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LAPLACE TRANSFORM - FINITE ELEMENT METHOD
FOR NON FICKIAN FLOWS

S. BARBEIRO, J. A. FERREIRA AND S. GH. BARDEJI

ABSTRACT: In this paper we consider numerical methods for integro-differential
problems based on time discretization via Laplace transformation. We focus our
attention in models arising in the context of non Fickian solute transport phenom-
ena in porous media. The mathematical models which describe the evolution of
the solute concentrations are characterized by Volterra equations. We present and
analyze an hybrid method which combines the Laplace transformation with respect
to the time variable with the finite element discretization in the spatial variables.
Numerical results illustrate the performance of the method.

1. Introduction

In this paper we consider the following Volterra equation

%(t)  Ac(t) +/0 k(t — s)Bels) ds = f(1), 1> 0, (1)

with
Ac(t) = —V. (AQQVc(t)> V. (Ase(t)) + Are(t),

Be(t) = —V. (BQQVc(t)) 4 V.(Bc(t)) + Bue(t),

where £ denotes the kernel, and Asy, Boo, Ao, By, A1 and B; represent func-
tions dependent on (x,y), being Ay = [a;;] and Bay = [b;;] 2 by 2 symmetric
matrix functions, As = [a;] and By = [b;] vectorial functions and A; and B
scalar functions.

Solute transports in porous media are commonly characterized by the
convection-diffusion equation

% + V.(ve) = V.(DVe) + finQ x (0,77, (2)

where ¢ denotes the solute concentration, D denotes the dispersion tensor
(which can be ¢ dependent) and v represents the fluid velocity. 2 is the
spatial domain with boundary 9S). Equation (2) is established using the so
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called Fick’s law for the mass flux due to molecular diffusion, J;, and the
convective flux, J., given by, respectively,

Ji= —DVec, (3)
and
J. = vc. (4)
Then the mass flux J = J; + J. is given by
J =wve— DVe, (5)
which combined with the mass conservation equation
% +V.-J=f, (6)

leads to the convection-diffusion equation (2).

When the memory effect of the fluid flow has an important role in the
solute transport, equation (2) should be modified in order to incorporate
such effect. One possible approach to accomplish this is to assume that the
mass flux J; is given by

Ja(t) = 1 /O : e~ = DVe(s)ds + Jy(0), (7)

T

where 7 is a relaxation parameter. Combining now J = J.+ J; with J; given
by (7) with the mass conservation equation (6) we arrive to

dc 1 t _t—s .

En + V- (ve) = ;/0 e 7 V- (DVe(s))ds+ f—VJg(0) in2 x (0,77, (8)
that replaces (2) for non Fickian flows.

Equation (8) is a particular case of an equation of type (1), which is the
model that we are going to study in this article. This type of equations have
been proposed in the literature to describe non Fickian diffusion processes
as for instance in [11], [22], [23], [26], [28]. The development of efficient
and accuracy numerical methods to solve the initial boundary value prob-
lem (IBVP) defined by (1) has attracted the attention of several researchers
during the last two decades. A significative number of contributions can be
found in the literature. Without be exhaustive we mention [24], [25], [38],
[40] for the study of finite element semi-discrete approximations, [31] for the
study of semi-discrete lumped mass approximations, [16], [17] and [34] for
the study of finite volume semi-discrete approximations, [2], [4], [5], [6], [8],
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[18], [20] and [21] for finite difference methods presenting the same qualitative
behavior of the integro-differential problem.

Integro-differential equations (1) can be rewritten as equivalent linear dif-
ferential systems: a partial differential equation involving only a time deriv-
ative and an integro-differential equation presenting only partial derivatives
with respect to the space variables. This approach was used, for instance,
in [18] and recently in [35] where mixed finite element methods were used
for the disretization. Systems of differential equations that are equivalent to
nonlinear versions of equation (1) were considered in [7] and [32].

