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ABSTRACT: Several familiar results about normal and extremally disconnected (clas-
sical or pointfree) spaces shape the idea that the two notions are somehow dual to
each other and can therefore be studied in parallel. In this paper we investigate the
source of this ‘duality’ and show that each pair of parallel results can be framed by
the ‘same’ proof. The key tools for this purpose are relative notions of normality,
extremal disconnectedness, semicontinuity and continuity (with respect to a fixed
class of complemented sublocales) that bring and extend to pointfree topology a
variety of well-known classical variants of normality and upper and lower semiconti-
nuities in a illuminating unified manner. Then all classical insertion and extension
results will be unified under a single pointfree result.
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Introduction

Several pairs of results in classical topology like those in Table 1 char-
acterizing the concepts of normality and extremal disconnectedness (for a
different type of results see [24]) show a ‘remarkable duality’ (in the words of
[30]) between the two concepts: each pair is identical in structure but prove
facts about normal spaces on one side of the pair and about extremally dis-
connected spaces on the other. Nevertheless the proofs of the results in each
pair are quite different in nature (and the same happens with the proofs of
the results in [24]).
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Space X NORMAL EXTREMALLY  DISCON-
NECTED
Urysohn's Every two disjoint CLOSED Every two disjoint OPEN
separation subsets of X are subsets of X are
type lemma completely separated completely separated
(Urysohn [44]). (Gillman and Jerison [11]).
Tietze's Each CLOSED subset of X Each OPEN subset of X is

extension type
lemma

is C*-embedded (Tietze
[12]).

C*-embedded (Gillman
and Jerison [11]).

Katétov-Tong
insertion type
theorem

For every UPPER semicon-
tinuous real function f
and LOWER semicontinu-
ous real function ¢ satis-
fying f < g, there exists
a continuous real function
h such that f < h < ¢
(Katétov [27], Tong [43]).

For every LOWER semicon-
tinuous real function f and
UPPER semicontinuous real
function ¢ satisfying f <
g, there exists a continuous
real function h such that
f < h < g (Stone [11],
Lane [31]).

Hausdorff

mapping
invariance
type theorem

The image of X under any
CLOSED continuous map is
NORMAL (Hausdorff [22]).

The image of X under any
OPEN continuous map 1is
EXTREMALLY
DISCONNECTED.

TABLE 1. Characterizations of normal
nected spaces

Our recent work in the more general pointfree setting (see e.g. [18, 14, 10])
reveals a similar picture, summarized in Table 2.
This shapes the idea that the two notions are somehow dual to each other
and therefore may be studied in parallel; hopefully, one may even find ‘dual’
proofs for each pair of results. It is the aim of this paper to examine this
parallel. In particular, we address the following questions:

(1) What is the source of this duality?
(2) The proofs of the results in each pair are very different in nature. Can

and extremally discon-

one unify them under the same result with a single proof?
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Locale L NORMAL EXTREMALLY  DISCON-
NECTED

Urysohn's Every two disjoint Every two disjoint OPEN

separation CLOSED sublocales of L sublocales of L are

type lemma are completely separated. completely separated.

Tietze's Each CLOSED sublocale of Each OPEN sublocale of L

extension type
lemma

L is C*-embedded.

is C*-embedded.

Katétov-Tong
insertion type
theorem

For every UPPER semicon-
tinuous real function f
and LOWER semicontinu-
ous real function g satisfy-
ing f < g, there exists a
continuous real function h
such that f < h <g.

For every LOWER semicon-
tinuous real function f and
UPPER semicontinuous real
function ¢ satisfying f <
g, there exists a continuous
real function h such that
f<h<yg.

TABLE 2. Characterizations of normal and extremally discon-
nected locales

(3) There is a great variety of classical insertion type results (for several
variants of normality). Can one unify them under a single general result?

(4) Can one complete Table 2 with a pointfree extension of Hausdorff map-
ping invariance type theorems?

The main idea will be to fix a class &7 of complemented sublocales of a locale
(frame) L. Depending on the parameter <7, we introduce and study dual
relative notions of normality and extremal disconnectedness (respectively o7 -
normality and o -disconnectedness) and notions of /-continuous and lower
and upper .o7-semicontinuous real functions on L. Taking for .o/ the standard
closed sublocales, one obtains the usual notions. By varying the choice of <7,
we reach a wide array of examples.

Since every complemented sublocale of a space is a subspace [23], in the
case that the locale L is the lattice OX of open subsets of some space X,
these notions can be completely formulated in terms of the space X, with
no reference to sublocales, and provide an extension and a unification of the
most relevant classical notions in the literature [8, 9, 27, 31, 32, 33, 34, 38,
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10, 43] (some of them are here introduced and studied for the first time in
the pointfree setting).

Our results characterize .@7-normal locales and generalize all characteriza-
tions in Table 2. They hold for any class ./ that induces a Katétov relation
on the lattice of all sublocales. Then the dual results for .o7-disconnectedness
correspond to the results for the class &7 of complements of elements of o/
and are therefore obtained with no extra cost. Again, this approach allows to
extend and unify the most relevant classical insertion results [8, 27, 43, 32, 41].

By relativizing the notion of an extension of a real function on a sublocale
to the whole locale, we obtain a relative form of Tietze’s extension lemma and
the corresponding dual result. In addition we also prove a relative version for
the preservation of normality under localic maps that extends the Hausdorff
mapping invariance type theorems of Table 1 to the pointfree setting, thus
completing Table 2.

There is one important aspect of insertion and normality which is not
considered in this paper, namely strict insertion [15, 19] and its connection

with variants of perfect normality. This will be treated in a separate paper
[21].

1. Background and notation

If X is a topological space, the partially ordered set OX of open subsets
of X is a complete lattice, in which the infinite distributive law

UNNS=V{UAS|S €S}

holds for all open subsets U and collections of open subsets § in X. We
recall that a frame is an abstract complete lattice with these properties; like
inverse image along a continuous mapping, a frame homomorphism is taken
to preserve arbitrary joins (including the bottom element 0 of the lattice)
and finite meets (including the top element 1 of the lattice). We write Frm
for the category of frames and frame homomorphisms.

