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SPHERE ROLLING ON SPHERE -
ALTERNATIVE APPROACH TO KINEMATICS
AND CONSTRUCTIVE PROOF OF CONTROLLABILITY

FERNANDO LOURO AND FATIMA SILVA LEITE

ABSTRACT: We present an alternative approach to derive the kinematic equations
for a system consisting of an Euclidean sphere rolling over another Euclidean sphere,
subject to nonholonomic constraints of non-slip and non-twist, based on properties
of rolling maps. This approach is suitable for the rolling of more general manifolds
embedded in Euclidean space. It is well known that the sphere rolling on sphere
system is controllable, except when the two spheres have equal radii. We also present
a constructive proof of the controllability property, by showing how the forbidden
motions can be performed by rolling without slip and twist. This is also illustrated
for 2-dimensional spheres.

KEYwWORDS: Rolling maps, spheres, kinematics, non-twist, non-slip, geodesic rolls,
tumbles, controllability.

1. Introduction

The most classical of all nonholonomic systems is the rolling sphere, rolling
without slip or twist on its tangent plane at a point. Another interesting
example of a system subject to nonholonomic constraints is that of a sphere
rolling over another sphere of the same dimension. Rolling motions of manifolds
embedded in Euclidean space R” can be described by curves in the Lie group
SE,, of orientation preserving isometries of the ambient space, as explained in
Sharpe [12]. We take the definition in [12| and consequent properties of rolling
maps to derive the kinematic equations for the rolling spheres. We also show
how the forbidden motions, twists and slips, can be produced using rolling
without slip/twist. This is a constructive proof of the complete controllability
of the system, when the spheres have unequal radius.

The organization of the paper is as follows. The formal definition of rolling
and properties of rolling maps appear in Section 2. The particular case of a
sphere rolling on another sphere and the derivation of the corresponding kine-
matics are presented in Section 4. Finally, in Section 5 we include a constructive
proof of controllability.
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In the final stage of preparation of this paper, we learned of the PhD thesis
of Frenkel [2|, which addresses the problem of controlling a 2-sphere rolling
on another 2-sphere by means of motion along a minimal number of geodesic
arcs. This is a generalization of the analogous problem for a 2-sphere rolling
on a plane, posed by Kendall in the 1950’s and solved by Hammersley [4], who
has shown that three arcs are sufficient and necessary to steer any state to
any other state. Frenkel’s result is that four moves are sufficient for the former
case. It is open whether three moves are sufficient in that situation. As progress
towards solving these types of problems, the results for the 2-dimensional case
in the second part of our paper lost originality, though our approach is different,
and we believe more suitable towards obtaining explicit controllability of other
rolling systems, a goal we are pursuing.

2. Rolling maps

We refer to Sharpe [12] and Lee [11] for details concerning differential and
Riemannian geometry:.

Let M and N be two smooth manifolds, with the same dimension, both
isometrically embedded in the Euclidean space R". Rolling maps describe how
M rolls upon N, without slip or twist, along a curve a on M. Rolling is a
rigid motion in the embedding space, subject to holonomic and nonholonomic
constraints. A rolling motion is then described by the action of the isometry
group on R" preserving orientations. This is the special Euclidean group
SE, = SO, xR" = {X = (R, s), R € SO, s € R"}, with group operations

(R1, 1) o (Rg, s2) = (R1R2, R152 + s1),

(R,s) ' = (R, —R™1s),
and the action in R"” is defined as
SE,, xR" — R"
(X,p) — X(p)=Rp+s.

We adopt the definition of a rolling map given in Sharpe [12] and write some
of the constraints in terms of R and s.

Definition 2.1. A rolling map of M upon N, without slip or twist, along a
(piecewise) smooth curve « : [0, ¢1] — M is a mapping

X: [0,t4] = SE,=S0, xR"

Foe X(0)=(R(), s(t)) (2.1)
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satisfying the following conditions, for all but finitely many ¢ € [0, ¢4]:

e Rolling conditions
« X(t)(af(t)) :=a(t) € N.
o Tx(ty(ar) (X () (M)) = TanN.

e No-slip condition

e No-twist conditions:
» Tangential part: R(¢)R'(t) (TxpyN) C (TayN)* .
« Normal part: R(£)R" () (TwyN)* C Ty N.

The curve a on M is called the rolling curve and @ is called the develop-
ment of o on N. The rolling conditions in the definition above are holonomic
constraints, they correspond to admissible configurations of the two manifolds,
while the non-slip and non-twist conditions are nonholonomic constraints. The
second normal part of the no-twist conditions is always satisfied for manifolds
of co-dimension 1. For the most classical of all rolling motions: the 2-sphere
rolling on the tangent space at the south pole, the admissible configurations
are all positions of the sphere in which it is tangent to the plane, while the non-
holonomic constraints forbid any pure translation and any rotation around an
axis orthogonal to the plane.

Remark 2.1. Tt has been proven in Sharpe [12] that for each piecewise smooth
curve o on M there exists a unique rolling map having « as its rolling curve.
In the situation when M = N, the rolling map reduces to the identity map
and the development curve coincides with the rolling curve. Also, if the rolling
curve « belongs to the intersection of the two manifolds, then the corresponding
rolling map reduces to the identity (X (¢) = (I, 0) satisfies all the conditions
trivially) and o = @.

In what follows, if X is defined as in (2.1), X (¢). stands for the tangent map
of X(t) and X! stands for the mapping

X~1: [0,t4] - SE,=S0, xR"
t = XU )=(R0), -R(1)s(1)

2.1. Properties of rolling motions. The following properties can easily
be proven using the definition 2.1 and are of particular importance for our
proposes. The first two have been derived in Sharpe [12]. Assume that three
manifolds M7, M, and Ms, embedded in Euclidean space, are tangent to each
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other at a point p € M; N My N M3 and that t — aq(t) is a curve in M,
satisfying a1(0) = p.

