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ABSTRACT: In this paper we study the diffusion of a liquid agent into a polymeric
matrix. We propose a initial-boundary value problem to model the process. Nu-
merical methods are obtained for solving it. The stability and the convergence of
the methods are studied.
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1. Introduction

An important problem in controlled release technology is the diffusion of
a penetrant into a polymeric carrier where a drug is dispersed. A suitable
choice for simulating drug delivery can be the classical Fick’s law. However
to model the sorption of the liquid agent an equation that takes into ac-
count the viscoelastic nature of polymers and consequently its non Fickian
behavior is needed ([6], [5], [8], [7], [11]). As the fluid penetrates the matrix,
the polymeric structure changes, and the flux is not simply proportional to
the concentration gradient. To obtain a more accurate description of the
fluid penetration several modifications of the flux have been proposed in the
literature by introducing a memory formalism ([6], [5]).

The main idea is that flux depends not only on the concentration gradient
but also on the viscoelastic stress. In [6] the authors use a 3-parameter solid
model [2] to describe the stress-strain relaxation. However the stability of
the continuous model has not been studied. Also the authors do not develop
specific numerical algorithms to discretize the non-Fickian model. When
highly heterogeneous systems are considered [4] the memory formalism is
introduced via factorial derivatives.

In this paper we study a non-Fickian diffusion mechanism described by a
modified law for flux where diffusive and mechanical properties are coupled.
We address the stability of the continuous problem and we develop numerical

Received February 24, 2012.



2 J.A. FERREIRA, E. GUDINO AND P. DE OLIVEIRA

methods for which discrete energy estimates mimic the continuous ones. To
take into account a wide range of mechanical behaviors we consider a general
viscoelastic model [2] to describe the stress-strain relation. In particular the
model in [5] can be obtained as a special case of the viscoelastic model studied
here. Our results can be easily adapted to other mechanical models based
on Maxwell generalized models [2]. We note that the class of models studied
here can be used to simulate fluid flow in a porous media ([9], [10], [14]).

Let us recall that the Fickian diffusion of a penetrant is described by the
conservation law

oC :
5 = —div Jp (1)

where C' = C(t,x) is the fluid concentration and Jp = Jp(t,x) represents
the flux and is defined by

Jp(t,x) = —DVC(t,x) , (2)

where D is the diffusion coefficient for the penetrant fluid.

To take into account viscoelastic effects we consider a modified flux [3]
expressed as the sum of a Fickian flux Jr and a non Fickian contribution
Jnr defined by

JNF(t, :l?) = —DUVU(t, :U) ) (3)
where ¢ = o(t,x) represents the stress and D, stands for a stress-driven
diffusion coefficient. The balance equation describing the behavior of the
penetrant fluid is represented by

oC

where J = Jp + JyF

In our model we assume that the change of volume due to the relaxation
of the polymeric matrix is instantaneous [11]. Both D and D, can depend
in some cases on C, nevertheless, for analytical purposes these parameters
can be considered to be positive constants. In fact although solvent diffusion
coefficient depends on solvent concentration the hypothesis of a constant
solvent diffusion can be accepted if the swelling process does not take place
from a dry condition up to a swelling equilibrium, but takes place from a
partially swollen condition to another one [12].

From (2), (3) and (4), we have

% — DAC + D,Ac . (5)
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To model the viscoelastic polymeric behavior mechanical analog built with
springs and dampers elements combined in a variety of arrangements are
used [2]. We will consider a family of models, known as the 4-parameter
solid model [2] that accounts for a wide range of viscoelastic behaviors. The
arrangement is shown in Figure 1.

c
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FIGURE 1. Four parameter solid model for viscoelastic polymeric behavior

The parameters F; and Es are non negative constants related with the
elastic behavior of the polymer. The parameters p; and us are also non
negative constants related with the viscous behavior of the polymer (for
more details see [2]). Note that different linear viscoelastic models can be
obtained as a particular case of Figure 1.

