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ABSTRACT: The aim of this paper is the study of finite difference methods for
quasilinear coupled problems of partial differential equations with unexpected con-
vergence rate - two. The partial differential system for the pressure and for the
concentration usually used to model a miscible displacement of one incompressible
fluid by another in a porous medium is a particularization of the problem considered
here. Thus the methods introduced in this paper allow us to compute supercon-
vergent approximations for the pressure, velocity and concentration. As the finite
difference methods studied in this paper can be seen as a fully discrete piecewise
linear finite element method, we conclude that such piecewise linear finite element
approximation for the pressure, velocity and concentration are second order accu-
rate.
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1. Introduction
In this paper we study a fully discrete method for the coupled system

—(a(c)px)x = ¢ in (0,1) x (0,77, (1)
¢+ (b(c,px)cx)x — (d(c,px)cx)x = ¢y in (0,1) x (0,7, (2)
with the following boundary conditions
p(o,t) :pé(t)a p(l,t) :pr(t)at € (OvT]v (3)
c(0,t) = ¢(t), c(1,t) = ¢,.(t),t € (0,T], (4)
and initial conditions
c(x,0) = co(x),z € (0,1),p(x,0) = po(x),z € (0,1). (5)
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2 J.A. FERREIRA AND L.PINTO

The initial boundary value problem (IBVP) (1)-(5) can be used to describe
miscible displacement of one incompressible fluid (resident fluid) by another
(injected fluid) in one dimensional porous media. In this case,

%@, d(¢,ps) = Dy + Ddém, (6)

ale) = Kule) ™, blep,) =
where v = —Ku(c) 1p, denotes the Darcy velocity of the fluid mixture, p
the pressure of the fluid mixture, ¢ the concentration of the injected fluid, K
the permeability of the medium, D,, the molecular diffusion coefficient, D,
the dispersion coefficient and ¢ represents the porosity. The viscosity of the
mixture p(c) is determined by the commonly used rule p(c) = po((1 —¢) +
M ic)_4, where M denotes the mobility ratio and pg represents the viscosity
of the resident fluid. The two-dimensional or three dimensional versions of
this problem with Dirichlet boundary conditions or with Neumann or Robin
boundary conditions were largely considered in the literature to study the
miscible displacement of one incompressible fluid by another in a porous
medium (see for instance [10], [16], [17], [19]).

Piecewise linear finite element method for (1) leads to a first order ap-
proximation for the space derivative of p in the L?*-norm. This accuracy
deteriorates the numerical approximation for ¢ obtained from (2) if the same
method is considered. Several approaches have been considered in the litera-
ture to increase the convergence order of the numerical approximation for the
velocity. Without be exhaustive we mention the use of cell centered schemes
([20]), mixed finite element methods ([2], [5], [12], [18]), gradient recovery
technique ([7] and [15]) and mimetic finite difference approximations which
can be seen as a mixed finite element methods with convenient quadrature
rules ([4]).

Finite difference methods that can be seen as fully discrete piecewise linear
Galerkin methods that allow to obtain a second order approximation for the
gradient of the solution of elliptic problems have been studied in [3], [8], [9],
[13] and [14].

In the present paper we introduce for the IBVP (1)-(5) methods belonging
to the class of methods analysed in the last mentioned works that enable
us to compute second order approximations for the pressure, for its gradient
and for the concentration. As such finite difference scheme can be seen as a
fully discrete Galerkin method based on piecewise linear approximation and
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convenient quadrature rules, our results can be also seen as a superconvecon-
vergent results.

The paper is organized as follows. In Section 2 we introduce the semi-
discretization of problem (1)-(5). Its stability is established in Section 3.
The convergence analysis is presented in Section 4. In the main result of
this paper - Theorem 1-presented in this section we establish that the semi-
discrete approximations introduced for the pressure, velocity and for the con-
centration are second order accurate. An implicit-explicit discrete scheme is
studied in Section 5. Its stability and convergence are analyzed and a nu-
merical simulation illustrating the convergence rate obtained for the pressure,
velocity and concentration is included. Finally in Section 6 we draw some
conclusions.

2. The semi-discrete approximation

In what follows we introduce the variational formulation of the IBVP (1)-
(5). To simplify we assume homogeneous boundary conditions. By L?(0, 1),
H'(0,1) and H}(0,1) we denote the usual Sobolev spaces where we consider
the usual inner products (.,.)o and (.,.);. Let V be a Banach space. By
L*(0,T;V) we denote the space of functions v : (0,7) — V such that

T ) 1/2
V]| 220,77y = (/0 Hv(t)Hth)

is finite. By L*(0,7T; V') we represent the space of functions v : (0,7) — V
such that
||| o< 0,7y 1= esssup [[v(t) ||y < oo.
[0,T]
The space os function v : (0,7) — V such that v' : (0,7) — V defined in
distributional sense is such that

)

1
S esssup o0 (1) v < oo,
=0  [0.T]
is denoted by W1°(0,T; V) where we consider the norm
1
[Wllwrozvy ==Y esssup [0 (t)[|ly < oo
=0 [0.T]

We replace the IBVP (1

)-(5) by the following variational problem: find
pe L20,T; HY(0,1)), c € L?

(0, 7; H'(0,1))NnW1e(0,T; L*(0,1)) such that
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conditions (3), (4) hold and
(alc(t)pa(t),w)o = (qu(t),w)o a.e. in (0,T),Yw € Hy(0,1), (7)
('(t),w)o (d(c(t), pa(t))ex(t), wo = (b(e(t), p2(2))e(t), w')o

= (qo(t),w)o a.e. in (0,T),Yw € Hy(0,1).

(8)

N
Let H be a sequence of vectors h = (hy,...,hy) such that Z h; =1 and
i=1
hmaz = maxh; — 0. Let I, = {z;,i =0,...,N,xg = 0,y = 1, ; — 2,1 =
(3
hi,i=1,..., N} be a nonuniform partition of [0, 1]. By W) we represent the
space of grid functions defined on I}, and by W} o we represent the subspace
of W), of functions null on the boundary points. Let Pju; be the piecewise
linear interpolator of a grid function u;, € W;,. The space of piecewise linear
functions induced by the partition I, is denoted by Sj,.

