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1. Introduction

The study of real orthogonal polynomial sequences, { P, }, that are solutions
of differential equations

N
S A =0 (1)
j=0

where A; are polynomials, is connected to measure perturbation theory and
spectral theory of differential operators (see [6]). The minimal order of a
differential equation (1) having orthogonal polynomial solutions is N = 2 or
N =4 (see [14]). For the case N =2 in (1) and and Ay = A, where A is some

spectral (eigenvalue) parameter,
Agy" + A1y’ + Ay =0, (2)

it is known the classification of sequences of orthogonal polynomial solu-
tions: {P,} must be, up to a linear change of variable, a member of the
classical families, i.e., the Hermite, Laguerre, Jacobi and Bessel orthogonal
polynomials (see [3] and also [11], for an overview on the problem of deter-
mination of orthogonal polynomial families that are solutions of (2)).
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In the present paper we focus our attention on differential equations satis-
fied by Laguerre-Hahn orthogonal polynomials on the real line. These poly-
nomials are related to Stieltjes functions satisfying Riccati type differential
equations with polynomial coefficients [10, 18, 19, 21, 22]

AS'=BS*+CS+D. (3)

Note that the Laguerre-Hahn orthogonal polynomials are a generalization
of the semi-classical orthogonal polynomials, since the later ones are related
to (3) with B = 0, the classical families appearing if, in addiction, deg(A) < 2
and deg(C') = 1. Laguerre-Hahn orthogonal polynomials can be generated
by performing a perturbation on the Stieltjes function of semi-classical or-
thogonal polynomials or by doing a modification on the three term recurrence
relation coefficients of semi-classical orthogonal polynomials (see [1, 4, 9, 22]).
Thus, it turns out that the associated polynomials of semi-classical orthogo-
nal polynomials constitute a well-known example of Laguerre-Hahn polyno-
mials (see [1, 4, 7, 25]). Other examples include the co-recursive, co-dilated
and co-modified polynomials (see [4, 15, 16]).

Laguerre-Hahn families of orthogonal polynomials are solutions of differen-
tial equations (1), where the minimal order is N = 4 (see [2, 10, 14, 20, 23]),
thus when no simplification occurs, Laguerre-Hahn orthogonal polynomials
satisfy

APWY 4 A3PB) 4 AyP" + AP+ AyP, =0,

where the A;’s are polynomials.

In this work we start by reinterpreting a result of [10], by showing an
equivalence between (3) and differential-difference equations with matrix co-
efficients

A\Ij;,t = Mn\Ijn "’anpn_l 5 \Ijn — |:PTL+1 PT(Ll):| , n Z O7

with {P,} the sequence of monic orthogonal polynomials related to (3) and

{Bgl)} the sequence of first order associated polynomials (cf. Theorem 2).
We prove the equivalence between (3) and differential-difference equations
for the sequence of functions of the second kind {¢,} (cf. Section 2),

C
Aq; - (ln—l + 5 + BS)Qn + @n—lqn—l , n=>0.
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Next, we prove the equivalence between (3) and a second order differential
equation with matrix coefficients having polynomial entries,

AU+ B +C, U, =090y, n>1 (4)

as well as a second order differential equation for the sequence of functions
of the second kind {¢,}

flnqx—l—énqg—l—énqn:(), n>1, (5)

where A, is a polynomial and B, C, are functions. These equivalences are
the analogue for orthogonality on the real line of [5, Theorems 1 and 2].
Taking into account the above referred equivalence between (3) and (4),
we deduce a characterization of the sequences {W¥,} corresponding to the
Laguerre-Hahn class zero (i.e., max{deg(A),deg(B)} < 2 and deg(C) = 1
in (3) [4, 10]) as solutions of second order matrix operators,

L,(¥,)=0, L,=AD*+¥D+A,I, n>0, (6)

with A, U A, 2 x 2 matrices explicitly given in terms of the polynomials A,
B, C, D in (3) (cf. Theorem 4).

Finally, the last part of the paper is devoted to the analysis of the classical
families. As a consequence of the above referred results some characteri-
zations for the classical orthogonal polynomials are shown, from which we
emphasize the characterizations in term of:

— the hypergeometric-type differential equation for the sequence of func-
tions of the second kind;

— the differential equation that links the associated polynomials Pél) and
the derivative of P, 1,

1! /
A(PD) 4 (4 =€) (BV) + X PV =2DPL, . n>0,

n n

where \;_; are constants, explicitly given in terms of the polynomials A, B,
C, D in (3);

— the Rodrigues-type formulas for {g,}.

This paper is organized as follows. In Section 2 we give the definitions
and state the basic results which will be used in the forthcoming sections.
In Section 3 we establish the equivalence between (3) and the second order
differential equations (4) and (5). In Section 4 we establish a characterization
of Laguerre-Hahn orthogonal polynomials of class zero as solutions of (6). In
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Section 5 we present characterizations of the classical families of orthogonal
polynomials.