For example taking £; = ps = 0, we obtain the Maxwell model. Let e(t, x)
represent the strain. Assuming then that the strain and the concentration
are proportional, that is, Ja > 0 such that e(¢t,z) = aC(t, x), the family of
models can be represented by the PDE [2]

do N C+ oC n 0*C (6)
- o = - -,
ot b1 do q1 It 42 982
where
_ Ei1+ FEy _ EiFy _ Eopn + By o Hape
p=—"-, Q=0 , 1=« and ¢ = « ,
f1 T+ 2 o1+ 2 1+ 2 1+ 2

The constants qy, ¢1, ¢» and p; have a physical meaning for the model and
therefore they satisfy the following inequalities [2]

¢ —4qoqa >0 and qp1 — qo — @p; >0 . (7)

2. The Model

We consider a polymer filling a bounded domain €2 C R" with boundary
0f). We study the diffusion of a penetrant in this polymer described by the
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following initial-boundary value problem:

% = DAC + D,Ac in (0,T] xQ , (8)

Jo oC *C
E+P10—QOO+91§+Q2W in (0,T] xQ, (9)
Ct,z)=Cy, o(t,r) =0y, (t,x)€ (0,T] x N, (10)
Cl0.2) = Co(x), o(0.2) =00, zEQ. (11)

Here C : [0,7] x Q — R is the unknown concentration of the penetrant,
o:[0,T] x Q — R is the unknown stress, Cp : © — R is the given initial
concentration of the liquid in the matrix, oy € R is the given initial stress in
the matrix, Cj, € R is the given concentration of the liquid in the fully swollen
matrix, o, € R is the given stress in the fully swollen gel. We observe that
() is fixed in time because the change of volume due to swelling is supposed
to occur instantaneously.

3. Energy estimates for the continuous problem

By C(t) we represent a function defined from 2 into R? with ¢ fixed. Using
energy estimates techniques we study in this section the stability of model

(8)-(11).

We begin by integrating equation (9) over time to obtain
ot) = (gpm —q)Coe ™ + (g1 — @p)C(1)

t B oC B
+(qo + (12]9% — (]1]91)/ e (s t)C(S)dS + QQE(t) +e Py .
0

Replacing this last equation in (8) and rearranging the terms, we have

t
%—f(t) = AAa—C(t) + BAC(t)+ F / P ETUAC(s)ds + Ge PAC, , (12)
0

ot
where
A= D,q, B=D+Dy(qi —@p1), F=D,(q+q@p;—qap)  (13)

and

G = Dy(gp1 — q1) -
We note that from (7) we can conclude that A, B > 0 and F,G < 0.
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As we are interested in studying the stability of (8)-(11) we assume without
loss of generality that

C(t,x) =0, (t,z)€[0,T]x 00N . (14)

The initial-boundary value problem (11), (12), (14), with A = 0, is a special
case of the general parabolic integro-differential problem

u = V. {a(u)Vu + /Otb(s)Vu(s)ds} + f(u) in (0,7] x 2, (15)

u(t,z) =0, (t,z) € (0,7] x 00, (16)

u(0,2) = up(x), =€, (17)

where a,b and f are known functions. Problem (15)-(17) can serve as a

model of fluid flow in porous media problems, specially in physical processes

where significant memory effects can occur. For the details of formulation

and their physical interpretations we refer the reader to ([9], [10], [14], [15]).

Let (.,.) denote the inner product in L*(2) and ||.||, the usual norm induced

by (.,.). Let H}(Q) be the usual Sobolev space. By Wh(0,T; H}(Q)) we
represent the space of functions v : (0,7) — H}(€Q) such that

a d'v

Z €ss sup || =

- < 0 .
= o ldt

Hl

By |.| ;1 we represent the usual seminorm in H{(£2). We replace (11), (12),
(14) by the following variational problem: find C' € W1>°(0,T; H}(Q2)) such
that

t
(%(t}, v) + A(v%(t), Vv) + B(VC(t), Vo) + F( /O eIV O (s)ds, Vo)
= G(e "'ACy,v) a.ein (0,T), Yve H)Q), (18)
and
C(0) =Co (19)
where
"\ Ou Ov

_ odu odv 1
(Vu, Vo) = Z(ﬁxi’ axi), u,v € Hy(Q) .

1=

We establish in what follows an estimate for the energy functional

E(C)(t) = IC(t)ll; + AIC(#) 5 + 23/0 [C(s)[p ds (20)
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where A and B are defined in (13).