The piecewise linear approximations for the pressure and for the concen-
tration are solutions of the finite dimensional coupled variational problem:
find Pp,p, € L>(0,T;S,) and Ppe, € L2(0,T;.5,) N WH(0,T; Sy) satisfying
the boundary conditions (3), (4) and such that

(a(Pren () (Prpp)2(t), Prw)o = (q1(t), Prwy)o a.e. in (0,T), Vwy, € Wh,oég)
((Pucn)e(t), Prwn)o + (d(Pren(t), (Papn)a(t)) (Pucn)a(t), Paw), )o
—(0(Phen(t), (Papn)z(t))Prca(t), Prwj,)o (10)
= (qo(t), Prwp)o a.e. in (0,7), Vw, € Wy, .

In the space W}, we consider the norm

lunll2p = lunlly + 1 D—unlli o (11)

where D_, denotes the backward finite difference operator with respect to

the space variable, ||.||; is the norm induced by the inner product
N
h
(wn, vn)n = Z E(wh(%—ﬂvh(fﬁi—l) + wh(%)%(%‘)); wy, vy € Wy, (12)

1=1
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and

N 1/2
lwnlhs = (D hawn()?)
1=1

In what follows we use the notation
N

(W, vp)ng = Z hiwp (zi)vp(x;), wh, vy € W,
=1

Then the fully discrete (in space) approximations for the pressure and for
the concentration are solutions of the following coupled variational problem:

find p, € LOO(O, T;Wh), cp € LQ(O,T;Wh) M Wl’OO(O, T;Wh) such that
(an(t)D—_upn(t), D_ywp)n+ = (qp(t), wn)y ae. in (0,T),Vwy, € Wy, (13)

(e (), wn)n + (dn(t) D—yen(t), D—ywn)n+ — (Ma(bn(t)en(t)), D—ywn)n +
= (qan(t), wp)n a.e. in (0,T), Vwy, € Wy, g,

(14)
and
ph<$07t) = pg(t),ph(iUN,t) = pr(t) a.e. in ( 7T)7 (15>
cn(xo, t) = co(t), cp(zn, t) = ¢ (t) a.e. in (0,7T), (16)
cn(@i, 0) = conlwi), pr(2i, 0) = pon(zi), i=1,..., N — L. (17)

In (13), (14) the following notations were used:

1 i+1/2
(i t) = Iy / q(x,t)de,i=1,...,.N—-1,{=1,2, (18)
1+ i—1/2

1 :
hivije = 5(hi + hiy1), My(wy)(z;) = 5(10;,(:1:2 1) +wp(x;)),i=1,...,N. The
coefficient functions ay(t) and dj(t) are defined by

an(xi,t) = a(Mp(en(t))(2:)), (19)

dp (i, 1) = d(Mp(cn(t))(xi), D-epn(zi, t)) (20)
and the grid function by,(t) is given by

( b(ch(wo,t), Dapn(zo,t)),i =0,

bu(zi t) = < blep(xy, t), Dppp(x;t)), i =1,...,N — 1, (21)

L b(Ch(LUN,t), szph(xNat)))az = N7
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with

1
hi + hit
In what follows we establish an ordinary differential algebraic coupled sys-

tem equivalent to the variational problem (13)-(17). In order to do that we
introduce the following finite difference operators

Dypp(z4,t) = (hiD_ypp(zis1,t) + his1D_ypp(zi, 1)). (22)

Wit+1 — Wi—1

(Dcwh)i — )
hi + hit1
Wi+1 — W
(wah)i+1/2 = T
i+1
w; — w;_
1/2 i+1/2 i—1/2
i+1/2
where w; := wy,(7;) and w;y;/o are used as far as it makes sense. In order

to simplify the presentation we also consider that a,(z;11/2,t) = an(@ix1,1),

dn(Tit1/2,t) = dp(wiz1,t).
It can be shown that the approximations py(t) and ¢, (t) are solutions of
the following discrete problem:

_D;/Z(ah(t)Dxph(t)) — ql,h(t) in I — {07 1}7 (23)

ch(t) = D, (dn(t) Dapn(t)) + Delbr(t)en(t)) = qan(t) in I, — {0,1},  (24)
with the conditions (15), (16) and (17).

3. Stability of pressure and concentration

We establish now the stability of the coupled variational problem (13), (14)
or equivalently the stability of the coupled finite difference problem (23), (24)
pr(t) =

under homogeneous Dirichlet boundary conditions, that is, py(t) =
co(t) = ¢ (t) = 0.

We require some smoothness on the solution of the variational problem
(13), (14), namely, we assume that p, € C°(0,T; Wy ), that is, py, : [0,T] —
W0 is continuous and ¢, € CH(0,T; Wy ), that is, ¢, d), : [0, T] — Wy, are
continuous when we consider the norm |||, in Wy .

Proposition 1. If 0 < ag < a then there exists a positive constant Cp, h
independent, such that

[Pn(@)[1n < Cpllgrn(t)lln.t € [0,T7. (25)



SUPRA-SUPERCONVERGENT METHODS FOR QUASILINEAR COUPLED PROBLEMS 7

Proof: Taking in (13) wy, = p,(t) and considering the Poincaré-Friedrich’s
inequality ||wp||n < [|D_pwpllj . for wy, € Wy, we conclude (25).

