollaries of the previous lemmas.

Corollary 5.1. If the First Alternative (18) is true and (17) is in force, then
there exists a constant og € (0,1) such that

essosc U < ogw.

£.%.(p)
Proof: By Lemma 4.1, we have

, W
essinf u > p_ +Z

£.9.(pi)
and so
, w
essinf u > pu_ + —,
Q2.¢ () 4
since
Qg p) C Q2 )
Hence
) w 3
essosc u =esssupu — essinf u < pu, —p_ — 1 = Zw.
Q%%v(m QE,%,(M) Q%%,(Pi)

Corollary 5.2. If the Second Alternative (19) holds and (17) is in force,
there exists a constant o1 € (0, 1), depending only on the data, such that

essosc u < ojw.
1
§Qﬂ72%7(m)

Proof: By Lemma 4.2, there exists A > 1 such that

w o1
u< g — yeny a.e. in §Qp,2%,(pi).

Then
< w
€SS Ssup u =~ ,u+ —_
10 2)\+1’
2 p,;)\y(m)
and so
inf u < - o !
eSS OSC U = eSSSu U — essint u — U — —— = — — | W.
lQ " 1 p lQ " — ’LLJF 'LL 2)\+1 2)\+1
2 972—)\7(;01') §Qﬂ72%\’(pi) 2 /)72—/\7(:01')
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We finally prove the Hoélder continuity of weak solutions of problem (1)
through an iterative scheme. An immediate consequence of Corollaries 5.1
and 5.2 is the following

Proposition 5.3. There exists a constant o € (0,1), that depends only on
the data, such that

essosc u < ow.

Q2.9 )

Proof: We note that
1
Qz2.00 S 5950

and then

essosc u < ow,

8.9 .(p;)

where o = max{oy, 01}. |

Proposition 5.4. There exists a positive constant C', depending only on the
data, such that, defining the sequences

on=C"p and w,=0c"w, h=012, ..,
where o € (0,1) is given by the previous proposition, and constructing the
famaily of parallelepipedes @)y, = where A > 1 is given in (29), we

Py (pi)?

have
Qnri1 C Qp and eszoscu <wp, forall h=0,1,2,..
h
Proof: The starting relation
essoscu < w (30)
Qo
holds, since we are assuming (17). We find, for any i =1, ..., N,
(g) Pz;f’N <£>Pp_1:f _ (E) pt;f)N 2_)\ Pi;fN (ﬁ) pz;f)N ﬁ
2 4 2 w1 22 AT
(w2 e (wl)piZfN pr
- \w 2 2 g

PN —Pj D, —D 2p BiiPN P
N : 7 ()\71) 7 .N 7_N w1 i _N
= o r 2 P P; p Pi

2)
w1 41)1 i
= (?) pl )
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where
PN —Pj (A—l)pi_pN _

pL =0 PN 2 PN Zp:C*ij
C >4 50 Q1 CQee py. From Proposition 5.3, we conclude that

essoscu < essosc < ow = wy,

Q1 Q%%,(M)

which puts us back to the setting of (30). The entire process can now be
repeated inductively starting from ();. u

Lemma 5.5. There exist constants v > 1 and o € (0,1), that can be deter-
maned a priori in terms of the data, such that, for all parallelepipeds

Qp %), With 0 < p < py,

we have .
essosc u < yw (£> .
P35 v0) Po
Proof: See, for example, Lemma 4.9 of [29] (p. 45). u

Now we have all the tools to prove the main result of this paper, namely
Theorem 1.1; for more details, see Theorem 4.10 of [29] (p. 46).

Remark 5.6. If we consider the isotropic case, that is all the p;’s are equal
to 2 (or, more generally all are equal to p), we essentially recover the now
classical proof of Holder continuity of weak solutions for elliptic equations,
presented in [15].

Remark 5.7. We want also to underline that the result presented in this
work also holds for more general datum f. As we expect by the isotropic
case, Theorem 1.1 is also true if we suppose that f € L™(Q)), with m > N/p.
As a matter of fact if f belongs to L™(Q)) with m > N/p it is known that
weak solutions of (1) are bounded (see [8] and [27]). We present the result
in the case of f bounded only for simplicity. To be complete, we want to
note that, in this general case, to prove the same result we have to slightly
change the proofs. For fin L™(€), it is possible to prove the following energy
estimates, where the hypothesis m > N/p is necessary:

[ 1ou=n)-

N
re=c [Z/Q [(u — k)—‘ij}‘pjgj + ‘Bk,Qév\L% :
=1
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[ 1otu =,

for any i = 1, ..., N, instead of (14) and (16). Moreover we have to substitute
the assumption (17) with the following

N
ne<c|3 / (1 — k) PIEPE, + | Aoy |
j=1

w 1-N
§>p D,

But this fact does not substantially change the proofs. In fact, if it is not
true we always have that the oscillation of u is comparable to the "radius” of
the set that we are considering and so there is nothing to prove. Moreover,
by the assumption on m, we also have

w
o~
and it ensures that
N
QP,Q%,(M) C &y,
and the starting point of the iteration process that leads to the main result
is satisfied.
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