In what follows we will consider that Q C R? is bounded polygonal domain.
We will introduce an hybrid method for the IBVP defined by (1), with the
Dirichlet boundary condition

c(t) =1(t) on 9Q x RT, 9)
and with the initial condition
c(0) = ¢g in Q. (10)

The method is based on the use of Laplace transform to the IBVP (1), (9),
(10) which converts the IBVP in an elliptic boundary value problem that
depends on the Laplace parameter. The elliptic problem is solved by using
finite element methods for the spatial variables, for a choice of a finite set of
quadrature points in the Laplace domain. This set of elliptic equations can
be solved in parallel. Finally the numerical approximation for the solution
on the physical time space domain is obtained by using numerical inverse
Laplace transforms. This type of approach was considered as for instance in
3], [15], [19], [33], [36], [37]. The convergence analysis of methods designed
using this procedure were presented e.g. in [9], [27] and [39] (see also the
references cited in these two last papers). The present paper presents error
bounds with respect H'-norm which are based on the Paley-Wiener Theorem
and the generalization of the classical arguments of the finite element analysis
to complex Sobolev spaces ([9]). This type of approach allow us to consider
more general differential and integro-differential operators compared with
those studied in [27].

The paper is organized as follows. In Section 2 we introduce the variational
formulation of the IBVP (1), (9), (10) and its finite element formulation. The
weak variational problem in the Laplace space is introduced in Section 3 and
the existence and uniqueness of the solution of this problem are also studied in
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this section. In Section 4 we describe the finite element approximation of the
variational problem introduced in the previous section and an error estimate
for such approximation is established. Using the Paley—Wiener Theorem we
return to the initial variables and we estimate the error for Laplace inverse
of the finite element solution in the Laplace space. Finally some numerical
experiments illustrating the convergence results are also included.

2. Weak solution and its Ritz-Galerkin approximation

Let L?(Q), H(Q) be the usual Sobolev spaces endowed, respectively, with
the usual inner products (.,.),(.,.)ri @) and norms || 2y, ||.||#1@). The
space of functions v € H(Q2) such that v = 0 on 99, is denoted by HJ ().
By L*(R*, H(Q)) we denote the space of functions v : RT™ — H!(2) such
that

| 10y ds < 0 (1)

and by HY(R™, L*(Q2)) we denote the space of functions v : R™ — HY(Q)

such that p
v
|06y + 156 By ) s < oo (12)

In (12), the time derivative is in the weak sense.

The weak solution for the IBVP (1), (9), (10) is obtained solving the follow-
ing problem: find ¢ € L*(R", HY(Q)) N H*(R", L*(Q)) such that c(t) = 1(t)
on 0f) and, for any T" > 0,

(Oc

o

t
) —|—/0 K(t—s) (((BQQVC(S), Vo)) — ((Bac(s), Vo)) (13)

+(Blc(s),v)) ds = (f(t),v) ae. in (0,T), Yo € HL (),
L ¢(0) = ¢.

We remark that we use the notation

(t),v) + ((A22Ve(t), Vo)) — ((e(t) Az, Vv)) + (Aic(t),v)

2
((U’7 U)) = Z(ula Ui)
i=1
for u = (uy,uz),v = (vi,v2),us,v; € L*(Q),i =1, 2.
To compute the the semi-discrete Ritz-Galerkin approximation cg for the
weak solution ¢ defined by (13), we introduce in 2 an admissible triangulation
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Ty and the corresponding finite dimension space
Virm = {u € C°(Q) 1 u() = Bu(x), v € A, A € Trr},

where P,,(x) denotes a polynomial in space variables with degree < m.

Then, given ¢y g € Vim, cg is obtained solving the following problem: find
cy € LA(RT, HJ ()N HY(RT, L3(2)) such that cx(t) = ¢(t) on OQ and, for
any T > 0,

f (%—f(t), vir) + ((A2Ver(t), Vor)) = ((ca(t) Az, Vor)) + (Arer(t), vi)
g +/0 K(t - S) (((BQQVCH(S), VUH)) — ((CH(S)BQ, VUH))
+(B1CH(S),UH)) ds = (f(t),vy) a.e. in (0,7T), Yog € Vi,
. CH(O) = CO,H-

(14)

In what follows we present an approach that allows us to compute an

approximation for the weak solution of the IBVP (1), (9), (10) avoiding the

computation of the solution of the integro-differential problem (14). We will
also derive error estimates for the numerical solution.