(|
If
qu(t)HO < qut S [07T]7 (26)
then the sequence ||p(t)||1., h € H, satisfies
lpn(®)]l1n < Cp, t €10,T], h € H, (27)
for some positive constant C),.
As
pn ()| < \lpn(t)]]1,n,
we get
max (i t)] < G,
that is

128 () lloc < Cp.
Moreover, as holds the following

a(Mp(cn(t))(@ix1)) D_apn(ziv1,t) = Z hj1/9D8? (a () D_upn(t)) ()

+a(Mp(cn(t))(21)) D—opn(w1, ),

= - Z jr172q1,0(5,t)

j=1

+a(Mp(cn(t)) (1)) D—epi(1, 1),

fore=1,..., N — 1, we conclude

JoaxJa(Mp(en(t)) (i) Dspn(i, t)] < Cp + |a(My(en(t)) (20)) | D-apn(z1, )],

provided that ¢; € L>(0,T; L*(0,1)). It is then plausible to admit that, for
0 <ay<aand h € H with h,,,, small enough, we have

max [D_ypi(z,t)| < G, (28)

i=1,...,

for some positive constant C),. If we replace the Dirichlet boundary conditions
for the pressure by Neumann boundary conditions p,(0,t) = p,(1,t) = 0



8 J.A. FERREIRA AND L.PINTO

that are discretized by D_,py(x1,t) = D_,pr(zn,t) = 0, then condition (28)
holds.

Proposition 2. If0 < ayg < a, 0 <dy <d, (28) holds,

bz y)| < Culyl, (z,y) € R, (29)
then
len(®I17, + /t ID_sen(s)|? . ds < ! o (50202 22)1
h h 0 —xCh h,“r — mln{172(d0 . 62)}

1 t
(hesO)13 + 55 [ sl as). ¢ € 0.7

(30)
n # 0 is an arbitrary constant and € # 0 is such that
dy — ¢ > 0. (31)
Proof: Taking in (14) wy, replaced by ¢p,(t), we easily deduce that
thuch( M3+ dollDacn(®)? . — (Malon(1)en(t)), D-renns
(32)
< 2l + el

for arbitrary n # 0.
As under the assumptions (28) and (29), we have successively

(M (ba(t)en(t)), D—wen(t))n+|< CoCpllen(®) nll D—zen@)lln+, — (33)

consequently, from (32), we obtain
d 1
Dlen @)1} +20do ~ ANDen 1R, < (5:5C2C + 20 len(0)

1 2
+2_772HQQ,h(t)Hha
where €, are nonzero constants.This inequality leads to
t
len (@117 + 2(do — €2) / ID—sen(s)I[7+ ds< Nlen(O)]I3
(34)
+ (5082 + ) [ lae)ids ++55 [ lanato)lias.
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Finally inequality (30) easily follows from inequality (34).

a

Remark 1. Considering in (32) and (33) the discrete Poincaré-Friedrich’s
inequality ||cp(t)||n < [|D—-zcn(t)||n+, we deduce

d 1
Zlen@1lh +2(do —n* = CC)ID—en(®)]lr 1 < 2—772|!(J2,h(t)\|i

that leads to

1 t
len@li < llen(O0)I7 + 2—772/0 g2 (5) |7 ds, t € [0, T, (35)
provided that dy, Cy, C, and n # 0 satisfy
doy — 772 — CbCp > 0.

As a consequence of Propositions 1 and 2 we conclude the stability of the
solution of the variational problems (13), (14) or, equivalently, the stability
of the coupled finite difference problems (23), (24) under Dirichlet boundary
conditions.

4. Supraconvergent result

4.1. Auxiliary results. We start by introducing two auxiliary problems.
We assume that a € WH(R), d € WH°(R?) and b € W>**(R?). Let
pr(t), cn(t) € Wy o be solutions of the discrete variational problems
(@n(t)D—2pn(t), D_swn)n+ = (quu(t), wn)n, wy € Wh, (36)
(dn () D—@n(t), D—srwn)n s — (Ma(bn(t)En(t)), D—own)n +
(37)
= (@21 (t), wp)p , wn € Wi,
with Go 5 (t) defined by (18) with go(t) replaced by ¢o(t) — ¢/(¢). In (36) and

(37) the coefficient functions ay and dj, are defined by
an(zit) = a(c(w;_19,t)),i = 1,..., N,

dh(xh t) - d(c(af;ifl/% t)7px(xifl/27 t))7Z - 17 SRR N;

b(e(zi, t), pu(xi,t))en(xst), i=1,...,N —1,
)=0, i=0,N.



10 J.A. FERREIRA AND L.PINTO

It can be shown that pp(t) and ¢(t) are solutions of a coupled finite dif-
ference problem analogous to (23), (24).

An error bound for pj, is established now considering Theorem 3.1 of [3]. By
Ry, we denote the restriction operator Ry, : C[0, 1] = W;,, Rpv(x) = v(z), x €1,

Proposition 3. If 0 < ag < a then, for py(t) defined by (36) and for h € H
with Rpq: small enough, holds the following error estimate

[Ph (ﬁh(t) — Rup(t) H1 <Cp Z h2SHp Hs+1 (1) (38)

provided that p(t) € H*T1(0,1) N H}(0,1), s € {1,2}. In (38) I; = (x;_1, x;)
and Cj denotes a positive constant which does not depend on h.

As a consequence of this result, we conclude that, for h € H with h,,.,
small enough, we have

max | D_.pp(xi,t)] < C, (39)
for some positive constant Cﬁ- In fact, from (38) we obtain

|D*$(ﬁ<ml7t) (xza ))‘ < Chmax,

for some positive constant C. Then

Dostinlas O] < 1D-a(plon ) = pait)] + | [ petet)da

i Ja;
< Chingt + 19 (1) 1.
that leads to (39) provided that p € L>(0,T;H*"(0,1) N H}(0,1)),
s €{1,2}.
In order to obtain an upper bound for the error of ¢,(t) we need to guarantee
the stability of the bilinear form

az, (vn, wp) = (dp(t) D—yon, D—ywp)+—(My by (£)vn), D—ywn )i+, vn, wp, € Wi,

In the next proposition we specify the condition that allow us to conclude
such stability (see Proposition 3.1 of [3]).

