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Introduction

Schur algebras are fundamental tools in the representation theory of the
general linear group GL,, (R) and of the symmetric group. In fact, over infi-
nite fields, the category of homogeneous polynomial representations of degree
r of GL,, (R) is equivalent to the category of finite dimensional modules for
the Schur algebra Sg (n,r). If r < n, the use of the Schur functor (see [Gre07,
§6]) allows us to relate these categories with the category of finite dimensional
representations of the symmetric group ;.

Introduced by I. Schur in his doctoral dissertation [Sch01] in 1901, for the
field of complex numbers, Schur algebras were generalized for arbitrary in-
finite fields by J.A. Green in [Gre07]. The Schur algebra Sy (n,r), for a
commutative ring R with identity, was introduced by K. Akin and D. Buchs-
baum in [AB88] and Green in [Gre93].

If R is a noetherian commutative ring, Sg (n, r) is quasi-hereditary. So it is
natural to ask for the construction of projective resolutions of Weyl modules,
which are the standard modules in this case.

In their work on characteristic-free representation theory of the general
linear group [ABW82], [AB85], [AB88] Akin, Buchsbaum, and Weyman study
the problem of constructing resolutions of Weyl modules in terms of direct
sums of tensor products of divided powers of R". Moreover, they ask for
these resolutions to be finite and universal (defined over the integers).
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This task was accomplished for Weyl modules associated with two-part
partitions in [AB85]. Although the existence of these resolutions was proved
in [AB88], no explicit construction of such complex is known.

In this paper we use the theory of Schur algebras to give an answer to this
problem.

Denote by A (n;r) (respectively A™ (n;r)) the set of all compositions (re-
spectively partitions) of r into at most n parts. For each A\ € AT (n;r)
write W for the Weyl module over Sg (n,r) associated to A\. The Schur
algebra Sk (n,r) has a decomposition of the identity as a sum over pu €
A (n;r) of orthogonal idempotents &,. The projective module Sg(n, )&,
is isomorphic as GL, (R)-module to the tensor product of divided powers
D, (R")®g---®prD,, (R"). Hence, the construction of a universal projec-
tive resolution of the Weyl module W in term of direct sums of the projec-
tive modules Sg (n, )£, gives an answer to the problem posed by Akin and
Buchsbaum.

The Borel-Schur algebra S% (n,r) is a subalgebra of Sk (n,r) introduced
by Green in [Gre93] (see also [Gre90]). It is an algebra with interesting
properties. All the idempotents ¢, are elements of S7 (n,r) and

SR (na 7”) ®S§(n,r) SE (na T) gu = Sg (na T) fu‘

Moreover, for every A € A" (n,r) there exists a rank one S3 (n,r)-module
Ry such that Sg (n,7) @gt(,,) Ba = Wi

Woodcock [Wo094] proved that if R is an infinite field then the mod-
ules Ry, A\ € AT (n,r) are acyclic with respect to the induction functor
Sr(n,7) ®g+(,,) — The first author proved in [San93] that S%(n,r)&, are
principal projective modules in this case. So applying the induction functor
to a projective resolution of Ry we obtain a resolution of W by direct sums
of modules Sk (n,r)§,.

In Theorem 5.2 we show that the modules R, are acyclic with respect to
the induction functor Sg (n,r) ® St (ny) — i the case of an arbitrary commu-
tative ring R. Then we construct a universal resolution of Ry by direct sums
of modules S% (n,7)&,, u € A(n;r). Applying the induction functor we ob-
tain a universal resolution of the Weyl modules by direct sums of modules
Sr(n,r) &, e Aln;r).

At this point, we only need to apply the Schur functor to the resolution
of W just obtained to get a resolution by permutational modules of the
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co-Specht Y,.-module associated with A. With this result we prove Conjec-
ture 3.4 of [BH10).

The paper is organized as follows. In Section 1 we introduce the combina-
torial notation we use. In Section 2 we recall the definition of Schur algebra
and give a new version of the formula for the product of two basis elements
of Sg (n,r), which seems to be well suited to our work with divided powers.

Section 3 is technical and is written for the convenience of the reader. It ex-
plains how the reduced bar construction looks like for augmented algebras in
the monoidal category of S-bimodules, where S is an arbitrary commutative
ring.

Section 4 is dedicated to the Borel-Schur subalgebra S} (n,r). We apply
the reduced bar construction to obtain a projective resolution for every rank
one module R, i € A (n;r).

Section 5 contains the main result (Theorem 5.2) of the paper. In Sections 6
and 7 we explain how our results prove Conjecture 3.4 in [BH10].

In appendix we show that the definition of Schur algebra used in this paper
is equivalent to the one given in [Gre93]. Then we construct an explicit
isomorphism between D) (R") and Sg (n,7)&), as it seems to be absent in
published form. We also recall the theory of divided powers.

1. Combinatorics

In this section we collect the combinatorial notation used in the paper. We
will give general definitions that include as partial cases the usual tools in
the subject such as multi-indices, composition, etc.

We denote by R a commutative ring with identity e, and n and r are
arbitrary fixed positive integers. For any natural number s we denote by s
the set {1,...,s} and by 3, the symmetric group on s. Given a finite set X,
we write:

o it = (lg),ex and |p| = >, cx i, for each map p: X — Ny given by
T L.

e AX,r)={p: X =-No||ul =r}.

o wt (u) € A(X,r), for the map defined by

wt(u), = #{slus ==z, s=1,...,r},

for each ©v € X".
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The symmetric group X, acts on the right of X" by

(.%‘1, .. .,$7«) 0 = (1‘0(1), . 7xa(r)) .

Identifying wt (u) with the ¥,-orbit of v € X" we can think of A (X,r) as
the set of X,-orbits on X". We will write v € w if wt (u) = w.