3. Weak solution in Laplace space

In what follows we replace the IBVP (1), (9), (10) by the corresponding
problem obtained applying the Laplace transform L.
Applying Laplace transform to (1) we obtain

1 k 1 ~
Ij+—-A+-B|é=—(co+ f) inQ, (15)
p p p
wherel; is the identity operator, k, f denote the Laplace transforms of k
and f, respectively, and ¢ is the Laplace transform of ¢. Equation (15) is
complemented with the boundary condition

¢ =1 on 9, (16)

where 1) represents the Laplace transform of .
In order to define the weak solution for the boundary value problem (15),
(16) we introduce now the set of functional spaces need to this definition.

We denoted by Rez the real part of z € C. Let H(Q,C}) and L*(Q,C))
be the Sobolev spaces of functions that depend on the complex number p €
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Cr ={p e C:Rep > 0o > 0} where they are analytic. In L*(Q,C}) we
consider the inner product

(@, D) = / avdr, 6,0 € L*(Q,C}), (17)
Q

and the corresponding norm
H{LHL2(Q,C$) - (ﬁa 11)1/2, u € LQ(Qa (C;r)
The inner product (17) allows us to introduce in L?(Q, C}) x L*(Q2,Cl) the

following inner product
2

((({Ll?{@)? (@17@2))) - Z(alﬁﬁi)? (ah{@)? (@17@2) < LQ(QvC;) X LQ(QvC;)

i=1
The space H(§, C}) is endowed with the inner product

(r&? @)Hl(Q,(Ci) - (ﬂ, @) + ((V"EL, V@)) , Uy U € Hl(Qa (C;r)o (18)
which induces the following norm
. _\1/2 .
lill sy = (@) g ey @ € HY(Q,CF), (19)

By |.|gr1(q.ct) We denote the following semi-norm in H'(Q, C})
Uliocn = (V5 V)2, e H(Q,C;).

The subspace of H(Q,C}) composed by the functions vanishing on 052 is
represented by H}(Q,C).
Let ay(.,.): HY(Q,C}) x H(Q,C}) — C be the sesquilinear form

4,5) = (a,5) + - (a(@, o) + kb(i, o
i, 9) = (i,9) +(a(i,9) + (i ) (20)
where

a(ii, 0) = ((A22Va, V) — ((Asii, VD)) + (411, 9) (21)
and

b(@i, 7) = ((B2Vi, V) — ((Bsii, V1)) + (B, ) (22)

for @,0 € HY(Q,C}). By ¢ : H'(©,C}) — C we denote the following func-
tional

(5) = ;< i), (23)
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We associate with the sesquilinear form a,(.,.) the following operator L :
Hy(2,C3) — Hy(2, €)',

Lﬂ(@) = ap(ﬂﬂ @)7

where H} (92, Cl) denotes the dual space of HZ(2,Cl).
The existence and uniqueness of the solution of the variational problem:
find ¢ € H(Q,C}) such that ¢ = ¢ on 99 and

a,(&,7) = £(v), Vo € Hy(Q,C)), (24)

is established in the next result. To simplify the proof we consider homoge-
neous boundary conditions.

Theorem 1. Let f € L*(RT,L*(Q)),co € L*(Q) and a;;,b;j, ai, b, A1, By €
L>®(Q),i,7 = 1,2. If there exists 0 € RT and e : C; — R such that, for
p € C}, holds the following

Reay(u,w) > e(p)HﬂH%{l(Q’m), Vi € Hy(Q,C)), (25)

then the wvariational problem (24) with ¥ = 0 has only one solution ¢ €
H;(Q,C7).