Proposition 4. Let d(t) and b(t) be defined by d(t) = d(c(t),ps(t)), b(t) =
b(c(t), p.(t)), where p,c are the solutions of the coupled variational problem
(7), (8) with homogeneous Dirichlet boundary conditions. If the variational
problem: find v € H}(0,1) such that (d(t)v',w")y — (b(t)v,w')y = 0 for w €
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H;(0,1), has only the null solution, then there exists a positive constant o,
which does not depend on h such that, for h € H with hpe. small enough,
holds the following stability inequality

H]P)hvhul g ae,c sup ‘aéh (Uh’ wh)‘
0Fw, €Wy, o thwh H 1

, Up € Wh@. (40)
O

Using now Theorem 3.1 of [3] we can state the error estimate for ¢,. Con-
sidering this result, it suffices to estimate

Td — Z h; dz 1/2< —a:c(xu ) Cx(xi—l/% t)>D—xwh(xi)7 (41)
al b(zi1,t) + b(x:, t)
i—1, 19
i=1
with
di—172 = (c(Ti—1)2, 1), Pe(Tiz1)2, 1))
and

b(ﬂfg, ) b( (xéy ) px(ajf)t))7 b=1— 17Z_ 1/27Z
Using Bramble-Hilbert lemma in 7; we get

1/2
Tl < Clld(c(t !|oo(zh28|! Senny) ID—willne,  (43)
provided that c(t) € H**1(0,1) N H}(0,1), for s € {1,2}.
To estimate 7T;, we apply Bramble-Hilbert lemma again. In this case we
obtain, for s € {1,2},

1/2
) 1Dy (44)

N
T3] < (D Rb(e(t), palt))elt)
i=1
As the imbedding of H/(0,1) into C%(0,1) is continuous, where C%(0,1)

denotes the space of functions having bounded, continuous derivatives up to
order j on (0,1) (Theorem 4.12 of [1]), we deduce for s =1

|Tb|<0(2h2u O (IOl + 10Oy ) ) ID-stnlln s (45)
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and for s =2

N
7] < (30 md(llew (2 (el + 1) (lea () + o (0)3201.)

Hle) 3 (lpae 3 llpazlzo) + Ipael722,)

) 1/2
el ) ) ID-swnlns-
(46)
We summarize the previous error estimates in the following proposition.
Proposition 5. Under the assumptions of Proposition 4, for ¢,(t) defined

by (37) and for h € H with hpy,. small enough, holds the following error
estimate

N
[Ba(@n(t) = Ruc(®)I < Co > 02 (Jle(t) heaay): (47

provided that c(t),p(t) € H*(0,1) N HY(0,1). In (47), s € {1,2} and C;
denotes a positive constant which does not depend on h.

iy + ()]

Under the assumptions of Proposition 4, it is clear that
len(®)]l1n < C,
for some positive Cz, which implies that
1en(t)[|oc < Co, (48)

provided that ¢,p € L>(0,T; H*(0,1) N H}(0,1)), for some positive constant
Cz and for h € H with h,,,, small enough.

As for pp(t), it can be shown that, for h € H with h,,,, small enough, we
have

max |D_ ¢z, 1) < Ch. (49)
In the next proposition we establish an upper bound for ||Pp,(pn(t)—pn(t))]|1-

Proposition 6. If 0 < ag < a, then,for h € H with h,,.. small enough,
[P (pn(t) — Pa(t))[1 < Cp,p‘<\|0h(t) — Ruc(t)|ln

N
9 )1/2)
Hs(I;) )

(X hElet)

1=1

(50)
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provided that c¢(t) € H*(0,1) N Hy(0,1). In (50), s € {1,2} and C,; denotes
a positive constant which does not depend on h.

Proof: From (13) and (36) it can be shown that, for w; € W, holds the
following

(an(t) D (pn(t) — pu(t)), D_swn)n +
= ((an(t) — a;(t))D_upn(t), D_pwp)n+ (51)

+ ((aj,(t) — an(t)) D—apn(t), D—zwn)n+,
where aj(t) is defined as a;(t) but with ¢ (t) replaced by Rpc(t).
For the second term of the second member of (51) we have

|((a,(t) — an(t)) D—upn(t), D—gwn)n+| < Cllen(t) — Rue(t)||nl| D—zwnlln,+
(52)
for wy, € Wy, where ||.||1, denotes the usual norm in W1>°(0, 1). Consider-

ing now the Bramble-Hilbert lemma in the first term of the second member
of (51) we deduce

N

[((@n(t) = an(t)) D—apn(t), D—zwn)n+|< C( > hlle(t)]

1=1

) 1/2
Sey) 1Dl

(53)
for wy, € Wj,o. Considering (52) and (53) in (51), we conclude the proof of
(50) choosing wy, = pp(t) — pr(t).

a

Corollary 1. If 0 < ag < a, then for pn(t) and cp(t) defined by (13), (14)
and for h € H with hy,., small enough, holds the following

IBuon(0) — Bl < C(lent) ~ Ruc®l-+ (01 )
N Z1;2
(A IOl Fny) )
- (54)

provided that c(t) € H*(0,1)NH(0,1),p(t) € H*T1(0,1)NH(0,1),s € {1,2}.

Lemma 1. Let ¢,(t) be defined by (37) and p(t),c(t) € H*1(0,1)N H(0, 1),
s € {1,2}. Under the assumptions of Proposition 4 and Corollary 1, for the
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functional
7a(t,wn) = (dn(t)D_o8n(t), D_gwp)ns — (dn(t) D_pen(t), D_atwn)n s,
defined on Wy o and for h € H with hpa, small enough, holds the following
Ta(t,wp) = (dp(t) D_p(Rpc(t) — en(t)), D_ywn)n+ + Tan(t, wn), (55)

where

N 1/2
ranttwn)l < Calllen(t) = Rac®)lln+ ( 32 D@ nrry)
1=1
AN ) 1/2
(DB Ne®lry) ) ID—awillnss wn € Wi,
1=1

(56)
Proof: For 74(t,w;) holds the representation (55) with 74(¢, wy) given by

Tan(twn) = Ty (8, wn) + Ty (8 wn) + Ty (£ wp) (57)

where

i (twn) = (i) — i (£)) Dy (1), D_yop )4
2t wn) = (d5(t) = d(£)D—u@n(t), Doyt )

73t wn) = (dn(6) Dy (&) — Rac(t)), Dy )i

and dj is defined as dj, with ¢;, and pj, replaced by [;c and Rjp, respectively.