The above representation is contravariant: continuous maps f: X — Y
are represented by frame homomorphisms h: OY — OX. This is easily
mended, in order to keep the geometric motivation, by considering, instead
of Frm, its opposite category Loc of locales and localic maps. In Loc we have
“generalized continuous maps” f: L — M that can be regarded as frame
homomorphisms h: L < M. In most of the paper we keep the algebraic
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(frame) approach. When dealing with images and preimages in Section 9,
however, we have found the localic covariant approach (see [36] for more
information about it) more useful, enabling us to write the proof of the main
result in a very short and transparent way.

Any frame L is in particular a complete Heyting algebra (with Heyting
implication —) so there are the pseudocomplements

a-=a—=-0=\{beL|aNnb=0}

satisfying a A a* = 0. Whenever a* is a complement of a (that is, a* Va = 1)
we shall denote it by a®. An element a is regular if ™ = a (equivalently, if
a = b* for some b).

For basic facts about pointfree topology and lattice theory we refer to [20]
and [37]. Below we recall some details of specific relevance to this paper.

The sublocale lattice. A sublocale set (briefly, a sublocale) S of a frame L
is a subset S C L such that

(S1) for every AC S, AN Aisin S, and
(S2) for every s € S and every x € L, x — s isin S.

In the lattice of sublocales of L the least element is {1} and the largest one
is L. The meets coincide with intersections and the joins are given by the
formula \/z‘eI Si = {/\ A | AC Uz‘e[ Si}'

This is a co-frame (i.e., its dual lattice is a frame). In the sequel, we make
it into a frame S(L) by considering the dual ordering

S1 < Sy iff Sy C 5.
Thus, given {S; € S(L): i € I}, we have
iel iel iel il
Also, {1} is the top and L is the bottom in S(L) that we simply denote by
1 and 0, respectively.

For any a € L, the sets ¢(a) = Ta and o(a) = {a — b: b € L} are the
closed and open sublocales of L, respectively. They are complements of
each other in S(L). Furthermore, the map a — ¢(a) is a frame embedding
L — S(L) providing an isomorphism ¢ between L and the subframe ¢(L)

of S(L) consisting of all closed sublocales. On the other hand, denoting by
o(L) the sublattice of S(L) formed by all o(a) (contrarily to ¢(L), this is not
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a subframe of S(L)), the correspondence a — o(a) establishes a dual lattice
isomorphism L — o(L).

Given a sublocale S of L, its closure and interior are defined, respectively,
by S = \/{c(a): c(a) < S} = ¢(AS) and S° = A{o(a): S < o(a)}. They

have the following properties:

Proposition 1.1. Let S,T € S(L), a € L and A C L. Then:

(H)1=1, S<SS S, and SANT =S AT,

(2) 0°—O S°>95,8°=5°%and (SvT)>=5°VvV T,
(3) 5°= (5°)° = o(\ ")

(4) ¢(a)® = o(a”),

(5) o(a) = ¢(a”)

A sublocale is said to be clopen if it is both closed and open. Clearly, S' is
clopen iff S = ¢(a) = o(a®) for some complemented a in L.

A Gjs-sublocale is a countable join of open sublocales \/, yo0(a,) and an
Fy-sublocale is a countable meet of closed sublocales A,y ¢(an).

Real-valued functions. The frame of reals [3] is the frame £(R) generated
by all pairs (p, q) € Q x Q satisfying the relations

(R )E Q)N (r,s)=(pVr,qghs),

(R2) (p,q) V (r,s) = (p, s) whenever p <r < q <s,
(R3) (p,q) = V{(T,S)-p<T<S<Q},
(R4) \/p,qe@(p, q) = 1.

We use the following notation: (p,—) =V cq(p, ¢) and (—,q) = Vo (p; 0);
note that (p,—) A (—,q) = (p, q).

Equivalently, £(R) may be defined as the frame with generators of the form

(r,—) and (—,7), r € Q, subject to relations
(rl) (r,—) A (—, s) = 0 whenever r > s

(r2) (r,—) V (—,s) = 1 whenever r < s

(r3) (r,—) = Ve, (s,—), for every r € Q,
(r4) (— 1) =\, (— s), for every r € Q,
(1'5) \/TEQ( 7_) - 17

(16) V,eq(—7) =1
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Recall from [16] that a (general) real-valued function on L is a frame ho-
momorphism £(R) — S(L). The class of all real functions on L is denoted
by F(L). It is partially ordered by

f<g9 < flp,=)<glp,—) foreverypeQ
& g(—,q) < f(—,q) forevery ¢ € Q.

For each r € Q, we denote by r the constant real-valued function defined
for each p,q € Q by

1 ifp<r 0 ifqg<r
/r(p7 _) - . and T(_a q) - .
0 ifp>r 1 ifg>r.

Furthermore, let S be a complemented sublocale of L. Then yg defined for
each p,q € Q by

1 ifp<O 1 ifg>1
Xs(p,—) =¢S5 if0<p<1l and xs(—q¢) =<5 ifo<qg<l1
0 ifp>1 0 ifqg<0

belongs to F(L) and it is called the characteristic function of S.

Scales in S(L). In order to define an f € F(L) it suffices to consider a map
from the set of generators {(r,—), (— ) | r € Q} of £(R) to S(L) that turns
the defining relations (rl)—(r6) into identities in S(L). This can be easily
done with scales. A family (S, | p € Q) of sublocales of L is a scale if

(S1) S, Vv S," =1 whenever p < ¢, and
(52) Vpeo Sy = 1= Ve Sp™
As a basic fact in this context, any scale (S, | r € Q) determines an f € F(L)
by the formulas
f(p7_) - \/ S?“ and f(_7 q) - \/ S?“*7
r>p r<q

for every p,q € Q.

