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ABSTRACT: Interpolation-based trust-region methods are an important class of al-
gorithms for Derivative-Free Optimization which rely on locally approximating an
objective function by quadratic polynomial interpolation models, frequently built
from less points than there are basis components.

Often, in practical applications, the contribution of the problem variables to the
objective function is such that many pairwise correlations between variables are
negligible, implying, in the smooth case, a sparse structure in the Hessian matrix.
To be able to exploit Hessian sparsity, existing optimization approaches require the
knowledge of the sparsity structure. The goal of this paper is to develop and analyze
a method where the sparse models are constructed automatically.

The sparse recovery theory developed recently in the field of compressed sensing
characterizes conditions under which a sparse vector can be accurately recovered
from few random measurements. Such a recovery is achieved by minimizing the ¢1-
norm of a vector subject to the measurements constraints. We suggest an approach
for building sparse quadratic polynomial interpolation models by minimizing the
£1-norm of the entries of the model Hessian subject to the interpolation conditions.
We show that this procedure recovers accurate models when the function Hessian
is sparse, using relatively few randomly selected sample points.

Motivated by this result, we developed a practical interpolation-based trust-
region method using deterministic sample sets and minimum #;-norm quadratic
models. Our computational results show that the new approach exhibits a promis-
ing numerical performance both in the general case and in the sparse one.

KEYWORDS: Derivative-free optimization, interpolation-based trust-region meth-
ods, random sampling, sparse recovery, compressed sensing, £1-minimization.
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1. Introduction

The wide range of applications of mathematical optimization have been
recently enriched by the developments in emerging areas such as Machine
Learning and Compressed Sensing, where a structure of a model needs to be
recovered from some observations. Specially designed optimization methods
have been developed to handle the new applications that often give rise to
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large scale, but convex and well structured problems. However, in many
real-world applications, the objective function is calculated by some costly
black-box simulation which does not provide information about its deriva-
tives. Although one could estimate the derivatives, e.g., by finite differences,
such a process is often too expensive and can produce misleading results in
the presence of noise. An alternative is to consider methods that do not
require derivative information, and such methods are the subject of study in
Derivative-Free Optimization (DFO). DFO, thus, deals with objects of un-
known structure. In this paper we propose a reverse relationship between op-
timization and compressed sensing — instead of using optimization methods
for compressed sensing we use the results of compressed sensing to improve
optimization methods by recovering and exploiting possible structures of the
black-box objective functions.

An important class of methods in DFO are interpolation-based trust-region
methods. At each iteration, these methods build a model of the objective
function that locally approximates it in some trust region centered at the
current iterate. The model is then minimized in the trust region, and the
corresponding minimizer is, hopefully, a better candidate for being a mini-
mizer of the objective function in the trust region, and thus, possibly, is taken
as the next iterate. The minimization of the model in the trust region should,
however, be an easy task, hence the models should be simple. The simplest
yet meaningful class of models is the class of linear functions. Their drawback
is that they do not capture the curvature of the objective function and thus
slow down the convergence of the methods. A natural and convenient non-
linear class of models, which is often efficiently used, is the quadratic class.
Determined quadratic interpolation requires sample sets whose cardinality is
approximately equal to the square of the dimension, which may turn out to
be too costly if the objective function is expensive to evaluate. An alterna-
tive is to consider underdetermined quadratic models, using sample sets of
smaller size than the ones needed for determined interpolation. However, in
this case, the quality of the model may deteriorate.

In many applications, the objective function has structure, such as sparsity
of the Hessian, which one may exploit to improve the efficiency of an opti-
mization method. In DFO, since derivatives are not known, so is, typically,
their sparsity structure. The main idea of our work is to implicitly and au-
tomatically take advantage of the sparsity of the Hessian to build accurate
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models from relatively small sample sets. This goal is achieved by minimizing
the ¢/1-norm of the Hessian model coefficients.

Our work relies on the sparse solution recovery theory developed recently
in the field of compressed sensing, where one characterizes conditions under
which a sparse signal can be accurately recovered from few random measure-
ments. Such type of recovery is achieved by minimizing the ¢;-norm of the
unknown signal subject to measurement constraints and can be accomplished
in polynomial time.

The contribution of this paper is twofold. First, we show that it is possible
to compute fully quadratic models (i.e., models with the same accuracy as
second order Taylor models) for functions defined on R" with sparse Hessians
based on randomly selected sample sets with only O(n(logn)?) sample points
(instead of the O(n?) required for the determined quadratic case) when the
number of non-zero elements in the Hessian of the function is O(n). Second,
we introduce a practical interpolation-based trust-region DFO algorithm ex-
hibiting competitive numerical performance.

The state-of-the-art approach is to build quadratic interpolation models,
based on sample sets of any size, between n+ 1 and (n+ 1)(n+2)/2, taking
up the available degrees of freedom by choosing the models with the smallest
Frobenius norm of the Hessian [9] or Hessian change [19], and this approach
has been shown to be robust and efficient in practice (see also the recent
paper [15] where the models are always determined, varying thus the number
of basis components). In the approach proposed in this paper, the degrees of
freedom are taken up by minimizing the ¢;-norm of the Hessian of the model.
We have tested the practical DFO algorithm using both minimum Frobenius
and minimum /¢;-norm models. Our results demonstrate the ability of the
(1-approach to improve the results of the Frobenius one in the presence of
some form of sparsity in the Hessian of the objective function.

This paper is organized as follows. In Section 2, we introduce background
material on interpolation models. We give a brief introduction to compressed
sensing in Section 3, introducing also concepts related to partially sparse
recovery (the details are left to a separate paper [2]). In Section 4, we obtain
the main result mentioned above for sparse recovery of models for functions
with sparse Hessians, using an orthogonal basis for the space of polynomials
of degree < 2. The proof of this result is based on sparse bounded orthogonal
expansions which are briefly described in the beginning of Section 4. In
Section 5, we introduce our practical interpolation-based trust-region method
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and present numerical results for the two underdetermined quadratic model
variants, defined by minimum Frobenius and ¢;-norm minimization. Finally,
in Section 6 we draw some conclusions and discuss possible avenues for future
research.

The paper makes extensive use of vector, matrix, and functional norms.
We will use £, or || - ||, for vector and matrix norms, without ambiguity. The
notation B,(x;A) will represent a closed ball in R", centered at = and of
radius A, in the f,-norm, i.e., By(z;A) = {y € R" : |[y — z||, < A}. For
norms of functions on normed spaces L, we will use || - ||

2. Use of models in DFO trust-region methods

2.1. Fully linear and fully quadratic models. One of the main tech-
niques used in DFO consists of locally modeling the objective function f :
D C R" — R by models that are “simple” enough to be optimized easily
and sufficiently “complex” to approximate f well. If a reliable estimate of
the derivatives of the function is available, then one typically uses Taylor
approximations of first and second order as polynomial models of f(x). In
DFO one has no access to derivatives or their accurate estimates, and hence
other model classes are considered. However, the essential approximation
quality of the Taylor models is required to be sustained by the models used
in DFO. For instance, the simplest first order approximation is provided by,
the so-called, fully linear models, whose definition requires f to be smooth
up to the first order.

Assumption 2.1. Assume that f is continuously differentiable with Lipschitz
continuous gradient (on an open set containing D).

The following definition is essentially the same as given in [9, Definition
6.1] stated using balls in an arbitrary ¢,-norm, with p € (0, +o0].

Definition 2.1. Let a function f : D — R satisfying Assumption 2.1 be
given. A set of model functions M = {m : R* — R, m € C'} is called a
fully linear class of models if the following hold:

(1) There exist positive constants Kef, keg, and vi", such that for any
xg € D and A € (0, A4z there exists a model function m in M,
with Lipschitz continuous gradient and corresponding Lipschitz con-
stant bounded by v{", and such that



COMPUTATION OF SPARSE LOW DEGREE INTERPOLATING POLYNOMIALS 5

e the error between the gradient of the model and the gradient of
the function satisfies

IVf(u) = Vm(u)|la < Kegd, Yu € By(zo; A),
e and the error between the model and the function satisfies
|f(u) —m(u)| < kep A Vu € By(z0; A).

Such a model m is called fully linear on By(xo; A).

(2) For this class M there exists an algorithm, which we will call a ‘model-
improvement’ algorithm, that in a finite, uniformly bounded (with re-
spect to xy and A) number of steps can

e cither provide a certificate for a given model m € M that it s
fully linear on B,(xo; A),

e or fail to provide such a certificate and find a model m € M fully
linear on By(xo; A).

It is important to note that this definition does not restrict fully linear
models to linear functions, but instead considers models that approximate
f as well as the linear Taylor approximations. Linear models such as linear
interpolation (and first order Taylor approximation) do not capture the cur-
vature information of the function that they are approximating. To achieve
better practical local convergence rates in general it is essential to consider
nonlinear models. In this paper we focus on quadratic interpolation models,
which ultimately aim at a higher degree of approximation accuracy. We call
such approximation models fully quadratic, following [9], and note that, as
in the linear case, one can consider a wider class of models not necessarily
quadratic. We now require the function f to exhibit smoothness up to the
second order.

