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1. Introduction

In the sequel we consider Cn endowed with the indefinite inner product de-
fined by [x, y] = y∗Hx, for any x, y ∈ Cn, where H = diag(δ1, δ2, · · · , δn)
is a selfadjoint involution, i.e., H = H∗ and H2 = I. A real matrix A is H-
symmetric or pseudo-symmetric, if HATH = A, being HATH the H-adjoint
of A, usually denoted by A#.
A periodic pseudo-Jacobi matrix is one of the form

Jn =

















a1 ǫ1b1 0 · · · 0 bn
b1 a2 ǫ2b2 · · · 0 0
0 b2 a3 · · · 0 0
...

...
... . . . ...

...
0 0 0 · · · an−1 ǫn−1bn−1

ǫ1 · · · ǫn−1bn 0 0 · · · bn−1 an

















, (1)

where all entries are real, bi ≥ 0 and ǫi = ±1. The matrix Jn is H-symmetric
for H = diag(1, ǫ1, ǫ1ǫ2, · · · , ǫ1 · · · ǫn−1). If bn = 0, the tridiagonal matrix so
obtained is called a pseudo-Jacobi matrix, which is said unreduced if bi >
0, i = 1, . . . , n − 1. In the sequel, we shall be concerned with this case.
If H is the identity, matrices of the type (1) are termed periodic Jacobi
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matrices. These matrices deserved the attention of many authors as they
appear in different subjects of pure and applied mathematics, see [10, 11] and
the references therein. For example, they arise in the discretization of the
one-dimensional Schrödinger equation with periodic boundary conditions [3],
or in connection with small vibrations of a nonhomogeneous ring [8]. Jacobi
matrices have motivated the interest of researchers due to its applications in
many areas (cf. e.g. [2, 7, 9] and the above cited monographs).
Following [12], the matrix Jn can be represented as

Jn =

[

Jn−1 y
zT an

]

, (2)

where Jn−1 is the matrix obtained from Jn by deleting the last row and
column and

y = (bn, 0, · · · , 0, ǫn−1bn−1)
T ∈ Rn−1, zT = (ǫ1 · · · ǫn−1bn, 0, · · · , 0, bn−1) ∈ Rn−1.

The matrix Jn−1 is pseudo-symmetric, so its spectrum is symmetric rela-
tively to the real axis. We shall assume that Jn−1 has real and simple eigen-
values, this condition ensuring that Jn−1 has a corresponding set of real
H-orthonormal eigenvectors.
Our main aim is the investigation of the following inverse spectral problem,

throughout referred as IPPJ:
Given the data {λ, µ, β, δ} satisfying the following conditions:

(i) λ1, . . . , λn are complex and pairwise distinct numbers, closed under
complex conjugation;

(ii) µ1, . . . , µn−1 are real and pairwise distinct numbers;
(iii) β is a positive number;
(iv) δ1 = 1, and δj = ±1, j = 2, · · · , n− 1;

determine a necessary and sufficient condition for the existence of a matrix
Jn of the form (1), H-symmetric for H = diag(δ1, . . . , δn), such that σ(Jn) =
{λ1, . . . , λn} , σ(Jn−1) = {µ1, . . . , µn−1} , where σ(X) denotes the spectrum
of the matrix X, and

∏n
i=1 bi = β .

This note is organized as follows. In Section 2 a modified Lanczos al-
gorithm, which constructs a pseudo-Jacobi matrix from prescribed spectral
data, is presented. In Section 3, IPPJ is investigated. In Section 4, an al-
gorithm to construct its solutions is proposed and an illustrative example is
given. The obtained results are parallel to the analogous ones for classical
Jacobi and periodic Jacobi matrices, from which the here considered matrices
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differ in sign patterns. The approaches of Ferguson’s in [8] and of Xu and
Jiang in [12] have been followed with convenient adaptations.