Next we consider several partial cases of the definitions given above. We
write [ (n,r) for n". The elements of I (n,r) are called multi-indices and
will be usually denoted by the letters i, j. We identify the sets (n x n)" and
I(n,r) x I (n,r) via the map

(1, g0) 5oy (s ge)) = (G, sn) s (-5 3r))

Similarly (n x n x n)" will be identified with I (n,r) X I (n,7) X I (n,r).
The sets A(n,r), A(nxn;r), and A(n xn X n;r) will be denoted by
A(n;r), A(n,n;r), and A (n,n,n;r), respectively. We can think of the ele-
ments of A (n;r) as the compositions of r into at most n parts, and we will
write AT (n;r) for those (A1,...,\,) € A(n;r) that verify \y > --- > A,
(the partitions of r into at most n parts). The elements of A (n,n;r) are
functions from n x n to Ny and can be considered as n x n matrices of non-
negative integers (wsi)g’ . such that Zz,tﬂ wg = r. Similarly, the elements
of A (n,n,n;r) can be interpreted in terms of 3-dimensional n X n x n tensors.
Note that the weight function on I (n,r) coincides with the one defined
in [Gre07]. Now, given w = (ws)y,—; € A(n,n;7) and 0 = (0514);,,; €
A (n,n,n;r) we will define w!, w? € A(n;r) and 6, 0%, 6> € A (n,n,n;r) by

(wl)ta = Zwstp (CU2)S = Zwst;
s=1 t=1

(el)tq - Z Osta: (82)8q - Z Ostq; (eg)st - Z Ostq-
s=1 t=1 g=1

Remark 1.1. Ifi, j, k € I (n,r) then it can be seen from the definition of
the wewght function that

wt (i, 7)" = wt (j) wt (i, ), = wt (i) ;
wt (4,5,k) = wt (j, k), wt(i,j,k)? =wt(i,k), wt(i,j,k)°®=wt(ij).
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2. The Schur algebra Sg (n,r)

In this section we recall the definition of the Schur algebra Sg (n,r) over a
commutative ring and give a new version of the formula for the product of
two basis elements of this algebra (cf. [Gre07, (2.3.b)] and [Gre90, (2.6)]).

Let {es]|1 < s <n} be the standard basis of R". For every i € I (n,r)
define e¢; = ¢;, ® --- ®@¢;,. Then {e;|i € I(n,r)} is a basis for (R")*" and
Endg ((R")®") has basis {e;;|4,j € I(n,r)}, where the map e, ; is defined
by

e jer = Ojrei, 1,7,k € I(n,r).
The action of 3, on I (n, ) extends on (R™)" to e;0 := e;, and turns (R")*"
into a right R>,-module.

Definition 2.1. The Schur algebra Sg (n,r) is the endomorphism algebra of
(R™)®" in the category of RY,-modules.

The action of ¥, on (R")®" induces a ¥,-action on Endp ((R")®") by
(fo) (v) :== f(vo~')o. On the basis elements this action is €; jo = €0 jo-.
We have, by Lemma 2.4 in [Fei82], Sg (n,r) = (Endg (R")"") s

For w € A (n,n;r) define &, € Sg(n,r) by

fw = Z €ij-
(t,5)ew
Since A (n,n; ) is identified with the set of ¥,-orbits on I (n,r) X I (n,r) via
wt, the set { &, |w € A(n,n;r)} is a basis for Sg (n,r).

Remark 2.2. The definition of Schur algebra we use is equivalent to the one
given by J.A. Green in [Gre93] (cf. Theorem 8.1). Note that Green writes
&ij where we have &y ;) fori, j € I (n,r). In the case R is an infinite field,
this definition of Sg (n,r) is also equivalent to the one given in [Gre07].

For A € A (n;r) we write & for {giag(n). It is immediate from the definition,
that >, Anir) &) is an orthogonal idempotent decomposition of the identity
of Sg (n,r).

Next we will deduce a product formula for any two basis elements of
Sg(n,r). Let 8 € A(n,n,n;r). We write [#] € Ny for the product of bi-

nomial coefficients: .
2
H ( (e )st )
st—1 (9511?7 (9521?7 R esnt
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Proposition 2.3. For any w, m € A (n,n;r) we have
Eulr = > 6] &2
0eA(nn,n;r): 3=w, O'=r

Proof: We have

§wr = Z € j Z ey | = Z €i -

(1,))€w (,k)em (1,4:k): (i.7)€w, (j,k)em

Note that the right hand side of the above formula is ¥,-invariant.
From Remark 1.1 it follows that if wt(i,j,k) = 6 € A(n,n,n;r), then
(4,7) € w if and only if w = 62, and (j, k) € 7 if and only if 7 = 0. Thus

Sla= D)
0: PB=w, Ol=1  (i,5,k)€0
Let us fix § € A (n,n,n;r) such that ' = 7 and #* = w. Then (i,5,k) € 0
implies that (i,k) € 6?. Thus Z(m,k)ee e, is a multiple of &y, where the
multiplicity is given by the number
#{j1i.j,k) €0}
for each pair (i, k) € 6%. Now we fix (i, k) € 0% and define the sets X, by
Xgg ={1<t<r|iy=s, ks =q}.
For every j such that (7,j,k) € # and 1 < s,q < n we define the function
Jog: Xog — 1
t— Js.
Then defining wt (Jy,) by
wi (Joq), = #{t € Xyq| Jog = v},

we get Wt (Jsq) = (Os1q, - - -5 Osng). On the other hand if we have a collection
of functions (qu)g,q:1 such that wt (Jsq) = (0514, - - - , Osngq), then we can define
j € I(n,r) by ji = Js(t) for t € Xg,. Since r is the disjoint union of the
sets X, the multi-index j is well defined. Moreover,

Wt (4,5, k), = #{1 <v<rliy=s, jo =1, ky=q} = wt (Jsg), = Ostq-

Thus (4,7, k) € 6. This gives a one-to-one correspondence between the set
of those j € I(n,r) such that (i,j,k) € 6 and the set of collections of
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functions (qu)ngl, Jsq: Xsqg — m such that wt (Jy,) = (6s1g, - - -, Osng) for all

1 <s,q <n. The number of possible choices for each J, is

(Qslq + -+ ean) . ( (92)511 )
981(]7 ceey ean Hslqa ey ean .
Since the choices of Jy, for different pairs (s,q) can be done independently
we get that the number of elements in {j | (¢,j,k) € 6} is given by [f]. =

Remark 2.4. Given w, m € A (n,n;r) if there is 0 € A (n,n,n;r) such that
03 = w and ' = 7 then

W= (%) = (0" ==

Thus if w! # w2 then £.6; = 0. From this and the definition of £ it follows
that

0, otherwise 0, otherwise.

_ 2 _ .1
§A§w={£°“ A= w MF{@,, A= w

3. The reduced bar construction

In this section we recall the construction of the reduced bar resolution. This
is a partial case of the construction described in Chapter IX, §7 of [ML63].
We will use in this section a slightly different notation, namely we write ¢, j,
k for natural numbers.

Let A be a ring with identity e and S a subring of A. We assume that in the
category of rings there is a splitting p: A — S of the inclusion map S — A.
We denote the kernel of p by I. Then [ is an S-bimodule. Denote by p the
map from A to I given by a — a — p(a). Obviously p is a homomorphism of
S-bimodules and the restriction of p to [ is the identity map.