Remarks 1.2. (1) By condition (S1) a scale is necessarily an antitone family.
On the other hand, if a family C = (S, | p € Q) of sublocales of L is antitone
and for each p < ¢ in Q there exists a complemented sublocale .S, , such that
Sy < Spq < Sy, then C satisfies (S1). Indeed, S,V S;* > S,,V Sy, =1
whenever p < ¢. In particular, if C consists of complemented sublocales, then
C satisfies (S1) if and only if it is antitone.
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(2) Given a real function f € F(L), the families
(f(r,=)lreQ) and (f(=r)"[reQ)

are clearly scales. Moreover, they both generate the real function f.

Lemma 1.3. Let (S, | r € Q) and (T, | r € Q) be scales generating real
functions f and g, respectively. Then:

f<g & S5,<T, foreveryp<gq.

Proof: Let p < ¢ in Q and take r € Q with p <r < ¢. Then S, < f(r,—) <
g(r,—) < T,. Conversely, for each p € Q,
fp,=) =V VS < VT =gp—) =

r>p Ss>r r>p

Stone algebras. A Stone algebra is a distributive pseudocomplemented al-
gebra (p-algebra) A that satisfies the Stone identity a* V a™* = 1 for every
a € A. Tt is well known that the first De Morgan law (a V b)* = a* A b* holds
in any p-algebra while the second De Morgan law (a A b)* = a* V b* holds
only for Stone algebras:

Proposition 1.4. In any distributive p-algebra A we have:

(1) anb=0<a" AV =0.

(2) (aVb)* =a* ANb* for every a,b € A.

(3) (a Ab)*™ =a™ Nb*™ for every a,b e A.

(4) If A is a Stone algebra then (a V b)** = a™ V b** for every a,b € A.
(5) If A is a Stone algebra then (a A b)* = a* V b* for every a,b € A.

Proof: (1) anNb=0<a <b* = a™ <™ =b" = a™ A < b ND™ = 0.
The converse is obvious.

(2) is straightforward.

(3) (a A b)™ < a* Ab™ is obvious. Conversely, if z A (a A b) = 0 then,
applying (1), we get A a™* A b*™ = 0. For x = (a A b)* this means that
a* ANb* < (aNb)*.

(4) (aVb)*™ > a* Vb* is always true. It remains to show that z A (aVb)* =0
implies © < ™ V b*™. Let t Aa* AD* = 0. Then z A a* < b**. Thus
r=xANl=xA(a"Va"*)=(xANa*)V(zAa™) <b*Va*.

(5) Using (2), (3) and (4) we may write (a A b)* = (a A b)™™ = (a™ Ab™)* =
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2. Normality versus extremal disconnectedness

Recall that a frame L is normal if
aVb=1 = Ju,vel:uAv=0andaVu=1=>bVo. (2.1)

Proposition 2.1. (Cf. [10, Prop. 3.5]) The following are equivalent for a
frame L:

(1) L is normal.

(2) If ¢(a) V e(b) =1, then there exist u,v € L such that c(u) A ¢(v) =0 and
c(a) Ve(u)=1=r¢(b)Vc(v).

(3) If o(a) No(b) = 0, then there exist u,v € L such that o(u)Vo(v) =1 and
o(a) ANo(u) =0=0(b) ANo(v).

(4) The frame Ta is normal for every a € L.

Proof: (1)<(2)<(3) and (4)=-(1) are trivial.

(1)=(4): Let z,y € Ta satisfying = V y = 1. By hypothesis, there exist

u,v € L such that u Av=0and zVu=1=gyVwo. It is then obvious that

u=uVa€Taandv =vVa € TasatisfyuAv=aand xVu=1=yVv. =

Remark 2.2. In any normal frame the rather below relation
a<b=a"Vb=1

is interpolative. Indeed, if a* V b = 1 then there exist u,v € L satisfying
uAv=0and a*Vu=1=>bVo,and thusa < u < b (since u*Vb > vVb=1).

Note that when < interpolates, it coincides with the relation << where
a << b expresses the familiar relation that a is really inside, or completely
below, b (Johnstone [26]).

On the other hand, a frame L is said to be extremally disconnected (also
De Morgan) if it is a Stone algebra, that is, a* V ™ = 1 for every a € L
(in other words, every regular element of L is complemented) [26, 35]. We
observe that this notion is in accordance with the corresponding classical one
for a topological space X: a space X is extremally disconnected iff the frame
OX is extremally disconnected.

Proposition 2.3. The following are equivalent for a frame L:
(1) L is extremally disconnected.
(2) The second De Morgan law holds in L.

(3) If aNb =0, then there exist u,v € L such that u Vv =1 and a N u =
0=bAw.
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(4) If ¢(a) A ¢(b) = 0, then there exist u,v € L such that ¢(u)V ¢(v) =1 and
c(a) A c(u) = 0 = ¢(b) A c(v).
(5) Ifo(a) VvV o(b) = 1, then there exist u,v € L such that o(u) Ao(v) =0 and
o(a) Vo(u) =1=0(b) Vo(v).
(6) If a ANb = 0, with a and b regular, then there exist u,v € L such that
uVv=1andaNu=0=DbAv.

(7) If o(a) V o(b) = 1, then o( )V o(b) 1.

(8) If e¢(a) A c(b) =0, then c(a)® Ae(b)® = 0.

(9) The interior of every closed sublocale of L is clopen.
(10) The closure of every open sublocale of L is clopen.
(11) The frame la is extremally disconnected for every a € L.

Proof: (1)=-(2) by Proposition 1.4(5).

(2)=(3): If anb = 0, taking u = a* and v = b* we have that uVv = a*Vb* =
(anb) =1 anda/\u—O—b/\v

(3)<(4)<(5) and (5)=-(6) are trivial.

)&
6)=-(1): Since a** A a* = 0 and both o™ and a* are regular, there exist
u,v € L satisfying u Vv =1 and a®™ Au = 0 = v A a*. This implies that

l=uVov<a™*™Va*=a" Va.

