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HOM-LIE ALGEBROIDS
CAMILLE LAURENT-GENGOUX AND JOANA TELES

ABSTRACT: We define and give examples of hom-Lie algebroids. Some important
properties are outlined.

(Frangais) Nous introduisons les hom-Lie algébroides de Lie, donnons des exemples
et soulignons certaines propriétés algébriques de celles-ci.

1. Résumé en francais

Un intérét croissant pour les hom-structures, en particulier les hom-algebre
de Lie suivit [HLS06], qui fit apparaitre celles-ci de fagon naturelle dans
I’étude des cocycles de Virasoro. Makhlouf, Silvestrov et leurs coauteurs
[MS1] approfondirent ces études en dégageant 'idée générale que maintes
structures algébriques admettent de tres naturelles généralisations lorsque
I’on suppose donné au plus d’un simple espace vectoriel, un endomorphisme
de cet espace supposé préservé les structures introduites. Ainsi furent étudiées
des hom-algebres associatives [MS1], de Jordan [MS4], admissible [MS2],
hom-Poisson [MS3] entre autre. Notre but est d’ajouter les hom-algébroides
de Lie a cette suite.

Une hom-algébre de Lie est un triplet (g,[, |, ) ol g est une espace
vectoriel [, ] : g ® g — g une application bilinéaire et & un endomorphisme
linéaire de g tel que :

[Oé(l'), [ya ZH + [O‘(y)v [z,x]] + [Oé(Z), [$7 Z/H =0

et a([z,y]) = la(z),aly)], Vz,y,z€g.

Définition 1.1. Une hom-algebre de Gerstenhaber est un quadruplet
(A = BienAi, A [, ], @) ot (A = @ienAj, A) est une algebre commutative
associative graduée, o un endomorphisme linéaire de (A, A) de degré 0 et
[, ] une application bilinéaire de degré —1 telle que (A[—1], [, ], @) soit une
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hom-algebre de Lie et vérifiant la regle de hom-Leibniz suivante :
[X.YANZ] = [ X, Y] a(Z)+(-1)Ya(Y)N[X, Z], VX € A,Y € A;, Z € A.

Définition 1.2. Une hom-algébroide de Lie est un quintuplet
(A — M,p,[,],p,a), ou A — M est un fibré vectoriel au-dessus d’ une
variété M, ¢ : M — M est une application lisse, [, ]| : T'(A) @ T'(A) — I'(A)
est une application bilinéaire, appelée crochet, p : ©'A — ©'TM est un
morphisme de fibré vectoriel, appelé ancre, et a : I'(A) — ['(A) un endo-
morphisme linéaire, tels que

1. a(FX) = ¢*(F)a(X) pour tous X € I'(A), F € C*(M);

2. le triplet (I'(A), [, ], @) est une hom-algebre de Lie;

3. I'identité de hom-Leibniz suivante est satisfaite :

X, FY] = ¢"(F)[X,Y] + p(X)[F]a(Y), VX,Y € (A),F e C®(M).

4. (p, *) est une représentation (au sens des hom-algebres de Lie) de

(T'(A), [, ], @) sur C*(M).

Théoreme 1. Soit A — M un fibré vectoriel, o : M — M une appli-
cation lisse, a : I'(A*A) — T'(A®*A) un endomorphisme linéaire vérifiant
a(FX) = ¢*(F)a(X). Une correspondence biunivoque entre hom-algebres
de Gerstenhaber de la forme (I'(A®A), A, [, ], «) et hom-algébroides de Lie

de la forme (A — M, p, [, ], p, a) est obtenue comme suit :
(1) A une hom-algebre de Gerstenhaber (I'(A®A), A, [, ]|, @), on associe
un crochet [, | sur I'(A) par restriction de [, ] & I'(A) et une ancre

p: @ A— ©TM définie comme étant I'unique morphisme de fibré vec-
toriel vérifiant p(X)[F] := [X, F] pour tous X € I'(A), F € C*(M).