For every left A-module M we define the complex By (A, S, M), k > —1,
as follows. We set B_1(A,S,M) = M, By(A,S,M) = A® M and for
k> 1, Bp(AS,M) = A® I ® M, where all the tensor products are
taken over S. Next we define A-module homomorphisms dj;: By, (4, S, M) —
Br_1(A, S, M),0 < j <k,and S-module homomorphisms s;: By (A, S, M) —
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Bk—i—l (A7 Sa M) by

doo (@ ®@m) :=am
dro(@a®@a ® - ®a,@m) =a11 @a® - - Da,@m
drj(a®@a1 @ - @a@m) =a®a1®...a;aj11®...qp@m 1<j<k—1
dpp(a®a; @ -- ®ak®m):a®a1® - ® ap—1 @ apm

1 (m):=e®@m

spla®a; @ -- ®ak®m) = pa)@a @ - Rap®@m 0<k.
It is simple to see that

diidps1,; = dij—1dp41, 0<i<j<k

Sk—1dp,j = dp41,j4+15k 1<) <k

Moreover for &k > 0
doos—1(m) =dpo(e @m) =m
dri108r (0@ a1 ® -+ @ ap @m) = ()®a1® Q@ ap @m
dis115k (R M ® - - Rapy@m) =e@Dp(a) a1 ® - ap@m
s_1dpo (a®@m) = s_; (am) = e ® am
Sk—1dkp (AR ® - Rap@®m) =e®aa; Qar @ -+ @ ap @ m.

Note that in the last identity we used the fact that aa; € I which implies
p(aa1) = aa;. From the formulas above we have dyps_1 = idy; and, taking
into account that p(a) = a —p(a) and p (a) € S,
(dkt1.08k — dis1.15k + Sk—1dip) (@@ a1 @ -+ - Q@ ap @ m) =
4R - Ra@m—e@p(a)ag @ - @ ap@m
—e®ar Ray® - Qar@m+e®@p(a)ag ®az @+ R ar @m
+e®aag Xay--Q@ap@m
=a®a @ - Qar@m.
Thus dy 41,058 — diy1.158 + Sk—1dro = idp,a,s.0), K > 0.
Define dj: By (A, S, M) — Br_1 (A, S, M) by
k

dk = Z (—1)t dkz,t-

t=0
The above computations show that
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Proposition 3.1. The sequence (By (A, S, M), di);~_, s a complex of left
A-modules. Moreover

dos—1 =1dp_,(4,5,Mm)
diy18k + Sk—1dg = idp,(a,5,0m) 0<k.
Thus si, k > —1, give a splitting of B, (A, S, M) in the category of S-
modules. In particular, (By (A, S, M), dg);~_, is exact.

Definition 3.2. The complex (By, (A, S, M), dy),~_; is called the reduced bar
resolution.

4. Borel-Schur algebras

In this section we introduce the Borel-Schur algebra S3 (n,r) and apply
the results of the previous section to the construction of the reduced bar reso-
lution for the irreducible S3 (n, 7)-modules. We should remark that S3, (n, r)
can be identified with the Borel subalgebra S (B*) defined in [Gre93, §8 |.
In case R is an infinite field the algebra S} (n,r) can be also identified with
the algebra S (B*) used in [Gre90], [San93], and [Wo094].

On the set I (n,r) we define the ordering < by

ZS]@USJL igﬁjg, Ceey ’Lngjn

We write ¢ < j if ¢ < 7 and ¢ # j. Note that < is ¥, invariant. Denote by
A? (n,n;r) the set

A (n,n;r) = {wEA(n,n;r)

w is upper triangular and}

Z1§kg1gn (l—k)wp > s

Remark 4.1. Clearlyi < j andi < j are equivalent to wt (i,7) € A (n,n;r)
and wt (i,7) € A (n,n;r), respectively.

For s > 0 denote by JI (n,r) the R-submodule of Sg (n,r) spanned by the
set {& |w € A°(n,n;7)}. Note that for s > r(n — 1) the set A® (n,n;r) is
empty, therefore JI* (n,r) is zero for s > 0.

Proposition 4.2. If w € A*(n,n;r) and 7 € A (n,n;r), then £,& €
Jfl—t (TL, T) :
Proof: By Proposition 2.3 £,&; is a linear combination of the elements &y for

0 € A (n,n,n;r) satisfying 8 = w and 6! = 7. For any such 6 the condition
wrg = 0 for & > ¢ implies that 0,4 = 0 for k > ¢, and the condition 7, = 0
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for ¢ > [ implies 0}, = for ¢ > [. Therefore for any ¢ and for k > [ we have
0rq = 0. Hence 62 is upper triangular. Moreover,

SDU=k)(07)y =D ) =k brg=>_ (I—Fk) by

k<l k<l q=1 k<q<l
=Y (=q) b+ Y (q—Fk) g
k<q<l k<q<li
=y (Z (l—q) %z) +) (Z (g — k) 9qu>
g<l \k=1 k<qg \li=1
=D (=) (), +>_(a=k) (%),
q<l k<q
:Z(l—q)ﬂql—i—Z(q—k)wkqZt—l—s. u
q<l k<q

Define S} (n,r) := J§(n,r) and Jp = Jg(n,r) := Jf(n,r). Then for
every A € A(n;r) we have £, € Si (n,r). In particular the identity of
Sk (n,r) is in S} (n,r). Now it follows from Proposition 4.2 that S}, (n,r) is
a subalgebra of Sk (n,r) and Jg (n,r) is a nilpotent ideal of S% (n, ).

Definition 4.3. The algebra S3 (n,r) is called the Borel-Schur algebra.

Let L, = @)\E Alnr) R¢y. Then L, , is a commutative R-subalgebra of
Sk (n,r), and ST (n,r) = Ly, ® Jg(n,r). Since Jg(n,r) is an ideal in
S% (n,r), this direct sum decomposition implies that the natural inclusion
of L,, has a splitting in the category of R-algebras. So we can apply to
S% (n,r) and L, the reduced bar construction described in Section 3.

For every A € A(n;r) we have a rank one module Ry := R&) over L, ,.
Note that {, acts on Ry = R§) by identity, and ,, i # A, acts by zero. We
will denote in the same way the module over S} (n,r) obtained from R) by
inflating along the natural projection of S (n,r) on L,,,.