Assumption 2.2. Assume that f is twice differentiable with Lipschitz con-
tinuous Hessian (on an open set containing D).

Below we state the definition of fully quadratic models given in [9, Defini-
tion 6.2], again using balls in an ¢,-norm, with arbitrary p € (0, 4o00].

Definition 2.2. Let a function f : D — R satisfying Assumption 2.2 be
given. A set of model functions M = {m : R" — R, m € C?} is called a

fully quadratic class of models if the following hold:
(1) There exist positive constants Kef, Keg, kKen, and vy', such that for
any ro € D and A € (0, A4 there exists a model function m in
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M, with Lipschitz continuous Hessian and corresponding Lipschitz
constant bounded by v3', and such that
e the error between the Hessian of the model and the Hessian of the
function satisfies

IV2f(u) — VPm(u)|la < ken D, Vu € By(wg; A),

e the error between the gradient of the model and the gradient of
the function satisfies

IVf(u) — Vm(u)lla < key A%, Yu € By(zg; A),
e and the error between the model and the function satisfies
1f(u) —m(u)] < kep A, Vu € By(x0; A).

Such a model m is called fully quadratic on By(xo; A).

(2) For this class M there exists an algorithm, which we will call a ‘model-
improvement’ algorithm, that in a finite, uniformly bounded (with re-
spect to xy and A) number of steps can

e cither prouvide a certificate for a given model m € M that it is
fully quadratic on By(zo; A),

e or fail to provide such a certificate and find a model m € M fully
quadratic on By(xo; A).

This definition of a fully quadratic class requires that given a model from
the class one can either prove that it is a fully quadratic model of f on a given
B, (xo; A), and for given ks, Keg, Ken, and vy, independent of xy and A, or
provide such a model. It is shown in [9, Chapter 6] that model-improvement
algorithms exist for quadratic interpolation and regression models. Hence
quadratic interpolation models form a fully quadratic class of models. They
also exist for a fully linear class of models, where a model-improvement al-
gorithm in [9] checks if a quadratic interpolation model is built using a well-
poised set of at least n + 1 interpolation points. To certify that a model is
fully quadratic, a model-improvement algorithm in [9] requires that the set
of the interpolation points is well poised and contains (n+1)(n+2)/2 points
in the proximity of xy. Thus, using a model-improvement algorithm often
implies considerable computational cost: it may be prohibitive to maintain
sets of (n+1)(n+2)/2 sample points near the current iterate due to the cost
of obtaining the function values and the dimension of the problem. More-
over, verifying that the sample set is well poised may require a factorization
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of a matrix with (n + 1)(n +2)/2 rows and columns resulting in O(n°) com-
plexity. For small n, this additional cost may be negligible, but it becomes
substantial as n grows beyond a few dozens.

In this paper we show that for any given function f, there exist constants
Kef, Keg, Ken, and 13" and the corresponding fully quadratic class of quadratic
models M for which, given xy and A, we can construct a fully quadratic
model of f on B,(xy; A) from M, with high probability, using, possibly, less
than (n + 1)(n + 2)/2 sample points.

Note that Definition 2.2 requires the existence of an algorithm which can
deterministically certify that a given model is fully quadratic. This require-
ment is imposed because it enables the deterministic convergence analysis of
an algorithmic framework, provided in [8] (see also [9, Chapter 10]), based on
fully quadratic (or fully linear) models. In contrast, in this work, we consider
an algorithm which cannot certify that a given model is fully quadratic, but
can construct such models with high probability, hopefully, at a considerable
computational saving. To adapt this approach in a convergent algorithmic
framework, a stochastic version of such a framework has to be designed and
analyzed. This work is a subject of future research (see [13] for some relevant
theoretical results).

Finally, we want to point out that while the full convergence theory for the
new model-based algorithmic framework is under development, the practical
implementation reported in this paper shows that in a simple trust-region
framework the new method works as well as or better than other methods
discussed in [9].

2.2. Quadratic polynomial interpolation models. In model based DFO
fully quadratic models of f are often obtained from the class of quadratic
polynomials by interpolating f on some sample set of points Y. A detailed
description of this process and related theory is given in [9]. Here we present
briefly the basic ideas and necessary notation.

Let P2 be the space of polynomials of degree less than or equal to 2 in R™.
The dimension of this space is ¢ = (n+ 1)(n +2)/2. A basis ¢ for P? will
be denoted by ¢ = {¢,(x)} with « = 1,...,¢. The most natural basis for
polynomial spaces is the one consisting of the monomials, or the canonical
basis. This basis appears naturally in Taylor models and is given for P2 by

1, 1

7 2
O = {§u1,...,§un,u1u2,...,un_1un,u1,...,un,l}. (1)



8 A. BANDEIRA, K. SCHEINBERG AND L. N. VICENTE

We say that the quadratic function ¢ interpolates f at a given point w
if gq(w) = f(w). Assume that we are given a set W = {w!,...,w?} C R" of
interpolation points. A quadratic function ¢ that interpolates f at the points
in W, written as

aw) = 3 . (u),

must satisfy the following p interpolation conditions Y * o, ¢,(w;) = f(w;),
¢ =1,...,p. These conditions form a linear system,

M(¢, W) = f(W), (2)

where M (¢, W) is the interpolation matrix and f(W); = f(w;), i =1,...,p.

A sample set W is poised for (determined) quadratic interpolation if the
corresponding interpolation matrix M (¢, W) is square (p=¢) and non-singular,
guaranteeing that there exists a unique quadratic polynomial ¢ such that
q(W) = f(W). It is not hard to prove that this definition of poisedness and
the uniqueness of the interpolant do not depend either on f or on the basis
¢ (see [9, Chapter 3)).

In [9, Chapters 3 and 6] rigorous conditions on W are derived which en-
sure “well poisedness” for quadratic interpolation. Under these conditions
it is shown that if W C By(xg; A) is a well-poised sample set for quadratic
interpolation, then the quadratic function ¢ that interpolates f on W is a
fully quadratic model for f on Bs(zg; A) for some fixed positive constants
Kef, Keg, Keh, and vy

One of the conditions imposed in [9] on a sample set W to guarantee fully
quadratic interpolation model, is that W has to contain p = (n+1)(n+2)/2
points. However, building such a sample set costs (n+1)(n+2)/2 evaluations
of the function f which is too expensive for many applications. A typical
efficient approach is to consider smaller sample sets, which makes the linear
system in (2) underdetermined.

2.2.1. Underdetermined quadratic interpolation. We will now consider the
case where the size of the sample set W satisfies n+1 < p < (n+1)(n+2)/2,
in other words, when there are more points than is required for linear inter-
polation but fewer than is necessary for determined quadratic interpolation.
If we consider the class of all quadratic functions that interpolate f on W,
then we can choose a model from this class that for one reason or other seems
the most suitable. In particular approaches in [7] and [26] select a quadratic
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model with the smallest possible Frobenius norm of the Hessian matrix, while
in [19] a model is chosen to minimize the Frobenius norm of the change of
the Hessian. The former approach is studied in detail in [9, Chapter 5. Let
us introduce the basic ideas here.

To properly introduce the underdetermined models that we wish to consider
we split the basis ¢ in (1) into its linear and quadratic components: ¢ =
{u1,...;un, 1} and ¢g = ¢ \ ¢r.

An essential property of a sample set W with |[WW| > n + 1 is that the
matrix M (¢, W) must have sufficiently linearly independent columns (in [9,
Section 4.4] it is said that W is well poised for linear regression). Roughly
speaking, well poisedness means that one has a relatively small condition
number of a scaled version of M (¢r, W), see [9, Section 4.4]. In that case for
any quadratic model which interpolates f on W the following holds (see [9,
Theorem 5.4] for a rigorous statement and proof).

Theorem 2.1. For any xy € D and A € (0, Apaz], let ¢ be a quadratic
function that interpolates f in W, where W C Bay(xg; A) is a sample set well
poised for linear regression. Then, q is fully linear (see Definition 2.1) for f
on Bay(zo; A) where the constants k.; and k., are O(1+ ||V?q|l2) and depend

on the condition number of a scaled version of M (¢, W).

Theorem 2.1 suggests that one should build underdetermined quadratic
models with “small” model Hessians, thus motivating minimizing its Frobe-
nius norm subject to (2) as in [7] and [26]. Recalling the split of the basis
¢ into the linear and the quadratic parts, one can write the interpolation
model as

a(u) = agoq(u) + apér(u),
where ag and af are the appropriate parts of the coefficient vector a. The
minimum Frobenius norm solution [9, Section 5.3] can now be defined as the
solution to the following optimization problem

win. Hlagl? "
s.t. M(og, W)ag + M(dr, W)ar = f(W).
(If W] = (n+ 1)(n + 2)/2, this reduces to determined quadratic interpo-
lation.) Note that (3) is a convex quadratic program with a closed form
solution.

In [9, Section 5.3] it is shown that under some additional conditions of
well poisedness on W, the minimum Frobenius norm (MFN) interpolating
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model can be fully linear with uniformly bounded error constants k. and r.,.
Hence, the MFN quadratic models provide at least as accurate interpolation
as linear models.

