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1. Introduction and notation

Let i be a positive Borel measure with infinite support on the unit circle
T = {e : 0 € [0, 27[} with moments

L[ |
ck:—/ Ry, ke Z, z=¢€",
2 0

satisfying ¢, € ¢}(T), for all k € Z, and ¢, = c_y, for all k& > 0, where the
bar denotes the complex conjugate. With 1 one associates the Carathéodory

function, defined by
1 [Pl 42
Fe) =5 [ S dut®),

s el — »

and the sequence of orthogonal polynomials with respect to u, called orthog-
onal polynomials on the unit circle (OPUC),

1 27 - .
o On(2)Pm(2) dpt = hybpn, 2=¢€", h, >0, n,m>0. (1)
T Jo

If 1 is absolutely continuous associated with a weight w, then we say that
{#n} is orthogonal with respect to w.
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Throughout this paper we will consider that ¢, is monic, for all n € N,

thus {¢,} will be called a monic orthogonal polynomial sequence and it will
be denoted by MOPS.

Note that
Co C1 Cp,
1 : : :
wEA=1 0 =x—| 1 laen.
n—1| Ch—1 Cp—2 -*° C1
1 Z o« o e Zn

where A,, is the minor of the Toeplitz matrix associated with p, defined as

CO PR CTL
Ag=1,A0=cy, Ay=1|: . |, neN,

Cn DR CO

The numbers a,, = ¢,(0), n € N, known as reflection parameters, satisfy

AnAn—Q
AG

1—la,|* = , neN.

The associated polynomials of the second kind are defined by

%) =1, 0ule) =5 [ G (onle”) — 6u(2) du(8) m 2 1.

Y el — »

and the functions of the second kind are given by

s el —

1 [l 42 ;
Onl2) / ' on(e?) du(8), n=0,1,...
0
Throughout the text we will use the matrices Y,, defined as

O i B el Y (3

where ¢ and (2 denote the reciprocal polynomial of ¢,, and €2,,, respectively.
We recall that the reciprocal polynomial p* of a polynomial p of exact degree
n is defined by p*(z) = 2"p(1/z). We write the Szegd recurrence relations in
the matrix form (see [14]),

Yn - AnYn—b An - [—Z n
a, 2z 1

],nEN. (4)
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where A, are the so-called transfer matrices. It is well known that the
reflection parameters describe completely the sequence of orthogonal poly-
nomials, {¢,}, in (4) they satisfy |a,| < 1, for all n € N and, conversely,
given an arbitrary sequence of complex numbers (a,) with the only restric-
tion |a,| < 1, for all n € N; the polynomials ¢,, defined by (4) are orthogonal
with respect to a unique probability measure with infinite support on T such
that a, = ¢,(0), for all n € N (see [9]).

The present paper deals with measures supported on the unit circle whose
corresponding Carathéodory function satisfies a Riccati type differential
equation

2AF' = BF*+CF+D,A#0. (5)

where A, B, C', D are co-prime polynomials. The class of Carathéodory func-
tions satisfying (5) and the corresponding sequences of orthogonal polynomi-
als is known as the Laguerre-Hahn class on the unit circle (see [3, 5]). Some
well-known families of polynomials on the unit circle orthogonal with respect
to Carathéodory functions of this type are the Laguerre-Hahn affine orthog-
onal polynomials, which correspond to the case B = 0 in (5), as well as the
semi-classical orthogonal polynomials, which correspond to the case B = 0
and D a specific polynomial in (5). Also, fractional linear transformations of
the above mentioned Carathéodory functions are members of the Laguerre-
Hahn class, whenever the resulting transformation is a Carathéodory func-
tion.

The aim of this work is twofold: on the one hand, to study difference
equations for the reflection parameters of Laguerre-Hahn OPUC, and on the
other hand, to study continuous equations that follow when deformations
of Laguerre-Hahn Carathéodory functions occur through a dependence on a
certain parameter, .