2. Preliminary Results

Let P = span{zF : k € Ny} be the space of polynomials with complex
coefficients, and let P’ be its algebraic dual space, i.e., the linear space of
linear functionals defined on P. We will denote by (u, f) the action of u € P’
on f € P. We consider a linear functional v € P’ and (u, ") = wu,, n > 0,
its moments. We will take u normalized, i.e., uy = 1.

Given the sequence of moments (u,) of u, the principal minors of the cor-
responding Hankel matrix are defined by H,, = det((u;4;);;—0),n > 0. By
convention, H_; = 1. The linear functional u is said to be quasi-definite
(respectively, positive-definite) if H,, # 0 (respectively, H,, > 0), for all inte-
ger n > 0. If u is positive-definite, then it has an integral representation in
terms of a positive Borel measure, pu, supported on an infinite set of points
of the real line, I, such that

(u, x") :/x"du, n>0.
I

Definition 1. Let u € P'. A sequence {P,},>¢ is said to be orthogonal with
respect to u if the following two conditions hold:

(i) deg(P,) =n, n >0,

(i) (u, PuPr) = knOpm, kn = (u, P?) #£0, n > 0.

If the leading coefficient of each P, is 1, then {P,} is said to be a sequence
of monic orthogonal polynomials with respect to u, and it will be denoted by
SMOP.

The equivalence between the quasi-definiteness of u € P' and the existence
of a SMOP with respect to u is well-known in the literature of orthogonal
polynomials (see [8, 24]).

Monic orthogonal polynomials satisfy a three term recurrence relation
(see [24])

Poii(x) = (x — Bn)Pu(z) — v Poa(z), n=1,2,... (7)

with Py(z) =1, Pi(x) =x—fyand v, #0, n > 1, 79 = up = 1. Conversely,
given a SMOP {P,} satisfying a three-term recurrence relation as above,

there exists a unique quasi-definite linear functional v such that {P,} is the
SMOP with respect to u (see [8, 24]).
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Definition 2. Let {P,} be the SMOP with respect to a linear functional w.
The sequence of first order associated polynomaials is defined by

Pn+1($) - Pn+1(t)
r—t

), nz=0,
where u; denotes the action of v on the variable ¢.
Note that the sequence {Bgl)} also satisfies a three term recurrence relation,
PI(x) = (z = B) P (@) = mPy(2), n =12,
with PY(2) =0, P{V(z) = 1.

Definition 3. Let u € P’ be quasi-definite and (u,,) its sequence of moments.
The Stieltjes function of u is defined by

“+o00

S()=2_

n=0

Given a SMOP {P,} and {Pygl)} its sequence of associated polynomials,

let S and and S denote the corresponding Stieltjes functions, respectively.

One has

1

NS = =2 = (2= ). (8)

The sequence of functions of the second kind corresponding to {P,} is
defined as follows:

P,(t
qn(Z):<t’Z—(f)I>7 TLZl,QO:S,
thus
@1 = Po1S—PY . n>0,q =25, (9)

Definition 4. Let u € I’ be quasi-definite and let S be its Stieltjes function.
u (or S) is said to be Laguerre-Hahn if there exist polynomials A, B, C, D,
with A # 0, such that S satisfies a Riccati differential equation

AS'=BS*+CS+D. (10)

The corresponding sequence of orthogonal polynomials is called Laguerre-
Hahn. If B = 0, then S is said to be semi-classical or Laguerre-Hahn affine.
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Note that if u is semi-classical, with the corresponding Stieltjes function
satisfying AS" = C'S + D, then, taking into account (8), there follows that
S is Laguerre-Hahn, since it satisfies a Riccati type differential equation,

A (S<l>)' _ B, (S<1>>2 + DS Dy

where

Bl = ’}/1D, Cl =—-C + 2(2 - ﬁo)D, D1 = — ( BO) (C — (Z - ﬁo)D) .
N N
Equation (10) is equivalent to the distributional equation for the corre-
sponding linear functional wu,
D(Au) = yu + Bz 'u?), (11)

where A, B are the same as in (10), v = A" + C (cf. [22]), being the left
product of u by a polynomial defined as

(gu,p) = (u,gp), p€P,

the derivative Du defined as

(Du,py = —(u,p), pe P,

and the functional 7 'u and the product of two linear functionals defined,
respectively, as follows:

(x ', p) = (u,6pp),  (6op)(z) =

with the right product given by

p(x) — p(0)

" , (uv,p) = (u,vp), peP,

n

n n
vp = Z (Z pjvjm> 2™, p(z) = ijxj.
j=m =0

m=0

Note that the distributional equation (11) is not unique, many triples of
polynomials can be associated with such an equation, but only one canonical
set of minimal degree exists. The class of u is defined as the minimum
value of max{deg(y)) — 1,d — 2}, d = max{deg(A), deg(B)}, for all triples
of polynomials satisfying (11). When B = 0 and the class of u is zero,
i.e., deg(v) = 1 and deg(A) < 2, u is called a classical functional, and the
corresponding orthogonal polynomials are the so-called classical orthogonal
polynomials.
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In the sequel we will use the following matrices:

P Qn+1
v, = , Qu= """, n>0. 12
) B A B (12

Hereafter I denotes the 2 x 2 identity matrix.