Proof: In the proof of this result we use the Lax-Milgram Theorem. We
start by noticing that if f € L*(R*, L*(2)),co € L*(Q) then the linear func-
tional £ : H(Q, C}) — C defined by (23) belongs to H} (2, C})'. In what fol-
lows we prove that the sesquilinear form a,(.,.) : Hj(Q,CH)x Hj(Q,C}) — C
defined by (20) is elliptic, that is, there exist positive constants a., and a.,
such that

|ap (@, 0)| < ac,pH@HHl(Q,C;)H@HHl(Q,(c;)a Vu,v € H&(Q,(Cj), (26)

and

ay(it, )| > aco @l .0y Vi € HYQ,CE). (27)

To establish (26) we need only to use the fact that the coefficients functions
are assumed to be in L>(2). The condition (27) is a trivial consequence of
the assumption (25).
O
In the next results we specify necessary conditions that guarantee that the
assumption (25) holds true. We start associating with a(.,.) defined by (21)
the following sesquilinear forms

ar(, 9) = ((AVa, V), 4,0 € HY(Q,Ch), (28)
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arr(@,9) = —((Ag@i, VD)) + (A1, 0), @, € H'(Q,C}). (29)
Analogously, we associate with the sesquilinear b(.,.) defined by (22) the
sesquilinear forms by(.,.) and by(.,.)

by (@, 0) = ((ByxVi, V1)), 4,9 € H'(Q,C)), (30)
br1(@, 9) = —((Baii, V1)) + (B, 9), 4,0 € H' (2, CY). (31)
We remark that, for 4 € H'(Q, C}),
ar(t,u) € R, br(u,u) € R.
Lemma 1. Let a. and Cy, be positive constants such that
ar(, @) > aeliffp g oy @ € H'(Q,CF), (32)
|b1(ﬂ,fb)\ < Cbm‘?{l( S Hl(Q,(Cj), (33)

If Rep > o > 0 and |pk| < C, then there exists a positive constant e(p)
such that (25) holds.

Proof: From (32) and (33) we find

Q.C3)

. _ 1 N [~
Reay(u,u) > HuH%Q(Q,Cj) + W(aeRep - C0) \uﬁgl(mci).

To have (25) it is sufficient to choose o such that

C,C

o> (34)
Qe
1 O
As an example we notice that, for the kernel k(t) = —e*E,T > 0, which
_ T
was introduced in equation (8), we have pk = f and then |pk| < 1 for
P

Rep > 0.
For more general sesquilinear forms a,(.,.) we have the following sufficient
conditions:

Lemma 2. Let us suppose that aj(.,.) defined by (28) satisfies (32). If
(1, ) < Collalp s, € H'(2,C), (35)
and 3
k] = O(lp| ™) (36)
then there exists o > 0 such that for p € CI, a,(.,.) defined by (20) satisfies

(25).
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Proof: Using convenient, algebraic manipulations, we can show that
1 1 . 1 .
o)< |24 1l el o+ (264 Ao Il (37

Vi € HY(Q,CY), for all € # 0. From (28) and (35) we get the estimate
Re a,(u, 1) > el(p)\&\zl(ﬂ’u) + eo(p )HuHL2 ach)y Vi€ Hy(,CH,  (38)

with e1(p) and ey(p) defined respectively by

1 ~
er(p) = 75 (acRep = 151401 — CilHp]) (39)

and

k
eo(p) = 1 — 2 — ﬁnAlum —cb‘| |‘

Now we use (36) and we conclude that there exists € # 0 and o € R* such
that e;(p) and ey(p) satisfy

ei(p) >0, Vpe CS

(40)

i=0,1. (41)

o)
|

Lemma 3. Let us suppose that as(.,.) defined by (28) satisfies (32). If the
sesquilinear form by(.,.) satisfies

bir(i, @) > beli|} g 0oy @ € HY(Q,C), (42)
k
Re— >0, (43)
p
and
k| = O(1), (44)

then there exists o > 0 such that for p € Ct, a,(.,.) defined by (20) satisfies

(25).