Theorem 1. Let C be a solution of (18), (19) in W1>°(0,T; H}(Q)), then

3G
E(C)(t)<<|00||§+f4|00§{1 " A'¢00|H1> @
where ¢ = ;gi;.

Proof: Considering in (18) v = C(t) we easily deduce

d , . d
SICw;+ A

t
_ 2R / PN (VC(s), VO())ds + 2 |G| e P (VCo, VC(1))
0

()3 + 2B|C (1) |3

(22)

Let us estimate the two terms in the second member of (22). We have

t t
2|7 / P |(VC(s), VO (1) ds < 2|F] / ) | O(8) 1 |C(1)] s s
0 0

< 2¢|C(1)[p

E? i
i /0 D | (8] dis
2 |1:1|2 ! 2
< 2clcf+ 5ho ([ 10 as)

where € > 0 is an arbitrary constant and v satisfies
1

Y= / st ge < —

2p1

As we also have that

G et

2|G| e PH(VCy, VO (1)) < 1Col3 +€|C@) 3
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we can establish from (22) that

% (1@ A, + 25 [ e ds)

F G|” e~
< selcp + 2L T [ e s ) + X

Adding the term HC( )H2 to the right hand side, integrating and rear-
ranging the terms we get

t
ICOIE + A + 2B / C(s) % ds

3e 5 \F| A
< / (c<>|2+A|0< o+ / c(r) Hldr>

|®

+|Coll3 + A |Col7n +o— !Co\Hl :

PP A

Since € is an arbitrary constant, we take ¢ = Then we finally

conclude

GI* f
B(C)(0) < IGol} + AlCufy + D2 (Gl + [ B(C)(5)ds

where ¢ = 3 F[* , and by the Gronwall Lemma [13|, equation (21) holds. =
8BAp, y

We note that under the assumptions of Theorem 1, if (18), (19) has a solu-
tion C'in W1°°(0,T; H}(Q)), then C is unique. In fact let C' and C be two dif-
ferent solutions of (18), (19) such that both of them are in W1(0, T; H}(2)),
then w = C —C € Wh>(0,T; H}(Q)) is a solution of (18) with homogeneous
initial condition. By Theorem 1 we conclude that

E(w)(t) =0,
consequently
C=C, VC=VC inL*Q).

In what follows we consider the stability behavior of C' under perturba-

tions in the initial condition Cy. Let C' and C' be solutions of (18), (19)

in WlOO(O T; H)(Q)) with initial conditions Cy and Cj respectively. Then
w=C—CeWhe(0,T; H(Q)) satisfies (18) with w = 0 in (0, 7] x 99 and
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w(0) = Cy — Cy in Q. Consequently from the proof of Theorem 1 it follows

that
2
Hl

which implies that (18), (19) is stable in bounded time intervals.

2 3|G)
+
H1 2]9114@25

E(w)(t) < (Hco - éon A \00 — ¢

‘Co—éo

4. Energy estimates for the semi-discrete approximation

The semi-discrete problem is studied for n = 1 and Q = [a,b]. Let us
consider in [a,b] a grid I, = {x;, i =0,1,.., N} with g = a, zy = b and
x; — x;_1 = h. Let u; be a function defined over Ij, and L?(I;) the space
of grid functions defined in I,. For uj, € L*(I;) we introduce the following
finite-difference operators

Doyup(zs) — up(x;) —huh(iril) |
up(Tiv1) — 2up(xi) + up(wi-1)
h? '

By L3(I) we represent the subspace of L?(I;) of functions null on the
boundary points. For grid functions u;, and vy, in L3(I},) we introduce the
inner product

Dy pup(z;) =

N-1

(up, vp)p = Z haup(x;)vp(x;)

i=1
We denote by ||.||, the norm induced by the above inner product. For grid
functions wuy, and vy, in L?(I;,) we introduce the notations

N

(uny on) = Y hun(as)on () |

1=1

and
N
lunll} = h(un(x:))”
i=1

Discretizing the partial spatial derivative that arise in (18) we introduce
the semi-discrete approximation Cj,(t) for the solution C' of (18), (19). The
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semi-discrete variational problem has the form

(dC’h dCh,
dt dt

t
—I—F(/ epl(s*t)D_xCh(s)ds, D_,vp) 4 = G(e*pltDmCo, UR)
0

( ) Uh)h + A(D, (t), szvh)+ + B(D,Ich@), Dfxvh)+

a.ein (0,T] Y v, € Li(I}), (23)
and
Cn(0) = RiCy , (24)
where Ry, : C([a,b]) — R denote the pointwise restriction operator
Ryu(z;) = u(z;) for i=1,2,..,N .