Lemma 1. Let u € P’ be quasi-definite, let { P,} be the corresponding SMOP
and By, yn the coefficients of the three term recurrence relation (7). Let {¥,},
{Q.} be the sequences defined in (12). Then,

(a) W, satisfies

U, =(r—0)V1—7Vpo2, n>1, (13)

th initial conditions U 1 = | 0| wy= | 1]
w1l mittat conawtions W_1 = Pﬁll) y X0 — Pél) 3

(b) o, = [\D\ITJ‘H] satisfies

r— Bpe1)l —Ype1d
Qpn:ICngpn—la Ky = [( §+1) 8/2:21 ]7 n>1, (14>

T
with initial conditions @y = [PQ rY p pél)} ;
(c) Q. satisfies

QTLZATLQTL717 nzlj

with A, = F _15" _O%} and initial conditions Qg = [(:c B g)S B 1] .

Theorem 1 (see [17]). Let {f,} be a sequence of functions satisfying a three
term recurrence relation

xfn(x) - fnJrl(:C) + ﬁnfn(x) + 7nfn—1

with v, 0, n>1, f1 =0, fo(x)=1. If g, = f;ﬂ satisfies

n

an(w)gp (@) = ba(2)g5(2) + cagn(@) + du(z), n >0,
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where ay, by, c, and d, are bounded degree polynomials, then, for all n > 0,
the following relations hold:

Ap+1 = Qp,
d
bn—i—l — “ )
Yn+1
d,
Cn+1 — —Cp — 2($ - ﬁn—i—l) ) (15)
Yn+1

an.

dn—|—1 = ap+ 7n+1bn + (SC - 6n+1)cn + (37 - Bn—i—l)
Yn+1

(16)

3. Second order differential equations with matrix coef-
ficients

Theorem 2. Let u € P’ be quasi-definite and S its Stieltjes function. Let

{W,} be the corresponding sequence defined in (12), and let {q,} be the se-

quence of functions of the second kind. The following statements are equiva-
lent:

(a) S satisfies
AS'=BS?*+CS+D, A B,C,DcP;
(b) U, satisfies

,,-¢% -B , ,
M, = D 2 L Cl N, = 0,1, ©,,1, bounded degree polynomials, with
nt 3

initial conditions A = (lop—C'/2)(x—Fy) —B+0¢, 0 = D(x— )+ (lo+C/2);
(c) qn satisfies
C
Aq; - (ln—l + 5 + BS)qn + Gn—l%z—l ) n Z 07 (18)
with q—1 = 1, @fl = D, lfl = 0/2
Moreover, the following relations hold, for alln > 0:

Lyt + 1, = _w@m (19)

Tn+1
@n—i—l = A + Tnd Gn—l + (IC - ﬁn—l—l)(ln - ln—i—l) . (20)

n
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Proof: (a) < (b).

This equivalence was proven in [10, 17]. Note that equation (17) is the matrix
form of the equations in [10, 17].

(b) = (c¢).

Take derivatives in (9), P, 15 — pY = Gni1,n > 0, then multiply the
resulting expression by A and use the equations enclosed in (17), to get

C
AQ;L-H = (ln + 5 + BS)QnJrl + GnQna n > 0,

thus

C
AQ;L = (lnfl + 5 + BS)Qn +0O,_1Gp—1, n>1.

Furthermore, since (17) holds and since ¢_; = 1, gy = 5, taking into account
©_, =D, [_; = C/2, there follows that the above equation also holds for
n = 0. Hence we obtain (18).

(c) = (a)

Taken =0in (18), withq 1 =1, g =95, ©_.1 =D, [ =C/2.
Finally, to obtain (19) and (20) we proceed as follows. From (18) we get
A(q7/1+1qn - q;ﬂnﬂ) = @nqi + (ln - ln—l)ann—i—l — ©p-1Gn-1Gns1, n=>0.