2. An inverse problem for pseudo-Jacobi matrices

In this section we show that the Lanczos algorithm can be used to re-
cover the entries of a pseudo-Jacobi matrix from its real, simple eigenvalues
µ1, . . . , µn−1, the first entries of the corresponding eigenvectors v1, . . . , vn−1

and the respective norms δ1, . . . , δn−1.
For convenience, we shall use capital letters to denote the entries of vectors

and matrices obtained by an algorithm. As usual, δjk denotes the Kronecker
symbol (δjk is 0 if j 6= k and 1 if j = k). A real matrix V is called H-
orthogonal if V V # = I.
The next statement is a sort of uniqueness theorem and the proof provides

a reconstruction algorithm.

Theorem 2.1. Let Jn−1 be H-symmetric for

H = diag(1, ǫ1. . . . , ǫ1 · · · ǫn−2) = diag(δ1, . . . , δn−1).

Let σ(Jn−1) = {µ1, . . . , µn−1}, v11, . . . , vn−1,1 be the first entries of the corre-
sponding eigenvectors v1, . . . , vn−1, and δ1 = [v1, v1], . . . , δn−1 = [vn−1, vn−1].
Then, Jn−1 can be constructed by the following:

Algorithm 1.

1. Set b0 = 1;
2. For j = 1, . . . , n− 1, set Y0j = 0;
3. For j = 1, . . . , n− 1, set Y1j = v1j;
4. Iterate for i = 1, . . . , n− 1;

5. ai = δi

n−1
∑

k=1

δkµkY
2
ik;

6. bi =
√
Di, Di := δi+1

n−1
∑

k=1

δk((µk − ai)Yik − bi−1Yi−1,k)
2;

7. Yi+1,j =
(µj − ai)Yij − bi−1Yi−1,j

ǫibi
for j = 1, . . . , n− 1;

8. Take next i;

9. an−1 = δn−1

n−1
∑

k=1

δkµkY
2
n−1,k.
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Proof : The theorem is a consequence of the following three Lemmas.

Lemma 2.1. Under the conditions of Theorem 2.1, we have

aj = δj

n−1
∑

k=1

δkµkv
2
jk, (3)

b21 = δ2

n−1
∑

k=1

δk(µk − a1)v1k, (4)

b2j = δj+1

n−1
∑

k=1

δk((µk − aj)vjk − bj−1vj−1,k)
2, j = 2, . . . , n− 2, (5)

v2j = ǫ1b
−1
1 (v1jµj − a1v1j), (6)

vk+1,j = ǫkb
−1
k (vkjµj − (bk−1vk−1,j + akvkj)), k = 2, . . . , n− 2. (7)

Proof : Consider the matrix

Jn−1 =

















a1 ǫ1b1 0 · · · 0 0
b1 a2 ǫ2b2 · · · 0 0
0 b2 a3 · · · 0 0
...

...
... . . . ...

...
0 0 0 · · · an−2 ǫn−2bn−2

0 0 0 · · · bn−2 an−1

















, b1, . . . , bn−1 > 0, (8)

which is H-symmetric for H = diag(1, ǫ1, ǫ1ǫ2, . . . , ǫ1 · · · ǫn−2) = diag(δ1,
· · · , δn−1). The real matrix V whose columns are, respectively, v1, · · · , vn−1,
satisfy Jn−1vj = µjvj and vTj Jn−1vk = δkδjk, j, k = 1, . . . , n − 1. Thus,

V V # = In−1 and Jn−1 = V diag(µ1, . . . , µn−1) V
#. Now, we prove (3). From

Jn−1V = V D, D = diag(µ1, · · · , µn−1), (9)

it follows that

a1v1j + ǫ1b1v2j = v1jµj , (10)

bk−1vk−1,j + akvkj + ǫkbkvk+1,j = vkjµj , k = 2, . . . , n− 2. (11)

Multiplying these relations by vljδj, summing over j and having in mind that
the vj are H-orthogonal, (2) follows. Next, we prove (4), (5). Clearly, from
(10), (11), we get

ǫ2b2v2,k = v1k(µk − a1),

ǫjbjvj+1,k = vjk(µk − aj)− vj−1,kbj−1, j = 2, . . . , n− 2.
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If these relations are squared and the result summed over k after multiplica-
tion by δk, (4) (5) are obtained.
Finally we observe that (6), (7), follow from (10), (11).