(1) Rolling motions are transitive
Suppose that M rolls on M, with rolling map Xj, rolling curve oy,
and development curve . Also suppose that Ms rolls on Mz with
rolling map Xs, rolling curve as, and development curve 3. Then M,
rolls on M3 with rolling map X5 o0 X, rolling curve a;q, and development
curve as.
(2) Rolling motions are symmetric
Suppose that M rolls on M, with rolling map Xj, rolling curve aq,
and development curve ap. Then M, rolls on M, with rolling map X 1_1,
rolling curve aw, and development curve a;.
(3) Rolling under a change of coordinates
If M; rolls on M, with rolling map Xi, rolling curve aq, and devel-
opment curve @; and X, € SE,, is a fixed isometry, then X.(M7) rolls
on X.(Ms) with rolling map X, o Xj o X, rolling curve X.(a) and
development curve X, (@).

3. Kinematic equations of rolling

In this section we derived the kinematic equations for the motion of a smooth
manifold rolling on the affine tangent space at a point. At first glance this
may seem to be very restrictive. However, due to the definition of rolling and
consequent properties, the results for this particular situation are the key to
study more general rolling problems, as will be illustrated later for a sphere
rolling on another sphere.

Assume that M is rolling on the affine tangent space at a point, i.e. N =
TAM, where pg =  a(0) = @(0). The kinematic equations describe the
translational and the rotational velocities of the rolling motion, starting from
rest (R(0),s(0)) = (,0) and so, they have the form

{ $(t) = u(t)
R(t) = A(t) R(t)

for some vector valued function u taking values in R” and A taking values in
50, (the Lie algebra of SO,,, consisting of the skewsymmetric matrices). Condi-
tions on these functions are determined from the holonomic and nonholonomic
constraints.
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When SO, leaves M invariant, the rolling curve is always of the form «(t) =
R(t) " po, for some R(t) € SO,. Under this assumption, the first rolling con-
dition implies that s(t) = a(t) — py € T,,M and, consequently, the no-slip
condition becomes

$(t) = —A(t) po-

On the other hand, the structure of A(t) = R(t)R"(t) € so0,, is determined

from the no-twist conditions

At) TomN C (TayN) *,

A(t) (Ta(t)N)J‘ C T@(t)N.

Consequently, for an appropriate choice of coordinates, the matrix function A
has the following structure

40 = | =y o

where A;(t) € R™ =™ We can now write the kinematic equations for rolling
the manifold M upon N = T;)HM:

s(t) = —A(t)po

Uiy = ot &2
where A(t) has the structure (3.1).
Remark 3.1. When M is the (n — 1)-sphere S centered at the origin, with
radius p, and pg is its south or north pole, then

ua(t)

A(t) = : AW = 2 wi(t) Ain,
Un_l(t>

and the equations (3.2) for rolling S on its affine tangent space at py reduce to
the well know (see, for instance, |7]) kinematic equations

s(t) = epu(t)
R(t) = (X0 ui) A ) R)

where A;j = ejej — eje] are elementary skewsymmetric matrices, € = 1 if po
is the south pole and € = —1 if py is the north pole. In this case, the rolling

condition X (¢)(a(t)) = @(t), where X = (R, s), reduces to
R(t)a(t) = po. (3-3)
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Remark 3.2. If the sphere is not centered at the origin, the kinematic equations
can be easily derived from the above, using a convenient change of coordinates.
For instance, consider the following case which will be useful later. Let M
be a sphere of radius p, centered at the point (0,---,0,a)". We can obtain
the rolling map for the rolling motion of M on its affine tangent space at the
north pole pg = (0,---,0,a + p)" from the rolling map X = (R,s) of the
sphere S in previous remark and the isometry X, = (I,7) € SE,, where
7 =(0,---,0,a)". In this case, X, is a pure translation and the translation

vector 7 sends S to M = S + 7. In this situation,
X,oXoX '=(R,~Rr+s+71)

is the rolling map for the rolling motion of M upon its affine tangent space at
the point pg, with rolling curve o + 7 and development & + 7.

4. A sphere rolling on another sphere

The most classical of all nonholonomic problems is that of a sphere rolling on
its tangent plane at a point. Other rolling spheres problems have been studied
(see, for instance, Montgomery [10], Jurdjevic [7] and more recently Jurdjevic
and Zimmerman [8], Bloch and Rojo [1]). The kinematic equations for rolling
a sphere on another sphere are known, but we present here an alternative
approach which uses the transitive and symmetric properties of rolling and
the kinematic equations of a sphere rolling on its affine tangent space. This
approach is simple and may be used with great success for other manifolds. We
first analyze the case of a sphere rolling over the outside of another sphere (no
restrictions on the size of their radius is necessary). We then make the obvious
changes and comment on the situation when a sphere rolls over the inside of
a sphere with larger radius. We will also make connections with results in the
existing literature on the subject.

4.1. A sphere rolling over the outside of another sphere. In this section
we consider two spheres of the same dimension m, embedded in the Euclidean
space R": Sy with radius p; and Sy with radius ps. Suppose that the sphere Ss
is centered at the origin and is stationary. Assume that Sy is centered at the
point ¢ = (0,---,0,—(p1 + p2)) ", so that at time ¢ = 0 it is tangent to Sy at
the south pole of Sy, pg = (0, -+ ,0, —p2)". Assume now that S starts rolling
over Sy, along a piecewise smooth curve a, satisfying a(0) = py.
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Our objective is to derive the kinematic equations for the rolling motion of
S1 on the outside of the stationary sphere S;. This will be accomplished by
using the kinematic equations derived in Section 3, for rolling a manifold on
the affine tangent space at a point, together with the symmetric and transitive
properties and remarks contained in Section 2.