(2)=(7): o(a)Volb) =1 anb=0=1=(aANbD)* =a" Vb = 1=
c(a*) V e(b*) = o(a) V o(b).

(7)=(8): It is obvious, since by complementation, o(a) V o(b) =1 < ¢(a) A
¢(b) =0 and o(a) Vo(b) =1 < c(a)° Ac(b)°=0.

(8)=(9): Since ¢(a) A c¢(a*) = 0, it follows that 0 = ¢(a)® A ¢(a*)° = o(a™) A
o(a*) and so o(a*) = ¢(a*). Hence, for every closed sublocale ¢(a), ¢(a)® =

o(a*) = c(a™).
(9)=(10): Consider an open sublocale o(a). Then, by hypothesis ¢(a) is
clopen and thus, by Proposition 1.1(3), o(a) = (¢(a)°)¢ is also clopen.

(10)=(1): Let a € L. Since o(a) = ¢(a*) is clopen it follows that a* is
complemented in L.

(1)<(11): Let us denote by 27 the pseudocomplement in Ja of an element
x € la. Note that 7 = a A x*. Further 77 = a A ™. Indeed:

r T =aN(x) =an(aNz") >aN(a" V) =aNx"™

on the other hand, since aAz*A(aAz*)* = 0, it follows that aA(aAz™)* < x**
and so 7 < a A x*. ]
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Remark 2.4. The infinite version of the first De Morgan law, (\/; a;)" = A\, a}
(for any index set I), holds in every frame. However, contrarily to what we
incorrectly wrote in [19, pg. 2270], the dual law (A,.; a:)* = V,c;af does
not hold in general for extremally disconnected frames.

As a first step towards establishing our general setting, note that conditions
2.1 and 2.3(3) that characterize normal and extremally disconnected frames
respectively are dual to each other and are formulable in any lattice and
so one may speak more generally about normal and extremally disconnected
lattices. Evidently, a lattice L is normal iff its dual lattice L is extremally
disconnected. Moreover, for frames the following is also obvious:

Corollary 2.5. Let L be a frame. Then:

(a) L is normal iff ¢(L) is normal iff o(L) is extremally disconnected.
(b) L is extremally disconnected iff ¢(L) is extremally disconnected iff o(L)
15 normal. ]

We shall now consider the counterparts in the pointfree setting of some
other notions related to normality that one finds in the literature. All these
examples will be of interest later on.

We say that a frame L is mildly normal (resp. almost normal) if for any
a,b € L satisfying a Vb = 1, with a and b (resp. a) regular, there exist
u,v € L such that u Av =0 and aVu = bV v = 1. They are the frame
counterparts of mildly normal spaces [10] and almost normal spaces [39].

Remark 2.6. By 2.3(6) (which relies on the equivalence a Ab = 0 & a™ A
b** = 0 of Proposition 1.4), the corresponding notions in the extremally
disconnected side do not give anything really weaker. The difference with
normality is that the dual equivalence a Vb =1 & a™ V b = 1 does not
hold in arbitrary distributive p-algebras.

Finally, we also need to introduce the following definitions:
A sublocale S is a regular G5 sublocale in case S is a countable join of
closed sublocales ¢(a,) whose interiors are contained in S, that is,

S = \n/c(an) =Vc(a,) = \n/o(an*).

n

Dually, S is a regular F, sublocale in case

S = Nofan) = Aofon) = Ac(an).

n
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An element a of L is d-reqular whenever a = \/, a, with a, < a. Regarding
these notions we have:

a d-regular <= ¢(a) regular G5 sublocale = o0(a) regular F, sublocale.

(The equivalence is an immediate consequence of the fact that a, < a
iff o(a,*) < c(a): if @ is d-regular then c¢(a) = V, c(a,) < V, c(a,)® =
V,, 0(a,*) < ¢(a) thus c(a) =/, 0(a,"); the converse follows similarly. The
second implication is obvious while its converse is false by a counterexample
in [21].)

We say that a frame is d-normal if for any a,b € L satisfying a Vb = 1,
with a and b d-regular, there exist d-regular elements u,v € L such that
uAv=0and aVu=>bVwv=1. For any topological space X, the J-regular
elements of the frame OX of open subsets of X consist exactly of the regular
F, subsets of X (the complements of the usual regular G5 subsets of X [34]),
and therefore d-normal frames extend d-normal spaces.

Remark 2.7. In the definition above of a J-regular element we may assume
that each a,, is regular. Indeed, a, < a implies a,” < a and hence a =

V,an <\, a,* <a.

3. Variants of semicontinuity

Recall from [16] that a real function f on L is:

(1) lower semicontinuous if f(r,—) is a closed sublocale for every r € Q;
(2) upper semicontinuous if f(—,r) is a closed sublocale for every r € Q;
(3) continuous if f(p,q) is a closed sublocale for every p,q, i.e. f(£(R)) C
c(L).
We denote by
LSC(L), USC(L) and C(L)

the collections of all lower semicontinuous, upper semicontinuous, and contin-
uous members of F(L). Note that if S is a complemented sublocale of L, then
xs € LSC(L) iff S is open and dually yg € USC(L) iff S is closed. It is also
worth mention that, as proved in [16], after the isomorphism ¢: L — ¢(L), the
elements of C(L) are represented by frame homomorphisms ¢: £(R) — L,
thus coinciding with the standard continuous real functions on a frame L
(see [3]). In the sequel, we will freely refer to a continuous real function
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as both the real function f € C(L) and the unique frame homomorphism
¢: L(R) — L such that ¢- ¢ = f.

Proposition 3.1. Let f € F(L). Then:

(1) f € LSC(L) if and only if for each p < q in Q there ezists a closed
sublocale F, , such that f(q,—) < F,, < f(p,—).

(2) f € USC(L) if and only if for each p < q in Q there exists a closed
sublocale F, , such that f(—p) < F,, < f(—q).

Proof: (1) =: This is obvious since f(p,—) is closed for each p € Q.