(2) Inversement, a une hom-algébroide de Lie (A — M, p,[, ], p, @), on
associe un hom-crochet de Gerstenhaber sur I'(A*A) par la formule
suivante, pour tous Xy,..., X, Y1,...,Y, € I'(4), :

ﬂXl/\"'/\Xp,Yl/\"‘/\Y(]]]Z
p

q
D XY AaXI A LKA AXAYIA LY A AY),

i=1 j=1

Ce théoreme permet de construire plusieurs nouveaux exemples, en par-
ticulier d’associer une hom-algébroide de Lie a une variété de hom-Poisson.
Les hom-algebres de Lie et leurs représentations donnent des exemples de
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hom-algebres de Gerstenhaber, mais aussi des exemples de hom-algébroides
de Lie.

2. Introduction

There is an increasing interest for hom-structures, especially hom-Lie al-
gebras, initiated by [HLS06], who showed natural occurrence of this notion
while studying cocycles of the Virasoro algebra, then followed by Makhlouf,
Silvestrov and their coauthors [MS1], who showed that several classical alge-
braic structures admit natural generalizations when, instead of just a vector
space, we start with a vector space and an automorphism of it, leading to
investigate hom-associative algebras [MS1], hom-Jordan algebras [MS4], ad-
missible algebras [MS2], hom-Poisson algebras [MS3] to cite a few.

Our purpose is to introduce hom-Lie algebroids. It is not straightforward at
all to see what this definition should be: there is no such a thing as a hom-
Lie groupoid that could give us a hint. To derive a definition that makes
sense, we indeed had to go through the notion of Gerstenhaber algebra, but
even there there was an unexpected phenomenon, for a hom-Gerstenhaber
algebra is not a hom-associative, as one could have expected, hence defining a
hom-Lie algebroid does not reduce simply adding the prefix hom- to classical
definitions and results in a systematic manner.

We would like to thank Raquel Caseiro for several interesting discussions.

3. Hom-Lie algebras and hom-Poisson algebras

Given g a vector space and a bilinear map [, | : g®g — g, we call automor-
phism of (g,[,]) a linear map a : g — g such that a([z,y]) = [a(z), a(y)]
for all x,y € g.

Definition 3.1. [HLS06] A hom-Lie algebra is a triple (g, [, |, «) with g
a vector space equipped with a skew-symmetric bilinear map [, ] : g®g — ¢
and an automorphism « of (g, [, ]) such that:

[a(z), [y, 2] + [a(y), [z, 2] + [a(2), [z, y]] = 0, Va,y, 2 € g,

(hom-Jacobi identity).

A morphism between hom-Lie algebras (g, |, ]g,a) and (b, [, ]y, B) is a
linar map 9 : g — b such that $([z,3],) = [B(x), ¥(y)], and ¥{a(z)) =
B(w(x)) for all z,y € g. When b is a vector subspace of g and v is the
inclusion map, one speaks of hom-Lie subalgebra.
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In a similar fashion, one defines graded hom-Lie algebras to be triples
(g,[, ], ) with g = ®;cz9; a graded vector space, [,]: g® g — g a graded
skew-symmetric bilinear map of degree 0 and « : g — g an automorphism of
(g,],]) of degree 0 satisfying for all = € g;,y € g;, 2 € gs:

(=1* [al@), [y, 2] + (=) [aly), [z, 2] + (D)% [a(2), [z, y]] = O,
(graded hom-Jacobi identity).

Examples 3.2. a. Given a vector space g equipped with a skew-symmetric
bilinear map [, ]| : g ® g — g and an automorphism « : g — g of (g, [, ]),
define [, |,:g® g — g by

[z,y], = a([r,y]), Va,ycag.

Then (g, [, ], o) is a hom-Lie algebra if and only if the restriction of [, ] to
the image of o? is a Lie bracket. In particular, hom-Lie structures are nat-
urally associated to Lie algebras equipped with a Lie algebra automorphism
[Yaul]. Such hom-Lie structures are said to be obtained by composition.
b. [MS1] For every hom-associative algebra (A, i, ) (see definition 3.3 be-
low), the triple (A, [, ], @) is a a hom-Lie algebra, where

[xay] = /L(Zl’],y) o ,u(y,ﬂf), for all T,y € A.

Definition 3.3. [MS1] A hom-associative algebra is a triple (A, p, @)
consisting of a vector space A, a bilinear map y : A ® A — A and an
automorphism « of (A, u) satisfying

pla(z), w(y, 2)) = p(p(x,y), a(z)), Vz,y,z € A (hom-associativity).