The division of both members by ¢> and the use of the three term recurrence
relation for ¢, yields

/
A (q Jrl) = L qn—21—1 + (ln - ln—l - (x ﬁ )@nl) dnl + @n .
an Tn 4y Tn dn

Taking into account Theorem 1 we get, using (15),

Lyt — o1 = _M@n + M@nq . n>0. (21)
Tn+1 Tn
Therefore, we get, for all n > 0,
Tn+1 Tn
from which there follows

Yn+1 70
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that is,

ln+1+ln+m®n:lo+ll+w®l, n>0,

Tn+1 0
Using the initial conditions D = ©_1,C/2 = |_; we get lm—LH—%@_l =
0, thus (19) follows.
Eq. (20) follows taking into account (16) and the use of (19). m

Remark . If the class of u is s, then deg(0,,) <'s, deg(l,) < s+ 1.

If we take B = 0 in the previous theorem we obtain differential relations
in the semi-classical class.

Corollary 1. Let u € P’ be quasi-definite and let S be its Stieltjes function.
Let {U,} be the corresponding sequence defined in (12), and let {q,} be the
sequence of functions of the second kind. The following statements are equiv-
alent:

(a) S is semi-classical and it satisfies AS' = CS + D;

(b) U, satisfies

AV = MU, + N, U, , n>0,

L—% 0

where M,, = [ D ln—l—%
polynomials,
(¢c) qn satisfies the differential-difference equation with polynomial coeffi-

cirents

}, N, = ©,1, and ©,,1, are bounded degree

C
Ag; - (ln—l + E)Qn + Gn—l%z—l , N > 0.

Theorem 3. Let u € P’ be quasi-definite and let S be its Stieltjes function.
Let {U,} be the corresponding sequence defined in (12), and let {q,} be the

sequence of functions of the second kind. The following statements are equiv-
alent:

(a) S satisfies
AS'=BS*+CS+D, A B.C,DcP;
(b) VU, satisfies the second order differential equation
A"+ B 4+ C, 0, =09y, n>1, (23)



SECOND ORDER DIFFERENTIAL EQUATIONS IN THE LAGUERRE-HAHN CLASS 11
where A, B,,,C, are matrices, with polynomaal entries, given by

A, = A’0,I, (24)

B, = A6, (AT - M, — M, ) - A@n,l@nwf — A*Q)1, (25)

n

C. = O, (6”1@”1—AM;>
Tn
n {@n (M ; @;—B”)@n_u) ; A@;J} M (26)

(c) qn satisfies the second order differential equation
Anqg+1 + BnQ;HJ + énQn+1 =0, n=>0, (27>

where A,, B,,C, are functions given by

A, = A%0,, (28)
B, = AO,(A —C —2BS) — A%0! (29)
6, = (%% i+ S 1 psy)
In 2
C C ,
+(ln + 5 + BS) ( On(=ln + 5 + BS) + A6}, ] . (30)

Corollary 2. Let u € P be quasi-definite and S its Stieltjes function. Let
{W,,} be the corresponding sequence defined in (12), and let {q,} be the se-
quence of functions of the second kind. The following statements are equiva-
lent:

(a) S is semi-classical and satisfies

AS'=CS+ D, A C,DeP;
(b) {V,} satisfies the second order differential equation (23) with matriz

coefficients of polynomials entries given by (24)-(26);
(¢) {qn} satisfies the second order differential equation (27) with polynomial
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coefficients A,, B,, C, given by

A, = A6, (31)
B, = 0,(A —C) - A0/, (32)
. T C., , C

- D — — =),
C, = 6, (; — (I, + 2)) + 6, (ln + ) (33)

Proof: If u is semi-classical then we take B = 0 in the previous theorem, thus
we get the second order differential equation (27) with polynomial coefficients
A,, By, C, given by

n — AQ@n )

n = A(O,(A —-C)— A0Q)) ,

~ 0,10,

Cn = ®n< ! —lz+(0/2)2> —AO,,+C/2) -6 (I, +C/2)) .

n

A
B

Gn—le)n

Let 7, = — 2+ (C)2)°.
Tn
Using (19) and (20) we obtain
anyl@n B lz _ A@;Ll + ®n72in1 o l721717 n > 17

thus,

n>1. (34)

The initial conditions
©1=D, Dxz—0y)+ (lo+C/2)=0, A= (lp—C/2)(x— py) — B+ 6y

yield
0_10¢

o I5=AD + BD — (C/2)*. (35)
0
From (34) and (35) there follows
Tn:Azn:G’H +AD + BD. (36)
Tk

k=1
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Note that we are assuming B = 0, thus we obtain C, given by

C, = A{@n (i Ot p (I + (;)’> + 0 (I, + g)} .

1 Yk

Consequently, {g,} satisfies a second order differential equation (27) with
polynomial coefficients (31)-(33). |

In the sequel X ) will denote the (i,5) entry in the matrix X.

Corollary 3. Let S be a Laguerre-Hahn Stieltjes function satisfying AS" =
BS*+CS+D. The SMOP related to S, {P,}, as well as the sequence of first

order associated polynomials, {P } satisfy fourth order linear differential
equations with polynomial coefficients.