Lemma 2.2. Under the conditions of Theorem 2.1, we have

v1jvn−1,jχ
′(µj) = δ1δjb1 . . . bn−2, for j = 1, . . . , n− 1,

where χ(z) = det (Jn−1 − zIn−1). In particular, v1j 6= 0, vn−1,j 6= 0, for
j = 1, . . . , n− 1.

Proof : Clearly,

χ(z)−1Adj(Jn−1 − zIn−1) = (Jn−1 − zIn−1)
−1 = V (D − zIn−1)

−1HV TH.

Considering the (1, n− 1)th entry of this relation, we find that

b1 · · · bn−2 = δn−1

n−1
∑

j=1

χ(z)

µj − z
v1,jvn−1,jδj. (12)

Taking the limit as z approaches µj and observing that

χ′(µj) =
∏

k 6=j

(µk − µj),

the result follows.

Lemma 2.3. The pseudo-Jacobi matrix Jn−1 constructed by the modified
Lanczos algorithm is unique.

Proof : Let Ĵn−1 be a pseudo-Jacobi matrix constructed by the modified
Lanczos algorithm from the data {µ, y, δ}.Then, y11, . . . , y1,n−1 are the first

components of a set Ŷ1, . . . , Ŷn−1 of real, pseudo-orthogonal eigenvectors
of Ĵn−1, with pseudo-norms δ1, . . . , δn−1, corresponding to the eigenvalues
µ1, . . . , µn−1. If Ŷ denotes the matrix whose jth column is Ŷj, then Ŷ is
H-orthogonal for H = diag(δ1, . . . , δn−1) and

Ĵn−1Ŷ = DŶ , D = diag(µ1, . . . , µn−1).

We will now prove that the entries (â, b̂, δ) of Ĵn−1 are identical to the entries
(a, b, δ) of the matrix Jn−1 computed by the modified Lanczos algorithm. The

entries Ŷjk of Ŷ satisfy the H-orthogonality relations

n−1
∑

k=1

ŶjkŶikδk = δiδij,
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and also satisfy the recurrence relations

â1Ŷ1j + ǫ1b̂1Ŷ2j = Ŷ1jµj,

b̂k−1Ŷk−1,j + âkŶkj + ǫk b̂kŶk+1,j = Ŷkjµj, k = 2, . . . , n− 2,

which follow from Ĵn−1Ŷ = DŶ . If we multiply the recurrence relations by
Ŷljδj and sum over j the result so obtained, we find that

aj = δj

n−1
∑

k=1

δkµkŶ
2
jk.

The recurrence relations also imply that

ǫ2b̂2Ŷ2,k = Ŷ1k(µk − â1),

ǫj b̂jŶj+1,k = Ŷjk(µk − âj)− Ŷj−1,kb̂j−1, j = 2, . . . , n− 2.

If these relations are squared, and then summed over k after multiplication
by δk, we get

b̂i =

√

√

√

√δi+1

n−1
∑

k=1

δk((µk − âi)Ŷik − b̂i−1Ŷi−1,k)
2.

Since Ŷ1j = y1j, we easily prove, following the sequence of computations in
the modified Lanczos algorithm, that

â1 = a1, b̂1 = b1, Ŷ2j = Ŷ2j,

â2 = a2, b̂2 = b2, Ŷ3j = Ŷ3j,

. . .

ân−2 = an−2, b̂n−2 = bn−2, Ŷn−1,j = Ŷn−1j,

ân−1 = an−1.

We observe that if Di ≤ 0 at step 6 of the Algorithm 1, then its execution
is interrupted. The next result gives sufficient conditions for the algorithm
to work.

Theorem 2.2. Let the data {µ, y, δ} be given and satisfy:

(i) µ1, . . . , µn−1 are real and pairwise distinct numbers;
(ii) y11, . . . , yn−1,1 are real, nonzero numbers;

(iii) δ1 = 1, δj = ±1, j = 2, · · · , n− 1, and
∑n−1

k=1 δky
2
k = δ1;
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(iv) Di > 0, i = 1, . . . , n− 2.