As in example 3.2 a., given (A, ;1) an associative algebra and oo : A — A
an algebra automorphism, the triple (A, u, := a o p, @) is a hom-associative
algebra, said again to be obtained by composition.

Definition 3.4. [MS3] A hom-Poisson algebrais a quadruple (A4, u, {, }, @)
consisting of a vector space A, bilinear maps ¢ : A ® A — and
{,}:A® A — A and a linear map a : A — A such that

(1) (A, u, @) is a commutative hom-associative algebra,
(2) (A,{, }, ) is a hom-Lie algebra,
(3) {a(), ply, 2)} = pwley), {z, 2}) + p({z, 9}, a(2)),  Va,y,z € A.
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Example 3.5. [Yau2| Let (A, u,{, }) be a Poisson algebra and o : A — A
a Poisson automorphism, then the quadruple

(Ahuoz ::@OM7{7}Q ::Oéo{,},Od)

is a hom-Poisson algebra, said to be obtained by composition. It is indeed
enough to assume that {, } (resp. p) is a Lie bracket (resp. an associative
product) when restricted to the image of a?.

In particular, given (M, 7) a manifold equipped with a bivector field 7, and
¢ : M — M a smooth map, then a hom-Poisson structure on C*°(M) can
be obtained by composition provided that ¢ preserves the bivector field =
(i-e. Tp@m) = (A*Th)(mm) for all m € M) and that the Schouten-Nijenhuis
bracket [r,7] is a trivector field that vanishes on ¢*(M) C M. The triple
(M, m,p) is then called a hom-Poisson manifold.

Example 3.6. Here are examples that are not obtained by composition in
general, see [BEM] for an alternative description. Let (g, [, ], «) be a hom-
Lie algebra. Equip its symmetric algebra S(g) with the product p, 1= aopu,
where pu(z,y) =  © y is the symmetric product and « : S(g) — S(g) stands
for the automorphism of (S(g), i) given by
aA(r1 @ Oxy) =alr) ©- O alxy,)
for all xq,...,x, € g. The quadruple (S(g), tta, {, }, @) is a hom-Poisson
algebra where:
(110 0Ty O Oy} =
:Z€:1Z§':1[$iayj]®O‘($1@---/fiQ"’@pryl@---Z//\j@"'qu)
for all x1,...,2p,y1,...,y, € g. Identifying S(g) with polynomial functions
on g*, we could also write:

{F.GHa) = ([ dFl,() . AClriy | 10

for all polynomial functions F, G on g* and all a € g*, with the understand-
ing that the differential of a function of g*, a priori an element in T™*g" is
considered as an element in g.

4. Hom-Gerstenhaber algebra

Definition 4.1. A hom-Gerstenhaber algebra is a quadruple
(A = BienAi, AL [, ], @) where (A = @jenA;i, A) is a graded commutative
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associative® algebra, « is an automorphism of (A, A) of degree 0 and [, |
is a bilinear map of degree —1 such that, first, (A[—1],[, ], @) is a graded
hom-Lie algebra (as usual, A[—1] refers to the graded vector space whose
component of degree i is A;_1) and, second, the hom-Leibniz rule holds:

[X,YAZ] = [X, Y]Aa(Z)+(-D)Da(Y)A[X, Z], VX € ALY € A;, Z € A.

Example 4.2. Given an automorphism « of a Gerstenhaber algebra
(A,A [, ]) (i-e. a is an automophism for both products A and [, ]), then
(A, A a0 [, ],«) is a hom-Gerstenhaber algebra, said to be obtained by
composition. Again, it suffices to assume that [, ] satisfies the Jacobi
identity on the image of a?.