Proof: Let us consider the differential equations enclosed in (23),
L
A%0,P" 1+Bllpl L+ CDp, 4 BU2 ( n1> L CUApM — g (37)
A%0, (ng) + B2 ( P ) L CRApM L BENp 4 GRUp L =0, (38)

Take derivatives in (37), multiply the resulting equation by A?0,, and use (38)
1
to eliminate (PT(LU) , thus obtaining an equation of the following type:

/
(A20,)2P", + byP", + caPlyy + dp Pyt + €0 (Pg”) + f,PY =0, (39)

Now take derivatives in (39), multiply the resulting equation by A%*©,, and

i
again use (38) to eliminate (Pygl)) , thus obtaining an equation of the fol-
lowing type:

(A2® ) 75—1—)1 + P?i/—li—l + thT/L/-i-l + jTLP?’/L-i-l + knPnJrl

/
+my, (Pé”) P =0, (40)

Y

The elimination of (Pn and P}" between (37), (39) and (40) yields a

fourth order differential equation with polynomial coefficients for P,,

AP 1+ AsP®) + Ay P" + A\ P + AP, = 0.
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The fourth order differential equation with polynomial coefficients for PT(Ll),
can be obtained analogously, starting by taking derivatives to (38) and elim-
inating P, ,, P, as well as Py y1. |

Now we will prove the Theorem 3, by using the lemmas that follow.

Lemma 2. Let u € P’ be quasi-definite and let S be its Stieltjes function.
Let {U,} be the corresponding sequence defined in (12), and let {q,} be the
sequence of functions of the second kind. If S satisfies AS' = BS? +CS +
D, A B,C,DeP, then {V,} satisfies (23) with coefficients (24)-(26) and
{qn} satisfies (27) with coefficients (28)-(30).

Proof: If we take derivatives in (17) and multiply the resulting equation by
A we get

AU = AM, — ANV, + NLAY |+ AM U, + AN, ;. (41)

If we use (17) to n — 1 and the recurrence relation (13) for ¥,, we obtain

Aq]%—l = (Mnl + MGnl) \Ijnfl — Gn_llpn . (42>
Tn In
The substitution of (42) into (41) yields
AR = A(M,, — ATV, + (AM;L — @n_l./\/'n> v,

+ [Nn (Mnl + (x;i”)@nl) + AN;L} W,
The multiplication of the above equation by O, and the use of (17) gives
us (23) with coefficients (24)-(26).

To get (27) we proceed analogously as before, starting by taking derivatives
in (18), thus obtaining A,q/. | + Bud,.1 + Cngni1 = 0, with A, = A*0,, and

B, = —A6,(ly+ 1,1 +C +2BS — A') — A0y o, - A%O),

Tn

Tn
S Y (AR S o
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The use of [, + 1,1 = —@@Wl (cf. (19)) in the above equations yields
B,, and C, given by (29) and (30). |

Lemma 3. Let u € P’ be quasi-definite and let {V,,} be the corresponding se-
quence defined in (12). If{W,} satisfies the second order differential equation
(23) with coefficients (24)-(26), then the following equation holds:

An\D;L - anjn +Nn\Ijn—1 , n=>1,

where A,, € P, M,, is a matriz of order two with polynomial entries, and N,
1S a scalar matrix.

Proof: We write the equation (23) in the form
Dn@% + 87190;1 + fn@n = O4x1 (43)

where, ¢, = [\Ifn+1 \Ifn} g , n>1,and D,, &,, F, are block matrices given by

©,11 0 B 0 C 0
Dn _ AZ n+1 2x2 gn _ n+1 2%2 ]_—n _ n+1 2x2 .
[ O2><2 @nl ’ 02><2 Bn 7 02><2 Cn

Taking n + 1 in (43) and using the recurrence relations for ¢, (cf. (14)) we
obtain

Dy 1K1y, + (2Dna Ky + Eni1Knir) gy,
+ (gn—i—l’C;HJ + fn—l—llcn—i—l)gon — 04><1 . (44)
To eliminate ¢! between (43) and (44) we proceed in two steps: firstly we

multiply (43) by ©,42K,11G,, G, = [ 0 Opuil

] , thus obtaining
AQ@nGn—l—l@n—i—ZKn—l—lgpx_"@n—i-ZICn—i—lgngnSO;f"@n—i—ZICn—i—lgnfnSOn — O4><1 ) (45)

and we multiply (44) by 6,,G,,+1, thus obtaining

A2®n@n+1®n+2lcn+190;; + @ngn+1(2pn+1lc;z+1 + gn+1lcn+1)90;z
+ Gngn—i—l(gn—i—l’C;HJ + fn—l—llcn—i—l)@n — 04><1 . (46)
Then we subtract (46) to (45), thus obtaining

Hn@;z = TnPn (47>
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with
/
Hn - @n—i—ZKn—i—lgngn - Gngn—i—l(ZDn—i—lICnJrl + gn—f—l’Cn—i—l)
/
jn — GngnJrl(gnJrlK:nJrl + fn+1lcn+1) - @nJrQICnJrlgnFn .