Note that if R is a field the algebra L, , is semi-simple, and so Jg (n,r) is
the radical of S} (n,r). In this case { Ry | A € A(n,7)} is a complete set of
pairwise non isomorphic simple modules over SE (n,r). For more details the
reader is referred to [San93].
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For A € A (n;r) we denote the resolution B, (S™ (n,7), L, R)) defined in
Section 3 by B, (R)). Then

By (Ry) :=SE (n,1) @ Jg (n,r) @ - @ Jg (n,7) @ Ry, (1)

where all tensor products are over L, , and there are k factors Jg (n,r).

Let M be a right L, ,-module and N a left L, ,-module. It follows from
Corollary 9.3 in [ML63] that M ®p,, N = @cpp) MEN @re, V. Hence
M ®r,, N = Djeapr) Mér OrOHN.

Therefore B} (R,) is the direct sum over all sequences pMo
A (n;r) of the ST (n,r)-modules

SE (n,r) fuu) & fuu)JR (n,7) §M<2> ISR fu(k) Jr (n,7) gu(kﬂ) & gu(k-f—l)R)\, (2)

where all tensor products are over R. Since §M<k+1>R)\ = 0 unless ,u(k“) = )\,

the summation is in fact over the sequences pV, ..., u® e A (n,r).
Recall that it is said that v € A (n;r) dominates p € A(n;r) if

t t
Z Vs 2> Zus
s=1 s=1

for all £. If v dominates y we write v > u. If v strictly dominates p we write
v > u. Note that if i, j € I (n,r) and ¢ < j or i < j, then wt (i) > wt (j) or
wt (i) > wt (j), respectively.

Proposition 4.4. Let v, p € A(n;r). Then &, Jr (n,r)&, = 0 unless v > p.
If v>p then

{fw‘w c A (n,n;r), w'=p, W :V}
is an R-basis of the free R-module &, Jr (n,1)&,.

Proof: From Remark 2.4 it follows that the set
{&J‘wEAl(n,n;T), wh = p, w2:1/}

is an R-basis for &,Jr (n,r)¢,. Suppose this is not empty. Then there is
w € A (n,n;r) with w! = pand w? = v. Let (i,5) € w. Then by Remark 4.1
we know that ¢ < j. Therefore, we have wt (7) > wt (j). By Remark 1.1 we
get

v=uw=wt(i,j))  =wt(@)owt(j) =wt(4,5) =w' =p. =

Corollary 4.5. Let N be the length of the maximal strictly decreasing se-
quence in (A (n;r),>). Then B; (R\) =0 for k> N.
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We conclude that the resolutions B (R)) are finite, for all A € A (n;r).
We also have By (Ry) = S% (n,7) &), and for k > 1

By (Ry) = @ St (0, 1) &0 @R JrE e ®R -+ @R §uw JREN,

TSRS

where all 4, 1 < s < k, are elements of A (n;r). Given x> A we denote by
Q7 (A, p) the set

{ (s swn) € AL (s )"

Then
B(J)r (Ry) = SE (n,7) &
Bl (Ry) = @ (S5 (n,r) &) = (3)

U

as S7 (n,r)-modules. In particular, B (R,) is a projective S% (n,r)-module
for any k£ > 0. So we have the following result

Proposition 4.6. Let A € A (n;r). Then Bt (R)) is a projective resolution
of the module Ry over S (n,r).

Define
0 + 1
b (\) = { (wo,wl,...,wk)‘wo e A (i), (wis... wp) € O ()\, (wo) )}
Then the set
(e o8|, et}

is an R-basis of B} (R)). The differential 9 of Bf (R,) in terms of this basis
looks like

o

-1

O (b ® ®E&) =Y (-1)'&®  ®un ® ®&,. (4

t

|
=

Let R’ be another commutative ring with identity and ¢: R — R’ a homo-
morphism of rings. It is now clear that

Bf (R\) @r R = B (R))

as chain complexes of R-modules.
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5. Induction and Woodcock’s theorem

In this section we explain how the results of Woodcock [Wo094] can be
applied to prove that the S% (n, r)-module Ry, A € AT (n,r), is acyclic for the
induction functor S} (n,r)-mod — Sk (n, r)-mod We start with a definition.

Definition 5.1. For A € A™ (n,r) the Sg (n,r)-module
W){% = Sp (n7 T) ®S§(n,r) R
is called the Weyl module for Sg (n,r) associated with .

It follows from Theorem 8.1 in [Gre93] that this definition is equivalent
to the definition of Weyl module given in that work. It is proved in Theo-
rem 7.1(ii) of [Gre93] that W is a free R-module. In fact in this theorem
an explicit description of an R-basis for Wf is given. It turns out that this
basis does not depend on the ring R but only on the partition A\. Moreover
the coefficients in the formulas for the action of S (n,r) on W are in Z and

do not depend on R. This implies that if ¢: R — R’ is a ring homomorphism
then there is an isomorphism of Sk (n, r)-modules

WE=2WFepR. (5)
For each A € AT (n;r) define the complex
B. (W3Y) := Sk (n,7) Qg () B (R
Note that B_; (W) = W. Now, for any y € A (n;r)
Sk (1,7) @g () S (1,7) & = Sk (n, 1),

is a projective Sg (n,r)-module. From (3) it follows that for & > 1 the
Sk (n,r)-module By (W) is isomorphic to a direct sum of modules Sg (n,r) &,
p> X Also By (W) = Sk (n,r) €. Thus By, (W) is a projective Sg (n,r)-
module for k& > 0.

Denote by b% (\) the set

{ (wo, Wiy - -+ W) ‘wo eAN(n,n;r), (wy,...,wg) € Q,j ()\, (w0)1>}.
Then By (W{) has an R-basis { & |w € A(n;7), w' = A}, For k> 1
By (WyY) = @ Sk (n,7) &y @R §u JrRE = @R -+ R §u0 JRE)

p O opFs )
pBeA(nyr), 1<s<k



14 ANA PAULA SANTANA AND IVAN YUDIN

has an R-basis
(et ®0e, | o) enM}.

The differential 0 of B, (Wf) in the terms of these bases is given again by
(4). From these facts it follows that, if ¢: R* — R is a homomorphism of
rings, then

B, (W) @n B = B, (W) (6)

Theorem 5.2. Let A € AT (n;r). The complex B, (Wf) is a projective
resolution of W& over Sg (n,r).