So far, the analysis of orthogonal polynomials with respect to deformed
measures via a t—dependence parameter has been carried out for the semi-
classical class. This has been done in a vast list of papers, and we refer the
reader to [2, 10, 11, 12, 15, 16]. It is well-known the connection of semi-
classical orthogonal polynomials with integrable systems, Painlevé equations
(discrete and continuous) Toda lattices, monodromy theory (see the intro-
duction of [11, 12, 15, 16] and its list of references). For example, in [11, 12]
continuous Painlevé equations were found from the reflection parameters of
semi-classical orthogonal polynomials on the unit circle.
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This paper is organized as follows: in Section 2 we begin by presenting
differential systems for the matrices Y, corresponding to Carathéodory func-
tions satisfying (5) (cf. Theorem 1). Then we shown that compatibility
between the above mentioned differential system and the recurrence relation
written in the matrix form (4) leads to semi-discrete Lax equations for the
corresponding matrices A, in (4) (cf. Corollary 2). In Section 3 we study
the t-dependent case. In Section 4 we present an example: we study the
reflection parameters of the sequence of OPUC with respect to a non semi-
classical measure, the sum of a Jacobi measure with the Lebesgue measure
on the unit circle.

Throughout the paper we will use f’ to denote the derivative of f with
respect to z and f to denote the derivative of f with respect to t.

2. Differential linear system for Laguerre-Hahn OPUC
and discrete Lax equations

We begin by presenting a differential linear system for Laguerre-Hahn or-
thogonal polynomials. The differential relations (5) that follow were deduced
in [4, Theorem 3], thus we omit here the proof of it.

Theorem 1 ([4]). Let F' be a non-rational Carathéodory function, let {Y,}

be the corresponding sequence defined by (3) and let Q,, = [_QQ;{L , n>1.
The following statements are equivalent:
(a) F satisfies the differential equation with polynomial coefficients
2AF' = BF?* 4+ CF + D; (6)
(b) {Y,} and {Q,} satisfy
zAY! = B,Y, - Y,C (7)
2AQ, = (B, + (BF+C/2)I)Q,, n €N, (8)
where B, are matrices of bounded degree polynomials,
5= L8 ) g
and

C= [CféQ __072] . (10)
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Remark . Eqs. (7) are particular cases of matrix Riccati equations, known
as matrix Sylvester differential equations (see [1, 17]).

As a consequence of the previous Theorem the following result holds (see
[4, Theorem 4] and [11, Corollary 2.4]).

Theorem 2. Let {¢,} be a MOPS with respect to a weight w, let {Q,} be the
an _Qn/w]
* * y T > L.

sequence of functions of the second kind, and 3/}” = [

Then,
= — (11)
iof, and only if, )A/n satisfies
2AY = (B, - C/21)Y,, neN, (12)

where By, is the matriz associated with the equation zAF' = CF + D satisfied
by the Carathéodory function of w.

Corollary 1 ([4]). Under the conditions of the preceding theorem, the matriz
B, given by (9) satisfies

tr(B,) =nA, neN, (13)
n—1

det(B,) = det(By) = A o, n>2, (14)
k=1

where tr(B,,) and det(B,) denote the trace and the determinant of B, , re-
spectively, and

det(B1) = A (2zAa; — hi(D + B) + C(lm|* + 1)) /(2h1) + BD — C?/4,
ar = ¢1(0), hy =1 — |ay]*.
Corollary 2 ([4]). Egs. (7) are equivalent to the discrete Laz equations
2AA =B, A, — AB 1, n>2, (15)

Proof: To prove that (7) implies (15) we use the matrix form of the recurrence
relation (4) to get a compatibility relation that yields (15) (this was done in
[4, Corollary 3]).

To prove the converse, let us multiply (15) by Y,,_;. Then we obtain

ZA(AnYnfl)/ - ZAAnY»rifl = BnAnYnfl - Aanflynfl-
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Taking into account the recurrence relations (4) we get
zAY! — B,Y, = A,(zAY, | — B, 1Y, 1).
Iterating we get
2AY! — B,)Y, = A, - Ay (zAY] — B Y7).