<: Let p € Q. Then f(p,—) = V,-, f(r,—) < V,-, Fpr < f(p,—) and thus
f(p,—) = V,~, Fpr is a closed sublocale.

(2) Similar to (1). m

An element a € L is said to be a cozero element if there exists an f € C(L)
such that

¢(a) = f((=0) vV (0,=) = V{f(p,0)V f(0,¢) [ p <0 < ¢ inQ},
or, equivalently, a continuous ¢: £(R) — L such that a = ¢((—,0) v (0,—)).
We shall denote a by coz f.

Remarks 3.2. (1) The closed sublocales ¢(a) given by cozero elements a =
coz f are the zero-set sublocales of [25], complements of the cozero sublocales
o(coz f).

(2) The cozero elements can be alternatively described without reference to
the frame of reals as follows [5]: a is a cozero element iff a =\/, a,, for some
ap, <<a,n=12 ... (equivalently: a, << a,+1, n=1,2,...).

(3) For more information on the map coz: C(L) — L we refer to [4]. As usual,
Coz L will denote the cozero lattice of all cozero elements of L (which is always
a sub-o-frame of L by (2)). Note that in any extremally disconnected frame,
each regular element a, being complemented, is a cozero element (indeed,
Xo(a) € C(L) and Xo(q)((—,0) V (0,—)) = ¢(a), hence a = coz X,(y))-

(4) Tt is easy to see that cozero elements are d-regular (since ¢((—,0) V
(0,2) =V, o(=2%,1)" for any continuous ¢: £R) — L). On the other
hand, in any almost normal frame, each d-regular element belongs to Coz L.
In fact, for a =/, a, with a, < a and a,, regular, we have a,* V a = 1, and
so by almost normality there exist u, and v, such that a,” V u, = 1 and
u,* VvV a > v, Va=1, which means that a, < u, < a, and thus a, << a (by
Remark 2.2).
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The lower and upper regularizations of an f € F(L) were introduced and
studied in [14, 16]. In general they are extended real functions [16, 6] but if
there exists g € LSC(L) such that g < f, the lower regularization f° of f is

a real function, generated by the scale (f(r, —)|re @), ie.,

P =V ) and i) =V (760)
r>p s<q
Dually, if there exists g € USC(L) such that f < g, the upper regularization
f~ is the real function generated by the scale ((f(—, r))c | € @), ie.,
fi(p7_) - \/(f(_ar))c and fi(_7q) - \/ f(_78)‘

r>p s<q

Let
F(L) = {f € F(L)|3g € LSC(L) such that g < f},
F“(L) = {f € F(L)|3g € USC(L) such that f < g} and
FO(L) = FY(L) N F(L).
The operators (-)°: F¥(L) — LSC(L) and (-)~: F**(L) — USC(L) have the
following useful properties ([14, 10]):
Proposition 3.3. Let f, fi, fo € F*(L) and g, g1, g» € F*(L). Then:
1) fo<fandg<g .
2) f°=fand f77=f".
3) (inf2)? =" Afo" and (g1 V g2)” = g1 V ga~.
4) LSC(L) ={f e F"(L) | f* = f} and USC(L) = {f € F*(L) | f~ = f}.
5)
6)

|
Jo=NV{gelSC(L) | g < f} and [~ = N{g € USC(L) | g = [}.
For each complemented sublocale S, (xs)° = xs- and (xs)~

(
(
(
(
(
(

= X§ .
Furthermore:

Lemma 3.4. Let f € F°(L). Then, for every p,q € Q we have:

(1) £, =) = Vo )7 and f () =V, (F=9))

(2) fo_(p7 _) - \/7«>p (f(?", _)>O and fo_(_7 Q) - \/s<q f(_7 S)O'

Proof: (1) First note that since f € F’(L), it follows that f~ € F¥(L) and so
f~° € F(L). By definition, for each p € Q,

[e=)= V=V V(=)

r>p r>ps>r
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Let s > r > p. Then f(— s) > f(r,—)* and so (f( ,s)>C§ (W)C It
follows that \/ ., | f ( ,S) > < ( ) = f(r,—)° and thus
Fe) =V V (FE9) < V7o

r>pSs>r r>p

Conversely, let 7 > r' > p. Then f(—,r) < f(r,—)* and so

fr— = (F6,97) < (7)) < vV (F=9)

s>r!

Hence f(r,—)° <\ .., (f(—, s))c and therefore

VI =V V<V (FE9) =0,

r>p r'>pr>r r'>p s>r’

On the other hand, for each ¢ € Q we have (again by definition)

=V (FE0) = v (v En))

5<q §<q \r>s

Let s <t < gq. Then \/,_, ( (—, 7"))

(V=) = ((E0)) - (=)

It follows that

o=V (v FED)) < v ([@a)

s<q

AV
~~
~

|
=
~—
(@]
&
=
[N
n
o

Conversely, let s < g. Then f(—,s) < f(—,r) for all » > s and so

(E9) = v (=)
v (19) = v ([E9)) < v (v IEn)) =

s<q s<q s<q \r>s
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(2) It follows immediately since f°~ € F(L) and

e = =) =) = (0T O O
-V (n&9) = Vv (f(—s,—>) =V (F0.)

s<—p s<—p r>q

e = =(f7)(=¢—) = ()" (-¢,-)
= V )= =V fl=-r) =V fl=s° =

r>—q r>—q s<q

In the point-set case, one finds in the literature several special notions of
lower and upper semicontinuity (see [9, 32, 33, 41]). Normal lower and upper
semicontinuous functions, introduced by Dilworth ([9]), are immediately ex-
tendable to frames: we say that an f € F(L) is normal upper (resp. normal
lower) semicontinuous if (f°)” = f (resp. (f7)° = f). Note that if f is nor-
mal upper or lower semicontinuous, then f € F°(L). It follows immediately
from Lemma 3.4 that:

Corollary 3.5. Let f € F°(L). Then:

(1) [ is normal lower semicontinuous if and only if f(p,—) =V, f(r,—)°
for every p € Q. Denoting by a, the element in L such that f(p,—) =
c(ap), then f is normal lower semicontinuous if and only if a, = \/T>p a,*
for every p € Q.