Proof: Fix A € A" (n;r) and denote the complex B, (W) by X(R). Then
all R-modules in X (R) are free R-modules. Moreover we know from (6) that
X(Z) ®z R = X(R). Now by the Universal Coefficient Theorem (cf. for
example Theorem 8.22 in [Rot79]) we have a short exact sequence

0 — H, (X(Z)) ®z R — Hy, (X(R)) — Tor? (H,_, (X(Z)),R) = 0. (7)

Thus to show that the complexes X (R) are acyclic it is enough to check that
the complex X (Z) is acyclic. Now Hy (X (Z)) is a finitely generated abelian
group. Therefore

Hnxez)=ze @ P(2/pz)"

p prime s=1

where only finitely many of the integers ¢, ¢, are different from zero. For
every prime p denote by F, the algebraic closure of I,. Then we get

il il >1 tps
Hi (X (2)) @2 F, = Fo

and also
Hy (X(Z)) @z Q= Q.

Hence if we show that Hj (X (Z)) ®z F, = 0 for all prime numbers p and
Hi (X(Z)) ®z Q = 0, this will imply that H (X(Z)) = 0.

Let K be one of the fields Fp, p prime, or Q. Then, by the Universal Coeffi-
cient Theorem, Hy (X (Z)) ®@zK is a submodule of Hy (X (K)). Therefore it is
enough to show that Hj, (X (K)) = 0. For this we use Theorem 5.1 in [Wo0094].
That result can be applied because K is an infinite field.

Note that the algebra Sg(n,r) has an anti-involution ¢ : Sg(n,r) —

Sk (n,r) defined on the basis elements by ¢: ¢, — & The image of
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S% (n,r) under # is the subalgebra Sy (n,r) of Sg(n,r). Now for each
Si (n,r)-module M we define a structure of _# (S (n,r))-module on M* :=

Homg (M,K) by (£0) (m) := 0( 7 (§)m), for 6 € M*, £ € 7 (5§ (n,7)).
This induces a contravariant equivalence of categories #.: Sg (n,r)-mod —
Sk (n,r)-mod. There is also a similarly defined contravariant auto-equivalence
functor ¢Z.: Sk (n,r)-mod — Sk (n,r)-mod. By Theorem 7.1 in [San93] the
functors

FoHomg—, ) (Sk (n,7), =)0 F.: Sg (n,r)-mod — Sk (n,7)-mod

Sk (1, 7) Qg () — Sg (n,r)-mod — Sk (n,r)-mod

are isomorphic. Now since _#, is a contravariant equivalence of abelian

categories, 7, (B (K,)) is an injective resolution of _Z, (K,). By Theo-
rem 5.1 of [Wo094] the complex

Homg_,, .y (Sk (n,7), J. (B. (Ky)))
is exact. Applying ¢#, we get that also the complex X (K) is exact. |

Corollary 5.3. Let A € At (n;r) and P — Ry be a projective resolution of
R over S} (n,r). Then Sg(n,r) @g+mry P — W is a projective resolution
of WE over Sg(n,r).

Proof: The homology groups of the complex Sg (n,7) ®g+ () P — 0 are the
tor-groups T07",‘3+(n’r) (Sg(n,r), Ry). But these groups are zero for k > 1 by
Theorem 5.2. And in degree zero we get W, ]

From Theorem 8.4 it follows that the resolution B, (Wf) is a resolution
of W by divided power modules over GL,, (R). Moreover, this resolution is
universal in the sense of Akin and Buchsbaum. Namely, we have

B, (W) = B. (W{) @2 R

So this resolution answers the question posed by Akin and Buchsbaum re-
ferred in the introduction of the paper.

6. The Schur algebra and the symmetric group

In this section we recall the connection which exists between the cate-
gories of representations of the symmetric group X, and of the Schur algebra
Sk (n,r). Good references on this subject are [Gre07] and [Jam98].
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Suppose that n > r. Then there is 6 = (1,...,1,0,...,0) € A(n;r). For
every o € X, we denote by w (o) the element of A (n,n;r) defined by

(o) 1, 1<t<r s=ot
w(o), =
st 0, otherwise.

This gives a one-to-one correspondence between >, and the elements w of
A (n,n;r) such that w! = w? = §. It follows from the Proposition 2.3 that
the map

¥ = &SR (N, 1) &s
o= fw(a)

is multiplicative. In fact, if 6 € A (n,n,n;r) is such that 8° = w (o1) and
0! = w (03), then

1, 1<g<r, s=o01t, t =09
Qstq = ) .
0, otherwise

Such 6 is unique and for this @ we have 6? = w (g109) and [f] = 1. There-
fore &uo)buw(os) = Ew(oren)- We can consider &;5g(n,r)&; as an algebra
with identity . Then o +— w (o) induces an isomorphism of algebras

¢: RS, = &Sp(n,7)&. It is obvious that if M is an Sg(n,r)-module
then M is an &Sk (n, ) &-module. In fact the map M — &M is functo-
rial. Now we can consider {sM as RY.,-module via ¢. The resulting functor
S: Sk (n,r)-mod — RY,-mod was named Schur functor in [Gre07]. This
terminology should not be mixed up with Schur functors in [ABW82]. It is
obvious that & is exact.

Given A\ € A" (n;7), we can apply the functor & to the complex B, (Wf)
We obtain an exact sequence & (B* (Wf)), which is a resolution by permu-
tation modules of the co-Specht module corresponding to A. This will be
explained in more detail in the next section.

7. The Boltje-Hartmann complex

In this section we show that for A € AT (n;r) the complex & (B, (W))
is isomorphic to the complex constructed in [BH10]. Thus we prove Conjec-
ture 3.4 of [BH10].

We start by summarizing notation and conventions of [BH10].
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Let A € A (n;7). The diagram of shape X is the subset of N?
A ={(s,t) |1 <t< A, 1 <s<n},

and a tableau of shape X\ or A-tableau is a map T: [\] — N. The content
c(T) of T is defined by

(T = #{(s,9) € N|T (s,9) =t}
If all values of T" are no greater than n we consider ¢(7) as an element
of A(n;r). For every pair A\, u € A(n;r), denote by 7 (A, ) the set of
tableaux of shape A and content p. We say that a tableau T € .7 (A, u) is
row semistandard if for every 1 < s <n

T(Svl) ST(372) < - ST(Sv)\s)‘

The set of row semistandard tableaux of shape A and content p will be
denoted by 77 (A, u). Following [BH10] we denote by .7 () (respectively
T (N)) the set 7 (A, d) (respectively 77 (A, 6)), where § = (17,0"7") like
in the previous section. Note that every element t of .7 ()) is a bijection
from [A] to r. Therefore we can define a left action of ¥, on .7 (\) by

Yo x T (N)— T (N

(0,t) — ot.
Define the projection v: .7 (A) — 7" () that turns t € .7 () into the row
semistandard tableau obtained from t by rearranging the elements of each
row of t in increasing order. Then

X, X TN = TN

(0,t) = t(ot)

is a left transitive action of X, on .7 (\), and the stabilizer of

1 Al

A+ 1 A+ Ao
f)\Z: . .