Using A, --- Ay = Y,,Y; ! in the preceding equation yields zAY! = B,Y, —
Y, C with C = =Y ' (zAY] — BiY1), n > 2. ]

3. Differential equations for deformed Laguerre-Hahn

Henceforth we consider Carathéodory functions satisfying differential equa-
tions zAF' = BF? + CF + D, where A, B,C, D are co-prime polynomials
now depending on a parameter ¢ (we consider a general t-dependence). No-
tice that the corresponding orthogonal polynomials, as well as its reflection
parameters, will then also depend on ¢. Thus, one of the topics to be studied
is the t-differential equations satisfied by the reflection parameters.

Theorem 3. Let F satisfy zZAF' = BF? + CF + D, where A, B,C, D are
polynomials that depend on a parameter, t, and let the corresponding Y,
satisfy the matriz Sylvester equations zAY, = B,Y, — Y,C, n > 1, and let

L be a nonsingular matriz such that zAL' = CL. Then, the matrices H,
defined by

Hy= Y, +Y,LLHYH n>1, (16)
satisfy
o (B, , B, B,
— I ) = ono_ T > 1.
di (m) Pt 73— g T 21 (17)
Furthermore, .
A, =H, A, — A Hp1, n>1, (18)

where A,, are the transfer matrices corresponding to {Y,} .

Proof: Firstly we deduce (17).
On the one hand, taking derivatives with respect to z in (16), we have

Y, : .
859;) = H Y, +H,Y - Y (LLTH =Y, (LLTYY .

If we use zAY! = B,Y,, — Y,,C and

: o (¢C C . : C
—1\/ . —1 o —1
Lty = pr <—ZA> + LT - LLT—
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in the previous equation there follows

a(x@)zmynwn(lg vy C) (B Vv, C)(££1>

0z A zA zA zA

o /¢ C L C
—Yna<a>— LT R YLLT L (19)

On the other hand, taking derivatives with respect to t in zAY,) = B,,)Y,,—Y,.C,

we get
oY) o (B, B,. . C 9

and the use of (16) in the preceding equation yields

oY) 9 (B, B, .
ot ot (m) Yot 3 (HaYn = YnLL75)

. C 9 (C
— (MY = YoLL™) 5 — Yo, (m) (20)

The compatibility of (19) and (20) gives

B Jd (B B
/ Ty 2 2 zn
HnanLHnZ Y, t(z )Yn+z H,.Y, .

Since Y,, is nonsingular, for z # 0, there follows (17).
To deduce (18) we use the recurrence relation (4),

0

815 (A Yn 1) HnAnYnfl - AnYnfl'Cﬁ_l ’

thus obtaining
AnYo 1+ AV = HyAYo 1 — ALY, 1 LL7
The use of (16) to n — 1 in the above equation yields
AnYo1 = HoAnYo1 = AnHn 1Yo
Since Y,, is nonsingular, for z # 0, there follows (18). m

Remark . We have proceeded in similarity with [16], that is, we started by
defining a matrix H,, in (16), and then Eq. (17) was deduced. Note the
similarity between our Eq. (17) and [16, Eq. (24)] that holds for the semi-
classical class (see also [11]).
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Remark . Equations (17) and (18) enclose differential equations in ¢ for the
corresponding sequences of reflection parameters.

Further properties of H,, follow. We denote by Hn the element in position
(7,7) of the matrix H,,.