Example 4.3. Let g be a vector space equipped with a skew-symmetric
bilinear map [, ] : g ® g — g and an automorphism « of (g, [, |). The triple
(g,[,],) is a hom-Lie algebra if and only if the quadruple (A°g, A, [, ], @)
is a hom-Gerstenhaber algebra where

[[ajl/\.../\xp’yl/\.../\yq]]:

SN oyl Aal@ A B A Az Ay AN A yg)
i=1 j=1

for all z1,...,2p,91,...,y; € g and a(x; A--- Axpy) = a(x) A Aaxy).
The only difficult part is to prove that the graded hom-Jacobi identity holds
on A*g if and only if [, | satisfies the hom-Jacobi identity. This follows from
the fact (derived by from a cumbersome but direct computation) that the
hom-Jacobiator, defined as

Jaco (X, Y, Z) == (=1 X), [[Y Z]] + (-1)u-bED[a(Y), [Z, X]] +
HEDEa(2), (X Y]
for all X € Alg,Y € Ng, Z € NFg, satisfies
Jaco (XY, Z,T) = o*(X)Jaco(Y, Z,T) + (-1)ia*(Y)Jaco (X, Z,T) (1)

and is a graded skew-symmetric map, so that it vanishes if and only if its
restriction to A’g = R and A'g = g vanishes.

*Notice that A is assumed to be an associative product, not a hom-associative product, so that
a hom-Gerstenhaber algebra is not an odd version of a hom-Poisson algebra.



HOM-LIE ALGEBROIDS 7

Recall that a representation [Sheng] of a hom-Lie algebra (g, [, |, «) on
a vector space V' is a pair (p, ay ) of linear maps p: g — gl(V), ay : V =V
such that, for all z,y € g:

pla(r))oay = ayop(zx) and p([z,y])oay = p(a(z))op(y) — plaly)) p(é))-

Example 4.4. Let (p,ay) be a representation of the hom-Lie algebra
(g,[, ], @) on the vector space V. Then (A°g® S*(V),A,[, ], @) is a hom-
Gerstenhaber algebra where o : A®*g ® S*(V) — A®g ® S*(V) is defined as
AT A ATy QU O Ovy) =a(z) A ANa(zy) @ay(v1) ©- - © ay(vy),
the bracket [, ] being the hom-Gerstenhaber bracket whose restriction to
Ag @ S(V) vanishes, whose restriction to A°g® S°(V) ~ A®g is as in exam-
ple 4.3, and such that:

q
[z, 110 - -Ov,]| = Zp(x)(w)@oz(m@' OO - -Ou,), Vo € g,v1,...,v, € V.
i=1

Given an algebra automorphism « of a commutative associative algebra A,
we call a-derivation a map ¢ : A — A which satisfies

I(FG)=a(F))(G)+ a(G)§(F),
for all F,G € A.

Proposition 4.5. For every hom-Gerstenhaber algebra (A = ®ienAi, A, [, [, @),
denote by p : Ay — End(Ay) the map given by p(X)[F] := [X, F] for all

F e Ay. Then Ay is a commutative associative algebra, ol 4 is an algebra
automorphism of Ay, F'— p(X)(F') is, for all X € A1, a a4 -derivation of
Ao, the triple (Ay, [, [l 4,4, > @la,) s a hom-Lie algebra, and (p, a| ) is a
representation of (Av, [, [l4,x4, > @l4,) on Ao.

Proof: Only the last point needs justification. We recover relations (2) by
using the graded hom-Jacobi identity as follows,

al 4, (P(X)[F]) = p (al 4, (X)) [al 4, (F)]
p([X, YD[al 4, (F)] = (plaly, (X)) 0 p(Y) = plal4, (V) 0 p(X)) [F],
for all X, Y € A; and F € Aj. |
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5. Definition of hom-Lie algebroid

Definition 5.1. A hom-Lie algebroid is a quintuple (A — M, ¢, [, ], p, @),
where A — M is a vector bundle over a manifold M, ¢ : M — M is a smooth
map, [, ] : T(A)®T(A) — I'(A) is a bilinear map, called bracket, p : ©'A —
©'TM is a vector bundle morphism, called anchor, and a : I'(4) — I'(A) is
a linear endomorphism of I'(A) such that

1. o(FX) = ¢*(F)a(X) for all X € T(A), F € C®(M) (equivalently T,

a is a vector bundle morphism from ¢'A to A over the identity of M);
2. the triple (I'(A), [, |, @) is a hom-Lie algebra;
3. the following hom-Leibniz identity holds *:

X, FY] = ¢"(F)[X,Y] + p(X)[F]a(Y), VX,Y € (A),F e C®(M).

4. (p, p*) is a representation of (I'(A), [, |, «) on C*(M).