It can be shown that if C}, € C*(0,7T; L(I;)) which denotes the space of
functions uy, : [0,T] — L3(I,) which have first time continuous derivative
with respect to the norm ||.||,, then C} is solution of the following ordinary
differential problem

dd—?(t) = ADMdgh( t) + BD,,Ci(t) F/Otepﬂs DDy, Ch(s)d
+Ge "' D,y . Cp(0) (25)
for t € (0,71,
Ch(t,zo) = Cp(t,xn) =0, forall t €[0,T], (26)
Ch(0,2;) = Co(zy), for i=1,2,... N—1. (27)

In what follows we establish an estimate for a semi-discrete version of (20),

B(C(E) = GBI + AID-.Culol +28 [ ID_Cuo ds.

Theorem 2. Let Cj, be a solution of (23), (24), then

E(C)() < (|Ch<0>|i+A||Dxch<o>|i g ol 5 ID-:Ci(0 >|i> =
(28)

3|F[*

where ¢ =
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Proof: Let C), be a solution of (23), (24). Then considering v, = Cj(t) we
have

d

t
& (16 + AID_Clt + 28 [ 1D ds)

t
_ 9F / 0 (D_,Cy(s), Do Ch(t))., ds
0

+2 |G| e (D_,Co, D_,C(2)), - (29)

t
2|F / P 5= (D_,Ch(s), D_,Cy(t)), ds
0

2 |F’2 Ly (s—t) t 2
< 26¢||D_,Cyl|3 + 5 / R / | D_.Cr(s)||% ds
0 0

€
and

o GJ? et )
2|Gle™ > " h|D_,Co(x:) D_oCi(t,z;)] < ———— || D_,Co(z)|%

i=1
2
+el[D_.C(t, ),

where € > 0 is an arbitrary constant, we have from (29)

d > |FJ /t 5
—E t < D_, t —_— D_, d
o (Ch(t)) < 3e]l Ch()||++4p16 0 | D_.Chn(s)]|5 ds

Gl et
| D_.Cu(O)II}. .

Following the proof of Theorem 1, we conclude (28). _

Analogously as in the continuous case we consider the stability behavior
of C} under perturbations in the initial condition C},(0). Let Cj, and C), be
solutions of (23), (24) with initial conditions C,(0) and Cy(0) respectively.
Then wy, = Cj — Cj satisfies (23) with wy,(0) = C,(0) — Ci(0) in [a, D).
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Consequently from the proof of Theorem 2 it follows that
2

Emmwfg(Wmm—@mﬂjhﬂpﬂxmm—@mnu

+

e lpco-aof)e

which implies that (23), (24) is stable in bounded time intervals.

_|_

5. Error estimates for the semi-discrete approximation

By Ej(t) we represent the error induced by the spatial discretization in-
troduced before. Ej(t) = R,C(t) — Cp(t) where C(t) is the solution of
(23)-(24).

In the convergence analysis we assume that the solution of (11), (12), (14),

C belongs to the space W1>(0, T; Hi(a, b)) which is defined as W1>°(0, T; H} (a, b))
replacing Hj(a,b) by Hi(a,b).

Theorem 3. Let C' and Cj, be the solutions of (18), (19) and (23), (24),
respectively. If C € W1°°(0,T; H(a,b)), then

E(Ey(t)) < e <\|Eh(0)\|Z+A||Dth(O)Hi> +h4/0 K(2)e?"*)dz , (31)

where
2087 | 2|0C  |F L oo 2/’f . )
Kt —_ T _t B t 3 F p1(8 t) 3d
() oA 8t()H3+ |C(t) |55 + | |C ()| s ds
432 |oC
2 9 2
G |Cofi| + =% |50

with ¢, (1 and (o positive constants.