Lemma 1. Let H,, be given by (16). The following assertions hold:
(i) For all n € N, tr(H,,) does not depend on z. Furthermore,

tr(H,) = % +tr(LL7h), (21)

where h,, is the same constant appearing in (1).
(ii) For all n € N,

det(H,) = det(H;) + z”: ks (22)

(2.1
with &, = —?1%2 <\ak| (1+ tr(H1) + 2log(ar/a1)) —|—CLka L+ Hk 1) :

Proof: From (17) we have

9 1
O (1 _ gy b 21 1,2
o <Z A) (MY + — (OuHE! — 0,2HL?) | (23)
9 1
_ (qy22)y B 2.1) 1.2)
5)75(2 A) (M) + - A( 0, HY + 0, 5K ) (24)

Summing (23) with (24) gives us

a (ln,l + ln,2

g (P50 ) = oy 2y

Taking into account (13) we have [, ; + [,,2 = nA, thus we get

d (n , ,
= (5) = My + (22

thus,
(H(l,l) + H(2,2))/ —=0,

and we conclude that Hn + Hn ) does not depend on z.
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Now, let us write £LL£L! = [? ?] . From (16) we have
3 €4

1 . . . .
HY 4 HE = (QZ;% + Onldn + gy + ¢n92)
1

+ 2h,, 2"

(€1(PnSY, + 6, 20) + 4(PnSd;, + 6,80))

that is,

1 0 (e1+ €4) (P2 + 01 2)
Fow A 2h, 2" Ot (9aSt + 0nSha) + 2h,, 2"
Taking into account that ¢, 4+ ¢7:€2, = 2h,, 2", we obtain (21).

Eq. (22) follows from the use of (18). m

4. A non semi-classical example: the sum of a Jacobi
measure and the Lebesgue measure on the unit circle

We begin by considering the Jacobi weight given by modified by a param-
eter ¢,

wa,ﬂ(z) _ taz—a—ﬁ(z + 1)261(2 + 1/t)2a 5 {1 , 0 ¢]7T - ¢77T[ (25>

l—¢ ,0€lr—o¢,7m|’
where ¢ € [0,27, B1, 02, .6 € R, = 1 + i, 201 > —1,2a > —1,¢ <

1,t = e, Wy, p 1s real and positive on T and it is semi-classical, Z""? = %,
with ’
2A(z) = z(z+ 1) (2 + 1/t), (26)
= B—a o+
C(z):(oz+ﬁ)22+(oz—ﬂ+ﬁt )z — tﬁ' (27)

The corresponding Carathéodory function, henceforth denoted by F, 3, sat-
isfies

2AF, ;= CF, 5+ D, (28)

where D is a polynomial.
We define the measure p as

do
— — 2
dp = we 5 db + o (29)
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and we denote its Carathéodory function by F. It is well-known that F' is
Laguerre-Hahn affine, non semi-classical (see [3, 6]).

Remark . The sequence of MOPS with respect to (29) are related to pertur-
bation of diagonals of Toeplitz matrices (see[7]). If we denote the Toeplitz
matrix of wq s by Ty, ,, then the Toeplitz matrix associated with p, T,
satisfies

T=1+T,,,, (30)

where [ is the identity matrix. The above identity follows taking into account
that the moments of y are defined in terms of the moments w®” of w, 3 by
cn =w3’5+5n,0, new.

Difference equations.

Lemma 2. Let pu be the measure given in (29), let F be its Carathéodory
function, and let ¢,(z) = 2" + T2V 4z + a, be the corresponding
MOPS, n > 1. Then,

2AF = CF + Dy, (31)

with A, C' given in (26), (27) and Dy = D — C, with D given in (28). The
corresponding {Y,} defined in (3) satisfies zAY, = B,)Y,, — Y,C, n > 1, with

[c/2 -D
= |0 2] 32)
and B, = [—lgig _l(jg’ll , where

JE] 2
lna(z) = (n+ a;ﬁ)zz+§n,1z+—n gfﬂ, (33)

+ 0 +
la(2) :—0‘2 B2 g ,nn O‘Qtﬁ, (34)
0,.1(2) = —aua(n+ 1+ a+ Bz +Tn+a+p), (35)
Ou2(2) = —Gu(n+a+8)22 + P+ 1 +a+ Bz, (36)
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and
2n+ o — on+ 3 — —
gn,l = —Tn 5 6 + 26 - anan—i-l(n +1+« +6) )
Tn 2n + a — 2n+ 3 — «
bir= Ln—1+a+0)+ fymtd
anp, 2 2t
n Q41
—(n—i-oz—l—ﬁ)Tn—l—a t( +1+a+70).