On the other hand, it has not been shown so far that any underdetermined
quadratic interpolation model provides a higher order approximation of f.
The purpose of this paper is to show how to construct, with high probability,
underdetermined quadratic interpolation models that are fully quadratic.

2.2.2. Sparse quadratic interpolation. It is clear that without any additional
assumptions on f we cannot guarantee a fully quadratic accuracy by an
interpolation model based on less than (n 4+ 1)(n + 2)/2 points. We will
thus consider the structure that is most commonly observed and exploited in
large-scale derivative based optimization: the (approximate) sparsity of the
Hessian of f. Special structure, in particular group partial separability of
f, has been exploited in DFO before, see [5]. However, it was assumed that
the specific structure is known in advance. In derivative-based optimization
where the Hessian is explicitly available, the sparsity of the Hessian is also
assumed to be given. In the derivative-free setting, however, it is unreason-
able to assume that the sparsity structure of the Hessian is known. Moreover,
we do not need to assume that there exists a fixed sparsity structure of the
Hessian.

What we assume in this paper is that the Hessian of f is “approximately”
sparse in the domain where the model is built. In other words we assume the
existence of a sparse fully quadratic model (a rigorous definition is provided
in Section 4.3). In the case where V2f is itself sparse, a Taylor expansion
may serve as such a model. The main focus of our work is to recover sparse
quadratic models from the interpolation conditions.

Instead of solving (3) we construct quadratic models from the solution to
the following optimization problem

min [laglh

ot M(dg.Wag + M(é. W)as = F(W), “

where ag, az, g, and ¢y, are defined as in (3). Solving (4) is tractable, since
it is equivalent to a linear program. Note that minimizing the ¢;-norm of the
entries of the Hessian model indirectly controls its fs-norm and therefore it
is an appealing approach from the perspective of Theorem 2.1. This makes
the new approach a reasonable alternative to building MFN models. As we
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will show in this paper, this approach is advantageous when the Hessian
of f has zero entries (in other words, when there is no direct interaction
between some of the variables of the objective function f). In such cases,
as we will show in Section 4, we are able to recover, with high probability,
fully quadratic models with much less than (n + 1)(n + 2)/2 random points.
This is the first result where a fully quadratic model is constructed from an
underdetermined interpolation system. To prove this result we will rely on
sparse vector recovery theory developed in the field of compressed sensing. In
the next section we introduce the basic concepts and results that are involved.

3. Compressed sensing

Compressed sensing is a field concerned with the recovery of a sparse vec-
tor z € RY satisfying b = Az, given a vector b € R* and a matrix A € R¥*N
with significantly fewer rows than columns (kK < N). One expects that the
desired sparse vector Z € RY can be recovered by minimizing the number of
non-zero components in

mincard(z) s.t. Az =0, (5)

where card(z) = |{t € {1,...,n} : z; # 0}|. Since this problem is generally
NP-Hard, one considers a more tractable approximation

min ||z|; s.t. Az =0, (6)

which is equivalent to a linear program. The main results of compressed
sensing show that, under certain conditions on the (possibly random) matrix
A, the solution of (6) is in fact zZ and coincides with the optimal solution
of (5) (possibly, with high probability). We will now discuss such compressed
sensing results that are useful for our purposes.

3.1. General concepts and properties. One says that a vector z is
s—sparse if card(z) < s. In compressed sensing, one is interested in ma-
trices A such that, for every s—sparse vector z, the information given by
b = AZ is sufficient to recover zZ and, moreover, that such recovery can be ac-
complished by solving problem (6). The following definition of the Restricted
Isometry Property (RIP) is introduced in [4].

Definition 3.1 (Restricted Isometry Property). One says that 65 > 0 is the
Restricted Isometry Property Constant, or RIP constant, of order s of the
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matriz A € RFN if 5. is the smallest positive real such that:
(1 =39 |12l < [|42]3 < (1 +6,) 213
for every s—sparse vector z.

The following theorem (see, e.g., [21]) provides a useful sufficient condition
for successful recovery by (6) with b = Az.

Theorem 3.1. Let A € RN and 25 < N. If 269+ 5 < 1, where 85 and o
are the RIP constants of A of order s and 2s, respectively, then, for every
s—sparse vector zZ, problem (6) with b= Az has an unique solution and it is
given by Z.

Although the RIP provides useful sufficient conditions for sparse recovery,
it is a difficult and still open problem to find deterministic matrices which
satisfy such property when the underlying system is highly underdetermined
(see [24] for a discussion on this topic). It turns out that random matrices
provide a better ground for this analysis (see for instance, one of the classical
results in [3]). Note that d, < 3 trivially implies the sufficient condition of
Theorem 3.1, and in fact it is the condition that is usually assumed.

3.2. Partially sparse recovery. To be able to apply sparse recovery results
of compressed sensing to our setting we first observe that problem (4) is
similar to problem (6), however, it differs in that only a part of the solution
vector « is expected to be sparse and appears in the objective function. We
hence need to consider an extended recovery result for partial sparsity.

Formally, one has z = (21, 23), where z; € RY¥"" is (s — r)—sparse and
29 € R". A natural generalization of problem (6) to this setting of partially
sparse recovery is given by

min ||z1||1  s.t.  Ayz + Az = b, (7)

where A = (Aj, Ay) and A; has the first N —r columns of A and A, the last
r. One can easily see that problem (4) fits into this formulation by setting
2 =aq, 2 =ar, Ay = M(¢g, W), Ay = M (¢, W), and r = n + 1.

We can define an extension of the RIP to the partially sparse recovery

setting. Under the assumption that Aj is full column rank (which in turn is
implied by the RIP; see [2]), let

P o= 1A (AJA) " A] (8)
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be the matrix representing the projection from R onto R (Ag)L . Then, the
problem of recovering (z, Z2), where z; is an (s — r)—sparse vector satisfying
A1z1+ AsZy = b, can be stated as the problem of recovering an (s—r)—sparse
vector z satisfying (PA;) 21 = Pb and then recovering z, satisfying Aszy =
b— A1Z;. The latter task results in solving a linear system given that A, has
full column rank and (PA;)z; = Pb. Note that the former task reduces to
the classical setting of compressed sensing. These considerations motivate
the following definition of RIP for partially sparse recovery.

Definition 3.2 (Partial RIP Property). We say that 0% . > 0 is the Partial
Restricted Isometry Property Constant of order s — r for recovery of size
N —r of the matriz A = (A1, Ay) € RPN (with A € RF*N=1) - A, ¢ RF*",
and r < s) if As is full column rank and d%_,. is the RIP constant of order

S—r

s —r (see Definition 3.1) of the matrix PAy, where P is given by (8).

When r = 0 the Partial RIP reduces to the RIP of Definition 3.1. In [2] we
show a simple proof of the fact that if a matrix A satisfies RIP for s—sparse
recovery with ds constant, then it also satisfies Partial RIP with ¢]_. = 4.
It is also shown there that Partial RIP implies that the solution of (7) is the
s—sparse solution z = (21, Z3) with Z; the (s — r)—sparse vector and z, the
dense one. Hence to be able to apply sparse recovery results to problem (4),
which is of interest to us, it suffices to construct matrices M (¢, W) for which
the RIP property holds. In [25] a specific sufficient condition for partially
recovery is given, but it remains to be seen if we can use such a result to
strengthen the bounds on the sample set size which we derive in Section 4.
To establish these bounds, we will rely on results on random matrices which
apply to our specific setting. We discuss these results in the next section.

4. Recovery of Sparse Hessians

4.1. Sparse recovery using orthonormal bases. For the purposes of
building quadratic models based on sparse Hessians we are interested in
solving (4) which is equivalent to (7), where A = M (¢, W) = (M(¢g, W),
M(¢r,W)), A1 = M(¢Q7Y)7 Ay = M(¢r,Y), 21 = aQ, 22 = ar, b= fW),
and 7 = n + 1. In this case ¢ is a basis in the space P? of polynomials of
degree < 2 of dimension N = (n + 1)(n + 2)/2 and the resulting quadratic
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model ¢ is constructed as

N
q(z) = Z ,¢.(7)

where « is the vector of coefficients which is presumed to be sparse.

Let us now consider a general setting of a finite dimensional space of func-
tions (defined in some domain D) spanned by a basis ¢ = {¢1, ..., ¢x} of func-
tions (not necessarily polynomial). Let us also consider a function g : D — R
which belongs to that space, in other words g can be written as

N
g = Z aj¢j7
j=1

for some expansion coefficients aq, ..., ay. We are interested in the problem
of recovering ¢ from its values in some finite subset W = {w!,...,w*} C D
with £ < N, with the additional assumption that ¢ is s—sparse, meaning
that the expansion coefficient vector o is s—sparse. The purpose of this
section is to provide conditions under which such recovery occurs with high
probability. Although the results of this section hold also for complex valued
functions, we will restrict ourselves to the real case, because the functions we
are interested in DFO are real valued. We consider a probability measure p
defined in D (having in mind that D C R"). The basis ¢ will be required to
satisfy the following orthogonality property [21].