The multiplication of (47) by adj(H,) yields
An@;z = ﬁngon , (48)
with

A, =det(H,), L, = adj(H,)T» -

Thus, the assertion follows. u

Now we study the coefficients of the structure relations obtained in the
preceding lemma.

Lemma 4. Let u € P’ be quasi-definite and let {¥,} be the corresponding
sequence defined in (12). Let ¢, = I:\Ianrl \Ifn]T satisfy

A~

Ang = Lopn, n>1, (49)

where A,, are bounded degree polynomials and /:'n, n > 1, are block matrices
of order two whose entries are bounded degree polynomials. Then, (49) is
equivalent to

Apl = Lopn, n>1. (50)
Furthermore, it holds that
AKL = LKy — Kpii L, n>1, (51)
where KC,, are the matrices of the recurrence relation (14).

Proof: If we take n+1 in (49) and use the recurrence relation for ¢, (cf. (14))
we get

A

Ani10,, = ’Cfbh (ﬁn—i—llcn—i—l — A’n-f—l’C;H—l) ¥n (52)

From (49) and (52) we conclude that there exists a polynomial L, such that,
for all n > 1,

An—i—l - Lnlen
’C;_h (ﬁn—l—llcn—i—l - An—i—l’C;Hq) - Lnﬁn
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because the first order differential equation for ¢, is unique, up to a multi-
plicative factor. But from An+1 — L, A, we obtain

An+1:(Ln"°L2)A1, \V/TLZl

Since, for all n > 1, the degree of A, is bounded by a number independent
of n, then the degree of the L,’s must be zero, i.e., L, is constant, for all
n > 1. Hence we obtain (50) with A = A; and

Ln= ’C;—il—l <£n+1’Cn+1 - n+1’Cn+1> [(Ln -+ Lo).

To obtain (51) we take derivatives on @,11 = K,11¢, and multiply the
result by A, to get

Al = AK 00+ KnnA g,
Using (50) in the previous equation and the recurrence relation (14) there
follows
Lni1Kyi1on = AK! i 1Pn + Kng1 Lnon
thus (51). |

Corollary 4. Let {@,} satisfy (50), Agl = Lopn, n > 1, where L, are
block matrices of order two whose entries are bounded degree polynomials.
Then, the following assertions take place:

(a) £ s a scalar matriz if, and only if, £V is scalar.
(b) If ,cﬁf’” 18 a scalar matriz, then there exist polynomials p;, 1 =1,...,3,
such that

1) _ |l —m P2 S
En D3 lny1+p1]| n=t (53)

Proof: Taking into account the definition of K, (50) is equivalent to, Vn > 1,

Al = (z - 5%2)(57(11411) — L&) + £n+1 + Y2 LY (54)
sz LY = (@ = Bus2) LD + 23D = 0, (55)
(x = Bu) L0037 + £ — £ =0, (56)
_7n+2£512ﬁl) - 5511’2) =0. (57)

Assertion (a) follows taking into account (57), i.e., £ = —%Hgﬁ%ll).
Let us prove assertion (b).
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Since ES’Q) and 5512’1) are diagonal, from (54) there follows that the entries
(1,2) and (2, 1) of the matrix £ are independent of n.
(1,1) (2,2)
Further, from (54) we obtain that [/ngl’l)] — [Eg’l)] is independent
of n. Hence, (53) follows. m

Remark . Note that eq. (48) in Lemma 3, combined with the independence

A

of n in the polynomials A, (cf. Lemma 4) reads as

{Axvgﬂ = LV, + L,

h 58
AV = £V, o+ 2P, (58)

Using the recurrence relation (13) in the second equation of (58) we obtain
AV, = [(g: — By ) LY + LED W, — 4 LV, (59)

Taking into account (56) as well as (57), there follows that (59) is the first
equation of (58) for n — 1, that is,

AV = 0V, 4 0y,

Lemma 5. Let u € P’ be quasi-definite and let {q,} be the corresponding
sequence of functions of the second kind. If {q,} satisfies the second order
differential equation (27)

Andliy + Budliq + Ciugr =0
with coefficients (28)-(30), then the Q,,’s given in (12) satisfy
AQl =L,Qu, n>1,
with En e P and En a matriz of order two with analytic entries.
Proof: Analogous to the proof of the Lemma 3. |

Lemma 6. Let u € P be quasi-definite and let {Q,} be the corresponding
sequence given in (12). If

A\nQ;L = EnQna n>1,

with A\n € P and En a matrix of order two with analytic entries, then A\n
does not depend on n.