Proof: Let us suppose now that the sesquilinear form b;(., .) satisfies (42).
For b;y(.,.) we can prove that

1- [k 1 2 112 2, 1Kl 2
|Z—)kbn( u)| < 1P 47 —1BallZeltlp g ey + (277 +m”31|‘°°>”““ﬂ(ﬂ,<c;*>’

(45)
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Vi € HY(Q,C}), for n # 0. As (43) holds, from (42) and (45), we conclude
that

Re ap("&, u) > 61(29)\@\?{1(9,@;) + 60(17)”@”%2(9,(@;)7 Vu € H&(Q, C;L)a (46)

with e (p) and ey(p) defined respectively by

1 7 — 1 2 1 712 2
er(p) = i (acRep+ bRe ) — 140l — L RPIBIR) a7
and )
eo(p) = 1 — 22 — 2% — Ay — Bl 3y (48)
p| D] ’

for all €,7 # 0. Using now condition (44) we guarantee that there exist
e,n # 0 and 0 € R* such that e;(p) and eg(p) satisfy (41).

O
It is clear that if a; = b; = 0,7 = 1,2, A1 = B; = 0 and Ay, Byy are
diagonal matrices such that

Aii = Qe >Oil’1§,
and
bii > B > 0in Q,

then (32), (42) and (35), respectively, hold with a. = a,,b. = B, and C, =
| Baa|oo-

1
If we consider the kernel k(t) = —e 7,7 >0, introduced in (8), then
T

k=

i satisfies (36).

4. Discretization in the Laplace space

4.1. The finite element solution.

In order to simplify the presentation, in what follows we consider homo-
geneous Dirichlet boundary conditions, that is, ¢ = 0. By C%(Q,C) we
represent the space of functions % : Q x C} — C depending on x, p, continu-
ous in Q and analytic in C}.

By P,.(z,p) we denote a polynomial in space variables of degree < m with
coefficients depending on p analytic in C}. We consider a sequence of triangu-

lations Ty, with diameter H = max diam(A), obtained by regular refinement,
€/n
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(see [30]). By A we denote the sequence of diameters of the sequence of tri-
angulations. Let Vi,,,(CT), H € A, be the corresponding sequence of finite
element spaces:

Van(CH = {aeC%Q,Cl) : @ =0 on 09,
a(x,p) = Pu(z,p), v € A, A € Ty,pe CI}. (49)
We denote by Vi, (Ct) the dual space of Vi, (Cl).
We remark that Vg, (CF) € H}(,CF). Let {¢,i=1,...,ny} be a finite

element basis of Vi, (C}), where ¢; depends only on z. The Ritz-Galerkin
approximation for the solution of (24) is a function ¢y € Vi, (Cl) such that

ap(éH,@H) = EH(@H); Yog € Vva((C;—), (50)
where ay(.,.) is defined by (20) and ¢y : Vi,,,(CS) — C,
ZH(@H) = g(@[—[), vy € VHm((C;_),

with ¢ defined by (23).
The existence and uniqueness of the previous finite element solution is
consequence of the ellipticity of the bilinear form a,(.,.).

Theorem 2. If f € L>(RT,L*(2)),co € L*(R?) and under the assumption of

Theorem 1, there exists a positive o such that, for each p € Ck, the problem
(50) has a unique solution ¢y € Vi, (Cr).

N
The finite element solution ¢y € Vi, (CY), ¢y = Z a;p;, where a; depends
i=1
on p, is obtained solving the linear system

[ap (i, d))]|ai] = [€(¢;)]- (51)

We remark that the variational equation (50) is equivalent to the following
problem: find ¢y € Vi ,,(C/}) such that

LHéH = €H n VH,m(C;), (52)
with Ly : Vg m(Cr) — Vi, (CH)', defined by
Lytup(vy) = ap(tm, ), tg, 0g € Viam(CF).