Definition 4.1 (K-bounded orthonormal basis). A basis ¢ = {¢1,...,dn} is
said to be an orthonormal basis satisfying the K-boundedness condition (in
the domain D for the measure i) if

/D¢i(u)¢j(u)du(U) = 6y
and ||¢j||pepy) < K, for alli,j € {1,...,N}.

The following theorem [21] shows that by selecting the sample set W ran-
domly we can recover the sparse coefficient vector with fewer sample points
than basis coefficients.

Theorem 4.1 (Rauhut [21]). Let M (¢, W) € R*N be the interpolation
matriz assoctated with an orthonormal basis satisfying the K-boundedness
condition. Assume that the sample set W = {w',...,w*} C D is chosen
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randomly where each point is drawn independently according to the probability
measure (4. Further assume that

k
g & > ¢ K?s(logs)*log N, 9)
1
k> cyK?slog (E)’ (10)
where c¢1,co > 0 are universal constants and s € {1,...,N}. Then, with
probability at least 1 — e, ¢ € (0,1), \/LEA = \/LEM((;S, W) satisfies the RIP

property (Definition 3.1) with constant d9s < %

From the classical results in compressed sensing (see Theorem 3.1), this
results implies that every s—sparse vector z € RY is the unique solution to
the ¢;-minimization problem (6), with A = M (¢, W) and b = M(¢p, W)z =
g(W). However, it also implies, by [2, Theorem 4.2], that every s—sparse
vector (%1, Zp) with (s — r)—sparse z; € RY~" and possibly dense z, € R", is
the unique solution to the ¢;-minimization problem (7), with A = M (¢, W)
and b = M(¢p,W)z = g(W). Note that it is a scaled version of A, given
by A/vk and not A itself, that satisfies the RIP property but this does not
affect the recovery results in the exact setting. As we will see below the

scaling interferes in the noisy case.
k

It is worth noting that an optimal result is obtained if one sets ¢ = ¢ <2k
in the sense that (10) is satisfied as equality. Also, from (9) we obtain k& >

k

(log k)1 K2 s(log s)?log N, and so, using logs > 1, 1 —e k% >1— N 7lek
for the universal constant v = c¢;/co. Thus, € can be set such that the
probability of success 1 — ¢ satisfies

1—¢ > 1— N 7logk (11)

showing that this probability of success grows polynomially with N and k.

As we observe later in this section, we are not interested in satisfying
the interpolation conditions exactly, hence we need to consider instead of
b = g(W) a perturbed version b = g(W) + ¢, with a known bound on the
size of €. In order to extend the results we just described to the case of noisy
recovery, some modifications of problem (6) are needed. In the case of full
noisy recovery it is typical to consider, instead of the formulation (6), the
following optimization problem:

min ||z];  s.t. [|[Az =0b|l2 < n, (12)
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where 7 is a positive number. We now present a recovery result based on
the formulation (12) and thus appropriate to the noisy case. The proof is
available in [21].

Theorem 4.2 (Rauhut [21]). Under the same assumptions of Theorem 4.1,
with probability at least 1—¢e, € € (0,1), the following holds for every s—sparse
vector z:

Let noisy samples b = M (p, W)Z + € with

lellz <

be given, for any n non-negative, and let z* be the solution of the {1-minimiza-
tion problem (12) with A = M (¢, W). Then,

* — Coa
|2 =zl < =0 (13)

vk

for some universal constant ciprq; > 0.

Since we are interested in the partially sparse recovery case, we need to
consider instead
min ||z1||1  s.t.  ||[Az =0l < 7, (14)

The extension of Theorem 4.2 to partially recovery for the noisy case is
obtained from the full noisy recovery, analogously to the exact case (see [2,
Theorem 5.2] for a proof).

Theorem 4.3. Under the same assumptions of Theorem 4.1, with probability
at least 1 —e, € € (0,1), the following holds for every vector z = (z1, Zo) with
r <s and z; an (s — r)—sparse vector:

Let noisy samples b = M (p, W)z + € with

lell2 < m

be given, for any n non-negative, and let z* = (25, 23) be the solution of the
(1-minimization problem (14) with A = M (¢, W). Then,

* — Cpartial
2" = 2]s < 22220, (15)

Vk

for some universal constant cyartiar > 0.

It is worth noting that the factor 1/v/k appears in (13) and (15) due to the
fact that it is A/vk (and not A) that satisfies the RIP property. Also, we
note that it is possible extend these results to approximately sparse vectors
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(see [2]), however we do not to include such an extension in the present paper
for the sake of clarity of the exposition.

4.2. Sparse recovery using polynomial orthonormal expansions. As
described in Section 2, we are interested in recovering a local quadratic model
of the objective function f : D C R” — R near a point zy. Therefore we
consider the space of quadratic functions defined in B,(x¢; A). To apply the
results in Theorems 4.1 and 4.2 we need to build an appropriate orthonor-
mal basis for the space of quadratic functions in By(zo; A). In addition we
require that the models we recover are expected to be sparse in such a ba-
sis. In this paper we consider models that reconstruct sparse Hessians of
f, and thus it is natural to include into the basis polynomials of the forms
¢ij (ui — o) (uj — o), with some constant ¢;; (we will henceforth set zy = 0
without lost of generality). It is then required that these elements of the
basis do not appear as parts of other basis polynomials. The orthonormal
basis should satisfy the K-boundedness condition for some constant K inde-
pendent® of the dimension n.

We will now build such an orthonormal basis on the domain D = B, (0; A) =
[— A, A]™ (the £-ball centered at the origin and of radius A), using the uni-
form probability measure p and the corresponding L? inner product.

4.2.1. An orthonormal basis on hypercubes. Let u be the uniform proba-
bility measure on B (0; A). Note that due to the geometric properties of
By (0; A) = [-A, A]", one has

/ g(ui)h(u, ooy Ui 1, Uiy 1, o, Up ) du = (16)
[—A,A]"

A
= / Q(Uz‘)dui/ Ry, oy W1, i1, ooy U )dty - - - du_yditigy - - - duy,
“A [—A,A]-1

for appropriate integrable functions g and h.

We want to find an orthonormal basis, with respect to u, of the second
degree polynomials on B, (0; A) that contains the polynomials ¢;;{u;u; }iz;.
We are considering only the off-diagonal part of the Hessian since this is the
part which is expected to be sparse (indicating the lack of direct variable
interactions). It is easy to see that the n(n — 1)/2 polynomial functions
me the results in Theorems 4.1 and 4.2 become weaker. Recently, progress has been made

in addressing the case when K grows with the dimension, where the main idea is to precondition
the interpolation matrix (see [22]).
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{cijuiu;}iz; are all orthogonal, and that due to symmetry all ¢;; constants
are equal, to say, ko (a normalizing constant). Hence we have n(n — 1)/2
elements of the basis. Now, note that from (16), for different indices 1, j, [,

/ wujudp = / wujdp = / uiuﬁdﬂ = 0.
B (0;A) B (0;A) B (0;A)

As a result, we can add to the set {kow;u;}iz; the polynomials {kiu;}i<i<p
and the polynomial ky, where k; and kj are normalizing constants, forming
a set of n(n —1)/2 4 (n + 1) orthogonal polynomials.

It remains to construct n quadratic polynomials, which have to contain
terms u? but should not contain terms w;u;. We choose to consider n terms
of the form k3(u? — ayu; — ap). We will select the constants ag and aj in
such a way that these polynomials are orthogonal to the already constructed
ones. From the orthogonality with respect to u;, i.e.,

/ ul(uf — oqu; — ag)dp = 0,
B (0;A)

we must have oy = 0. Then, orthogonality with respect to the constant
polynomial 1 implies

Thus,

1 (A 1 /2 1
= — = —(ZA%) = A2
VN 2A( ) 3

Hence we have a set of orthogonal polynomials that span the set of qua-
dratic functions on B (0; A). What remains is the computation of the nor-
malization constants to ensure normality of basis elements. From

/ kidp = 1
Bw (O§A)
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we set ky = 1. From the equivalent statements

/ (klui)Q d,u = 1,
Boo (0;

A)
A
u du/ ldu = 1,
(2A)" /A —A,A]1

A
d
—-A

we obtain k; = v/3/A. From the equivalent statements

/ (k’QuZ'Uj)Z d[IJ = 1,
BOO(();A)

A 2
du
& (/ v ) -
2\J A 2A

we conclude that ks = 3/A2. And from the equivalent statements

1 2
/ (k?’ (“?"N)) =
B (0;4) 3
A 2
1 1
2 2 Ltz Lt
k3 /_A (u 3A > 2Adu 1,

3v5
A2’

we obtain

ks =

19

We have thus constructed the desirable basis, which we will denote by .
We will abuse the notation to define ¢ using indices (0), (1,47), (2,i7) or (2,1)
for the elements of 1 in place of the single index ¢. The expressions of these
sophisticated indices should simplify the understanding. For instance, (2,5)
index stands for the element of the basis ¢ which involves the term w;u;,

similarly o is the term corresponding to u?, and so on.