Using the Bramble-Hilbert lemma it can be shown that for Tcg,l,z (t,wp) and

for h € H with h,,., small enough, holds the following
N 1/2 N 1/2
1 s S
el < () + (A ®Igy) )

| D_ywp|ln4, wn € Wpy.

For 7,2 (, wy,) we have, for w;, € Wy,

it )< (IBaelt) = e+ 11D (pn(®) = Bap(t)) I ) 1D-saon -
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Considering Corollary 1 we get

N

it w)l < C(llen(t) = Rue@lln+ (D2 hle(t)]

. =1
+ (X mE )]

=1

9 )1/2
Hs (1)

1/2
Hs+1(1)) )’|D—wwhHh,+, wp, € W p.

Taking into account Proposition 5, for Tf}z(t, wy) we deduce, for h € H with

Ronar small enough,

N

i wn)| < 0((%%\ Oly) + (3 (o)

1=1 1=1

1/2
Hs+1([)> >

| D—zcwpllns, wn € Wyy.
From the estimates established for TC%)L(t, wy), ¢ =1,2,3, we conclude (56).
O

Lemma 2. Let ¢,(t) be defined by (37) and c(t), p(t) € H*(0,1)NH}(0,1), s €
{1,2}. If 0 < ap < a, condition (28) holds and the coefficient function b sat-
isfies (29) then, under the assumptions of Proposition 4, for the functional

7o(t, wp) = (M (ba(t)en(t)), D—ywn)n s — (Mu(ba(t)én(t)), D—ywp)p s
defined on Wy o and for h € H with hy., small enough, holds the following
o(t, wa) = (Ma(bn(t)(cn(t) — Ric(t))), D—awn)n+ + on(t,wn), — (58)

where

1/2
Tt wn)] < Cha(llent) = Rnclt uh+(2h2ﬂ| o))
N , 1/2
(DI y) ) ID-stnlnrs wn € Wi,
1=1

(59)
for h € H with hy,q. small enough.

O
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Proof: For (¢, wy) holds the representation (58) with

Ty, (t, wy) = Tb(}h)(tv wy,) + Tb(?h)(f, wy) + Tb(?h)(ta wp),

h( wy) = (M (by(t)(Ruc(t) — én(t))), D_ywp)n 1,
7 (8 wr) = (My((0a(t) = B (£)E(£))s Do)t
(3)

Ty (twn) = (My((5(8) = bu(t))En(t)), D—awn)

being by defined as b;, with ¢, and py, replaced by Rjc and Ryp, respectively.
Considering Proposition 5 and condition (28), under the assumptions (29)
for b it can be shown that for Tb(}h)(t,wh) and for h € H with h,,,, small

enough, holds the following
9 ) 1/2)
H+1(1;)

i (SR Ie@) " + (3R ()

1=1 1=1

| D—zwnl|n+,

provided that c(t),p(t) € H*"1(0,1) N H}(0,1), for s € {1,2}.
As ¢, (t) satisfies (48), we can establish for Tb(?h)(t, wy,) the upper bound

i (6w < C(llen = Ruclln + 1D (pn(t) = Rap(®)lln ) ID—twn s

Considering now Corollary 1, for h € H with h,,,, small enough, we conclude

9 )1/2
Hs(1;)

1/2
Hs+1 ) ) HD—xwhHh,—H

i (&)l < C (llen(t) = Rue(t) |+ (thsn(s(t)

<Zh25|\p

provided that c(t) € H*(0,1) N HL0,1),p(t) € HT(0,1) N HL0,1),

s e {1,2}.

To estimate Tb(i)(t, wy,) we start by remarking that
1

hi + hit1

pe(Tit) — Dpp(z,t) = A(v),
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with

A(v) = ve(p) — plu(1) — v(p)) — %w(m —(0),
and

A

hi ok

= p(Ti- hi+ hiz1,t)), p=———, p = :
() = plaics + b+ hia, b)) p = e = 1
Applying Bramble-Hilbert lemma to A(v) we obtain, for s € {1, 2},

@) <C / jves(€) da

Tit1/2
< C(hl + hH_l)s_l / |pxs (I‘, t)‘ dzx.

Li—1/2

Then, for h € H with h,,,, small enough, we have

N 1/2
3 S
i 6w < (DRI ey ) I Datwnlns
i=1
provided that p(t) € H*1(0,1) N HZ(0, 1), for s € {1,2}.
From the upper bounds obtained for Tb(ﬁz(t, wy), ¢ = 1,2,3, we conclude the
proof.

O
The following result was proved in [3] and has an important role in the
proof of the main result of this paper - Theorem 1.

Lemma 3. If g € H*(0,1) and gy, is defined by (18) with q, replaced by g,
then there exits a positive constant C;, which does not depend on h such that

N 1/2
(g = Bugswndul < Cin( D Blllgllgsy ) o

i=1
for h € H with H,,,; small enough.

|1h, Wy € W, (60)

a

4.2. Main convergence result. Let e ;(t) = ci(t)—Rnc(t) epn(t) = pu(t)—
Rpp(t)be the semi-discretization error induced by the discretization (13),
(14), (15) and (16). An estimate for ||Pre,4(t)||1 depending on ||e.,(t)||n was
established in Corollary 1. In the next result we establish an estimate for
lec.n(t)]|n that allow us to obtain with Corollary 1 an estimate for ||Pre, 5 (t)]|1-
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Theorem 1. Let ¢ and p be the solutions of the coupled quasi-linear prob-
lem (7), (8), ¢ € L*0,T; H**1(0,1) n H}(0,1)) N HY(0,T; H*(0,1)), p €
L0, T; H51(0,1)N H}(0,1)), s € {1,2}, and let ¢, and py, be their approxi-
mations defined by (13), (14). We assume that the variational problem: find
v € H}0,1) such that (d(t)v',w')y — (b(t)v,w')g = 0 for w € H}(0,1), has
only the null solution, where d( ) = d(c(t), po(t)) and b(t) = b(c(t), p.(1)).