(2) f is normal upper semicontinuous if and only if f(— q) = \/S<qf( s)°
for every ¢ € Q. Denoting by b, the element in L such that f(—, ) =
c(by), then f is normal upper semzcontmuous if and only if b, = \/S<q by
for every q € Q. |

Now we may characterize normal semicontinuity in a similar vein to Propo-
sition 3.1, as follows:

Proposition 3.6. Let f € F°(L). Then:

(1) f is normal lower semicontinuous if and only if for each p < q in Q there
exists a reqular closed sublocale F,, such that f(q,—) < F,, < f(p,—).

(2) f is normal upper semicontinuous if and only if for each p < q in Q there
exists a reqular closed sublocale F,, such that f(—p) < F,, < f(—q).
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Proof: (1) =: Let p < q. Then for each r > ¢, f(r,—) < f(¢,—) and thus
f—O(q’_) = \/ f(ra _)o S f(Q7_)O'

r>q

fla,—) = f(¢,—) < flg,=)° <V flr,=)° < f%(p,—) = f(p,—),

r>p

with f(q,—)° being a regular closed sublocale.

«: We first note that since F},, is closed for each p < ¢, it follows from
Proposition 3.1 that f is lower semicontinuous. Hence f = f° < f7°. On
the other hand, let p € Q. Then for each r > p there exists a regular closed
sublocale F),, such that f(r,—) < F,, < f(p,—). Therefore

f(r,—)° < Fpr® =Fpr < f(p,—)

and hence

=)=V fir,=)° <V Fpr < fp,—).

r>p r>p

It follows that f~° < f.
(2) Similar to (1). m

Let S be a closed sublocale of L. Then xg € USC(L) and it is normal if
and only if S° = S, that is, if and only if S is a regular closed sublocale.
In case L is extremally disconnected (which means that S° = S° for every
closed S) then S is clopen. Thus every normal upper xg is continuous if and
only if L is extremally disconnected. More generally, we have:

Corollary 3.7. The following are equivalent for any frame L:

(1) L is extremally disconnected.
(2) Every normal lower semicontinuous function on L is continuous.
(3) Every normal upper semicontinuous function on L is continuous.

Proof: The implications “(2) < (3) = (1)” are obvious. Regarding (1) =
(2), let L be extremally disconnected and consider f € LSC(L) such that
f~°=f. Then, for each r <t < s in Q,

fi(_vs)\/f(n_) - fi(_vs)\/fio(rv_)
Z (\/q<5 f(_7 q)) \% (\/p>r f(p’_)o)
> f(t,—)*V f(t,—)° = c(as*) Ve(a™) = 1.
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Consequently,
f (_73)> \/f(r7_)*2 \/f(_ar):f(_as)
r<s r<s
This means that f~ < f and therefore f = f~ € USC(L). Hence f is
continuous. u

Other important classes of classical semicontinuous functions are the zero
ones of Stone [41] and the regular ones of Lane [33]. Regarding the former,
we say that an f € F(L) is zero lower (resp. zero upper) semicontinuous
function if, for each r € Q, f(r,—) = ¢(a,) (resp. f(— 1) = ¢(a,)) for some
a, € Coz L. Since Coz L is a sub-o-frame of L, this is equivalent to saying
that for each p < ¢ in Q there exists a zero-set sublocale ¢(a,,) such that
F(@.) < clap) < f(p—) (esp. f(—p) < clapg) < F(—q)) (vecall the
proof of Proposition 3.1).

On the other hand, we say that an f € F(L) is regular lower (resp.
reqular upper) semicontinuous if, for each r € Q, f(r,—) = c(a,) (resp.
f(—=,7r) = ¢(a,)) where each a, is a d-regular element. Again, since the 6-
regular elements form a sub-o-frame of L, this is equivalent to saying that
for each p < ¢ in Q there exists a regular Gjclosed sublocale ¢(a, ) such that
fla, =) < clapg) < fp,—) (resp. f(—p) < c(apy) < f(—q)).

Note that by Remark 3.2(4), in almost normal frames, regular semiconti-
nuity implies zero semicontinuity.

Finally, recall from [20] (see also [12]) that an f € F(L) is lower (resp.
upper) compact-like if f(r,—) (resp. f(—,r)) is a compact sublocale of L for
every 7 € Q. In any Hausdorff (or fit) frame, compact sublocales are closed.
In that case, therefore, any lower (resp. upper) compact-like function on L is
lower (resp. upper) semicontinuous. It should be added that if L is compact,
then any upper (resp. lower) semicontinuous function on L is upper (resp.
lower) compact-like [20].

4. o/-normality and &/-disconnectedness

The main idea of our approach is the following: go to the sublocale frame
S(L) and take complements inside it. More specifically, given a frame L, let
B(S(L)) denote the Boolean part of S(L) (that is, the Boolean algebra of
complemented elements of S(L)). Fix an &/ C B(S(L)) and let &7¢ denote
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the corresponding set of complements. Clearly, &7/ = &/ and if & is a
sublattice of B(S(L)), then 7€ is also a sublattice of B(S(L)).

Definition 4.1. A frame L is .&/-normal if
for any A, B € o7 such that AVB = 1 thereare U,V € &

such that UAV =0and AVU=1=BVYV.

Dually, we say that L is o7 -disconnected if it is </“-normal, that is, if
for any A, B € o7 such that AAB = 0 thereare U,V € &
such that UVV =1land ANU=0=BAV.

Remark 4.2. Note that in case L is OX for some space X, since every comple-
mented sublocale of a space is a subspace [37], these notions are completely
formulated in terms of the space X (with no reference to sublocales) and pro-
vide a unification of several variants of normal and disconnected topological
spaces in the literature.