M4 4+l oo A4+ A
is ) = Xy, X -+ x X, . Following [BH10], we define the left permutational
¥,- module M? as the linear span over R of the elements in .77 ()\), with
the action induced on M* by the formula above.
Let V) = &\ ((R”)W) = P,., Rei. Then V) is a right ¥,-submodule of
(R”)W. We will consider V), as a left >,-module via the transitive X,-action



18 ANA PAULA SANTANA AND IVAN YUDIN

oe; = e€;,-1 on the basis { ¢; | i € A}. Obviously, V), is a permutational module.
Let [ (\) := (1M,...,n™). Then the stabilizer of ey is Xy, and so the ¥,-
modules M* and V), are isomorphic. Let us describe the isomorphism induced
by e;(n) — t\ explicitly.

For every i € A\, we define t (i) € .77 (\) as the row semistandard A-tableau
whose row s contains the A, integers ¢ satisfying ¢, = s, s € n.

We have t (I (\)) = t). Next we check that the correspondence e; — t (i) is
Y.~invariant.

Let 2 € A\, 0 € X, and 1 < s < n. Suppose s occurs at positions v; < --- <
vy, in 2. Then

S = iyq = ig—l(g(yq)), 1 S q S )\5
Hence s occurs at the positions o (1), ..., o (vy,) in oL, Since s is arbitrary
we get t (ic7') =t (ot (i)). Therefore the map e; — t (i) is X,-invariant, and
defines the ¥,-isomorphism between V) and M?* referred above.
As a consequence, for A\, u € A (n;r) we get an isomorphism

HOIHRZT (MM, M)\) — HOI’IIRET (VM, V)\) .

Since (R")*" = D, A(nz) V2 these isomorphisms can be assembled into an
isomorphism of algebras

P Homgs, (M*, M) = Sg(n,7), (8)

A uEA(n;r)
where we consider the direct sum on the left hand side as an algebra, with
the product of two composable maps given by their composition, and the

product of two non-composable maps is defined to be zero.
We will describe (8) explicitly below. Let

QA p) ={weA(nn;r) |w1 =, w=A}.
Then there is a bijection between the sets .7 (A, u) and Q (A, u). To prove
this, we define for each T € .77 (A, ) the matrix w (T') € A (n,n;r) by
wet == #1{(s,q) € [\||T (s,q) =t} = (number of t’s in row s of T').

Clearly w (T)* = X and w (T)" = p. Thus w(T) € Q (X, n). Conversely, if
w € Q (A p) we define T (w) as the tableau of shape A whose s-th row is
the sequence (1¥s1,... n“n). Then T (w) is row semistandard. Moreover, t
occurs in 7' exactly (wl) . = iz times, and so T’ (w) has content p. It is easy
to see that these constructions are mutually inverse.
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For every T € 7" (A, p) Boltje and Hartmann define a map 6r: M* — M*
by the rule: for t € .77 (1) the element 07t € M? is equal to the sum of all
A-tableaux s € 7" (\) with the following property, for each 1 < s < n: if
the s-th row of T' contains precisely ¢ entries equal to t then the s-th row of
s contains precisely ¢ entries from the ¢-th row of t.

We can reformulate this rule in terms of w (77) as follows: the element 0t
is the sum of those s € .7 (\) that, for each 1 < s,¢ < n, the s-th row of s
contains precisely w (T'),, entries from the ¢-th row of t.

The set {07 |T € 77 (A, p)} is an R-basis of Hompgy, (M*, M*). On the
other hand { &, |w € Q (A, u)} is an R-basis of £,Sg (n,7)€,. Now we have
the following result.

Proposition 7.1. Under (8) 07, T € T (\, i), corresponds to &,r.
Proof: Let T € " (A, 1) and j € p. Then

Now for all 1 < s,t <n

#{l<q<rlig=s, jo=1} =wt(i,j)y =w ().

Thus &, rye; is the sum of e;, for those i € A such that 4 is obtained from
J by replacing w (T'),, occurences of ¢ by s. Therefore t (i) is obtained from
t(j) by moving exactly w (T),, elements from the ¢-th row of t(j) to the s-th
row of t (7).

Moreover, if s € 7" (\) is obtained from t(j) by moving exactly w (T),,
elements from the ¢-th row of t () to s-th row of s, then for the corresponding
i =1(s) € A we have (i,j) € w(T),,. This proves the proposition. u

Boltje and Hartmann define Homfmr (M roM A) as the R-span of those
elements O with T € .77 (A, u) such that for every 1 < s < n the s-th row
of T" does not contain any entry smaller than s. This is equivalent to the
requirement that w (7T") is an upper triangular matrix. Therefore, under (8)
the subspace Homf%zer (M”, MA) is mapped to £,57 (n,r) €, since we know
that £,5% (n,7) &, is the R-linear span of

{&, | w is upper triangular and w € Q (A, 1)} .

As S}y (n,r) = Jg (n,7) @ Ly, we have Hompy, (M*, M*) = &g (n,1) &, if
1> A
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In Section 3.2 of [BH10] there is defined the complex C? as follows. 5’\
is the co-Specht module that corresponds to the partition A € AT (n; 7")
CO = Homp (M*, R). For k > 1 the RY,-module C’A is defined as the direct

sum over all sequences pM > ... > ) >\
Hom (Mﬂ“’, R> ®p Hom)y, (Mﬂ(”, Mﬂ“’) n
®p - ®p Hompy, (M’\, M“(k)) . (9)

The differential di, £k > 1, in 5;\ is given by the formula

k
dk(f0®f1®®fk: 1 Z f0® ®ftft+1®...fk_1. (10)

t=0

Note that we have arranged the factors in the definition of 5,? in a different
order from the one used in [BH10].

Theorem 7.2. For A € A* (n;r), the complex CN*,f‘ is isomorphic to G B, (Wf)

Proof: We will establish the isomorphism only in non-negative degrees. The
isomorphism in the degree —1 will follow, since the complex G B, (Wf) is

exact, and the complex af‘ is exact in degrees 0 and —1 by Theorems 4.2
and 4.3 in [BH10].