Proof: Eq. (31) follows taking into account (28) and F' = F,, 3 + 1.
The polynomials ©,,; are defined as

On1 = 6,,/(2h,2"), Ops = 0,/ (2h,2")

where

- Qu\ _ o@n Qn) _ o@n
- {ZA<¢n> ¢n}¢”’ o { (ab;;) %, W '
(see [4]). The use of the asymptotic expansions
Qn( ) = 2h, 2" +O("), |2 < 1,
Qu(2) = 2ay41hpz 't +O(272), |2 > 1,
(2) = 2@py1h 2"+ O, 2] < 1
(2) = 2h, +O(z71), 2] > 1

give us (35) and (36). Once ©,; are determined, the polynomials [, ; are
determined through

;L ( n,l — 0/2)¢n - @n,1¢;§
(¢ ) - ( n,2 — C/2>¢2 - @n,qun
and we get (33) and (34). |

o
Qn

Theorem 4. Let {¢,} be the MOPS with respect to p defined in (29), and
let gu(2) = 2" + 7,2 1+ ...+ Yz +an, n > 1, be the corresponding MOPS.
The following holds:

(a) the reflection parameters a, satisfy the second order difference equation

pi1@n(n+ 1+ a+ Pt = adpn(n+1+a+3)
+ anan—l(n —1l+a+ B)t - an—lan(n —l+a+ ﬁ) ’ (37)
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(b) The sub-leading coefficient of ¢, is given by

n—+ o — n+_—a
B 5+B

T, = 5 5 — App1(n+1+a+3)
_ n+l+a+p _n—14a+pF apn+l+a+p)
+ AnQp41 — Qp—10Gn +
2t 2t 2a,
_ —1
Qn 1(” +O‘+ﬁ)’ (38)
2ta,,
(c) n is given by
_ntlta+f  nta-—p
Tn = ""hn—14+a+B "n—14+a+p
B n—aoa+/f 2 n+1+0z+5_a n+l4+a+p (39)
"n—l+a+p8 ""n_l4a+p "Thn-l+a+p
Proof: The discrete Lax equations (15) give
Zln,l - Enz@n,l = Zlnfl’l - an®n71’2 + zA (40)
aply1 —Op1 = =20, 11+ apl,—12 (41)
—20p0 + Qpzlpno = apzly_11 — Op_12+ @z A (42)
—,On2 4+ lpo = =020, 11+ 112 (43)
Let us evaluate the previous equations at z = —1, a zero of A. Summing (40)

with (43) and taking into account that [, 1(—1) + l,2(—1) =0, n > 1, (cf.
(13)) there follows

an®n—1,2(_1) + En(%n’l(—l) + Cln@n’Q(—l) + an@n_171(—1) = 0, (44)

which yields (37).
To get (38) we sum (41) with (43) and use l,,1(—1) + l,2(—1) =0, n > 1,
thus getting
O,1(—1)  B6,-11(—1
1(-1) N 11(=1)

2a,, 2a,,

ay, an,
ln,l(_l) — —597%2(—1) - ?anl’l(—1> —|—

which yields (38).
Eq. (39) follows from &, 1 + &2 = n(1 + 1), which in turn follows from
i+ 12 =nA (cf. (13)). m
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Differential equations. To study the differential equations for the reflec-
tion parameters a,(t) we will begin with the analysis of the matrix H,, de-
fined in (16), Y, = H, Y, — Y, LL'. Firstly, let us compute the matrix ££!
in (16).