Then the Algorithm 1 constructs a H-Jacobi matrix Jn−1,

H = diag(δ1, . . . , δn−1),

such that σ(Jn−1) = {µ1, . . . , µn−1}, y11, . . . , yn−1,1 are the first entries of
the corresponding eigenvectors y1, . . . , yn−1, and δ1 = [y1, y1], . . . , δn−1 =
[yn−1, yn−1].

Proof : Assume that Di > 0, i = 1, . . . , n − 2. We show that the rows of
the matrix Y constructed by the algorithm satisfy the pseudo-orthogonality
relations

n−1
∑

k=1

YikYjkδk = δiδij, j = 1, · · · , i, (13)

and i = 1, . . . , n − 2. By the hypothesis,
∑n−1

j=1 δjy
2
j1 = δ1. If (13) holds for

i = 1, · · · , l, we will show that it also holds for i = l + 1. Consider Yl+1,k

according to step 7,

n−1
∑

k=1

Yl+1,kYjkδk =
1

ǫlbl

n−1
∑

k=1

((µk − al)Ylk − bl−1Yl−1,k)Yjkδk

=
1

ǫlbl

(

n−1
∑

k=1

µkYlkYjkδk − alδljδj − bl−1δl−1,jδj

)

.

Thus, taking j = l and using step 5, we obtain

n−1
∑

k=1

Yl+1,kYlkδk =
1

ǫlbl

(

n−1
∑

k=1

µkYlkYlkδk − alδl

)

= 0.

For j < l we have

n−1
∑

k=1

Yl+1,kYjkδk =
1

ǫlbl

(

n−1
∑

k=1

µkYlkYjkδk − bl−1δl−1,jδj

)

.
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We consider now Yj+1,k given by step 7, for j < l, and observe that

n−1
∑

k=1

Yj+1,kYlkδk = δj+1,lδl =
1

ǫjbj

n−1
∑

k=1

((µk − aj)YjkYlkδk − bj−1Yj−1,kYlkδk)

=
1

ǫjbj

(

n−1
∑

k=1

µkYjkYlkδk − bj−1δj−1,lδl

)

,

so that
n−1
∑

k=1

µkYjkYlkδk = δj+1,lǫjbjδl + bj−1δj−1,lδl.

Thus, since j < l,

n−1
∑

k=1

Yl+1,kYjkδk =
1

ǫlbl

(

n−1
∑

k=1

µkYlkYjkδk − bl−1δl−1,jδj

)

=
1

ǫlbl
(δj+1,lǫjbjδl + bj−1δj−1,lδl − bl−1δl−1,jδj)

= ǫlδj,l+1δl = δj,l+1δl+1.

This completes the proof that the rows of the real matrix Y, whose jth
column is the vector Yj, areH-orthogonal, that is, Y HY T = H holds forH =
diag(1, ǫ1, · · · , ǫ1 · · · ǫn−2). This implies that the vectors Y1, . . . , Yn−1 are such
that Y T

j HYk = δjkδk. Moreover, we have Jn−1Yj = µjYj. Thus, σ(Jn−1) =
{µ1, . . . , µn−1} and y11, . . . , yn−1,1 are the first entries of the corresponding
eigenvectors Y1, . . . , Yn−1.

Example 2.1. Consider the data

(µ1,µ2, µ3, y11, y21, y31, δ1, δ2, δ3)

=

(

−
√
2,
√
2, 0,

3− 2
√
2

2
√

3− 2
√
2
,

−2 +
√
2

2
√

3− 2
√
2
,

1

2
√

3− 2
√
2
, 1,−1, 1

)

.

From these data, the modified Lanczos algorithm determines the matrix

J3 =





−2 −1 0
1 0 −1
0 1 2



 .
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Now, consider the data

(µ1, µ2, µ3, y11, y21, y31, δ1, δ2, δ3)

=

(

−
√
2,

√
2, 0,

√

4−
√
2,

√

7− 2
√
2, 2, 1, −1, 1

)

.

These data lead to a1 = µ1y
2
11 − µ2y

2
21 + µ3y

2
31 = −2. However the algorithm

has been interrupted at step 6, since D1 = ((µ1 − a1)y11)
2 − ((µ2 − a1)y21)

2 +
((µ3 − a1)y31)

2 = −12 + 2
√
2 < 0. Thus, a matrix J3 corresponding to these

data does not exist.