Examples 4.3. Our guiding examples for classes o/ C B(S(L)) will be
ot = (L), oty ={c(a*) | a € L}, ot = {c(a) | a € coz L},
oy = B(S(L)), o = {c(a)|ais o-regular}.

oty o3, o) and o are clearly sublattices of B(S(L)) while % is only closed
under finite meets. They induce the notions listed in Table 3.

&/ .f/-normal frames .o/-disconnected frames

<7, normal frames extremally disconnected frames
a7y mildly normal frames extremally disconnected frames
of5 frames F-frames

a7, frames frames

/5 O-normal frames extremally d-disconnected frames

TABLE 3. Examples of .o7-normal and .o7-disconnected frames

Indeed, the cases o/ and .7, are obvious. Concerning % we have:

e ofp-normal=mildly normal: if a Vb = 1 (with a,b regular elements) and
there are u,v € L such that u Av = 0 and aVu =1 = bV v, then
aVu™=1=0>bV0v*™ and again u** A v*™* = 0 (by Proposition 1.4(1)).

o ofy-disconnected=extremally disconnected: Proposition 2.3(6) (cf. Re-
mark 2.6).
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For 73 (the zero-set sublocales of Remark 3.2(1)), the fact that any frame
is @7-normal is a consequence of Proposition 5 in Banaschewski ([2]) while
the fact that @%-disconnected frames are precisely the F'-frames (i.e, frames
where the open quotient of each (dense) cozero element is a C*-quotient)
follows from Proposition 8.4.10 in Ball and Walters-Wayland [1].

Finally, for .7, it is obvious that the .o/5-normal frames are what we named
d-normal frames; accordingly, we call .o%-disconnected frames as extremally 6-
disconnected frames. Note that by Proposition 8.4.10 of [1], in frames where
the o-regular elements are the cozero elements, extremally d-disconnected
frames coincide with F'-frames.

5. o/-continuity and .&/-semicontinuities

In this section we show how variants of continuous and semicontinuous
real functions can also be defined in terms of a given class of complemented
sublocales 7.

Ordinary continuity and semicontinuities of an f: £(R) — S(L) are defined
with respect to ¢(L) C S(L). In this case, by Proposition 3.1, f is lower (resp.
upper) semicontinuous if and only if for each p < ¢ in Q there exists F,, €
¢(L) such that f(q,—) < I, < f(p,—) (vesp. f(—=p) < Fpq < f(—4))-
This is so because ¢(L) is closed under joins. However, for a general class
o/ of complemented sublocales not necessarily closed under joins the latter
condition is weaker and we take it as the definition for semicontinuity with
respect to .7

Definitions 5.1. We say that f is:

(1) lower Qf—semz’contmuous if for each p < ¢ in Q there exists F,, € <&

such that f(q,.—) F,, < f(p,—). . |
(2) upper d-semzcontmuous if for each p < ¢ in Q there exists F,, € &

such that f(— p) < F,q < f(—q).
(3) o -continuous if it is both lower and upper .o7-semicontinuous.

Of course, f is upper «/-semicontinuous iff it is lower &7 “-semicontinuous
and therefore it is ./ “-continuous iff it is .o7-continuous. Note that for any
S € @/, xs is upper .&7-semicontinuous and yge is lower .@7-semicontinuous.

Definition 5.2. (Cf. [13, Def. 3.1]) Further, we say that two sublocales S
and T of L are completely o7 -separated if there is an .o7-continuous function
f such that f(0,—) < S and f(—,1) <T.
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Examples 5.3. For our guiding examples in 4.3 and
ot ={S € B(S(L)) | S is compact}

(in this case we assume that L is Hausdorff or fit so that any compact sublo-
cale is complemented) the corresponding induced notions are listed in Table 4
(recall the results of Section 3).

4 lower .&/-semicont. upper .&/-semicont. .¢/-continuous

g7, lower semicontinuous upper semicontinuous continuous

a7y normal lower normal upper normal continuous
semicontinuous semicontinuous

af5 zero lower Z€ero upper zero continuous
semicontinuous semicontinuous

o C(B(S(L))) C(B(S(L)) C(B(S(L)))

o5 regular lower regular upper regular continuous
semicontinuous semicontinuous

s compact-like lower compact-like upper compact-like
semicontinuous semicontinuous continuous

TABLE 4. Examples of .&7-continuous and .o/-semicontinuous maps

Concerning class .27;, the three classes of induced maps coincide (and are all
equal to the class of frame homomorphisms £(R) — B(S(L))) since f is lower
/y-semicontinuous iff it is upper @7;-semicontinuous: if for each p < ¢ in Q
there is some complemented sublocale C), , satistying f(¢,—) < C,, < f(p,—)
then take a rational r such that p < r < ¢; since f(r,—) < C,, < f(p,—),
then f(—p) < f(p,—)* < C,, and, on the other hand, f(—,q) Vv C,, >

f(_7 q) \% f(n _) = 1 so that CP,TC S f(_7 q)

6. Katétov relations

Let M be an arbitrary lattice. Recall that a binary relation € on M is called
a Katétov relation ([27, 28, 29, 17]) if it satisfies the following conditions for
all a,b,ad’,b' € M:

(Kl) aeb=a<0b.

(K2)d <aceb<lV=del.

(K3)aebandd €b= (aVd)Eb.
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(K4)aebanda et =aec (bAVY).
(Kb)aeb=3ce M:accehb. (Interpolation Property)

Lemma 6.1 ([28, 29, 17]). Let M be a lattice, € a Katétov relation on M
and < a transitive and irreflexive relation on a countable set D. Further, let
(ag | d € D) and (by | d € D) be two families of elements of M such that

dy < dy  implies  aq, < aq,, b, <bg, and ag, € by,.
Then there exists a family (cq | d € D) € M such that

dy < dy  implies  cq, € cqy, g, € cq, and cq, € by,.

Now, given a fixed &/ C B(S(L)), define the relation €, on S(L) by
Sy T=Wecd,Ved:S<VLULT. (Ew)
Lemma 6.2. €, is interpolative if and only if L is o/ -normal.