Theorem 2 establishes a sufficient condition for the existence of a unique
solution of the equation (52), ¢y = LI_{léH.
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4.2. Error estimates for the finite element solution.

Let Iy : HY(Q,CS) — Vy,m(CF) be the finite element projection oper-
ator. Under the assumption of Theorem 1, there exists a unique solution
¢ € HH(Q,CF) of (24) and a unique solution ¢y € Vi,,(CF) of (50). As
H;(Q,C}) and Vp,,,(C}) are Hilbert spaces we consider Iy : Hj(Q,C}) —
Vigm(CFH). Let Sy : HY (2, C}F) — Vi be defined by

Sy =L ;gL.
This operator satisfies
SH = Id in Vva. (53)

In the next theorem we establish the error estimate for ¢g.

Theorem 3. Let us suppose that the finite element spaces Vi, (CY), for
H € A, are constructed using a sequence of triangulations Ty, with diameter
H € A, obtained by regular refinement. Under the assumption of Theorem
1, there exists a unique solution ¢ € HY(Q,CH) of (24), a unique solution
¢y € Vum(CY) of (50) and a positive constant C, independent of ¢, H and
p, such that, for H € A small enough, we have

¢ = Cullmo.cr < CH™[|ell gmeo,c) (54)
provided that ¢ € H™(Q, Cl).
Proof: Following the proof of Theorems 3 of [9] we start by proving that
16~ eullimoce) < ClIe = tlmocs), Yo € Vien(©E). (59)
As by using (53) we have
U = Sgim,
then
¢ —cullmocy < lc—vullmocs + lcb — vullmoc
= |l¢ = vullm@cs + 158(C = 0m) g
and we conclude that
e = Cullm ey < (L+ISuIDIE = dullm@cs,

for oy € Vi (CL), where ||Sg||, for H € A with H small enough, has a
bound independent of p € C}.
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Moreover Theorem 4 of [9] allows us to conclude that there exists a positive
constant C' independent on ¢, H and p such that, for H small enough, we have

1€ = Tae]| ra,cy < CH™|E]

From (55) and (56) we finally obtain (54).

HmH(Q,C)- (56)

5. Returning to the initial variables

To return to the initial variables we need to apply the Laplace inverse to
both members of an inequality of type (56) with convenient norms.

An essential tool to recover the initial variables is the Paley-Wiener Theo-
rem. To present such lemma we introduce the space L*(R*, H}(Q), o) as the
space of functions v : R — H'(Q) such that

1/2
ol oy = ([ €2 o) 3 dt) (57)
R+

is finite. In L2(R*, H(Q2), o) we consider the inner product

(11, 0) (e 1 (2 ) = / (u(t), o(t)) siye 2 dt , u,v € LR, HY(Q), 0)

R+
(58)
which induces the norm defined by (57). We also consider the Hardy space
H*(CH, H™1(Q)) of holomorphic functions f : C; — H™ () such that

- - _ 1/2
Hf“%? Ct,Hm1(Q)) — | Sup | f(p1 + ZpZ)H?{erl o) dp2 < Q.
( (€2) R ()

p1>0

Lemma 4. [Paley-Wiener  Theorem/  The  Laplace  transform
L: L*RY, H™(Q),0) — H*(CL, H"(Q)) is an isometric isomorphism.

Inequality (54) allows us to write

¢ = Cullyect,m) < CH"|ellyzct mmer @) (59)
Applying Paley-Wiener Theorem we get the main result of this paper:

Theorem 4. Let us suppose that the finite element spaces Vi, (CL), for
H € A, are constructed using a sequence of triangulations Ty, with diameter
H € A, obtained by regular refinement. Under the assumption of Theorem
1 there exist a unique solution ¢ € HY(Q,C}) of (24), a unique solution
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¢ € Vum(CY) of (50) and a positive constant C, independent of ¢, H and
p, such that, for H € A small enough, c = L7'¢, cg = L'y satisfy

HC - CHHL2(R+,H1(Q),U) < CHmHCHL2(R+,H7H+1(Q),U), (60)
provided that ¢ € L*(RT, H"(Q), o).