3. An inverse problem for periodic pseudo-Jacobi matri-

ces

The main result of this section is the solution of IPPJ (cf. [4] for a particular
case).

Theorem 3.1. Let the data {λ, µ, β, δ} be given and satisfy (i), (ii), (iii),
(iv). There exists a periodic pseudo-Jacobi matrix Jn of the form (1), H-
symmetric for H = diag(δ1, · · · , δn), such that

σ(Jn) = {λ1, . . . , λn}, σ(Jn−1) = {µ1, . . . , µn−1}, and β =
n
∏

i=1

bi

if and only if the following conditions hold for j=1,. . . ,n-1:
1) −δnδjxj ≥ 0, where xj =

∏n
i=1(λi − µj)

∏n−1
i=1

i6=j

(µi − µj)
−1 for µj ∈

{λ1, . . . , λn}, and xj = 0 otherwise;

2)
∏n

i=1 |λi − µj| − 4δnδjβ signχ′(µj) > 0, where χ′(µj) =
n−1
∏

j 6=k=1

(µk − µj);

3) For a selected sign ±,

n−1
∑

j=1

δj

(

√

−δnδjxj ±
√

−δnδjxj − δnδj
4β

χ′(µj)

)2

> 0 ;

4) Dj > 0 (cf. Algorithm 1) for j = 1, . . . , n− 2.
Furthermore, there are at most 2n−1 different solutions Jn.

Next, we present four auxiliary lemmas needed for the proof of Theorem
3.1.
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Lemma 3.1. Let µ1, . . . , µn−1 be the eigenvalues of Jn−1 and

vi = (vi1, . . . , vi,n−1)
T ∈ Rn−1, i = 1, . . . , n− 1,

be the corresponding eigenvectors, satisfying [vi, vi] = δi. Then µi is an
eigenvalue of Jn if and only if bnvi1 + δnbn−1vi,n−1 = 0 .

Proof : Let V be the matrix whose ith column is the eigenvector vi associated
with µi such that [vi, vi] = δi, i = 1, · · · , n− 1. It is easy to confirm that the
matrix

U =

[

V 0
0T 1

]

,

satisfies U#U = In, since V V # = In−1. Furthermore,

U#JnU =

[

V #Jn−1V V #y
zTV an

]

=

[

diag(µ1, · · · , µn−1) d
fT an

]

,

where

d = (d1, · · · , dn−1)
T = V #y (14)

= (δ1(bnv11 + bn−1v1,n−1δn), · · · , δn−1(bnvn−1,1 + bn−1vn−1,n−1δn))
T ,

fT = (f1, · · · , fn−1) = zTV (15)

= δn(bnv11 + bn−1v1,n−1δn, · · · , bnvn−1,1 + bn−1vn−1,n−1δn).

A simple computation yields

det (U#JnU − zIn) = (an − z)
n−1
∏

j=1

(µj − z)−
n−1
∑

i=1

difi

n−1
∏

j=1

j 6=i

(µj − z) .

Henceforth, µℓ is an eigenvalue of Jn if and only if det (Jn − µℓI) = 0, that
is, dℓfℓ

∏n−1
i=1

i6=ℓ

(µi − µℓ) = 0 .

Next, we shall assume that Jn and Jn−1 do not have common eigenvalues.

Lemma 3.2. If bnvi1+δnbn−1vi,n−1 6= 0 , for i = 1, . . . , n, then the eigenvalues
of Jn are the n zeros of the function

f(z) = an − z −
n−1
∑

i=1

δnδi(δ1bnvi1 + δnbn−1vi,n−1)
2

µi − z
. (16)
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Proof : The lemma is an easy consequence of the following observation

det (Jn − zIn) = (µ1 − z) · · · (µn−1 − z)

(

an − z −
n−1
∑

j=1

fjdj
µj − z

)

,

keeping in mind expressions (14) and (15).

In the following, we consider that Jn and Jn−1 have common eigenvalues.