Definition 4.2. We define the basis 1 as the set of the following (n+1)(n+

2)/2 polynomials:

( Yoi(u) = %Uz—ﬁ
V2,0 (w)
¢1,z‘(u) = ‘/Kguz',
vo(u) = 1.

7\

\

(17)
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The basis 1) satisfies the assumptions of Theorems 4.1 and 4.2, as stated
in the following theorem.

Theorem 4.4. The basis ¢ (see Definition 4.2) is orthonormal and satisfies
the K-boundedness condition (see Definition 4.1) in B (0; A) for the uniform
probability measure with K = 3.

Proof: From the above derivation and (16) one can easily show that 1 is
orthonormal in B (0; A) with respect to the uniform probability measure.
So, it remains to prove the boundedness condition with K = 3. In fact, it is
easy to check that

[2.illz(poa)y = VB <3,
V25l L2 (Bo:a)y) = 3 <3, (18)
11illze(po0a)y = V3 <3,
|Yollze(Boay = 1 <3,
where 9]z (B..@0:a)) = MaX,ep_(0:a) |9(7)]- -

We will consider ¢, the subset of ¢ consisting of the polynomials of degree
2, and 17, the ones of degree 1 or 0, as we did in Section 2 for ¢.

We are interested in quadratic functions ¢ = ), o1, (see Definition 4.2)
with an h—sparse coefficient subvector ag, i.e., only h coefficients correspond-
ing to the polynomials in 9 in the representation of ¢ are non-zero, where h
is a number between 1 and n(n + 1)/2. In such cases, the corresponding full
vector « of coefficients is (h+mn-+1)—sparse. We now state a corollary of The-
orem 4.2 for sparse recovery in the orthonormal basis ¢, with k£ = p (number
of samples points) and N = ¢ (number of elements in ¢), which will be used
in the next section to establish results on sparse quadratic model recovery.
Note that we write the probability of successful recovery of a sparse solution
in the form 1 — n~71°8? which can be derived from (11) using ¢ = O(n?) and
a simple modification of the universal constant ~.

Corollary 4.1. Let M(y, W) € RP*? be the matriz of entries [M (¢, W)],; =
Yi(w"),i=1,...,p, 7 =1,...,q, withq= (n+1)(n+2)/2.

Assume that the sample set W = {w?, ..., wP} C By (0;A) is chosen ran-
domly where each point s drawn independently according to the uniform prob-
ability measure p in By (0; A). Further assume that

p

log p

> 9¢(h+n+1)(log (h+n+ 1)) logg,
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for some universal constant ¢ > 0 and h € {1,...,n(n + 1)/2}. Then, with
probability at least 1 — n~ 18P for some universal constant v > 0, the fol-
lowing holds for every vector z, having at most h +n + 1 non-zero expansion
coefficients in the basis :

Let noisy samples b = M (¢, W)z + € with

lell2 <

be given (for any n non-negative) and let z* be the solution of the {1-minimiza-
tion problem (14) with A= M), W) = (M (o, W), M (¢, W)). Then,

_ Cpartial
[z = 2], < =+
VD

for some universal constant Cpartial > 0.

Remark 4.1. It would be natural to consider the interpolation domain to
be the ball By(0;A) in the classical o-norm. However, our procedure of
constructing an orthonormal set of polynomaials with desired properties in the
hypercube, i.e., using the {-norm ball, does not extend naturally to the {5
one. One problem with the uniform measure in the {5-ball is that formulas
like (16) no longer hold. A construction of an appropriate basis for the
uniform measure on the {y-ball is a subject for further work.

4.3. Recovery of a fully quadratic model of a function with sparse
Hessian. As we stated earlier our main interest in this paper is to recover
a fully quadratic model (see Definition 2.2) of a twice continuously differ-
entiable objective function f : D — R near a point xy using fewer than
(n+ 1)(n + 2)/2 sample points. In other words, we want to show that for a
given function f there exist constants ks, K¢y, and ke, such that, given any
point xy and a radius A, we can build a model based on a sample set of p
points (with p < (n + 1)(n + 2)/2) which, with high probability, is a fully
quadratic model of f on By(zo; A) with respect to the given constants k.,
Keg, and Kep. The number p of sample points depends on the sparsity of the
Hessian of the model that we are attempting to reconstruct. Hence we need
to make some assumption about the sparsity. The simplest (and strongest)
assumption we can make is that the function f has a sparse Hessian at any
point xg.

Assumption 4.1 (Hessian sparsity). Assume that f : D — R satisfies As-
sumption 2.2 and furthermore that for any given xy € D the Hessian V2 f(xo)



22 A. BANDEIRA, K. SCHEINBERG AND L. N. VICENTE

of f at xy has at most h non-zero entries, on or above the diagonal, where
h is a number between 1 and n(n +1)/2. If this is the case, then V2 f(xq) is
said to be h—sparse.

The above assumption implies that for every xq € D there exists a fully
quadratic second degree polynomial model gf of f such that the Hessian Vqu
is h—sparse, from a fully quadratic class with x| It m’eg, and k., equal to some
multiples of the Lipschitz constant of V2f. The second order Taylor model
at x( is, in particular, such a model.

However, we do not need this strong assumption to be able to construct
fully quadratic models. Constructing models via random sample sets and ¢;-
minimization, in the way that we described above, provides fully quadratic
models regardless of the amount of sparsity of the Hessian, as we will show
in this section. The sparsity of the Hessian affects, however, the number of
sample points that are required. Hence, one can consider functions whose
Hessian is approximately sparse and the sparsity pattern is not constant.
The following assumption is weaker than Assumption 4.1 but is sufficient for
Our purposes.

Assumption 4.2 (Approximate Hessian sparsity). Assume that f: D — R
satisfies Assumption 2.2 and furthermore that for any given xo € D and A >
0 there exists a second degree polynomial q(u) = Y a,,(u) = ago(u) +
arr(u), with ag an h—sparse coefficient vector, where h may depend on x
and A, which is a fully quadratic model of f on By(xo; A) for some constants

/ / / .
Kefs Kegr and Ky, independent of x¢g and A.

If in the above assumption A is independent of xy and A, then the as-
sumption reduces to Assumption 4.1. As it stands, Assumption 4.2 is less
restrictive.

Given the result in Section 4.2, we will consider the /,-norm in Defini-
tion 2.2, thus considering regions of the form B (xo; A).

When we state that f has a sparse Hessian, it is understood that the rep-
resentation of the Taylor second order expansion or any other fully quadratic
model is a sparse linear combination of the elements of the canonical basis ¢
(see (1)). However, the basis ¢ is not orthogonal on By (79; A). Hence we are
interested in models that have sparse representation in the orthonormal ba-
sis 1 of Definition 4.2. Fortunately, basis 1) can be obtained from ¢ through
a few simple transformations. In particular, the sparsity of the Hessian of a
quadratic model ¢ will be carried over to sparsity in the representation of ¢ in
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1, since, due to the particular structure of ¢, the expansion coefficients in g
will be multiples of the ones in gEQ, thus guaranteeing that if the coefficients
in the latter are h—sparse, so are the ones in the former.

We are now able to use the material developed in Section 4.2 to guarantee,
with high probability, the construction, for each zy and A, of a fully quadratic
model of f in By (7g;A) using a random sample set of only O(n(logn)?)
points, instead of O(n?) points, provided that h = O(n). We find such a
fully quadratic model (assuming without loss of generality that xq = 0) by
solving the partially recovery version of problem (12) written now in the form

min [lag|s
s.t. |M (g, W)ag + M@, W)ap — f(W)], < n,

where 7 is some appropriate positive quantity. Corollary 4.1 can then be
used to ensure that only O(n(logn)*) points are necessary for recovery of a
sparse model in By (xg; A), when the number of non-zero components of the
Hessian of f at zp = 0 is of the order of n.

Note that we are in fact considering “noisy” measurements, because we are
only able to evaluate the function f while trying to recover a fully quadratic
model, whose values are somewhat different from those of f. We will say
that a function ¢* is the solution to the minimization problem (19) if ¢*(u) =
>, a1, (u), where o* is the minimizer of (19).

Generally we need to consider a fully quadratic model g for f around some
point xy rather than the origin. Under a translation of the domain we obtain

(19)

min [lagll:
s.t. ||M (o, W —xo)ag + M(pr, W —xo)ar — f(W —x0)|l, < 1

Thus, without loss of generality, we can consider xy = 0 and work with the
¢1-minimization problem (19).

First we need to prove an auxiliary lemma. Corollary 4.1 provides an
estimate on the fs-norm of the error in the recovered vector of coefficients of
the quadratic model. In the definition of fully quadratic models, the error
between the quadratic model and the function f is measured in terms of the
maximum difference of the function values in B (0; A) and the maximum
norms of the differences of the gradients and the Hessians in B (0; A). The
following lemma establishes a bound for the value, gradient, and Hessian of
quadratic polynomials in B (0; A) in terms of the norm of their coefficient
vector (using the basis v).
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Lemma 4.1. Let g be a quadratic function and « be a vector in R(+1)(n+2)/2

such that
= ZOWL(U)
with (x) defined in (17). Then

aw)| < (3v/eard(a)) lal.
IVawl, < (3v5y/eard(@)) xlall
HV2q(u)H2 < (3 card(« )A12Hoz\|2,

for all w € By (0; A), where card(«) is the number of non-zero elements in
.