Let N denote the affine tangent space to Sy at pg, which also coincides with
the affine tangent space to S; at the same point. We know how to roll the
spheres S7 and S, on N. Consequently, we know how to roll S; on N and N
on Sy. Thus, by transitivity, we can achieve our goal.

e Rolling S; over N = TI?OHSlz
For a sphere with radius p; centered at the origin and rolling on the affine
tangent space at the north pole qg, the kinematic equations are

{5_ = _A(t)% (4.1>

R = At)R ~°
where A(t) = 277 u;(t)A;p, for some scalar functions up, - -+ 1, 1. Also,
from (3.3), the rolling curve « satisfies

R(t)a(t) = qo. (4.2)

So, according to Remark 3.2, the rolling map for S} over NV is defined by X; =
(R1,s1) = (R, —R7+s+7), where 7 is the translation vector (0, -- ,0, —(p1 +
p2)) " with kinematic equations

{ $1o= —Ai(l) (g + Bar)

By = Ayt R ’ (4.3)

where A; = A, having rolling curve o = o + 7 and development curve oy =

a + 7. It follows from (4.2) that
Ra+71 = Po- (44)

e Rolling S, over N = TP%HSQ:
The sphere S5 is centered at the origin and has radius py. So, (X3 = (R2, s9)
is the rolling map for rolling Sy over the affine tangent space at the south pole
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po, and the corresponding kinematic equations are given by:

$o = —As(t)po
{ Ry — As(t)Ry ° (45)
with Ay(t) = 3217 v;(t) Aip, for some scalar functions vy, - - -, v,,. Moreover,

the rolling curve aw satisfies
Ry = po. (4.6)

For our purpose, we assume that the development curve as coincides with aj.
According to the symmetric property of rolling in Section 2, N rolls upon S
with rolling map Xy = (R», —RQTSQ), rolling curve a7 € N and development
curve am € S5.

e Rolling S; over Ss:

Applying now the transitive property of rolling in Section 2, with M; = 5y,
Ms; = N and M3 = S5, we conclude the following: S; rolls upon Sy with
rolling map X5 = Xy 'o X; = (RQTRl, RQT(Sl — $9)), rolling curve oy € Sy
and development curve as € Ss, so that

X3(q) = ao. (4.7)
We now show that, under the assumption
& = a1, (4.8)
the matrices A; and Ay in (4.3) and (4.5) respectively, are related through

Ay = Lla,. (4.9)
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This is a consequence of the following simple calculations, where the conditions
(4.4) and (4.6) are used.

Xs(a1) = ag
& Ry'Riog + Ry (51— 89) = g
& Ry Rior+ Ry' (51— s2) = Ry po
& Riag + 51— 82 = po
& Ria+ RiT+ 81— 2= po
& po—T+RT+ 51— 5=pp
& 51— Sy =717 — Ryt
Consequently,
$9— & = RiT = A|RyT. (4.10)
On the other hand, using the kinematic equations (4.3) and (4.5), we have
§9 — 51 = —Aopy + A1qo + A1 Ry, (4.11)
and by comparison of (4.10) and (4.11), it follows that
A1q0 = Aapo. (4.12)

Finally, the relationship A = %Al follows from here, taking into account
the particular structure of the matrices A; and A and the fact that py =
(0---,0,—pa)" and qo = (0---,0,p1)". In conclusion, we may state the
following.

Theorem 4.1. Suppose that S starts rolling over Sy without slip or twist along
a curve o satisfying a1(0) = pg. Then, the corresponding rolling map is given
by

Xg = (RQTRly RZT(SI - 82))7
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where s1, s9, 1 and Ry are the solutions of the following differential equations

$1 = =U({t)(po— 71+ Ri7)

$9 = =U(t)qo

Ry = +U(t) R ’ (4.13)
Ry, = —%U(t)Rz

where

_ 0 Ju(t)
U(t) = [—uT(t) ; ] (4.14)

for some vector function v depending on the rolling curve ay. Moreover, along
the rolling motion, the point of contact py traces out the curve ap = Ry ' pg on

Sa.

[t is straight forward to conclude from the above relations that u(t) = —i ar.
Clearly u is a constant function if and only if @7 is a geodesic on N. It is well
known (Sharpe [12]) that the development of a geodesic curve is a geodesic.
So, the case when u is constant corresponds to the situation when the rolling
curve a7 is a geodesic on S and, consequently, its development as is also a
geodesic on Ss.

With appropriate changes in notation, the equations (4.13) are in accordance
with Proposition 2.3 in [8].

4.2. A sphere rolling on the inside of another sphere. Now consider
two spheres of the same dimension n — 1, embedded in the Euclidean space
R"™ Sy with radius p; and Sy with radius ps > p;. Suppose that the sphere
Sy is centered at the origin and is stationary. Assume that S; is centered at
the point ¢ = (0,---,0,—(p2 — p1)) ', so that at time ¢t = 0 it is tangent to
Sy at the south pole of Sy, pg = (0,---,0,—p2)", (which also coincides with
the south pole of S7). Assume now that S; starts rolling inside Ss, along a
piecewise smooth curve «, satisfying «(0) = py.

This situation is similar to the previous. It is enough to replace gy by
(07 -0, _pl)T and 7 by (07 -0, _(/02 - pl))T'

5. Constructive proof of controllability

Consider again a sphere rolling on the outside of another sphere, as in Sec-
tion 4.1. As before, the initial point of contact is py.

When n = 3, the spheres are two-dimensional and when S; rolls over Sy with-
out twisting or slipping, the no-twist condition prevents rotations of S about
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the axis Opy (twists at py), while the no-slip condition forbids slipping motions
which may be thought of as transport of S; over a geodesic or as rotations of
S1 about an axis through the center of Sy (the origin) and perpendicular to
Opo (these we term slips from py).

It is well known that the system is controllable when the spheres have unequal
radii. We prove that result by constructing motions that achieve the effects of
twists and slips by means of rolling, in the spirit of [9]. This is first done for
the case n = 3, in Section 5.2. In Section 5.3, we define the higher-dimensional
analogues of twists and slips, show how to synthesize them using rolling motions
and finally establish that those constructions suffice for controllabilty.

An Euclidean transformation (R, s) € SE,, is constructible if we can exhibit
a rolling motion X (¢) such that X (T) = (R, s) at some T" > 0. Our goal is
to show that all twists and all slips are constructible. We will do so using only
piecewise constant control functions.

It will also be convenient to re-parametrize system (4.13) so that ¢ is arclength
of the rolling and development curves. For ease of notation, we will henceforth

assume po = 1. There is also no loss in assuming p; < 1, and we put v = p;.
Then

4 (51— 59) = —%U(t)RlT
o v 5.1
o = —U(t)Ry

5.1. Piecewise constant controls. As remarked at the end of Section 4.1,
the control function U (t) is piecewise constant iff both the rolling and the de-
velopment are piecewise geodesics of their respective spheres. We now describe
such rolling motions by integrating (5.1) from (Ry,s1) = (R, s2) = (1,0) at
t=0.