Above, p(X)[F] stands for the function on M whose value at m € M is
(Ao F, pm(Xpm))) where py, : (9'A)y = Agpny = (@TM)y, = TopmM is
the anchor map evaluated at m € M and X, is the value of the section
X €T'(A) at ¢(m) € M.

Example 5.2. When « (hence ¢) is the identity map, a hom-Lie algebroid
(A= M,p,a,],],p) is simply a Lie algebroid [McK]. A hom-Lie algebra
(g,[,],@) is a hom-Lie algebroid over a singleton. More generally, define
an action of a hom-Lie algebra (g, [, |, a) on the manifold M, equipped
with a smooth map ¢ : M — M, to be a linear map ¢ from g to the space
of ¢*-derivations such that (§,¢*) defines a representation of the hom-Lie
algebra (g, [, |,a) on the vector space C*°(M). Then a hom-Lie algebroid
is obtained by considering the trivial vector bundle A = M x g — M, the
linear map oy mapping F'c, — ¢*(F)cqw for all v € g, FF € C*(M), the
anchor p mapping A,,) =~ g to the element of T ,,,,)M given by the pointwise
derivation F' +— §(v)[F]|,, and the bracket given by:

[F'ey, Gew] = @ (FG)eppu) + ¢ (F)p(0)[Gleaw) = ¢ (G)p(w) [Fleaw)

fGiven X € T'(A), a section of the pull-back bundle ¢'A is given by mapping m € M to
Xom) € Apm) =~ (¢'A)n. Applying a vector bundle morphism from ¢'A to A over the identity
of M to that section yields a section of A, and the henceforth defined assignment « satisfies
a(FX) = ¢*(F)a(X) for all X € T'(A),F € C*°(M). Moreover, every endomorphism of I'(A)
satisfying this relation is of that form.

'This hom-Leibniz identity implies that, given sections X,Y of A, the value of [X,Y] at a given
point m € M depends only on the first jet of X and Y at p(m).
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for all F,G € C*(M), v,w € g. In the previous, ¢,, ¢, denote the constant
sections of M x g — M given by m + (v, m) and m — (w, m) respectively.
This hom-Lie algebroid is not obtained by composition in general.

The following theorem is a consequence of proposition 4.5, and will allow
us to give more examples.

Theorem 5.3. Let A — M be a vector bundle, ¢ : M — M a smooth map,
a:T'(A) — T'(A) a linear endomorphism satisfying a(FX) = ¢*(F)a(X) for
all X € T(A),F € C*(M). Denote by a again its extension to
a:[(A*A) — T'(A*A) given by:

a(FXi N NX)) =@ (Fa(X1) A AN a(X)) (3)

forallpeN, Xy,...,X, e '(A), F € C*(M).

Then there is a one-to-one correspondence between hom-Gerstenhaber al-
gebra structures on (I'(A*A), A\, [, ]|, «) and hom-Lie algebroids structures on
(A= M,p,[,],p, «), obtained as follows:

(1) Given a hom-Gerstenhaber algebra structure (D'(A*A), A, [, ], ), we
define a bracket [, ] on ['(A) by restriction of [, ] to I'(A) and an
anchor p : A — TM by p(X)[F] = [X,F] for all X € T(A),
F e C™®(M).

(2) Conversely, given a hom-Lie algebroid structure (A — M, p, [, ], p, @),
we define a hom-Gerstenhaber bracket on I'(A*A), for all Xy,..., X,,
Yi,...,Y, € (A), FF € C®°(M), by:

[XiA- - AXp,ViA---AY] =
q

= D OHXLYIAUXIA XA AXGAYIA LY A AY)
1

i=1 j=
and by
P ~
[Xi A AXp FT =) (-0 p(X)[F]Aa(Xy A AXG A A X).
1=1

Proof: 1) We first need to justify our definition of p. It follows from the
hom-Leibniz identity of the hom-Gerstenhaber algebra that F — [X, F]
is a @*-derivation and that [GX, F] = ¢*(G)[X, F] for all X € I'(A),
F,G € C*(M). Altogether, these properties imply that there is an unique
vector bundle morphism p : o' A — ©"T'M such that p(X)[F] = [X, F] for all
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X el'(A),F € C*(M). Condition 1 in definition 5.1 holds by assumption.
Conditions 2 and 4 follows from proposition 4.5. The hom-Leibniz identity
of the hom-Gerstenhaber algebra:

[X,FY] = ¢*F[X,Y] + [X, Fla(Y) VX,Y € T(A),F € C*(M)

gives the condition 3 and proves the first item, since [X, F] = p(X)[F] by
the very construction of p.