Proof: We will again use the indices (0), (1,7), (2,4j) or (2, ) for the elements
of a in correspondence to the indices used in Definition 4.2.
From the K-boundedness conditions (18) we have

w)| < Z\ablwb )| < 3llallh < 3v/card(@)|alfs,

for all u € B, (0; A). Also, from (17),

dq oY,

<
Fu; Y| = Z'O‘L‘ u,

V3 3 3v5
= |a1,i’ — | T Z ‘0521]’ A2 u] + |0422‘ A2 5 U
jefl,...n\{i}
V3 3 3v/5
< K|041,i Z — |2 A —— |,

Fe{L,...np\{i}
3v/5
< 32 ol
LeG;

for all u € B (0; A), where G; is the set of indices (1,1), (2,4), and (2,7j) for
every j € {1,...,n}\ {i}, with |G;| = n + 1. Then, by the known relations
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between the norms ¢; and /5,

Vot < S22 Y o) < (3vEveard(@) ~lall

=1 1e€G,;

for all u € By (0; A).
For the estimation of the Hessian, we need to separate the diagonal from
the non-diagonal part. For the non-diagonal part, with @ #£ j,

82q 6 v, (u 3
Zl Juon, = < ol

8u7;8u3
For the diagonal part withi=1,...,n

)

8,, 3v5
S| < Tl < o5

Since the Hessian has at most card(«) non-zero components one has

[Vq(u)]], < (3\/_\/card )( ) | a|2
for all u € B, (0; A). u

Remark 4.2. The dependency of the error bounds in Lemma 4.1 on card(c)
cannot be eliminated. In fact, the functz’on

satisfies g(A, ..., A) = \% n(n — 1) while the vector of coefficients has norm
equal to 1.

Remark 4.3. Since v is orthonormal (with respect to j1) on By (0; A) we
have that ||allz = ||q|| 2B (0:a),0)- Hence the la-norm of the vector of the
coefficients is simply the L2 -norm of the function q over By (0; A). If we now
consider ||q|| (.. (0:a)), the L*-norm of q which is the mazimum absolute
value of q(u) over By (0;A), we see that Lemma 4.1 establishes a relation
between two norms of q. By explicitly deriving constants in terms of card(«)
we strengthen the bounds in Lemma 4.1 for the cases of sparse models.

We are now ready to present our main result.
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Theorem 4.5. Let Assumption 4.2 hold (approximate Hessian sparsity).
Given A and xq, let h be the corresponding sparsity level of the fully qua-
dratic model guaranteed by Assumption 4.2. Given p random points, W =
{wl, ..., wP}, chosen with respect to the uniform measure in By (0; A), with

P
log p

> 9cpartiar (B +n+1)1log? (h+n + 1) logg, (20)

for some universal constant cportiar > 0, then with probability larger than
1 — n=78P  for some universal constant v > 0, the solution q* to the {;-
minimization problem (19) is a fully quadratic model of f on By (0; A) with
vy' =0 and constants Kef, Keg, and Kep not depending on xo and A.

Proof: From our assumptions, ¢ is a fully quadratic model for f on B, (0; A)
with v, = 0 and some constants «/;, &, and «,,. The quadratic polynomial
q satisfies the assumptions of Corollary 4.1 and, for the purpose of the proof,
is the quadratic that will be approximately recovered. Now, since ¢ is a fully

quadratic model, we have |f(w') — q(w')| < &/ ;A% Therefore

LF(W) = q(W)lle < VBrL,A»

Note that one can only recover ¢ approximately given that the values of
q(W) ~ f(W) are ‘noisy’.

Then, by Corollary 4.1, with probability larger than 1 — n=71¢?_ for a
universal constant v > 0, the solution ¢* to the ¢;-minimization problem (19)
with n = \/]_)H/efA3 satisfies

HOf* - 04H2 < Cpartialﬁlenga

where o and « are the coefficients of ¢* and ¢ in the basis 1 given by (17),
respectively. So, by Lemma 4.1,

|C]* (u) - Q(u)‘ Cpartial <3\/C&I‘d(0&* - Oé)) /i:afAB)
Vg (u) — Va(u)|ly, < cpartial (3\/3\/card(oz* — oz)) /ﬁ;ngQ,
Hvzq*(u) — VQC](U)HQ < Cpartial <3\/5\/card(oz* — oz)) mng,

IA

AN
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for all u € Bo(0; A). Therefore, from the fact that m is fully quadratic (with

/ / /
constants K, Keg, and ., ), one has

7°(w) = )] < (cpurnar (3v/card(a” = a)) il + iy ) A,
19" () = V)l < (cpuria (3V5/card(a” — o)) sl + 5L, ) A%,

Hv2q*(u) - VQf(u)HQ < (Cpartial (3\/5\/0ard(oz* — Ck)) /‘f/;f + /{,;h) A,

for all u € B (0; A).
Since ¢* is a quadratic function, its Hessian is Lipschitz continuous with

Lipschitz constant 0, so one has that 12, = 0. Hence ¢* is a fully quadratic
model of f on By (0; A). _

Note that the result of Theorem 4.5 is obtained for a number p of sampling
points satisfying (see (20) and recall that ¢ = O(n?))
p 3
= O(n(l
o = Ofn{logn)")
when h = O(n), i.e., when the number of non-zero elements of the Hessian
of f at xq is of the order of n. Since p < (n + 1)(n 4+ 2)/2, one obtains

p = O(n(logn)?'). (21)

Theorem 4.5 does not directly assume Hessian sparsity of f. It is worth
observing again that Theorem 4.5 can be established under no conditions on
the sparsity pattern of the Hessian of f.

Problem (19) is a second order cone programming problem [1] and can,
hence, be solved in polynomial time. However it is typically easier in practice
to solve linear programming problems. Since the second order Taylor model
T satisfies |T(W) — f(W)ll, < n/y/P (where n = /pr,;A%), because T is
fully quadratic for f, instead of (19), one can consider

AN

; q
min ‘ CYQ

st HM(@;Q,W)@ZQ—FM(@DL,W)@%—f(W)HOO < Ly,

which is equivalent to a linear program. In our implementation, as we will
discuss in the next section, we chose to impose the interpolation constraints
exactly which corresponds to setting n = 0 in the above formulations, hence
simplifying parameter choices. Also, recent work has provided some insight
in why this choice works well (see [27]).
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Theorem 4.5 cannot strictly validate a practical setting in DFO, as dis-
cussed in the next section. It serves to provide motivation and insight on the
use of /;-minimization to build underdetermined quadratic models for func-
tions with sparse Hessians. It also is the first result, to our knowledge, that
establishes a reasonable approach to building fully quadratic models with
underdetermined interpolation. However, in the current implementation the
sampling is done deterministically in order to be able to reuse existing sam-
ple points. This may be lifted in future parallel implementations. Note that
the constants in the bound (20) (and thus in (21)) render the current bounds
impractical. In fact, the best known upper bound (see [21]) for the universal
constant ¢ appearing in (13) is ¢iorar < 17190 (¢partiar is of the same order),
making (20) only applicable if n is much greater than the values for which
DFO problems are tractable today (which is of the order of a few dozens).
However, such bound is, most likely, not tight, and, in fact, similar universal
constants appearing in the setting of compressed sensing are known to be
much smaller in practice.

5. A practical interpolation-based trust-region method

5.1. Interpolation-based trust-region algorithms for DFO. Trust-
region methods are a well known class of algorithms for the numerical solution
of nonlinear programming problems [6, 17]. In this section we will give a brief
summary of these methods when applied to the unconstrained minimization
of a smooth function f: D C R" — R,

min f(z), (22)

reR™
without using the derivatives of the objective function f. For comprehensive
coverage we refer the reader to [9].

At each iteration k, these methods build a model my(z1+s) of the objective
function in a trust region of the form B, (x; Ay), typically with p = 2, around
the current iterate xj,. The scalar Ay is then called the trust-region radius.
A step sp is determined by solving the trust-region subproblem

min  my(x; + s). (23)

s€B2(0;Ag)
Then, the value f(xy + sx) is computed and the actual reduction in the
objective function (aredy = f(zx) — f(xr+ si)) is compared to the predicted
reduction in the model (pred, = my(zr) — mi(zr + sg)). If the ratio is big
(pr. = aredy/predy, > m € (0,1)), then xj 4 s is accepted as the new iterate
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and the trust-region radius may be increased. Such iterations are called
successful. If the ratio is small (pr < 71), then the step is rejected and the
trust-region radius is decreased. Such iterations are called unsuccessful.

The global convergence properties of these methods are strongly depen-
dent on the requirement that, as the trust region becomes smaller, the model
becomes more accurate, implying in particular that the trust-region radius
is bounded away from zero, as long as the stationary point is not reached.
Taylor based-models, when derivatives are known, naturally satisfy this re-
quirement. However, in the DFO setting, some provision has to be taken in
the model and sample set management to ensure global convergence. These
provisions aim at guaranteeing that the models produced by the algorithm
are fully linear or fully quadratic.