6. Numerical simulation

In this section we give one example of application of the method based on
the Laplace transform described in Section 4 combined with the algorithm
developed in [1] for the inverse Laplace transform.

We consider the integro-differential equation (1) with Q = (0,1) x (0,1),

I .
A =B = —A, where A denotes the Laplace operator and K (s) = —e . The

-
function f, the initial and boundary conditions are such that the IBVP has
the following solution

u(z,t) = cos(t)r122(1 — 21) (1 — 2), (21, 79) € Q,t € RS

In 2 we introduce a triangulation 7z induced by a uniform rectangular
grid defined considering, in [0, 1] x [0,1], (N 4+ 1) x (N + 1) equally spaced
points. For each time ¢, the Laplace inverse of the finite element solution is
computed using the algorithm developed in [1] with the following parameters,
according the notation used in the mentioned paper: a = 0,7 = 0.8¢, B, =

_ __ In(ER) . .
10 8,7—— 1.61}3 s M—5O and TOZ—W

The objective of this section is to illustrate the convergence behavior of the
method studied in this work. We consider m = 1,2, that is, we use linear
and quadratic finite elements. Assuming that ||c(t) —cg(t)|| g o) ~ CHY, we
show that ¢ ~ m. The convergence rate Rate(t) is computed using

where Hq, and H, are the diameters of two consecutive triangulations.
We remark that we observe the bound

le(t) = ca (D)l a1 < CH™, (61)
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N | Error(0.1) | Rate(0.1) | Error(1l) |Rate(l)| Error(10) | Rate(10)
10| 0.0241023 1.00 0.0130785 | 0.99 | 0.0203103 0.99
20| 0.0120958 1.00 0.00656704 | 1.00 | 0.0101984 1.00
30 10.00806943 1.00 0.00438147| 1.00 |0.00680427| 1.00
401 0.00605353 1.00 0.00328701| 1.00 |0.00510461 1.00
50 | 0.00484337 1.00 0.00262995| 1.00 |0.00408422| 1.00
60 | 0.00403639 1.00 0.00219179| 1.00 |0.00340375| 1.00
701 0.00345989 1.00 0.00187876| 1.00 |0.00291763| 1.00
80| 0.00302749 - 0.00164398 - 0.00255301 -

TABLE 1. Errors and rates obtained for linear elements at ¢t =
0.1,1, 10, computed with the norm ||.||g:.

N | Error(0.1) |Rate(0.1)| Error(1) |Rate(1)| Error(10) |Rate(10)
10| 0.00134738 1.99 0.000731614 | 1.99 | 0.00113616 1.99
20| 0.000338144 1.99 0.000183679| 1.98 | 0.00028516 1.99
30 | 0.000150626 1.97 8.21509e-05 | 1.89 10.000127113| 1.97
40 | 8.54939e-005 1.87 4.76761e-05 | 1.63 | 7.21529e-05 1.84
00 | 5.63455e-005 1.61 3.31572e-05 | 1.01 | 4.78133e-05 1.49
60 | 4.20235e-005 - 2.75704e-05 - 3.64293e-05 -

TABLE 2. Errors and rates obtained for quadratic elements at
t =0.1,1,10, computed with the norm ||.||z:.

which is a stronger estimate when compared with the result in Theorem 4,

/R+ e_QUtHC(t) — CH(t)H%fl(Q)ds < CHQm”C|‘%2(R+,Hm+1(ﬂ),0').

In Table 1 we present the numerical error Error(¢) and Rate(t) for ¢ = 0.1,
t =1 and t = 10 computed using linear elements. The numerical results
show that the convergence rate is in fact 1 when linear elements are used.