If 0 < ap < a,0 < dy < d, b satisfies (29), then, under the assumption
(28), there exists positive constant C, such that, for h € H with hy,q, small
enough, holds the following

! 1
o D_e. 2 g < wt(co2
|kMHM+/H el < sy (e

+OZ/hMm i) AN By )

i+ lle(u)

1 wt 2 2s 2
< m1n{1,2(d0 _ 462)}6 <H€C,h(0)|‘h + C (hmax(”CHL2(O,T;H5+1(O,1))

+||P\|%2(0,T;Hs+1(o,1))) + hfnaxHC|@II(0,T;H2(0,1)))),

where € is nonzero constant such that dy — 4€> > 0, w is given by

w= <Cd +C2y+ Cb 02> + 2 (62)
and Cq, Cy, Cy 2, Ciy, were introduced before.

Proof: It can be shown that e.;(t) is solution of the variational problem

(ec.p,(8), wn)n = —(dn(t) D-gen(t), D—ywp)n+ + (Mu(bn(t)en(t)), D—awp)n,+

+(qan(t), wn)n — (Ruc' (), vp)n-
As ¢,,(t) satisfies (37) we obtain

(€l (), wn)n = (dn() Dyl (t), Dywn)ny — (dn(t) D—scn(t), Dywn)n +
+(My (b () en(t)), D_ywp)n s — (Mu(br(£)én(t)), D_gtwp)n+

(), wn)n — (Bac (£), wn)n,
(63)
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where ¢/j,(t) is given by (18) with gy replaced by ¢/(t).

Taking into account Lemmas 1 and 2 we deduce, from (63) with wy, = e.(t),
the inequality

(el n (), wi)n < —(dn(t)D_y(cn(t) — Ruc(t)), D_vecn(t))n+
+(Mu(bn(t)(cn(t) = Ric(t))), D—a€en(t))n+ (64)
H(n(t) — Ruc (t), een())n + Tan(t, ecn(t)) + mon(t, ecn(t)).
We estimate in what follows the quantities (é,(t)— Ruci(t), een(t))n, Tan(t; ecn(t))

and 7,5 (t, ecn(t)) :
From Lemma 3 we have

[(n(t) = Rad (), ecn(t)n Zh4\| Oz + o lecn®)llin, (65)

provided that ¢/(t) € H?(0,1). In the previous inequality o # 0 is an arbitrary
constant.

We remark that for 7,,(¢, e.5(t)) and 7, 4(t, e.(t)) hold the estimates (56)
and (59), respectively. Consequently

1
[Tan(t, ecn(t))] < 2 QCdHech( Wi + EI1D—wecn(®)7
(66)
Zh%(up ooy + @y ).
and
1 2 2 2
st ceni)] < 5 5 Challecn (Ol + wIDseen(®)IF.
| N (67)
+,2Che o (IO ooy + IOl ey )

=1

where € # 0,7 # 0 are arbitrary constants.
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Considering estimates (65), (66) and (67) in (64) we obtain

1d

5z llecnOllat(dn(®) Dvecn(t), Dpecn(t))n s

1
~ (M (0 (8): Do = (55C+ 558+ et

—(€ + 0"+ ) | Dsecn(t)lli 4 < n(t)’,
(68)

N
1
(2 < (3aC+ 508) (0 (0O say + IOl

=1
+—02 Zhﬂyc Wz,

In what concerns

(dn(t)(D—zeen(t), D-vecn(t))n+
and

(Mu(br(t)ecn(t)), Dwecen(t))n+

we have

(dn(t)(D—zecn(t), D_zecn(t)) s > dOHD—xBC,h(t)Hin,+7 (69)

and, as (33) holds with ¢ (¢) replaced by e (t), we also have

1
(M (bn(t)ecn(t), Dveen(t)ni| < chcﬁ\lec,h(t)lli + 7 ID-aecn(®)lh 1
(70)

where v #£ 0 is an arbitrary constants.
Considering now in (68) the estimates (69) and (70) for e =n =~ = o, we
conclude

d
aHec,h(t)Hi +2(dy — 4€") [ Dsecn(B)llns < wllecn®llh + () (71)

with w defined by (62).
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Inequality (71) implies

t
leca (t)1[7 + 2(do — 462)/0 ID—secn(s)ll5 1 ds < llecn ()]

t t
w / leen ()12 du + / () du
that leads to (61). 0

Theorem 1 and Corollary 1 imply the error estimate for the pressure.

Corollary 2. Under the assumption of Theorem 1, for the pressure we have

2
He+1(1,)

[Biea Ol < Cpn (llen(®) = O + €3 [ (12 ot

el rnry) + BN ) sy ) o)
< Cyn(llen(0) = ()2 + C. (M (lellF2(0.z,1-0201)

+ HPH%Q(O,T;Hs+1(o,1))) + h;lnazHCH%P(O,T;HQ(OJ)))7 (72)

for some positive constants C,, and C. which do not depend on h and for
h € H with hyq, small enough.

5. An IMEX method

In [0,7] we introduce a uniform grid {t,} with ¢, = 0,t)y = T and
t; —tj-1 = At. By D_; we denote the backward finite difference operator
with respect to ¢. Let us suppose that the numerical approximations pj(z;)
and c}(z;) for p(z;,t,) and c(z;,t,), respectively, are known. Let pi*!(z;)
and cZH(xi) be the numerical approximations for p(z;,t,41) and ¢(x;, th41),

respectively, defined by the following system
n n+1 _ n+1
) - 1 ) Y ,U)
(apD—upy™, Dywp)n+ = (¢% s wn)n, wn € Wi (73)

(D™ wn)n + (dy" D™ Doywn)n e — (M (0™ i), D_ywn ) ¢

= (g53" wn)n, wy, € Wi,
(74)
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with the boundary conditions

Py (wo) = pe(tns1), P (en) = prtns), (75)
CZH(%) = ci(th11), CZH(xN) = ¢ (th11), (76)

and with the initial conditions
(i) = con(xi), pp(xs) = pon(es), i =1,...,N = 1. (77)

In (73) and (74), qZ;Lrl is obtained from g, ,(t) taking ¢t = ¢,11, (¢ = 1,2), the

coefficient af is obtained from ay(t) replacing ¢ (t) by ¢, di™*" and "
are obtained from dj(t) and by(t), respectively, replacing ¢ (t) and pp(t) by
cy and pﬁ“, respectively.