Let ao : [0,T] — Sy be a piecewise geodesic development curve starting at
po. Given a partition tg = 0 < t; < --- <ty =T of [0,T], let I; = (t;_1,t;),
7, = t; — t;_1. Choose a partition so that,

ay (t) = el tmVigrmVier Lo oemVig e [ 1 < < N (5.2)
Suppose t € I; for the remainder of the Subsection. From as = RJ po,

R, (E) — (eTiflvifl L. 67’1‘/1)_1 e—(f—ti—l)Vi7
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whence, from Ry = —UR,, the functions U (t) and V () are related by
U@R) = U= (Ve Ty (Ve o) (53)
We note that, for each £k =1,..., N,

Ve | .. eTlvl — eTlUl . eTkUk_ (54)

We make explicit the induction step in checking the previous formula

€

eTk+1Vk+1 (eTka . €T1V1)
_ Ve ... o1V STk tUkr (Ve ., ,miVA -1 Ve ... ,1iV1
(6 e ) e (6 e ) (6 (& )
— (eTlUl . eTkUk) eTk+1Uk+1.

Combining (5.3) followed by (5.4), we get

‘/i — (eﬂ'—lVi—l .. eTlvl) Uz (eTi—lvi—l L 671V1)_1 _
— (eTlUl . 6Ti71Ui71) Uz (eTlUl L eTiflUifl)_l )
From R; = %U Ry and the fact that U (t) is piecewise constant,
Ry (Z) = e%(%fti‘l)UienT_lUi‘l el
Finally, from 4 (s; — s9) = —%URlT = —4 (Ry) 7 we have
(s1—s92)(t) = (I — Ry (1)) .
Remark 1. U;pg is the pullback of V;as along as.

5.2. The case n=3, main results. Choose coordinates so that the initial
point of contact of the spheres is pg = (0,0,1). Then ¢y = (0,0, —p1), and
T=po—q = (0,0,1+ p1). . .

Letting, as in Section 3, A;; = e;e; — eje;

Ay = A137 AI = A237 AZ = AIQ

, we now define the 3 x 3 matrices

and also
A(f):=A,cos0+ A,sinb. (5.5)

Note that %’ 0 (etA(g)po) = (cos,sin 0, 0), so that geometrically the rotation

tA(0)

matrix e moves the north pole pg in the direction with angle 8 in the tangent
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space to Sy at py, identified with the the zy-plane. With the above choices, a
twist at pg is (eO‘AZ, 0) and a slip from pq is (etA(a), O).

If a constant control

0 0 U1
U= 0 0 U9
—UuUr —U ‘ 0

has norm one (u? 4+ u3 = 1), then U = A () for some 6. Moreover, e*™V = [
as can be seen from (5.18) in the Auxiliary results.

)

Remark 5.1. Let as be a piecewise constant development as in (5.2), with
U; = A(6;) for each i. Then ay takes a left turn (as seen from the outside of
Sy) with internal angle Af at ay (¢;) iff

0¢+1 =7+ 60; — A6. (56)
The analogous formula for a right turn at the same point is 6.1 = 7+ 6; + Af.

A half-tumble is a rolling motion of Sy over Sy corresponding to a geodesic
development with length 7.
The development of a sequence of two half-tumbles is

6tV1p07 t e (07 /yﬂ-)
@ (t) = (t=my)Va2 oy Vi :
e e Vipg, t € (my,2ym)
Letting U; = A(0;), i = 1,2, relation (5.3) reads Uy = A(6;) = V3
UQ =A (92) = e_ﬂ-’yvl‘/geﬂ-’yvl.
Noting that 71 = 7 = 7y, the resulting rolling motions satisfy
Ry (277y) = (emVQemvl)_1
. (emAwl)emA(eg)) B
:€—7T’YA(92)€—7T’YA(91)

Rl (27_‘_7) :671'14(92)67'('14(91)7

)
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and so
R (2m7) = emA0D) 77A0:) g AG:) 7 A) (57)
(51— 82) (2my) = (I — Ry (277)) 7,
= (I — GWA(GQ)GWA(91)> T =0,

s (2m7y) = RY (51 — 89) = 0. (5.8)

A tumble is a rolling motion of S7 over Sy corresponding to a geodesic develop-
ment of length 27ry. This is a sequence of two half-tumbles with U = A (6,) =
A (6y). From the preceding discussion, Ry (27y) = I, Ry (21y) = e 2™40) 50
that, at t = 27,

(R,s) = (e2mU, 0).

A concatenation of n tumbles from py has development (5.2) with 7; = 27y for
each i and thus satisfies (R (2myn), s (2myn)) = (R, 0) where

R = (627r'yVn L 627T’YV1’ O) — (627r'yU1 L. 627T")/U"’ 0) . (59)

Proposition 5.1. When 0 < v < i or % < 7 < 1, any twist is constructible and
can be realized with finitely many sequences of four tumbles.

Proof: We first prove the Proposition for 0 < v < i. Given a € (0,7/2),
consider a spherical quadrangle [pg, A, B, C] on Sy with interior angle 2« at py
and at the opposite vertex B and each of whose four arcs has length T" = 27.
Note that 0 < T < m/2. For definiteness, the vertices are labeled counter-
clockwise, as seen from the outside of Sy (See Figure 5.1).

We compute the angle § at A and C. The spherical triangle [py, A, B] has
interior angles «, 3, and again « at those vertices. Let WW be the arc-angle of
poB. By the law of sines of spherical trigonometry,

sina  sin

= 5.10
sinl”  sinW ( )

and by the law of cosines,

cosW = cos’T +sin’ T cos 3. (5.11)
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For convenience, put I' = cos (T'), so that 0 < I' < 1. Then cosW = I'* +
(1 — FQ) cos 3. The previous relations imply

I sin? o — cos? a

cos f = (5.12)

I'2sin® a + cos? a’
which uniquely defines 5 € [0, 7]. For later use, we rewrite these relations in
terms of n = 2a. Relation (5.12) becomes

F2 (1—00577) . (1+cosn) (F2 . 1) . (F2 + 1) cos )

cos J = 2 2 — (5.13)

T2 (1—02057)) + (1+C20577) (1"2 + 1) — (1"2 . 1) cos .

and, because (8,1 € (0,7),

2I'sinn
(2 4+1)—(I'?=1)cosn’

sin 8 = (5.14)
Note that, for fixed I, 8 («a, ') decreases from 7 to 0 as « increases from 0
to m/2. This is easily seen by considering

FQ—(F2+1):E
F@) = Fr— )
) =

so that cosf = f ((3082 a), and noting that f (1
L (f (cos’@)) < 0.