Lemma 3.3. Let S be a subset of {1, . . . , n − 1} with s elements such that
δ1bnvi1 + δnbn−1vi,n−1 = 0 for i ∈ S and δ1bnvi1 + δnbn−1vi,n−1 6= 0 for
i 6∈ S. Then, µi is an eigenvalue of Jn for i ∈ S. The remaining eigenvalues
of Jn are the n− s zeros of the function defined by

f(z) = an − z −
n−1
∑

i=1

i6∈S

δnδi(δ1bnvi1 + δnbn−1vi,n−1)
2

µi − z
.

Proof : By Lemma 3.1 µi is an eigenvalue of Jn if i ∈ S, being the remaining
eigenvalues of Jn the zeros of the polynomial

p(z) =
det (U#JnU − zIn)
∏

j∈S (µj − z)
=

(

an − z −
n−1
∑

i=1

fidi
µi − z

)

n−1
∏

j=1

j /∈S

(µj − z) .

Thus, p(z) = det (U#JnU − zIn)
∏

j∈S (µj − z)−1 = 0 if and only if

f(z) =

(

an − z −
n−1
∑

i=1

difi
µi − z

)

=



an − z −
n−1
∑

i=1,i/∈S

difi
µi − z



 = 0 .

The polynomial p(z) has degree n − s, and by construction, it has n − s
distinct zeros. The result follows by Lemma 3.2.

The next lemma follows [12, Theorem 4].

Lemma 3.4. For λ, µ satisfying (i), (ii) and µj /∈ {λ1, . . . , λn}, we have

x1

µ1 − λi
+

x2

µ2 − λi
+ · · ·+ xn−1

µn−1 − λi
+ an−λi = 0 , for i = 1, . . . , n, (17)

if and only if xj =
∏n

i=1(λi − µj)
∏n−1

i=1, i 6=j(µi − µj)
−1 , for j = 1, . . . , n − 1,

and an =
∑n

i=1 λi −
∑n−1

i=1 µi .
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Proof : (⇒) Let

q(z) = an − z +
n−1
∑

i=1

xi

µi − z
.

By easy computations we get

q(z) =

(an − z)
n−1
∏

i=1

(µi − z) + x1

n−1
∏

i=2

(µi − z) + · · ·+ xn−1

n−2
∏

i=1

(µi − z)

n−1
∏

i=1

(µi − z)

,

and so q(z) = Q(z)

n−1
∏

i=1

(µi − z)−1, where Q(z) is a monic polynomial in −z

of degree n. By the hypothesis, q(λ1) = · · · = q(λn) = 0, so Q(z) =

∏n
i=1 (λi − z). Hence q(z) =

n
∏

i=1

(λi − z)
n−1
∏

i=1

(µi − z)−1. For each i, the residue

of q(z) at µi is given by Resz=µiq(z) = −
n
∏

j=1

(λj − µi)

n−1
∏

i=1

i6=j

(µj − µi)
−1, and

yields the value of xi. Having in mind that limz→∞(q(z) + z) =
∑n

j=1 λj −
∑n−1

j=1 µj, the direct implication follows. The converse holds by analogous
arguments.

Proof of Theorem 3.1

(⇒) Assume that there exists a periodic pseudo-Jacobi matrix Jn of the
form (1) such that σ(Jn) = {λ1, . . . , λn} and σ(Jn−1) = {µ1, . . . , µn−1}. If
µj /∈ σ(Jn), by Lemma 3.1 we have (bnvj1+δ1δn−1bn−1vj,n−1) 6= 0 and, bearing

in mind Lemma 3.2 and Lemma 3.4, xj =
∏n

i=1(λi − µj)
∏n−1

i=1

i6=j

(µi − µj)
−1

= −δnδj(δ1bnvj1 + δnbn−1vj,n−1)
2. If µj ∈ σ(Jn), by Lemma 3.1 we have xj =

−δnδj(δ1bnvj1 + δnbn−1vj,n−1)
2 = 0.