We establish in what follows the stability of the numerical approximations
it pitt defined by (73) and (74). In order to do that we assume that

pr=pr=c¢=c. = 0.

Proposition 7. Under the assumption of Proposition 1, there exists a posi-
twe constant C, which does not depend on h such that

o ln < Collgth lnmn =0,..., M — 1. (78)
O
If ¢; satisfies (26) then the sequence ||p}||1.n, h € H, satisfies
lppllin <Cpymn=1,....M -1, heH, (79)
for some positive constant C,.
As in the semi-discrete case, from (79) we conclude
Phlloe < Cpyn=1,..., M,
and, as in the semi-discrete case, it is reasonable to assume
max |D_ypp(zi)| < Cp,n=1,..., M. (80)

geeey

In the proof of Proposition 8 we use the following discrete Gronwall Lemma:

Lemma 4. (Discrete Gronwall Lemma (Lemma 4.3 of [6])) Let {n,} be a
sequence of nonnegative real numbers satisfying

n—1

M < ) winj+ B forn>1,
=0
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where w; > 0 and {B,} is a nondecreasing sequence of nonnegative numbers.
Then

n—1
Ny < By exp (ij) forn > 1. (81)
=0

Proposition 8. If 0 < ap < a, 0 < dy < d, (29) and (80), then ¢} defined
by (73),(74) with homogeneous boundary conditions satisfies

n
) 1 OnAt
n||2 2 .
At E D . < min{1—0At,2(dy—e2)}
il par ID=ecilli < ST —9As 2000 = @)} ’

1 .
(1= 020)]len(O)} +2(ds — ) D_schllf , + 5,7 D el ds),
m=1

(82)
where
1
= ?0505 + 212, (83)
n # 0 is an arbitrary constant, € # 0 is fixred by (31) and At satisfies
1 —60At > 0. (84)

Proof: Taking in (74) n and wy, replaced by m and CZL+1, respectively, and

following the proof of Proposition 2, it can be shown that
m m m 1 m
I 1B + 2(do — )ALD R, < Nl + (550302 + 207 ) At
1 m+112
‘|‘2_772A75HQ2,1;F 155 (85)

where €, are nonzero constants. Summing (85) for m = 0,...,n — 1, we
obtain

n n
lehll7 +2(do — )AL Y ID-ucil 7+ < 17 + 6AL Y Iy |I7

m=1 m=1
1 SN
+ 2—772At Z lggll7 . (86)
m=1

with 6 defined by (83).
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Inequality (86) can be rewritten in the following equivalent form

i N
n||2 mi|2 2
R e WM}ESW!M

m=0
1
+—
min{2(dy — €2),1 — 0At}

1 SN
T+ ALY llagl?)
277 m=1
(87)

provided that € and At satisfy (31) and (84), respectively. Using in (87)
Gronwall Lemma we deduce (82).

(1= 0A8)[ShI12 +2(do — ) AUID 7,

a

We establish in what follows an upper bound for the errors e”;;l = CZH

Ryc(tn) eptt = pp ™ = Rpp(tns)

n+1

e, et 2 + At S 1D-ued I
7=0

We start by introducing p"Jrl @1 as the solutions of the auxiliary problems

(36), (37) where the source terms and the coefficients are defined taking

t = t,11. The estimate (38) holds for 5. Moreover, under the assumptions

of Proposition 4 for t = t,,1, Pr0p081t10n 5 enable us to conclude that (47)

holds for EZH. As in the semi-discrete case, it can be shown that the time
discrete version of (39) and (49) holds, that is,

max |D_ypp(z)| < Cp,m=1,..., M, (88)
max |D_cp(z)| <Cefyn=1,..., M, (89)

i=1

.....

for h € H with h,,,, small enough. We also have

||5h||00 < 057 n = 17"'7M'
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Under the assumptions of Proposition 6 we can prove that

N 1/2
1w = 5 < Co(lletlln + (D2 A2 llettrn) ery)
i=1 (90)

1/2
(AR + AP el ,00) )

As in Corollary 1, for |[Phel}!|l; we have

1/2
IPaepitli< © (el + (Zh%u ) ey
1=1
N 1/2
+<Zh?8\\p(7§n+1)\ %{sﬂ(]i)) o1
i=1

1/2
A ([ Rac (1) + Dt Ruclag ) )-

We are now in position to establish for (D_tegf}j L wp )y, an estimate similar
to the one established in Theorem 1 for (e.(t),wp)n. In fact under the
assumptions of this result and using the fact (80) we can prove that holds
the following

(D_ tezn}jl,wh)h = —(d?’m+1D_er;1,D_wwh)hnL
(92)
+H(Mu (b el Do)y + i (wp),
where
T wn) = T (wn) + 7 (wn) + 75 (wy,)
with

1/2
5 i)l < Caa( el At (| Rac (b} + Atll Racllege g0,

a 2s 2 1/2
(X B I )

=1
5 1/2
| Hs+1(]i)> )HD—xwhHh,-H

N
(X hE Nt
1=1
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m—+1 m / 2 2 1/2
i )l < Coa(lletlln + At (IR (b I + Al Bucllegr ., 0

= 2s 2 1/2
(D2 R lettme ) sy
=1

N
O (]
=1

) 1/2
H5+1(Ii)> >\|D—xwh”h,+

and
2 wn)| < Cona (At Rullws 10

N 1/2
(X BB i) Bizqry) ) ID-nllnr
=1

for some positive constants Cy 4, C 4 and Cjy, g and for h € H with hyy,q, small
enough.