We consider the rolling motion with [py A, B, C, py| as its development. We
describe this development in the form (5.2) for suitable A (6;) by repeatedly
applying (5.6). Let 6 = a4+ 5. At vertex A, the internal angle must be 3 and
thus 6y = 7+ (a + B) — f = ™+ «. Likewise, the internal angle at B must be
2a, 50 03 = m+ (7 + ) — 2a = —« and the internal angle at C' is 5 and so
by=rm+(—a)—fB=m—a—L.

Recalling (5.9), at ¢ = 4T the rolling motion is (R (47),s(4T)) = (R,0),
where

—1, f(0) = 1 and that

R —TAW) JTAW:) TA0) TA0:)

:eTA(a+B)€TA(7T+a)€TA(—a) eTA(Tr—a—B)

Using (5.20),
R = eTA(oH—ﬂ)e—TA(a)eTA(—a)e—TA(—a—ﬁ).

We show in Lemma 5.5 that this last expression equals e~ (4*+26)4

Do, as required.

#, a twist at
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FIGURE 5.1. Two instances of maneuvers described in Proposi-
tions 5.1 and 5.2, for 0 < v < i, and then for i << % In either
case, the rolling is counter-clockwise from the north pole.

Lemma 5.9 ensures that, for I' # 1, the range I of 4a+2/ is never a singleton,
as « takes values in [0, 7/2]. This establishes that finitely many tumbles suffice
to achieve any twist at py. (The number of tumbles required may be computed
from I, which is made explicit in that Lemma.) We also remark that, asy 7 %L,
I does narrow to a singleton.

It % < v < 1, we define a similar quadrangle as before, but now with 7" =
27 (1 — 7). Consider a rolling motion (R, s) that traverses the same sequence
of points

(po, A, B, C, po)
but now moving from py to A along the larger portion (of length T =21 —
T) of the great circle containing those points, and so on. Since eTAG+m) —
e TAW0+T) — TAWO) e have again

R (4T) = o2,

Proposition 5.2. When % <y < % or % <y < %, any twist is constructible and
can be realized with finitely many sequences of four half-tumbles.

Proof: First we consider the case }L <y < % Let 4 = 3 and define the same
quadrangle as in the previous Proposition, now with four arcs of length T" =
2my = mvy. The two left arcs are a development with 6 = —a, 0y = 1 —a+ .
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Using (5.8) and (5.7), the rolling motion from py along the two left arcs results
at t =27 in (ng, 0)7 with
Ryy = 400 o(m+T)A(02) gmA(01)

_ TA(=a) (r+T) A(m—a+B) jmA(—a)

Analogously, the two right arcs are a development with 03 = o, 0, = 71+a—
and at t = 2T, the rolling motion from py is (R34, 0)

Rsy = eTA(QS)6(W+T)A(04)6WA(93)

_ eTA(a)e(w—i—T)A(w—l—a—ﬁ)ewA(a).

Therefore, the rolling motion around the closed curve is, at ¢t = 47T,
(Rig34, 8) = (R;;f, O) (R12,0).
Using Lemma 5.8,
Ry934 = <€7TA(O‘)6_(W+T)A(W+Q+§)e_TA(a)) <6TA(_Q>e(”T)A(W—a—B)ewA(—a))

— 6(74O‘+25)Az
The case % <y < % may be handled in a way similar to the case % <v<l1
at the end of proof of the previous Proposition.
|

Miming twists in the remaining cases is trivial. When v = % or v = % , 1t
is enough to consider a spherical triangle with a segment along the equator of
So. When v = %) it is enough to consider a spherical lune with the poles as
endpoints. Thus, we have:

Corollary 5.1. Any twist is constructible with finitely many half-tumbles.

Proposition 5.3. Any slip eV4® from py = (0,0,1) with 0 < W < 27y is
constructible as a twist followed by two half-tumbles or two tumbles.

Proof: We may take 6 = 0.

First we consider 0 < v < % We exhibit a slip as a twist followed by a
sequence of two tumbles. Consider a spherical triangle as in Figure 5.2 with
vertices pg, A, B, so that the arcs [pg, A] and [A, B] have length T" = 27y

and the arc [B,po] has length W. (In this construction, one may take any
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0 < W < 47.) Let a be the common angle at py and B and let 3 the angle at
A. Again, from the laws of sines and cosines (5.10) and (5.11), but now solving
for a, B, and using F' = sinT > 0, we get

['? — cosé
I?2-1

n r 1 —cosW
Ccos @ = \/ )
V1 =T2V 1+cosW

Again recalling Remark 5.1, [pg, A, B] is a piecewise geodesic development arc
with 8; = —a, 0 = m — a — . The Proposition follows from equation (5.9)
and then Lemma 5.6:

R— 6TA(—a) GTA(W—(a—i—ﬁ)) — WA, 6(7r—(2oz+ﬂ))Az_

cos ff =

and

In the case % < v < 1, we may proceed again by rolling along the same
sequence points, but using the larger portion of the great circles, as in the
previous Propositions.

If v = % we show that a slip e with 0 < W < 7 is achieved as a
twist eV 4= followed by two half-tumbles. Consider the same spherical triangle
as before, but now with two sides of equal length T" = 7y = 7/2. Then
['=cosT =0, cosf =cosW, =W, cosa=0, a = Z. The motion after two

5.
half-tumbles is, according to (5.7), (R,0) with
R — oTAO) (T+m)A(0) ;mA(6r)

W A(0)

Choosing 1 = —a, 0y =1 —a — [ =m —a— W, Lemma 5.8 provides
R = efAup(m—2048)4s _ WA, WA

so that €4y = Re="4: as required.

As a consequence of the preceding results, we have:

Corollary 5.2. Any slip is constructible.