We define the complex af‘ in the same way as the complex 53 with the
only difference that the summands (9) are replaced by

HOHIRE,‘ (]\4#(1)7 M(S) Qr Homé\%Zr (MM(Z)’ Mu(l)) Dp
®pg - - Qp Hompy, (MA, M“(k)> .

Then it is straightforward that the isomorphism (8) induces an isomorphism
between the complexes G B, (Wf) and af‘ in non-negative degrees.

To show that the complexes af and af‘ are isomorphic in the non-negative
degrees it is enough to find for every v € A (n;r) an isomorphism of 3,-
modules ¢, : Hompgy, (M’/,M5) — Hompg (M"Y, R), such that for all u €
A(n;r), f € Hompgy, (MV, M5), and h € Hompgy, (M", M") we have
qbu(fh) :le/(f)h
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Note that the action of X, on Hompgy, (M M 5) is given by composition
with 07,0, 0 € X,. The action of X, on Homg (M", R) is given by the
formula (o f) (m) = f (07 'm), for f € Homg (M”,R), m € M”, and o € %,.

Let f € Homps, (MY, M°), m € M”. We define ¢, (f)(m) to be the
coefficient of t; in f(m). Note that f can be recovered from ¢, (f) in a
unique way. In fact, { ots|o € ¥,} is an R-basis of M?. Now the coefficient
of ots in f(m) is the same as the coefficient of t; in o='f (m) = f (¢7'm),
and so equals ¢, (f) (0‘1m). This shows that ¢, is injective.

Now let g € Hompg (M", R). We define v, (9) € Homgy, (M", M°) by

m — Z Jt(;)

TEY,

We have to check that ¢, (g) is X,-invariant. Let ¢’ € ¥.. Then

4y (9) (0'm) = 3 9 (07 'o'm) (0t5) 2= 37 4 ((0") ' m) (0'"t)

— o' (4, (9) (m)

Since all the elements ot;, 0 € X,, are linearly independent, we get that
oy (¥ (g)) (m) = g (m) for all ¢ € Homp (M”, R) and m € M". Therefore
¢, is surjective.

Now we check that ¢, is a homomorphism of >J,-modules. For this we have
to see that for all 0 € X, f € Hompgy, (M”, Mé), and m € MY there holds

¢1/ (HT(w(J))f) ( ) ¢1/ (f) (0 m) (11)

We will show that 67(,,) acts by permutation on the basis { o't;| 0’ € X,}
of M°. Then ¢, (Or((o))f) (m) will be the coefficient of some o’t; in f (m).

Let ¢/ € ¥,. Then o'ts is obtained from ts by applying ¢’ to every entry of
ts. Thus o'ts is a d-tableau with the entry o’ (s) in the row s.

We know that w (o)., is non-zero only if t = 0~ 's. Now by our reformula-
tion of Boltje-Hartmann rule, 07, (0't;) is the sum of those s for which
the s-th row of s contains precisely one entry from the o¢~'s row of o'ts.
Of course such s is unique and the entry in the row s is o’ (0‘13). Thus
HT(w(o)) ((7“(5) = 0’071’(5.

Therefore the coefficient of t5 in Op((,)) f (m) is the same as coefficient of
ots in f (m), which is also the coefficient of t; in f (07m). So (11) holds.
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It is left to check that for every v, u € A (n;r), and h € Hompgy, (M*, M),
f € Hompgs, (M”,M?), we have ¢, (fh) = ¢, (f)h. But this is immediate
since both ¢, (fh) (m) and ¢, (f) (h (m)) are the coefficients of t; in fh (m),
for every m € M*". u

8. Appendix

In this appendix we discuss the connection between the general linear group
and Schur algebras as they are defined in this paper. We start with the
proof that our definition of Schur algebra is equivalent to the one given in
Green [Gre93].

We define Ag (n) to be the commutative ring R[cs;: s,¢ € n] in the inde-
terminates cg;.

For every i, j € I (n,r) we denote by ¢; ; the product ¢;, j, ...¢;, . Then
(i,7) and (i, ") € I (n,r) x I (n,r) are on the same ¥,-orbit if and only if
¢i; = ¢y y. We will write ¢, for ¢; ; if (4, j) € w.

Denote by Ag (n,r) the R-submodule of Ag(n) of all homogeneous poly-
nomials of degree r in the cy. Then {c¢,|w € A(n,n;r)} is an R-basis of
Ag(n,r) and A, = @,-qAr(n,7). It is well known (see [Gre93]) that
Apg (n,7) has the structure of a coassociative coalgebra with the structure
maps given by

JAN (Cm') = Z Cik @ Ckj, € (Cm') = 0j .
kel(n,r)

The Schur algebra SG" (r,n) in the sense of Green is the R-algebra dual to
the coalgebra Ag (n,r). Let { & lwel (n,n; r)} be the R-basis of S&" (n, r)

dualto { ¢, |w € A (n,n;7)}. Define amap ¢ from S§" (n,r) to Endg ((R")*")
by

¢(f) €j = Z f(ci,j)ei-

i€l(n,r)

Theorem 8.1. The map ¢ provides an R-algebra isomorphism between
SSr (n,r) and Sk (n,r).

Proof: Clearly ¢ maps the identity of Sgr (n,r) into the identity map of
Endg ((R")®"). Let fi, fo € S%" (n,r). Then the product (see [Gre07]
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or [Gre93]) of f; and f5 is defined by
(f1f2) ( ng Z fi (cig f2(0k3)

kel(n,r)

Therefore
¢ (fif2)ej = Z Z fi(cig) fa(cry) e

i€l(n,r) kel(n,r)

On the other hand
d(o(fey=0(f) Y flaer= > D foley) filene

kel(n,r) kel(n,r)icl(n,r)

Therefore ¢ (fifs) = 6 (f1) 6 (f2). We have also ¢ (Ew) — ¢, In fact

(fw) €j = Z & cij)e Z e = Eoe;.

i€l(n,r) iel(n,r): (i,7)€w
Thus the result follows. ]

To each ¢, € Ap (n) we can associate a function ¢5;: GL, (R) — R defined
by ¢si(9) = gat, 9 = (gsﬂg)ztz1 € GL, (R). The correspondence cg; > Csy
induces an algebra homomorphism v from Ap (n) to the algebra of maps
from GL, (R) to R. The homomorphism v is injective if R is an infinite
field, but this is not true for arbitrary commutative rings or even finite fields.
We write ¢, for ¢ (¢,,), w € A (n,n;r). Then forall g € GL, (R) and (¢, j) € w

we have

9) = H st cij(g) = ng‘q,jq- (12)
qg=1

s,t=1

Next we give an overview of the functor of divided powers and explain the
relation between divided powers and principal projective modules over the
Schur algebra Sg (n, 7).