2) The hom-Leibniz identity, together with the facts that p(FX)[G] =
O (F)p(X)[G] for all F,G € C*(M),X € I'(A) and that F — p(X)[F]
is an @*-derivation imply that [, ] is well-defined. It also implies that it
obeys to the hom-Leibniz identity. By equation (1), it suffices to check the
hom-Jacobi identity of [, ] for triples made of three sections of I'(A) and
triples made of two sections of A together with one function on M. In the
first case, it simply follows from the hom-Jacobi identity of [, | and in the
second case, it is equivalent to the assumption that (p, ¢*) is a representation
of (['(A),[, ], ). This proves 2). The constructions of both items are clearly
inverse one to the other, and the theorem follows. u

Example 5.4. Recall [McK] that a Gerstenhaber algebra structure
(D'(A®A), [, ],A) is naturally associated to every Lie algebroid (A4, [, ], p).
Given a : I'(A) — I'(A) a linear endomorphism of I'(A) satisfying a(FX) =
e (F)a(X) for all X € T'(A),F € C®°(M) (¢ : M — M being a given
smooth map), an algebra endomorphism, again called «, of (I'(A®*A), A) can
be construted as in (3). This morphism « preserves the bracket [, ] provided
that a: T'(A) — I'(A) is a Lie algebra morphism such that p(a(X))[¢*F] =
O (p(X)[F]) for all X € I'(A), F € C*(M). Example 4.2 then allows us to
build a hom-Gerstenhaber algebra by composition, which, by theorem 5.3,
yields a hom-Lie algebroid. Indeed, it suffices that [, | satisfies the Jacobi
identity on the image of . For this, it suffices that [, ] satisfies the Ja-
cobi identity when applied to triples of the form (a?(X),a?(Y),a?(Z)) or
(@*(X),a?(Y), (¢*)*(F)), with X,Y,Z € T(A),F € C*(M). This means
that (A, [, ], p) can be just assumed to be a pre-Lie algebroid (i.e. the Leib-
niz rule holds, but [, | is not a Lie bracket) that satisfies the Jacobi identity
on the image of a? : T'(A) — I'(A) and such that for all X, Y € T'(A):

p([a*(X),a(Y)]) = [p(a®(X)), p(a?(Y))] (4)
is a vector field on M that vanishes on the image of ¢* : M — M.

We now describe two particular cases of the previous construction.
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Example 5.5. A vector field V € X(M) induces a Lie algebroid as follows:
Ay = M x R is the trivial line bundle, the Lie bracket of two sections
F,G € C*(M)=T(Ay) is given by [F,G] := FV[G] — V[F] and the anchor
of F e C*(M) = T'(Ay) is the vector field FV. Let ¢ : M — M be a
smooth map preserving V, ie. ¢*(V[F]|) = V][p*F]. Then ¢* is a linear
endomorphism of C*°(M) = I'(Ay) which satisfies the required conditions to
yield a hom-Lie algebroid by composition.

Example 5.6. Let (M, 7, ) be a hom-Poisson manifold. Let A = T*M,
and let a be the pull-back morphism ¢* : ['(T*M) — I'(T*M). Then a pre-
Lie algebroid structure [Vaisman] is defined on I'(T*M) by considering the
anchor map p := 7" : T*M — TM together with the bracket

[a, bz := L#,b — Lospa + digz(a A D).

It is immediate that ¢* : I'(T*M) — I'(T*M) is an automorphism of this
bracket and that p(¢*a)[e*F| = ¢*(p(a)[F]) for any 1-form a € I'(T*M) and
F € C*(M). Assuming the Schouten-Nijenhuis bracket [, 7] to vanish on
the image of p? amounts to require that [, ], satisfies the Jacobi identity when
restricted to the image of (©*)?: T'(T*M) — T'(T*M) and that condition (4)
holds. A hom-Lie algebroid can therefore be constructed by composition.
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