5.3. The general case n > 3. As in Section 4.1, let Sy and Sy be a (n — 1)-
spheres in R", of raddi 0 < p; = v < 1 and py = 1, centered at ¢ and the
origin, respectively, and having py € 51N Sy as the unique point of contact, so
that ¢ = (1 +7) po.
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FIGURE 5.2. Achieving a slip.

Let L = span{pg}. A twist at py is (exp (M) ,0) € SE,,, where M € so,, and
Mpy = 0. A slip from pg is (exp (N),0) € SE,, with N € so,,, N (L) C L*,
and N (L") C L.

In an orthogonal basis so that pg = (0,...,0,1) € R", the requirements are

simply that
M0 0 |b
w-[300] v [0 1) o

with M(n—l)x(n—l) skew-symmetric. (Having fixed a basis, we identify so,, with
a matrix subspace.)

We now show that these general twists and slips are constructible, in the
sense defined in the introduction to this Section.

Proposition 5.4. If X = (expM,0) is a twist at po, then there is a rolling
motion X : [0,7] — SE, such that X (T') = X.

Proof: A Givens rotation is a matrix of the form exp (tA4;;), where the A;; are
clementary skew-symmetric matrices, as defined in Section 3. Let M be the
block of M indicated in (5.15). It is well known that there is a constructive
procedure to write exp M as a finite product of Givens rotations [3]. In order
to obtain each twist (etAij, 0), it is enough to perform the maneuvers of the
previous Section using only the control input entries u; and ;.

|

Proposition 5.5. If X = (exp (N),0) is a slip from py, then there is a rolling
motion X : [0,7] — SE, such that X (T") = X.



20 F. LOURO AND F. SILVA LEITE

Proof: We use the same basis as in the preceding proof, and let b be defined by
the second equality in (5.15). We claim that there are n—1 twists (exp (M;) , 0)
at pg, 2 <1 < n, for which, putting

K, =exp(M,)---exp (M), (5.16)
and p=(0,...,0,t) € R"! one can write
. 0 b o 0 P 1
] e

We check this claim by induction on the dimension n > 2. The base case

N = [%] = exp (M) [ _(;; g]exp(—Mz)

holds with Ms = 0 and ¢ = b. For the step, suppose the dimension is n + 1.
Given b € R", choose a twist (exp M,1,0),

M,1110
MTH-I - [ 0+1 O] )

such that
exp (Mn+1> b=c=[0,c,...,c,] =[0]¢]".

By the induction hypothesis, there is a finite product K, as in (5.16) for which
0 |c| 0 |p| o1
=i -5 [t

and now we check

[0 _
exXp (Mn—i-l) Kn T B ] K leXp (_Mn+1)

—p" [0 n
_ [ exp M1 |0 ] 0 ‘ c exp <—]\~4n+1> 0
10 1] [—c"0 0 1
| 0 b | exp (—Mn+1) 0] 0 |b

B I —' 0 0 ‘ 1 —b" 0 |’

as required.
The slip
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corresponds to the slip (etAx, O) with respect to the last three variables and is
therefore constructible, as shown in Section 5.2. From Proposition 5.4, all of
the twists (exp (M;) , 0) are constructible and therefore so is the slip (exp IV, 0).

|

Now we recover the well-known result that the system consisting of S; rolling
outside Sy is fully controllable whenever the radii of those spheres are not equal.
If M; and M, are m-dimensional submanifolds of Euclidean space R", then,
following Sharpe [12]|, we may take for the space of configurations as M; rolls
over M, the space

Q (Ml,MQ) = {(I’l,A,xz) C M; x SO,, x M, : ATlel = szMQ} .

Remark 5.2. Alternatively, the space of configurations can be defined by iden-
tifying points of {(Ry, s1, Ra, $2) € SO, XxR" x SO,, xR"} in an obvious way.

Let I = [0,T] and wy = (x1,A,z9) € Q (M, Ms). A piecewise smooth
rolling curve ay : I — M; with ag (0) = 1 defines a rolling motion X =
(R,s) : I — SE,, with X (0) = (A, 1 — x9) and thus also a development curve
ag: I — My by as(t) = R(t) ay (t) + s(t). In this way, each such oy lifts to
a path w: I — Q (M, Ms) by w(t) = (aq (t),R(t), s (t)) and we say that
w (T') is reachable from w (0) = wy in (M, Ms).

Remark 5.3. For each ¢ € SE,, there is an obvious bijection ¢¢ : 2 (§M;, My) —
Q (M, My), namely ¢¢ (21, A, x2) = (5_1561, Aok, :1:2), and it is clear that wy is
reachable from wy in Q (§M;, Ms) iff ¢pewy is reachable from ¢ewy in Q (M, My).

When M; and Ms are oriented hypersurfaces of the ambient space, Q2 (M, M)
is partitioned into two subsets, corresponding to M; rolling on one of the sides
of Ms. Since

1,51 ={weR": (w,z1 —c) =0} and 7,52 = {w € R" : (w,x9) =0},
we conclude that € (51, 52) = Q-1 U Qq, where

Qr = {(q,A,p) C S1 x5O, x Sy: A(q—c) = oyp}.
The configurations in €2_; correspond to S; rolling on the outside of Sy, and

we write Q := Q_;. With these definitions, wy = (po, I, po) € §2, as may easily
be checked:

Apo—c)=A(po— (1 +7)po) = A(=vpo) = —7po.
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Proposition 5.6. Given wy,w; € Q(S1,.52), wy is reachable from wy.

Proof: Since the rolling system is reversible, it is enough to show that wy =
(po, I,po) is reachable from any wy = (p1, 4,p2) € Q(S1,S52). Remark 5.3

is implicitly invoked at each step. Let py = e’V for some T > 0, U € so,,.

By rolling with constant input U, we reach a state (p1,*,pp). By a slip at
p1, a configuration (po,A,p()) is reached with A(po —¢) = —7ypy, that is

A

A (pg) = po. Finally, a twist at py allows us to reach (po, I, po).

5.4. Appendix - Auxiliary results.

Remark 5.4. We suppose throughout this Section that «, 3 are the angles and
T, W are the arclengths of the sides of an isosceles spherical triangle in the unit
sphere of Euclidean 3-space and thus those quantities satisfy relations (5.10)
and (5.11).