We start by recalling the definition of the algebra of divided powers D (M)
associated to an R-module M. A good reference on this subject is [Rob63].

We denote by & (M) the free algebra over R generated by variables X, 1),
m € M and k € N. Now D (M) is defined as the quotient of 2 (M) by the
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ideal generated by

Xmoy —1 (m € M)
X(am,k) —a X(m,k:) (a eER meM, k> 0)
k41
X(m,k)X(m,l) — ( o )X(m’kJrl) (m eM, k, [ > O) (13)
l
X(m1+m2,l) — ZX(ml,k)X(mg,l—k) (ml, mo € M, [ > O) .
k=0

We will denote the image of X, ) in D (M) by m®) . Then, besides the
relations determined by (13), it also holds

0k = 0, k>1
mF) k) = (k1k+ o —;ks) mEttR) e My koL ks >0
1y, Ks
(m1+'-'+m3)(k): Z mgkl)...mgks), my,...,mg € M;k > 0.
foy kg =k

If M and N are two R-modules and f: M — N is a homomorphism of R-
modules, we can define an R-algebra homomorphim D (f) : D (M) — D (N)
by D (f) (m®) = (f (m))(k), m € M, k > 0. Note that the rings ¥ (M) are
graded, with deg (X(m,k)) =k, m € M, k> 0. As all the relations (13) are
homogeneous, the ring D (M) is graded as well. Now the map D (f) preserves
the grading for any map of R-modules f. Therefore D is a functor from the
category of R-modules to the category of graded R-algebras. We denote by
Dy, (M) the k-th homogeneous component of D (M). Given a homomorphism
of R-modules f: M — N we define Dy (f) to be the restriction of D (f) to
Dy (M). In this way we obtain the endofunctor Dy on the category of R-
modules.

Define the map 7,: GL (M) — Endg (Dy (M)) by 7 (f) := Dy (f). This
map is obviously multiplicative and thus extends to a representation

of the group GL (M). Thus we get a structure of GL (M )-module on Dy, (M).
As the category of GL (M)-modules is monoidal we can define for every
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A= (A1, ..., ) € A(n;7) the GL (M)-module D, (M) by
Dy (M) = Dy, (M) ®g - -- ®g Dy, (M).

Now we shall give a more explicit description of D) (M) in the case M = R".
Recall that {ey, ..., e,} denotes the standard basis of R". By Theorem IV.2
ke €N,Y k= k}

in [Rob63]
{ egkl) . egf’”)
t=1

is a basis of Dy, (R") for k > 0. Thus the set

{ o™

where e™ = @7 [ 165 ™) is an R-basis of the R-module D, (R").

Proposition 8.2. Let A € A (n;r). Then the action of GL, (R) on D, (R")
1S given by

e = 3 W), meAm), 7 =\ geCL.(R).
0eA(n,nn;r): Ol=mn

Proof: Let g = (gst)yy—1 € GLn(R) and m € A (n,n;7) such that 7' = X,
Then

7T€A(n,n;7"),7r1:)\},

n o n n o n n (mst)
- @I - Q1] (z s

t=1 s=1 t=1 s=1 \qg=1

I X It

t=1 s= 11/€An775t)q 1
v(st), (v(si),)
=Y @It
v: nxn—A(n) t=1 s,g=1

where the summation is over the set X (7r) of functions

vinxn— A(n UAnr

such that v (s,t) € A (n 7st). There is a one-to-one correspondence between
X (m) and theset Y () := {# € A (n,n,n;7) |6* =7 }. Infact, let 0 € Y ().
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Then we can define v: n x n — A (n) by

(S, t) —> (91515, ceey 9nst) .

Since (0') , = my we get v (s,t) € A(n;my) for all 1 < s,¢ < n. Now let
v € X (7). Then we can define 6 € A (n,n,n;r) by 0 = v (s,t),. Since
v(s,t) € A(n;my) we get that 01 = 7. Thus 6 € Y (). It is easy to see that
these constructions are mutually inverse. Therefore

ge(’”) — g ® H gqqst qst
0eA(n,n,n;r): 0= t=1 s,q=1

Since R is a commutative ring it is left to show that for every 6 € Y (7) we
have

2
1= @I =)
t,s,q=1 t=1 s,q=1

For the first formula we have
H gqut = H gqst it = H gqs = 005 (9)-
t,s,q=1 5,q=1 s,q=1
For the second identity we fix t € n and compute the product
(Ogst) — (0gs — ( t t
e =T (M) - 10 (,, ", )4
s,q=1 g=1 g=1 qlty - - -5 Vgnt

Now the result follows. ]

The group GL,, (R) acts naturally on R", by multiplication. Thus GL,, (R)
acts on (R”)®T diagonally. Denote by p,,, the corresponding representation of
GL, (R). Since for every g € GL,, (R) the endomorphism p,, (¢) commutes
with the action of ¥, on (R")*", we get that Im (p,,) C Sgr (n,7).

Proposition 8.3. Let g € GL,, (R). Then pn; (9) = >_ucamnr) Co (9) &o-
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Proof: Let i € I (n,r). Then we have

ge;, = ge;, Q-+ X ge;
= > (G G O ey,

JEl(n,r)

(12) ~ ~
= ) G (9)e = Cw (9) ej = E g) wéi.
€A(n,n

jel(n,r) weA(n,n;r) j: (i) Ew

As the set {e;|i € I(n,r)} is a basis of (R")®", we see that p,,(g) =
ZwGA(n,n;r) Cw (9) w- |

Theorem 8.4. Let A € A(n,r) and consider Sg(n,r)&\ as a GL, (R)-
module via the homomorphism py,. Then the map

i Dy (R") = Sk (n,7) &)
e(ﬁ) — 571'
is an isomorphism of GL,, (R)-modules.

Proof: It is clear that ¢ is an isomorphism of R-modules. Thus it is enough
to show that ¢ commutes with the action of GL, (R). Let g € GL,, (R) and
m € A(n,n;r), 7t = X\. Then by Proposition 8.2 we have

v(ge?) = X WE@e(®) = Y a9

0eA(n,nmn;r): Ol=mn 0cA(n,nn;r): Ol=mn

On the other hand by Proposition 8.3 and Proposition 2.3

()= Y abwe|s

welA(n,n;r)
S AT R DR
weA(n,n;r) feA(nnn;r): B=w, O'=r

- Y a9 .

0cA(nnmn;r): Ol=mx
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