Proof: Analogous to the proof of the Lemma 4, using the Theorem 1. u
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Proof of the Theorem 3:
Lemma 2 proves (a) = (b) and (a) = (¢). Using the Lemmas 3 and 4 and
Corollary 4 we prove (b) = (a). Lemmas 5 and 6 prove (¢) = (a).

4. Second order matrix operators in the Laguerre-Hahn
class zero

Theorem 4. Let u be a Laguerre-Hahn Stieltjes functional satisfying D(Auw)

= Yu + B(x~u?), with deg() = 1, max{deg(A),deg(B)} < 2. Let {P,} be

the SMOP related to w and let {PT(LU} be the sequence of first order associated

polynomzials. It holds that

Pn+1

Ln \Ijn 207 lpn:
(V) [PTE”

where 1L,, s a matriz operator given by

L 2 . q,b 2B _ >\’I’L+1 B/
L, = AD* + UD + A, I, ¥ = [—20 2A,_¢} ,An—[ 0 x| 6V

where D* denotes the derivative operator, D° =1, and
1!

A
Ant = A — AT Ay =20+ 1)D = nln + 3) - + 0y,

A// B//
D="——¢/——.
2 4 2
Moreover, the coefficients of the three term recurrence relation of the MOP

sequences { P,} satisfying (60) are given by
(2D —2(n — Dag + 1) a1 + (N, = Any)) vn

" Nt =
26D + 2(n — 1)ay — =2y D —2(n—1
n (260D +2(n — Day )\1@0)04 )\1 M (n )CLo’ n>2. (62)
n—1" "'n
Bn:an_anfla 7121, (63)
with forn > 1,
a, = nl=(nt Lo+ o — 26D , a0 =0, (64)
—(n—=1)(n+2)ay+ (n— 1)1 — X, +2nD
) - (n —1) o, (nay — o + 26,D) — nag — 27,0 (65)

(n—=2)(n+1)as — (n—=2)1 + Xy —2(n—1)D
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Remark . We emphasize the equation enclosed by (60),
Ly(PV)=2DP,, ., n>0, (66)
where L7 is the operator defined by
L:=AD* + (24 =)D+ X (T .

The preceding theorem gives us the formulas for the three term recurrence
relation coefficients of the SMOP {P,} satisfying (66). This result is an
extension of [13].

Remark . The Theorem 4 gives us a characterization of the sequences of
monic orthogonal polynomials of the Laguerre-Hahn class zero. The full
description of the three term recurrence relation coefficients of such family
was given in [4].

Proof: The Stieltjes function of u satisfies
AS'=BS*4+CS+D, C=¢—A", D is constant.

Since the class of u is zero, the ©’s involved in the structure relation (17)

@nfl(an

are constant. If we use the notation 7, = — 2 + (C/2)?, then,
Tn

taking into account (cf. (36)) 7, = AZ Ok—1/vr + AD + BD, the second

k=1
order differential equation (23) can be written as (60) with the operator L,

given by (61).
To obtain the three term recurrence coefficients of { P,} we start by writing

PY(z) = 2" — oz P+ a2 -
Pui(z) = " = (an + Fo)a" + (v + Bocn — y)a" -
with
=) B, va= Y BBi—> wm, n=>1. (67)
k=1 1<i<j<n k=2
Equating coefficients of 2”1 and 2”2 in (66) we get (64) and (65).

Taking derivatives in (7) we get

Pn:PTILH_(x_Bn)PTIL""YnPTIL—l-
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If we multiply the above equation by 2D and use the equation enclosed
by (60),

E;kL(PT(Ll))ZQDPTILJrla nZO,
where L is the operator defined by
L, = AD* + 2A" =)D+ A, T,

as well as the recurrence relation, we get

/
2DP, = 2A (P7§1)1>

+ (24 = )PV 4 (A = AP (X = NP, (68)

Equating coefficients of 272 in (68) we get (62). (63) follows from (67). m

5. Characterizations of classical orthogonal polynomials

Taking into account the results of the preceding sections, we will deduce
characterizations of the classical families. Hereafter we consider the distri-
butional equation D(Au) = tu with the canonical expressions for A and
Y given in Table 1. We denote the corresponding orthogonal polynomials,
Hermite, Laguerre, Jacobi and Bessel, by H,,, L, Péa’ﬁ ) and B, respectively.