The first Lemma concerns spherical trigonometry.
Lemma 5.1. If a, B, W.,T are related as above, then
cosT'sinT (1 — cos ) = sin W cos .

Proof: Using (5.10) and then (5.13) and (5.14), we reduce the goal to

cosasinT

cosT'sinT (2 + 2cos (2a)) = -2 cosT'sin (2a) ,

sin o
which is readily verified.
|

In this Section, we use the notation A (6) introduced earlier in (5.5) for
rotations in 3-space. Some of the results below may be geometrically obvious,
but their proofs are included for the sake of completeness.

Lemma 5.2. The general equality holds:

etA(@) _ e_UAzetA(e_U)eaAz, (517)
and thus also the special cases o = 0
62514(9) — e—eAzetAyeeAz’ (518)

and the further particularization 0 =60 =«

e™ ey = tAyemA: (5.19)
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Proof: We prove (5.17). Fix o and ¢. Equality holds at ¢ = 0. The left side
obeys X = A (0) X. As for the right side,

% <€—UAZ€tA(9—U)eJAZ> _ (e_UAZA (9 . O') eJAZ) (6—JAzetA(9—a)eUAz) :
so it remains only to verify e™4: A (§ — o) €74 = A (), that is

e A0 —0)=A0) e,

which is
[ coso —sinog 0 0 0 cos (0 — o)
sine  coso 0 0 0 sin(0—o) |.
|0 0 1 —cos(f —o) —sin(f — o) 1
[0 0 cos 6 coso —sino 0
= 0 0 sin ¢ sinoc coso 0 |.
| —cosf —sinf 1 0 0 1
Both sides equal
0 0 cos 6
0 0 sin ¢
—cos(@—o) —sin(@—o) 1
and the Lemma is proved.
|
From (5.19), we derive the geometrically clear fact
etA(?TJr@) — e*@AzefﬂAzetAyeﬂAzegAz — eftA(é)), (520)

Lemma 5.3. For every n > 1 and numbers 6;, t;, o the following are equivalent:
HA() | taABn) _ toAs

€ Y
and
6t1A(91+0’) . etnA(9n+0') — etOAZ.
Proof: This is an easy consequence of (5.17). n

The following is a core technical result.

Lemma 5.4. If a, 8,T are related as in Remark 5.4, then

204 TA BA. ,~TAy 204, TA, BA. ,~TA, _ | (5.21)
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Proof: Putting M = e2*4:eT4v and N = e74:e~T4v_ this last equation becomes
(MN)* =1.

Since each of M, N, P = M N is orthogonal, it is enough to show that M N =
(MN )T. This we accomplish by straightforward, but tedious, computations.
For conciseness, write 7 = 2a.. Then

cosncosT sinn cosnsinT

M = | —sinncosT cosn —sinnpsind |,
—sinT’ 0 cosT’
and
cosfBcosT sinf3 —cosfBsinT
N = | —sinfcosT cosf sinfsinT |,
sinT’ 0 cosT’

and P = M N is symmetric iff the following three equations hold: Py = Py,
P13 = Pgl, P23 = P327 which are, in fU.H,

cosncosT sin 5+ sinncos S+ 0
= —sinncos Bcos® T — cosnsin fcos T — sinnsin® T, (5.22)

and

cosncosT cos BsinT — sinnsin SsinT — cosnsinT cosT' (5.23)
=sinT cosBcosT + 0 —cosTsinT,
and
—sinncosT cos fsinT — cosnsin BsinT + sinnsinT cos T (5.24)
=sinT'sin 8+ 0+ 0.

Now, recalling that I' = cos T" and relations (5.13) and (5.14), the first equation
(5.22) becomes,

cos Bsinn (1 + Fz) + 4T sin B cosn + (1 — FQ) sinn = 0.
After diving through by sinn, we obtain
((F2 — 1) — (F2 + 1) COS 77) (1 + FQ) + 4% cos
+(1-1%) ((IP*+1) — (I* = 1) cosn) =0
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and thus
(— (F2 + 1)2 + (F2 — 1)2) cosn + 4% cosn = 0.
Similarly, the second equation (5.23), divided by sin T,
['cos Bcosn =sinfBsinn +I'cosn+I'cosff —T
and again, dividing by I,
(T*=1) — (T®+1) cosn) (cosny — 1)
— 2sin*n 4 (cosn — 1) ((F2 +1) — (F2 — 1) cosn)
and so
cos? 1) (— (F2 + 1) + (F2 — 1)) — 2sin?p
+ cos7 ((1 +F2) + (F2 — 1) — (F2 + 1) — (F2 — 1))
= (I?—-1) - (I'?+1).
Finally, for the third equation (5.24), dividing through by sin T,
—I'sinncos 8 —cosnsin 3+ ['sinn = sin 3
and so
— T ((F2 — 1) — (F2 + 1) cosn) sinn — 2I'sinn cosn
+ I ((F2 + 1) — (FQ — 1) cosn) sinn = 2I'sinn.
|

The next result is used to compute a four-tumble sequence and will be used
as a stepping stone to obtain more general results.

Lemma 5.5. If a, 8,T are related as in Remark 5.4, then

TA(a+8) ,~TA() ;TA(~a) ,~TA(~a=B) _ ,~(da+28)A. (5.25)

Proof: Repeatedly use (5.18) to rewrite the left-hand side of (5.25) as
TA(a+5) ,~TA(0) JTA(~0) ,~TA(~a—F)

(&

€
_ ( o (atB)A; TA, e(a—i—B)AZ) (e~ A TAveards)

(0= Ty g0 ( latB) AL ~TA, e(a+ﬂ)Az)

_ o (a+B)A ( T Ay BA: =T A 204, [TA, BA. e—TAy) —(a+B)A,

e
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thus reducing (5.25) to

T Ay BA: T A, 204, [TA, BA. ,~TA, 204,

:ei ,

which is proved in Lemma 5.4.

The next result is used to compute a two-tumble sequence.