Conn, Scheinberg, and Vicente [8] proved global convergence to first and
second order stationary points depending whether fully linear or fully qua-
dratic models are used. The approach proposed in [8] involves special model
improving iterations. Scheinberg and Toint [23] have recently shown global
convergence to first order stationary points for their self-correcting geome-
try approach which replaces model-improving iterations by an appropriate
update of the sample set using only the new trust-region iterates.

Our results derived in Section 4 provide us with a new method to pro-
duce (with high probability) fully quadratic models by considering randomly
sampled sets, instead of model handling iterations as is done in [8] and [23].
On the other hand, to develop full convergence theory of DFO methods us-
ing randomly sampled sets, one needs to adapt the convergence proofs used
in [8] and [23] to the case where successful iterations are guaranteed with
high probability, rather than deterministically. This is a subject for future
research.

5.2. A practical interpolation-based trust-region method. We now
introduce a simple practical algorithm which we chose for testing the per-
formance of different underdetermined models. This algorithm follows some
of the basic ideas of the approach introduced by Fasano, Morales, and No-
cedal [12], which have also inspired the authors in [23]. The quality of the
sample sets is maintained in its simplest form — simply ensuring sufficient
number of sample points (n + 1 or more) in a reasonable proximity from the
current iterate. This approach is theoretically weak as shown in [23], but
seems to work well in practice.
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Unlike [12], we discard the sample point farthest away from the new it-
erate (rather than the sample point farthest away from the current iter-
ate). Also in [12], only determined quadratic models were built based on
Pmax = (n + 1)(n + 2)/2 sample points. We compare approaches that use
minimum Frobenius or /1 norm interpolation to build the models and hence
we allow sample sets of any size less than or equal to ppna.. This poses ad-
ditional issues to those considered in [12]. For instance, until the cardinality
of the sample set reaches pu.x, we do not discard points from the sample set
and always add new trial points independently of whether or not they are
accepted as new iterates, in an attempt to be as greedy as possible when
taking advantage of function evaluations.

Another difference from [12] is that we discard points that are too far from
the current iterate when the trust-region radius becomes small (this can be
viewed as a weak criticality condition), expecting that the next iterations will
refill the sample set resulting in a similar effect as a criticality step. Thus,
the cardinality of our sample set might fall below p;, = n + 1, the number
required to build fully linear models in general. In such situations, we never
reduce the trust-region radius.

Algorithm 5.1 (A practical DFO trust-region algorithm).
Step 0: Initialization.

Initial values. Select values for the constants e,(= 107°) > 0, 6(=
107°) > 0, 0 < ni(= 1073), ma(= 0.75) > ny1, and 0 < (= 0.5) <
1 < 7(=2). Set ppin = n+ 1 and ppax = (n+ 1)(n + 2)/2. Set the
initial trust-region radius Ao(= 1) > 0. Choose the norm t = 1 (the
ly-norm) ort = 2 (the Frobenius norm,).

Initial sample set. Let the starting point xo be given. Select as an
initial sample set Yo = {xg, o £ Age;, i = 1,...,n}, where the e;’s are
the columns of the identity matriz of order n.

Function evaluations. Fvaluate the objective function at all y € Yj.

Set k= 0.
Step 1: Model building.

Form a quadratic model my(zy, + s) of the objective function from Y.
Solve the problem

min gl

- _ (24)
S. 1. M(qbQ, Yk)OéQ + M(QbL, Y;c)aL = f(Yk)v
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where ag and o, are, respectively, the coefficients of order 2 and order
less than 2 of the model.

Step 2: Stopping criteria.
Stop if ||grll < ey or Ay <94,
Step 3: Step calculation.
Compute a step sy by solving (approximately) the trust-region subprob-
lem (23).
Step 4: Function evaluation.
Fuvaluate the objective function at zy + si. Compute pp = (f(xr) —
[y =+ i)/ (mi(@r) — mi(@e + si))-
Step 5: Selection of the next iterate and trust radius update.
If pr < m1, reject the trial step, set xp 1 = xp, and reduce the trust-
region radius, if |Yr| > pmi, 0y setting A = 1A (unsuccessful
iteration).
If pr > m1, accept the trial step xp1 = x+ i (successful iteration).
Increase the trust-region radius, Agi1 = Y2k, if pp > 1.
Step 6: Update the sample set.
If |Yi| = Pmax, set y2** € argmax||y — xg41|l2 (break ties arbitrarily).
If the iteration was successful:
If |Yi| = Pmax, Yirr = Y U{apaa )\ {57}
If Y| < prmax, Yir1 = Y U{Zps1}
If the iteration was unsuccessful:
If 1Ye| = praxs Yerr = YeU{zp+ s \{yg"} if || (@i +s1) — 2|2 <

" — k]2

[f ‘Yk| < Pmax; Yk+1 - Y}f U {xk + Sk}
Step 7: Model improvement.
When A1 < 1073, discard from Yj,41 all the points outside B(xgy1;
rAki1), wherer is chosen as the smallest number in {100, 200, 400, 800,
...} for which at least three sample points from Yi1 are contained in

B(2g11;7A%11).
Increment k by 1 and return to Step 1.

5.3. Numerical results. In this section we describe the numerical exper-
iments which test the performance of Algorithm 5.1 implemented in MAT-
LAB. In particular we are interested in testing two variants of Algorithm 5.1
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defined by the norm used to compute the model in (24). The first variant
makes use of the fy-norm and leads to minimum Frobenius norm models.
The solution of (24) with ¢ = 2 is a convex quadratic problem subject to
equality constraints and hence is equivalent to solving the following linear
system

M(dq, W)M(dg, W)" M(dr, W) } [ A } _ [ fFW) ]
M(pr, W)" 0 ap| | 0
with ag = M(é@, W)T)\.

We solved this system using SVD, regularizing extremely small singular
values after the decomposition and before performing the backward solves,
in an attempt to remediate extreme ill conditioning caused by nearly ill-
poised sample sets. The second approach consisted in using ¢ = 1, leading to
minimum ¢;-norm models and attempting to recover sparsity in the Hessian
of the objective function. To solve problem (24) with ¢t = 1 we formulated it
first as a linear program. In both cases, t = 1,2, we first scaled the corre-
sponding problems by shifting the sample set to the origin (i.e., translating
all the sample points such that the current iterate coincides with the origin)
and then scaling the points so that they lie in By(0; 1) with at least one scaled
point at the border of this ball. This procedure, suggested in [9, Section 6.3],
leads to an improvement of the numerical results, especially in the minimum
Frobenius norm case.

The trust-region subproblems (23) have been solved using the routine
trust.m from the MATLAB Optimization Toolbox which corresponds es-
sentially to the algorithm of Moré and Sorensen [16]. To solve the linear
programs (24), with ¢ = 1, we have used the routine linprog.m from the
same MATLAB toolbox. In turn, linprog.m uses in most of the instances
considered in our optimization runs the interior-point solver 1ipsol.m, de-
veloped by Zhang [28].

In a first set of experiments, we considered the test set of unconstrained
problems from the CUTEr collection [14] used in [15], and in [12]. We used
the same dimension choices as in [15] but we removed all problems considered
there with less than 5 variables. This procedure resulted in the test set
described in Table 1. Most of these problems exhibit some form of sparsity
in the Hessian of the objective function, for instance, a banded format.

In order to present the numerical results for all problems and all methods
(and variants) considered, we have used the so-called performance profiles,



COMPUTATION OF SPARSE LOW DEGREE INTERPOLATING POLYNOMIALS 33

problem | n | DFO-TR Frob (acc = 6) | DFO-TR 11 (acc = 6)
ARGLINB | 10 57 99
ARGLINC 8 56 57
ARWHEAD | 15 195 143
BDQRTIC 10 276 257
BIGGS6 6 485 483
BROWNAL | 10 437 454
CHNROSNB | 15 993 1004
CRAGGLVY | 10 548 392
DIXMAANC | 15 330 515
DIXMAANG | 15 395 451
DIXMAANI | 15 429 361
DIXMAANK | 15 727 527
DIXON3DQ | 10 - -
DQDRTIC | 10 25 25
FREUROTH | 10 249 252
GENHUMPS | 5 1449 979
HILBERTA | 10 8 8
MANCINO 10 106 73
MOREBV 10 111 105
OSBORNEB | 11 1363 1023
PALMERIC | 8 - -
PALMER3C | 8 56 93
PALMERSC | 6 29 29
PALMER8SC | 8 60 95
POWER 10 466 428
VARDIM 10 502 314

TABLE 1. The test set used in the first set of experiments and
the corresponding dimensions (first two columns). The last two
columns report the total number of function evaluations required
by Algorithm 5.1 to achieve an accuracy of 107% on the objec-
tive function value (versions DFO-TR Frob and DFO-TR 11). Both
approaches failed to solve two of the problems.