Proof: As we have

dE, oC(t)

B dc,
dt (t) = R ot

dt

(t) — {AD“ (t) + BDy ,Ch(t)

t
—I—F/ epl(s_t)DQwCh(S)dS + Ge_plth,a,C’o ,
0
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we easily deduce that

), B = (B (0), B+ AD_ (1), D_ Bur).

+B(D_,Cy(t), D_,Ep(t))+
t
+F / (D C(s), Do En(t)). ds
0
+Ge P (D_,Co, D_.Ep(t)) . (32)
Let (%)h () be the following grid function

oC 1 (750 0C
(g)h (t, @) = E/xi_ W(t)dfﬁ :

1

2

where z:1 = xi‘l;rxi and T = %, fori=1,2,..,N — 1.
2

Introducing (80> (t) in (32) we deduce

ey, mnon = (B 1) (%—f) () E(t))w((%f) (1) Bu(t)

FAD_ 21, D_B(0), + BD_.Ci(1), DoBn(1)).
+F / t P (D_,Ch(s), D_pEj(t))4ds
+Ge (D _,Co, Dy En(1)), . (33)

We remark that

’ N-1 it
((%—f) (), En(t)n = > h / 2 af(t)deh(t,xi)
h i= =

a
vy 9 (00 92C

ey h/ < T(E) )+ Bz

0?Cy

C e ®C
F /0 P (s)ds + Ge S

) dxEp(t, z;) .
(34)
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Using summation by parts it is easy to see that

N-1 «T+1 82 N 89
V= S R Y DBt 2 |
> / gt | Bulta) = =3 gD Bt - (39

Let Rj, be defined by Rpg(z;) = g(x%l) Applying (35) to each term of
(34) we easily establish the following

<<%—f) (OBl = ~A(s (55, ) (0. DB
h
~5( (52 ) 0. D Eu(0)
: p1(s—t)( P ocC
_F /0 PN (R, <%> (5), DL En(t)). ds

—Ge " (R, <8;;0) D_,Ep(t))+

= -t (5 ) - A (500) (0. Do Eute)-

LB(D L RC() — By (ff) (1), DL Ex(t))

t
+F / P (D_ R,C(s)
0

1t (G2 ) (1D Er(0) s

—Ge (R, @(j) Do En(t))+

“A(D R, (%f) (1), D_, Ea(t)),

—B(D_,R)C(t), D_,Ep(t))

t
_F / PN (D RyC(s), Do En(t))ds . (36)
0
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From (33) and from (36) we obtain

(20, Bt = ~AD 20, DLE0), ~ BD LBu(t), D Bu(1),

t
HIF| [ D Bs). DB 0)ds =T (3T
0

where T' =T + 15 + 13 + T4 + T}, with

o= w20 (%f)hu),Eh(t))h,

1 = A0 (50) - u (55 ) (0. DB

ot Ox0t
~ (0C
Ty = BD_ROW) — Fa (5 ) (1), DBut)
! (s—t) 5 oC
T, = F [ "N D_,R,C(s) — Ry, e (s), D_.Ey(t))rds
0
15 = Geiplt(D_xOO — }%h (%) ,D_th(t))+ .

t
2|F / PN (DL B(s), Do En(t)) s ds
0

F|* pt
< 26| D Ex (DI + gz Jy |1 D-oEn(s) I3 ds

where € is an arbitrary positive constant, then by (37)

d t
& (10l + A1 B0 + 28 [ DB as)
< 2| DL EOIL + L 1D B ds+21T) . (38)
— 4 + 4dp1e JO Z +
To estimate T, T3, Ty and T we observe that

Mg = Dsglor) = gle) = 3 VO -V + V)| |
with V() = gla; — he).
Let A(V) = V(0) — V(1) + V'(3). As we have

A1) =0, A& =0, M&) =0 and X&) #0,
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by the Bramble-Hilbert lemma [1] we deduce