A Y
H, 1 —2x
L9 g —rx+a+1

Pl |1 g2 —(a+0+2)x+0—«

B | a2 (a+2)z+2

Table 1

We also present the three term recurrence relation coefficients (3,,, v, 1, n > 0.
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Bn Yn+1
n+1

|0 g
LY |on+a+1 (n+1)(n+a+1)
P F—a? A(n+1) (nra ) (n 1) (na+F+1)

n (2n+a+5)(2n+a+542) | 2nta+F+1)(2n+atF+2)2(2n+a+G+3)
B(a) —2a —4(n+1)(n+a+1)

n (n+a)(2n+a+2) (2n+a+1)(2n+a+2)2(2n+a+3)

Table 2

Theorem 5. Let u € P’ be regular, let { P,} be the SMOP with respect to u, let

{Rgl)} be the sequence of associated polynomials, and let {q,} be the sequence
of functions of the second kind. The following statements are equivalent:
(a) w is classical and it satisfies D(Au) = u;

(b) {P,} satisfies

AP + P + X\, P, =0, n>0; (69)
(c) qn satisfies the second order differential equation
qu—i_ (2A/—¢)q;—|— ()‘H+AH _¢/)qn - 07 nz 07 (70)

(d) the derivative P) is linked to the associated polynomial P through a
relation of the same type as (66),

i /
A(PD) 4+ @24 =) (PM) + X BV =2DP,, n>0, (1)
where, for alln >0,
A// A//

n+1 :2(n+1)D—n(n—|—3)7—|—n¢', Anr1 = Ay — A" +0, D:?—W,

and, by convention, A\g = 0.

Proof: Note that D(Au) = u is equivalent to the first order differential
equation for the corresponding Stieltjes function
AS'=CS+D, C=vy—A.

Since u is classical, that is, deg(A) < 2,deg(vy)) = 1, then the ©,’s and the
l,’s involved in the coefficients of the second order differential equations (23)
and (27) satisfy deg(©,) = 0,deg(l,) < 1. Thus, (23) yields (69) and (71),
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and (27) yields (70) for all n > 1. Notice that (70) for n = 0, with Ay = 0,
reads as AS"+(A'—(C)S'—C"S = 0, which is the derivative of AS’ = CS+D.

To prove (d) = (a) we use the equations (62) and (63) (cf. Remark 3) with
the values of 3y and ~; given in Table 2, thus recovering the expressions for
Yni1 and (G, for all n > 1, thus obtaining the classical families of orthogonal
polynomials. u

The preceding theorem gives a characterization of the classical families in
terms of hypergeometric-type differential equations for the orthogonal poly-
nomials, as well as for the functions of the second kind. Note that given any
hypergeometric-type differential equation, that is,

Ay" + Hy + k,y =0, deg(A) <2, deg(H) <1, k, constant,

and given a nonnegative integer n, the above differential equation has a
unique polynomial solution P, of degree exactly n if, and only if,

—1
%A”—i—nl—['—i—knzo, n>0. (72)
Under the hypothesis (72), the existence of w(z) satisfying
d

- (Al2)w(z)) = H(z)w(z)

allows the representation of the solution in terms of a Rodrigues formula
(see [12])
1 d"
— (A" (x)w(x)) .
T g A u()
Combining the previous theorem with the above referred results we obtain
the characterization that follows.

Theorem 6. Let u € P' be regular, let {P,} be the SMOP with respect to u
and let {q,} be the sequence of functions of the second kind. The following
statements are equivalent:

(a) w is classical and it satisfies D(Au) = Yu;

(b) {P.} has a Rodrigues representation

(A @), 020 (73)

(¢c) {q.} has a Rodrigues-type representation

qn(z) = % (A"(x)w(x)), n>1, (74)

P,(x) =

P,(x) =
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_ 1.0 F _ [T )
where w = ze® , & = fxo T dt.

Proof: (a) = (b) and (a) = (c¢).
From Theorem 5 we have (69),

AP +yP +X\,P, =0, n>0.
Note that by equating the leading coefficients in (69) we get

2

7n(n—1)+7w’+An:0, n>0,

which is the assumption (72). Hence, there follows the Rodrigues represen-
tation (73) for P,.

To deduce a Rodrigues-type formula for {¢,} we recall, from Theorem 5,
the second order differential equation (70),

If we multiply the above equation by w = %eé, o = | ! %dt, we get

(Awg)) + Mg, = 0. (75)

Let
Z = wq, . (76)
Then, (75) becomes
AZ" + (A — ) Z' + (M + A" = Z =0,

which yields

AZ" + 7'+ X\ Z =0,
Therefore, there holds a Rodrigues representation for 7,

Z= (A (a)ul)). (77)

w(z)

Using g, = w ' Z (cf. (76)), (77) yields
(A ().

n = ww@

Since w = w™!, there follows (74).

(b) = (a) and (c) = (a).
From (73) and (74) we obtain the second order differential equations (69)
and (70), respectively, thus from the Theorem 5 there follows the distribu-
tional equation for the corresponding w. u
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