Henceforth, the condition 1) holds.
Next, we show that the condition 2) is satisfied. From Lemma 3.3 we get

δ1bnvj1+δnbn−1vj,n−1 = ±
√

−δnδjxj, and from Lemma 2.2 (vj1bn)(vj,n−1bn−1) =
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δ1δj
β

χ′(µj)
, for j = 1, . . . , n− 1, where

∏n
i=1 bi = β. Thus

vj1bn =
1

2

(

±
√

−δnδjxj ±
√

−δnδjxj − 4δnδjβ/χ′(µj)

)

, j = 1, . . . , n− 1 .

(18)
Let

∆j = −δnδjxj −
4βδ1δj
χ′(µj)

= −δnδj

n
∏

i=1

(λi − µj)

n−1
∏

i=1

i6=j

(µi − µj)

− 4βδnδj
n−1
∏

i=1

i6=j

(µi − µj)

,

=

|
n
∏

i=1

(λi − µj)|

|
n−1
∏

i=1

i6=j

(µi − µj)|
−

4βδnδjsign

n−1
∏

i=1

i 6=j

(µi − µj)

|
n−1
∏

i=1

i6=j

(µi − µj)|
, for j = s+ 1, . . . , n− 1 .

Since vj1 and bn are real, we necessarily have ∆j ≥ 0 or, equivalently,

n
∏

i=1

|λi − µj| − 4βδ1δjsign

n−1
∏

i=1

i 6=j

(µi − µj) ≥ 0 , for j = 1, . . . , n− 1.

Thus, the condition 2) follows.

By (18) and having in mind that
∑n−1

j=1 δjv
2
1j = δ1, we infer that the condi-

tion 3) is satisfied. Finally, 4) clearly follows because Di = b2i > 0.
Next, we prove the converse. Assume that 1) 2) 3) and 4) hold. Consider

xj =
∏n

i=1(λi−µj)
∏n−1

i=1

i6=j

(µi−µj)
−1 if µj /∈ {λ1, . . . , λn} and xj = 0 otherwise.

Let define

bn =
1

2

√

√

√

√

√

n−1
∑

j=1

δj

(

√

−δnδjxj ±
√

−δnδjxj − δnδj
4β

χ′(µj)

)2

. (19)

We show that bn > 0. In fact, condition 1) ensures that −δnδjxj ≥ 0,

and condition 2) guarantes that −δnδjxj − δnδj
4β

χ′(µj)
≥ 0. On the other

hand, condition 3) ensures that a selected sign ± may be chosen such that
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∑n−1
j=1 δj

(

√

−δnδjxj ±
√

−δnδjxj − δnδj4β/χ′(µj)
)2

> 0. Hence, bn > 0.

Considering the selected sign ± we find

vj1 =

√

−δnδjxj ±
√

−δnδjxj − δnδj4β/χ′(µj)

2 bn
, j = 1, . . . , n− 1,

being the real numbers v11, . . . , vn−1,1 clearly nonzero. So, applying Theo-
rem 2.2 to the data {µ1, . . . , µn−1}, {v11, . . . , vn−1,1}, {δ1, . . . , δn−1} and re-
calling that Dj > 0 by condition 4), a unique pseudo-Jacobi matrix Jn−1

can be constructed such that σ(Jn−1) = {µ1, . . . , µn−1}, v11, . . . , v1n−1 are
the first entries of the corresponding eigenvectors v1, . . . , vn−1 and δ1 =
[v1, v1], . . . , δn−1 = [vn−1, vn−1]. Next, we may determine bn−1 =

β
b1···bn−2bn

, and

so an =
∑n

j=1 λj −
∑n−1

j=1 µj . Lemma 3.2 ensures that σ(Jn) = {λ1, . . . , λn}.
We finish the proof, by observing that if strict inequality ∆j > 0 occurs for

each j, there are two possible choices for the signs ± of vj1, j = 1, . . . , n− 1.
Thus, there are at most 2n−1 different solutions.

4. An algorithm and an example

Several algorithms for the construction of periodic Jacobi matrices with
given spectral data are known [1, 5, 6, 13]. The solutions of IPPJ can be
constructed from the given data {λ, µ, β, δ}, according to the following algo-
rithm.

Algorithm 2.