Lemma 3. Let C be the matriz given in (32), let G be a domain in the
complex plane not containing the zeroes of zA, and let zo € G. Let L be a
nonsingular matriz such that

AL =CL
) (45)
E(Z(), ) = ],
where I s the identity matriz. Then,
: 1 FE
. kl/kl + 5 1 Wa,3
LLh = 224 | B (46)
ks/ks — =——
U 3/ s 2zA
kiky — koky g
where the k;’s are functions of t, n = e 2 1, Yo _ 2 with E a

polynomial.

Proof: The solution of (45) is given by

k1(t)/Wa Fa(l),/Was
0 ks (1) , 2 €@, (47)

vV Wa,p

where the k;’s are functions of ¢ and w, g is the Jacobi weight (25). Thus,
(46) follows. |

From the previous Lemma there follows that the singularities of the matrix
H,, defined in (16) occur at the zeroes of zA. Our next step is to analyze the
asymptotic expansion of H,,. We will see that it is closely related with the
expansion of the matrix that is associated with the MOPS corresponding to
the semi-classical weight w, 3.

Firstly we give a representation of {Y, } associated with y (such a represen-
tation follows from a result on matrix Riccati equations known as Radon’s
Lemma (see [1, 17|, as well as [4, Theorem 5])).

L(z,t) =

Theorem 5. Let p1 be the measure given in (29) and let {Y,} be the corre-
sponding sequence defined in (3). Let {gbﬁf“’ﬂ)} be the MOPS with respect to
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the Jacobi weight wy 5 given in (25), let {lea’ﬂ)} be the sequence of functions
of the second kind, and let

. (@.8)  _ Hlah)
y(@h) [ Pn Qn " [Wa,g . neN. (48)

" (o) QW) fwas

Let G be a domain in the complex plane not containing the zeroes of zA, with
zA the polynomial given in (26). Then, for z € G,

Y, = Jap V) £ neN, (49)

where L is a fundamental matriz of (45).
Therefore, Y, satisfies Y, = H,Y, — Y, LL ', n € N, with

0 (o Sep) ', E
H, = o (Yn(a,ﬂ)> (yn(aﬁ)) + 2z—AI’ n €N, (50)

Wa,3 E

where I 1is the identity matriz and the polynomial E is such that =0
a3
Proof: The representation (49) follows from [4, Theorem 7] (note that in the
present situation the polynomial C' in [4, Theorem 7] is C' and the weight @
is now wq,3).
To get (50) we take derivatives with respect to t in (49), and use W, 3/wq 3
= FE/zA. |

Theorem 6. Let us consider the same conditions of the previous Theorem.
Let us denote the reflection parameters of wa.p given in (25) by an, n > 1.
The reflection parameters of the MOPS corresponding to p defined in (29)
satisfy

an:tlg(dn(n—l—oz—l—B)—l-&n_l(n—1—|—oz—|—ﬁ)),nZl. (51)
Proof: Let us denote by H,, the matrix H,, = g (?Tfo"ﬁ)> (?n(o"ﬁ)) - in (50).
If we use (50) in eq. (18), A, = Hp A, — Aantl , there follows
Ay = Hp Ay — AH, (52)
Notice that, taking into account Theorem 2, f@f“ﬁ ) satisfies

. A .
(T9) = (B, — /2T,
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where B, is the matrix associated with the equation (28) satisfied by F, s
(note that we are using the notation of the present paper). From [11,

Corollary 3.3] we have the expansion of H, in terms of the residues of
L(B, —C/21I) at z = z;, where zA = z(z + 1)(z + 1),

B,—C/21

z—zj zA ’
Z:Zj

(53)

0
@y
The use of (53) in (52) gives us, from position (1, 2),
: L A
Ay = t_2@n_1’1(—1/t) .
Hence, (51) follows taking into account the definition of On1, Oni(z) =
—api(n+1+a+p)z+a,(n+ a+ 5)/t (see (35)). m

where ﬁn,oo = 8 .
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