as suggested in [10]. Performance profiles are, essentially, plots of cumulative
distribution functions p(7) representing a performance ratio for the different
solvers. Let & be the set of solvers and P the set of problems. Let ¢, ¢ denote
the performance of the solver s € § on the problem p € P — lower values of
tps indicate better performance. This performance ratio p(7) is defined by
first setting 7, = t, s/ min{t,s : 5§ € S}, for p € P and s € S. Then, one
defines ps(7) = (1/|P)){p € P : rps < 7}|. Thus, ps(1) is the probability
that solver s has the best performance among all solvers. If we are only
interested in determining which solver is the most efficient (is the fastest
on most problems), then we should compare the values of ps(1) for all the
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solvers. On the other hand, solvers with the largest value of ps(7) for large
7 are the ones which solve the largest number of problems in P, hence are
the most robust. We are interested in considering a wide range of values for
7, hence, we plot the performance profiles in a log-scale (now, the value at 0

represents the probability of winning over the other solvers).
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In our experiments, we took the best objective function value from [15]
(obtained by applying a derivative-based Non-Linear Programming solver),
as a benchmark to detect whether a problem was successfully solved up to
a certain accuracy 107, The number ¢, is then the number of function
evaluations needed to achieve an objective function value within an abso-
lute error of 107%“ of the best objective function value; otherwise a failure
occurs and the value of r, ; used to build the profiles is set to a large num-
ber (see [10]). Other measures of performance could be used for ¢, but
the number of function evaluations is the most appropriate for expensive
objective functions. In Figure 1, we plot performance profiles for the two
variants of Algorithm 5.1 mentioned above and for the state-of-the-art solver
NEWUOA [18, 20]. Following [11], and in order to provide a fair comparison,
solvers are run first with their own default stopping criterion and if conver-
gence can not be declared another run is repeated with tighter tolerances. In
the case of Algorithm 5.1, this procedure led to ¢, = 0 = 1077 and a maxi-
mum number of 15000 function evaluations. For NEWUOA we used the data
prepared for [15] also for a maximum number of 15000 function evaluations.

Note that NEWUOA requires an interpolation of fixed cardinality in the
interval [2n + 1, (n + 1)(n + 2)/2] throughout the entire optimization proce-
dure. We looked at the extreme possibilities, 2n + 1 and (n + 1)(n + 2)/2,
and are reporting results only with the latter one (NEWUOA quad in the plots)
since it was the one which gave the best results. The two variants of Algo-
rithm 5.1, are referred to as DFO-TR Frob (minimum Frobenius norm models)
and DFO-TR 11 (minimum ¢;-norm models). Two levels of accuracy (1074
and 107%) are considered in Figure 1. One can observe that DFO-TR 11 is
the most efficient version (7 = 0 in the log scale) and basically as robust as
the DFO-TR Frob version (large values of 7), and that both versions of the
Algorithm 5.1 seem to outperform NEWUOA quad in efficiency and robustness.

In a second set of experiments we ran Algorithm 5.1 for the two variants
(minimum Frobenius and ¢; norm models) on the test set of CUTEr uncon-
strained problems used in the paper [5]. These problems are known to have
a significant amount of sparsity in the Hessian (this information as well as
the dimensions selected is described in Table 2). We used ¢, = 6 = 107°
and a maximum number of 5000 function evaluations. In Table 3, we re-
port the number of objective function evaluations taken as well as the final
objective function value obtained. In terms of function evaluations, one can
observe that DFO-TR 11 wins in approximately 8/9 cases, when compared to
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problem n | type of sparsity
ARWHEAD | 20 sparse
BDQRTIC | 20 banded
BDVALUE | 22 banded
BRYDN3D | 20 banded
CHNROSNB | 20 banded
CRAGGLVY | 22 banded
DQDRTIC | 20 banded
EXTROSNB | 20 sparse
GENHUMPS | 20 sparse
LIARWHD | 20 sparse
MOREBV 20 banded
POWELLSG | 20 sparse
SCHMVETT | 20 banded
SROSENBR | 20 banded
WwOooDS 20 sparse

TABLE 2. The test set used in the second set of experiments.
For each problem we included the number of variables and the
type of sparsity, as described in [5].

the DFO-TR Frob version, suggesting that the former is more efficient than
the latter in the presence of Hessian sparsity. Another interesting aspect of
the DFO-TR 11 version is some apparent ability to produce the final model
with gradient of smaller norm.

6. Conclusion

Since compressed sensing emerged, it has been deeply connected to opti-
mization, using it as a fundamental tool (in particular, to solve /;-minimization
problems). In this paper, however, we have shown that compressed sensing
methodology can also serve as a powerful tool for optimization, in partic-
ular for Derivative-Free Optimization (DFO), where structure recovery can
improve the performance of optimization methods. Namely, our goal was
to construct fully quadratic models (essentially models with an accuracy as
good as second order Taylor models; see Definition 2.2) of a function with
sparse Hessian using underdetermined quadratic interpolation on a sample
set with much less than O(n?) points. We were able to achieve this as is
shown in Theorem 4.5, by considering an appropriate polynomial basis and
random sample sets of only O(n(logn)*) points when the number of non-zero
components of the Hessian is O(n). The corresponding quadratic interpo-
lation models were built by minimizing the ¢;-norm of the entries of the
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problem | DFO-TR Frob/11 | # f eval f val model V norm
ARWHEAD Frob 338 3.044e-07 3.627e-03
ARWHEAD 11 218 9.168e-11 7.651e-07
BDQRTIC Frob 794 5.832e+01 5.419e+-05
BDQRTIC 11 528 5.832e+01 6.770e-02
BDVALUE Frob 45 0.000e+00 0.000e+00
BDVALUE 11 45 0.000e+00 1.297e-22
BRYDN3D Frob 41 0.000e+00 0.000e+00
BRYDN3D 11 41 0.000e+00 0.000e+00
CHNROSNB Frob 2772 3.660e-03 2.025e+-03
CHNROSNB 11 2438 2.888e-03 1.505e-01
CRAGGLVY Frob 1673 5.911e+-00 1.693e+05
CRAGGLVY 11 958 5.910e+-00 8.422¢-01
DQDRTIC Frob 72 8.709e-11 6.300e+05
DQDRTIC 11 45 8.693e-13 1.926e-06
EXTROSNB Frob 1068 6.465e-02 3.886e+02
EXTROSNB 11 2070 1.003e-02 6.750e-02
GENHUMPS Frob 5000 4.534e+05 7.166e+-02
GENHUMPS 11 5000 3.454e+05 3.883e+02
LIARWHD Frob 905 1.112e-12 9.716e-06
LIARWHD 11 744 4.445e-08 2.008e-02
MOREBV Frob 539 1.856e-04 2.456e-03
MOREBV 11 522 1.441e-04 3.226e-03
POWELLSG Frob 1493 1.616e-03 2.717e+01
POWELLSG 11 5000 1.733e-04 2.103e-01
SCHMVETT Frob 506 -5.400e+01 1.016e-02
SCHMVETT 11 434 -5.400e+01 7.561e-03
SROSENBR Frob 456 2.157e-03 4.857e-02
SROSENBR 11 297 1.168e-02 3.144e-01
W00oDS Frob 5000 1.902¢-01 8.296e-01
WooDSs 11 5000 1.165e+-01 1.118e+01

TABLE 3. Results obtained by DFO-TR Frob and DFO-TR 11 on
the problems of Table 2 (number of evaluations of the objective
function, final value of the objective function, and the norm of

the final model gradient).
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Hessian model. We then tested the new model selection approach in a de-
terministic setting, by using the minimum /¢;-norm quadratic models in a
practical interpolation-based trust-region method (see Algorithm 5.1). Our
algorithm was able to outperform state-of-the-art DFO methods as shown in
the numerical experiments reported in Section 5.3.

One possible way of solving the ¢;-minimization problem (4) in the con-
text of interpolation-based trust-region methods is to rewrite it as a linear
program. This approach was used to numerically test Algorithm 5.1 when
solving problems (24) for ¢ = 1. For problems of up to n = 20, 30 variables,
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this way of solving the ¢;-minimization problems has produced excellent re-
sults in terms of the derivative-free solution of the original minimization
problems (22) and is reasonable in terms of the overall CPU time.

However, for larger values of n, the repeated solution of the linear pro-
grams introduces significant overhead. Besides the increase in the dimension,
one also has to consider possible ill-conditioning arising due to badly poised
sample sets. Although related linear programming problems are solved in
consecutive iterations, it is not trivial to use warmstart. In fact, the number
of rows in the linear programs change frequently, making it difficult to warm-
start simplex-based methods. An alternative is to attempt to approximately
solve problem (4) by solving min || M (¢, W)a — f(W)]|2 + 7||ag]|1 for appro-
priate values of 7 > 0. We conducted preliminary testing along this avenue
but did not succeed in outperforming the linear programming approach in
any respect. However, it is out of the scope of this paper a deeper study of
the numerical solution of the ¢;-minimization problem (4) in the context of
interpolation-based trust-region methods.

Finally, we would like to stress that building accurate quadratic models
for functions with sparse Hessians from function samples could be of interest
outside the field of Optimization. The techniques and theory developed in
Section 4 could also be applicable in other settings of Approximation Theory
and Numerical Analysis.
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