Step 1 For j = 1, . . . , n− 1, set

χ′(µj) =
n−1
∏

i=1

i6=j

(µi − µj).

Step 2 Set

xj =

n
∏

i=1

(λi − µj)

n−1
∏

i=1

i6=j

(µi − µj)
−1, if µj /∈ σ(Jn),

xj = 0 if µj ∈ σ(Jn).

Step 3 Choose δn, δj such that −δnδjxj ≥ 0.

Step 4 Check that ∆j = −δnxjδj − δnδj
4β

χ′(µj)
≥ 0.
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Step 5 Compute the quantities

Wj =
1

2

(

√

−δnxjδj ±
√

−δnxjδj − δnδj
4β

χ′(µj)

)

and select the ± sign ensuring that
n−1
∑

j=1

W 2
j δj > 0.

Step 6 For the selected ± sign, let

bn =
1

2

√

√

√

√

n−1
∑

j=1

δj

(

√

−δnδjxj ±
√

−δnδjxj − δnδj4β/χ′(µj)

)2

.

Step 7 For j = 1, . . . , n− 1 and for the selected ± sign, set

vj1 =

√

−δnδjxj ±
√

−δnδjxj − δnδj4β/χ′(µj)

2 bn
.

Step 8 Apply the modified Lanczos algorithm to the sets {µ1, . . . , µn−1},
{v11, . . . , vn−1,1} and {δ1, . . . , δn−1}.

Step 9 Let

bn−1 =
β

b1 · · · bn−2bn
.

Step 10 Set

an =

n
∑

j=1

λj −
n−1
∑

j=1

µj .

Example 4.1. We illustrate the algorithm with the following example. Let
us consider δ = (δ1, δ2, δ3, δ4) and

(λ1,λ2, λ3, λ4;µ1, µ2, µ3; β)

= (2.82843, 0, 0,−2.82843; 2.90321, 0.806063,−1.70928; 1).

We look for a 4 × 4 matrix J4 such that σ(J4) = {λ1, λ2, λ3, λ4}, σ(J3) =
{µ1, µ2, µ3} and b1b2b3 = 1.
Consider the function

f(z) =
(λ1 − z)(λ2 − z)(λ3 − z)(λ3 − z)

(µ1 − z)(µ2 − z)(µ3 − z)
.

The residues −x1,−x2,−x3 of f(z) at µ1, µ2, µ3 are:

−x1 = −0.405642, −x2 = −0.69142, −x3 = 1.09706.
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We infer that δ1δ4 = −1, δ2δ4 = −1, δ3δ4 = 1. Hence, J3 and J4 are,
respectively, H ′-symmetric for H ′ = diag(1, 1,−1) and H-symmetric for H =
diag(1, 1,−1,−1).
We compute χ′(µ1), χ

′(µ2), χ
′(µ3):

χ′(µ1) = 13.7627, χ′(µ2) = −9.60928, χ′(µ3) = 31.8471 .

Next, we analyze whether the discriminants ∆1,∆2,∆3 are positive:

∆1 = 0.692883, ∆2 = 0.275179, ∆3 = 0.9710463 .

Applying (18), we compute vj1b4. For a particular choice of the ± signs,
we find b4 = 1 and

v11b4 =
1

2
(−√

x1 −
√

∆1) = −0.735668

v21b4 =
1

2
(−√

x2 −
√

∆2) = −0.678046

v13b4 =
1

2
(
√
−x3 −

√

∆3) = 0.0308898.

Applying the modified Lanczos algorithm, we get a1 = a2 = −a3 = −a4 =
2, b1 = b2 = b3 = 1.

5. Final remarks

We have solved IPPJ under the restrictive condition of the µ’s being real
and pairwise distinct. This condition ensures that Jn−1 is diagonalizable un-
der a pseudo-orthogonal similarity. The existence of a real multiple µj may
prevent this diagonalizability, and then the previous approach does not ap-
ply. The same occurs if complex µ’s exist. Hence, IPPJ is an open problem
in these cases, and its study appears to be of some interest.

Acknowledgments. The authors are grateful to the referee for careful
reading of the manuscript and crucial observations.
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