1 Tit1
" 12 2
<o |v (5))d§—hﬁ/m2l o' ()| dr
then
( —29(x;) — g(x i;l)) D_ Ey(t, x;)
< 52}#/% ()| dz | D_.E(t, )
ol 2 :
< 52}12 / 2 g (x)‘ dr \/E\D_th(t,xi)\
214
< X Z| o] + 1P BN
that is
- 52 t :
>k (Dosgle) = glws)) D-sBi(t.x)| < ——lglips + € |D_ B4} -
=1

(39)

Considering (39) for Ty, T3, Ty, and T; we obtain

oC

A? (‘375()

+ B*|C(t)[3s + G |Col s

5
Z ‘Tvzl 61 h4
1=2

t
+F2/0 epl(S—t)‘C(S)‘ils dsl _|_4€HD_th(t)H3_ , (40)

for certain positive constant (3;.
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To estimate T we introduce now [(g) defined by

) = o)~ [ " g(a)da

1
— hglas) — h /0 g(wis + h)d

1
- wviz) - [ vieds .
with V' (§) = g(x% + h&).
For A(V) = V(L) — [ V(€)d€ holds the following
A1) =0, A& =0, and X&) #0,
then by the Bramble-Hilbert lemma [1] we obtain

< [ V@] de=nsn [

2

"

()] do ,

consequently we deduce for T}

g 90
Tl < ﬁQZhQ [ @it

Ti—1

[5’%/1 4 |0C He 5
< — .
< B %0 X mo (1)
Replacing (40) and (41) in (38) we obtain
d 10€
L EE0) < S NE @+ 100D B0
1y
4pE/nD B ds 4R @
where
26 i 2 2 o 1 bt 2
k) = 20| T0| Bl P [ et e i

262A oC
= | —(t)
he | Ot 2

+G? !Oo\ifg} +
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From (42) we have that

d
= (B(E(1))

€ 2 2 FI?A ¢t 2
< L (1B (0); + AN Do Ea(®)I} + 555 [ 1D-cEa(s) |12 ds) + hK ()

F2A

and taking ¢ = S5 We obtain

d

7 (E(En(1))) < OR(En(t) + K (#) ,
where ¢ = %. Finally multiplying by e~? and integrating with respect to t
we conclude (31). u

6. Numerical results

To illustrate the qualitative behavior of the model studied in this paper
we present in this section numerical results for the solutions of the initial-
boundary value problem (8)-(11) using method (25). We consider in [0,1] a
spatial grid Ij, = {x;, i =0,1,.., N} with y =0, zx = 1 and a time grid in
[0,1] with {¢,, n=0,1,..., M} such that ¢, = 0 and ¢, = 1.

In Figure 2 and Figure 3 we plot the numerical results obtained with
Colx) = 05, aa =1, D =1x10" D, = 1x 104 E = 8 x 1077,
Fy=2x107", 11 = 1x10°, 1y = 1 x10°, At =13x10* and h = 17 x 10~*.
The two plots present similar behavior. As expected, high stress regions
correspond to regions where the concentration is higher.

FIGURE 2. Numerical solution for the concentration

In Figure 4 and Figure 5 we plot a comparison of the numerical results
for the concentration and the stress for different values of D at a fixed point
of the spatial grid z = 0.5 and for a subinterval of the time grid ¢ € [0, 1].
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FIGURE 3. Numerical solution for the stress

The remaining constants assume the values previously defined. We observe
that the concentration and the stress are increasing functions of the diffusion
coefficient. The results are physically sound, because if the liquid diffuses
more rapidly into the polymer, the concentration and the stress, also increase
more rapidly.

—D=1x10° 1

-0.301029)
10 =

10

0.4375 05

FIGURE 4. Numerical solution for the concentration for different
values of D

0.4375 a.s

FIGURE 5. Numerical solution for the stress for different values
of D
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In Figure 6 and Figure 7 we plot a comparison of the numerical results for
the concentration and the stress for different values of D, at a fixed point of
the spatial grid z = 0.5 and for ¢ € [0,T]. The other constants remain fixed
with the same values as before. In this case we observe that the concentration
and the stress are decreasing functions of the diffusion coefficient.

D=0.1
v

L L L L
025 05 075 1
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FiGURE 6. Numerical solution for the concentration for different
values of D,
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FIGURE 7. Numerical solution for the stress for different values
of D,
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