Lemma 5.6. If o, 8, T, W are related as in Remark 5.4, then

TA(a) ,~TA(a+5) WAy o(m+(20+5))A:

€ =€

and

TA(~a) ,~TA(~(a+5)) WA, ,(1—(20+5))As

€

Proof: We check the first equation. First note that e~ WAvelAl@)e—TAla+f)
leaves invariant the line spanned by (0,0, 1). This is geometrically clear, and
may be shown by direct computation. Expand

TA(a) ,~TA(a+5)

=€

e WAve

—e WAy (e_aAzeTAyeaAz) (6_(a+5 )Aze_TAye(aJrB)AZ)

:e—WAye—OZAz eTAy e_ﬁAz e_TAy e(a_‘_ﬁ)AZ ,

and then check that eT4ve=#4:e=TAe(0+8)A: and e24:eW 4y take (0,0, 1)L to,
respectively,

—cosT'sinT cos B+ sinT cosT sin W cos «
—sinBsinT and | —sinasinW |,
sin? T cos B + cos® T cos W

which are equal by Lemma 5.1 and the laws of sines (5.10) and cosines (5.11).

Therefore,

o WA, TA() ,~TA(a+5) _ ,~xA. (5.26)

for some y, and thus
6TA(OH—ﬁ)e—TA(a)GWAy _ GXAZ. (527)

By symmetry with respect to the yz—plane, equation (5.26) becomes

o WA TA(=a) ,~TA(~(a5)) _ xA: (5.28)
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Combining equations (5.27) and (5.28) we get

( TA(+5) 6—TA(a)> < TA(~0) e—TA(—(a+ﬁ))) _ oA

By Lemma 5.5, 2y = — (da+ 268). When a« = 0, f = 7, W = 2T, we must
have xy = 0 and therefore, by continuity, x = m— (2« + ). The second claimed
equation is obtained from the first by symmetry with respect to the yz—plane.

|

The following is used to achieve a slip under certain conditions.

Lemma 5.7. If 8 =W and a =T = 7, then

TA(—«) (n+T)A(n—a—0) ;tA(—a)

e e e = W Aye(r—2040)4.

Remark 5.5. More generally, the formula in the previous Lemma holds when-
ever a, 8, T', W are related as in Remark 5.4, as does the analogous

eTA(a)6(7T+T)A(7r+a+ﬁ)e7rA(a) _ eWAye(w—ﬂa—B)Az

)

though we make no use of these more general results.

Proof: We are to show that
6%A(—g)€%ﬂA(g—ﬁ)eﬂA(—g) — oPAy AL
The right-hand-side is
cos3 0 sinf cosf3 sinf 0 cos? 3 sin Bcos B sinf
0 1 0 —sinf cosfB 0 | = —sin 3 cos 3 0
—sinf 0 cospf 0 0 1 —sinfBcosfS —sin’fB  cosf
Relation (5.17) with 0 = —f results in

o 3A(58) — BA . FA(F) g BA: _ PAL —F AL~ BAL

and, from (5.20),

and
ewA(—%) _ e—ﬂ'A(g) _ eWAg:-

Then the left-hand-side of the goal becomes
e_gAa: (eﬁAze_%Awe_ﬁAz> eﬂ-A:v
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We compute this matrix explicitly:

(1.0 0 cosf  sinf 0 1 0 0 |[cosB —sing 0 1 0 0
00 —1 —sinf cosf 0 0 0 —1 sinff cosf 0 0 -1 0
01 0 0 0 1 01 0 0 0 1 0 0 -1

[ cosB  sinf 0 cosB sinfB 0 [ cos?p sin Bcos B sinf

= 0 0o -1 0 0 1| = —sin g cos 3 0
—sinf cosp 0 sinff —cosf 0 —sinfBcosf  —sin?B  cosfB

The next result is used to compute a sequence of four half-tumbles.

Lemma 5.8. If a, B, T, W are related as in Remark 5.4, then

€7TA(04)6—(71‘+T)A(71‘+04+§)e—TA(a)eTA(—a)e(ﬂ'—i—T)A(W—a—ﬁ)ewA(—a) _ e(_40‘+25)’4z.

Proof: Relation (5.20) allows us to rewrite the goal as

WA(a)e(ﬂ—i—T)A(a—&—B)e—TA(a)eTA(—a) —(ﬂ'—l—T)A(—a—B)eﬂA(—a) _ 6(—4a+2ﬁ)Az

€ €

and then Lemma 5.5 alllows the further reduction to
eﬂA(a)eﬂ'A(oz—!—ﬁ)6—(4a+2ﬁ)Aze—ﬂ'A(—a—ﬁ)ewA(—a) _ e(—4a—|—25)Az.

As in the proof of that Lemma, use repeatedly equality (5.18) to rewrite this
last equation as

( p—0Az T Ay eaAz) ( p—(a+B)A. T A, 6(a+B)AZ) p—(da+28)A,

Y

. (e(a+B)Az ewAye—(oH—B)AZ) (eaAZ eﬂ'Aye—ozAz) e(—4a+2B)AZ

which simplifies to

oAy o= BA TAy =20A; A, —BA. _ (—20+28)A.

Finally, relation (5.19) easily shows this last equation to be true.

The final result gives bounds for the magnitude of certain twists.

Lemma 5.9. If a, B, T are related as in Remark 5.4, then for any fixed T" €
(0,7/2), as « takes values in (0,7/2), the range of 2ac 4 ( is the interval with

endpoints 2 arccos (%) and 7.
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Proof: As in relations (5.13) and (5.14), let n = 2« and " = cos T'. We are to
determine the range of

F(n) =n+ B =n+ arccos (f (cosn))
with
—1)—(T*+1)z
P B G e
M2+1)—T2-1)=z
As noted before, F'(0) = F'(r) = . Now compute the interior extrema of F
by straightforward differentiation,

1
24 = 1-— "(cosn) (— sin
(n) NiE (Cosx)f (cosn) (—sinn)

= 1+ f'(cosn)

L AT .
(F2+1) — (I'2 = 1) cos )

iff
(F2 + 1) — (F2 — 1) cosn = 2I'
and thus the unique interior extremum of F' occurs at n* such that cosn* = ?—:&
with image
-1
Fn) =n — ] =.
(n") n +arccos<f<r+1>>
- -1 5 -1
g T _— = T _—
n" + arccos ] arccos Tl
|
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