Taking in (92) wy, = em}j ! and following the proof of Proposition 8 we can
prove that

ez i + 2At(do — 4*) [ D—el3 7 4 < (14 G2A8)[lel 17 + At |l I7

—l—At( m—i—l)
(93)
with
_ 2 2
- ?Cpcbv
1
O = @ (Cc%,d + Cl?,d + Cm d)
and
(7 < g (Ot Ca) (AR () i+ At Rael i,
N 1/2 N 1/2 2
(X Rl ) eay) - (D0 AP ) esrry ) )
1=1 i=1
N
1 1/2\ 2
55 (A Racll oot + (32BN ) ry) )
=1
(94)

In (93) and (94) € is a nonzero constants.
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Summing (93) for m =0,...,n — 1, we obtain

(L — 120 ey |7 +2(do — 4*) At Y ||D_sel |

m=0

< (1= 0148|2412 + 2At(dy — 4%) | D_pe?, |12

n—1 n
+(O0r + 02) ALY " [lelllh + ALY (7
m=0 m=1

which implies

n
legallh + ALY Dl +

m=0

< 1
~ min{l — 60;At, 2(dy —

iy ((1 — 1A D412 + 28¢(dy — 46%)|[ Dl 7., )

I 650 5 ) Z SAROVE
(95)
provided that
1— 6,At > 0 (96)
and
dy — 4€® > 0. (97)
Applying discrete Gronwall Lemma to (95) we deduce
Il ¢ S 1Dl S gy
(1= 02001, + 2(do — AN Dl [, + At S (7)2).
" (98)

We remark that the error estimate for the concentration depends on ||e?, ||,
and || D€, [+ Moreover, if ¢ and p are smooth enough, then there exists
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a positive constant C' which does not depend on At and h such that

.....

Y- < o(ae( max 1B t) + IRuclnorm,)
- N

+ max S (B2 (lle(ty)

7j=1,...,

enny) + RN E) ey ) ).

(99)
Considering ¢) = Rjco we conclude from (98) and (99) that, for some positive
constant C' and for At and h,,,, small enough, holds the following

%ISH(IZ-) + [lp(t;)117

n
letnllh + ALY Dl +

m=0

< o(a8( max (1B + | Rclfa~orm,))

.....

+ max ) (2 (Jlete)13

""" .
=1

ey ) + I ) ey )

(100)
Considering now (100) in the estimate (91) we deduce for the pressure the
estimate

et < € (a8 (max, IR @)1 + 1 Faclamorom, )

e P17

.....

N
+ max S (B2 (lle(ty)

e )) + R (t ')Hiﬂ@-)))'

i1y + ()

j=1,....M -
(101)
Estimates (100) and (101) allow us to conclude, for s € {1, 2},
e 30 < C (A8 + B2, (102)
ety + A3 ID_aetylf . < (A8 4 1) (103)

m=0

We illustrate in what follows the estimates (102) and (103).
Example 1. Let us consider (1)-(5) with
alc) = 1+c(x,t), ble,py) = (c(z, )p.(z,1))?, d(c,ps) = c(z,t) 4+ pu(z,t) +2
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qi, qo, the wnitial and boundary conditions such that this IBVP has the fol-
lowing solution

p(z,t) =e'z(z —1), c(x,t) =e'(1 —cos(2rx))sin(x), = €0,1],t€[0,T)].
The numerical approximations c¢; and py were obtained with the IMEX method
(73)-(77) with nonuniform grids in [0,1] and with T = 0.1 and At = 1075,

The spatial initial grid is arbitrary and the new grid is obtained introducing
in [x;, x;41] the midpoint. In Table 1 we present the errors

n 2 - J 2 1/2
Brrore= max. (el + Aty 1Dl )IEe) s (104)
]:
Error, = Jmax, | D—cepplln+ (105)
and the rates Rate., Rate, that were computed by the formula
ln <§T’r0rhmam,1 )
rro,rhmax 2
Rate = ’ (106)

hma:v,l ’
ln (hma:v,2>
where Nyaz1 and hpay 2 are the mazimum step sizes of two consecutive par-
titions.

Error, Rate,.

hmaz

The numerical results presented in Table 1 show that Error, = O(h%,,.

Error,

Rate,

1.3174 x 1071
6.5869 x 1072
3.2934 x 102
1.6467 x 1072
8.2336 x 1073
4.1168 x 1073
2.0584 x 1073
1.0292 x 1073

5.5435 x 102
1.4355 x 1072
3.5863 x 1073
8.9511 x 104
2.2366 x 1074
5.5804 x 10~°
1.3846 x 107°
3.3899 x 1076

1.1099 x 1072
3.9113 x 1073
1.3075 x 1073
3.6682 x 1074
9.6288 x 107
2.4628 x 1075
6.2144 x 106
1.5520 x 1076

1.9/92
2.0010
2.002
2.0008
2.0029
2.0109
2.0301

1.5048
1.5808
1.8337
1.9296
1.9671
1.9866
2.0015

Error, = O(h2,,.).

max

6. Conclusions

Table 1

) and

The behavior of the pressure and concentration of an incompressible fluid
in a one dimensional porous media is described by an elliptic equation for
the pressure and a parabolic equation for the concentration linked by the
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Darcy’s law for the velocity. Quasilinear coupled problems that have as a
particular case the previous problem were considered in this paper.

The use of piecewise linear finite element method for the pressure and con-
centration of a incompressible fluid in a porous media leads to a first order
approximation to the velocity. Consequently, the concentration is of first
order in the L?>-norm. This behavior is observed for uniform and nonuni-
form partitions of the spatial domain. Fully discrete schemes based on the
piecewise linear finite element method with special quadrature formulas were
studied in this paper. Error estimates for the semi-discrete and fully discrete
approximations were established. These error estimates allow us to conclude
that the methods studied leads to second order accuracy numerical approxi-
mations for the pressure and concentration and for their gradients.

A common approach in the convergence analysis of the spatial discretiza-
tion of parabolic equations is the split of the semi-discretization error into
two terms ([21]) considering the correspondent discretization of an auxil-
iary elliptic problem. Such approach was largely followed in the literature
and implies an increasing in the smoothness requirements of the solution for
the parabolic problem. In this paper a different approach was followed that
avoids such smoothness requirements.
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