The numerical errors Error(t) and Rate(t) for ¢ = 0.1, t = 1 and ¢ = 10,
for quadratic elements, are presented in Table 2. The numerical results show
that the convergence rate is 2 when quadratic elements are used. When N
increases we observe a deterioration of the convergence rates. This behavior
was expected since, for large values of NV, the error of the spatial discretization
is very small and the error ||c(t) —cg, (t)]| g1 is dominated by the error induced
by numerical Laplace inversion.
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N | Error(0.1) |Rate(0.1)| Error(1) |Rate(1)| Error(10) |Rate(10)

10| 0.000923419 1.99 0.000516432| 1.99 |0.000788718| 1.99
20| 0.000232886 2.00 0.000130441| 2.00 {0.000199163| 2.00
30| 0.000103637 2.00 5.80592e-05 | 2.00 | 8.86341e-05 2.00
40 1 5.83169e-005 2.00 3.26734e-05 | 2.00 | 4.98842¢-05 2.00
50 | 3.7338e-005 2.00 2.09267e-05 | 2.00 | 3.19352e-05 2.00
60 | 2.59387e-005 2.00 1.45307e-05 | 2.00 | 2.21752e-05 2.00
70| 1.90528e-005 2.00 1.06773e-05 | 2.00 | 1.62915e-05 2.00
80 | 1.45901e-005 - 8.17607e-06 - 1.24722e-05 -

TABLE 3. Errors and rates obtained for linear elements at ¢t =
0.1,1, 10, computed with the norm ||.||zz.

N | Error(0.1) |Rate(0.1)| Error(l) |Rate(l)| Error(10) |Rate(10)
10| 1.43765e-005| 3.00 | 7.81467e-06| 3.01 |1.21519e-05| 3.01
20 [1.78621e-006 |  2.99 |9.69927e-07| 2.97 |1.50822e-06| 2.99
30 [5.30795e-007 |  2.91 | 2.91427e-07| 2.71 |4.48644e-07| 2.92
40 12.29777e-007 |  2.64 | 1.33718e-07| 2.07 |1.93656e-07| 2.55
50 [ 1.27406e-007 |  2.17 | 8.41604e-08 | 1.36 |1.09575e-07| 1.94
60 | 8.57563e-008 - 6.57133e-08 - 7.68772e-08 -

TABLE 4. Errors and rates obtained for quadratic elements at

t =0.1,1,10, computed with the norm ||.||zz.

Finally we present some results obtained considering the L? norm in the
measurement of the error. In Table 3 we present the results obtained with
linear elements that show a second order convergence rate. The errors and
rates obtained with quadratic elements are presented in Table 4. These
results show a third order convergence rate. However, when N increases
we observe, as before, a deterioration of this rate because the error ||c(t) —
cp(t)||z2 is dominated by the error of the numerical Laplace inversion.

Also, we can only expect that the numerical Laplace inverse is computed
with a high degree of accuracy for moderate values of ¢t. In fact, for the
example considered in the experiments, when we consider large values of ¢
(e.g. t = 100) we don’t observe a good agreement between the exact and
numerical solution due to the limitations of the algorithm for the numerical
Laplace inversion.
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7. Conclusions

In this paper we consider a hybrid numerical method for the IBVP (1),
(9), (10). The method is composed by three steps: in the first step, applying
Laplace transforms, the given initial boundary value problem is replaced by
an elliptic boundary value problem that depends on the Laplace parameter; in
the second step the solution of this boundary value problem is approximated
using the finite element method, for a choice of a finite set of quadrature
points in the Laplace domain; finally, in the third stage, the numerical solu-
tion on the physical time space domain is obtained using numerical inverse
Laplace transforms. The main result of this paper, Theorem 4, shows the
theoretical error estimates for ¢ — cgy. Although the norm used in the esti-
mate (60) doens’t give information for the error at a specific value of ¢, since
it involves an integration over the time and a negative exponential in the
variable t, the numerical results illustrate, for moderate values of ¢, that the
method proposed has similar convergence behavior when compared to the
results known for the standard finite element method for elliptic or parabolic
problems.
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