Proof: Let €, satisfy the Interpolation Property and consider A, B € &
satisfying AV B = 1. Then A® € 7€ satisfies A° < B. This means that
A® €, B and by hypothesis there is a T' € S(L) such that A° €, T €., B.
Therefore there are Uy, Uy € &7 and Vi, V5 € &7€ such that

AN <UL <T<V<U<B.

Then, immediately, U; A Vo =0and AVU; =1= BV h"

Conversely, let S <V < U < T for S, T € S(L),U € & and V € &/°.
Then VeV U > VeV V =1 thus by the /-normality of L, there exist
A, B € of such that AANB=0,V‘VA=1=UV B. This implies

S<VLALSBSULT
which means that S €, A €, T. [
Clearly, for any o C B(S(L)), the relation €, satisfies conditions (K1)
and (K2). We say that o7 is a Katétov class in L whenever €., also satisfies
conditions (K3) and (K4). By Lemma 6.2, each Katétov class &7 in any

<7/-normal frame induces a Katétov relation €,. The following proposition
is obvious.

Proposition 6.3. Every sublattice o/ of B(S(L)) is a Katétov class. m
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As a consequence, guiding classes 7, @3, <7, and o, as well as their
corresponding sets of complements .o/, @4, @7, and @7°, are Katétov classes
in any frame. % and .@%°, despite the fact that they are not sublattices of
B(S(L)), also fit in this scheme as the following results show.

Proposition 6.4. Let <7 be a class of complemented sublocales of L satisfying

e U, Usce o/ = U VUye o (closed under binary joins)

.U1,U26427, U1/\U22V6427C = dU € & : UNU, >U>V.

(*n)
Then:

(1) o is a Katétov class.
(2) If L is @/“-normal then 7€ is also a Katétov class.
Proof: (1) (K3): Let S; < U/ < U, <T with U] € &/ and U; € & (i = 1,2).
Then
SIVSy <U VU, <UL VU, <T,

where Uy V Uy € &7 (since &7 is closed under binary joins). In particular,
applying (x,) to the inequality (Uj)¢ A (Uj)¢ > (Ur)¢ A (Up)© € /€, we get
U € o such that U VU}, < U¢ < Uy VUs,. Hence S1V Sy < U< U VU, < T,
ie. S1V Sy €y T as required.

(K4): Let S< U] <U; <T; with U] € &/ and U; € & (i = 1,2). Then
SSU{/\UégUl/\UQSTl/\TQ,

where U] A U € &7/¢ (since /€ is closed under binary joins). In particular,
applying (%) to the inequality U; A Uy > Ul AU, € &/, we get U € of
such that U AU, < U < Uy AUy. Hence S < U AU, < U < Ty ATy, ie.
S €, T, NT5 as required.

(2) (K3) Let S; < U; < Uz/ < T with U; € & and Uz/ € e (Z = 1,2). Then
U; Ewe U]. By Lemma 6.2, € - is interpolative and so we have furthermore

Si<U;SV/SVi<U ST
for some V; € o and V; € /¢, Thus
SIVS, SUIVU, < VIV <VIVIL<U VU, <T,
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where Uy V Uy, V1 V V4 € &7 (since &7 is closed under binary joins). Then,

applying (x,) to the inequality (V{)¢ A (V5) > (V1)¢ A (Vo) € 7€, we get

U € o such that V] vV, < U <V;V V. Hence
S1VS, <U VU, <ULT,

ie. S1V Sy €y T follows, as required.

(K4): Let S < U; < U] < T, with U; € o/ and U/ € &/° (i = 1,2). Then
Ui €< U]. By Lemma 6.2, €« is interpolative and so we have furthermore
S<USV/ <V, <U/<T,

for some V; € &/ and V; € &/°. Thus
S<UNU; < VIAVGSVIAVRLS U ANUY < Ty AT,
where U] AN U5, VI ANV] € &/ (since &/€ is closed under binary meets). In
particular, applying (%) to the inequality V3 A Vo > V] A V] € /¢ we get
U € o such that V{ A V] < U < Vi AV, Hence
S<U<SUNUY STy ATy,
ie. S €y 17 NTh as required. n

The dual version of Proposition 6.4 follows immediately by complementa-
tion (since o7 satisfies (xy) if and only if .o/ satisfies (x,)):

Proposition 6.5. Let <7 be a class of complemented sublocales of L satisfying

o U, Use o/ = U NUye o/ (closed under binary meets)

o U, Use o, Uy VU; <V e = JUe«& : UyVU, <U<LV.
(*v)
Then:
(1) &€ is a Katétov class.
(2) If L is o/ -normal then <7 is also a Katétov class. |

Note that Proposition 6.3 is an immediate consequence of Propositions 6.4
and 6.5 since &/ being closed under binary meets and joins implies both
conditions (*,) and (k).

Corollary 6.6. o is a Katétov class in any mildly normal frame and <#°
15 a Katétov class in any frame.
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Proof: 1t suffices to check that @% satisfies condition (xy). <% is certainly
closed under binary meets and, moreover, for any regular elements a;, as and
bin L, ¢(a1) V ¢(ag) < o(b) implies

c(a1) Ve(az) < c¢((a1 Va)™) <o((ar Vas)*) < o(b)

and (a; V ag)™ is regular. |

7. Katétov-Tong-type insertion versus Stone-type inser-
tion

Finally, we come to the main result of the paper:

Theorem 7.1. [RELATIVE VERSION OF KATETOV-TONG INSERTION THR.]
Let of C B(S(L)) be a Katétov class. The following are equivalent:
(i) L is o/ -normal.
(ii) If f < g are real functions on L such that f is upper and g is lower
o -semicontinuous, then there exists an <7 -continuous real function h
on L such that f < h < g.
(iii) Fvery S, T € o satisfying SV T =1 are completely <f -separated.

Proof: (1)=(ii): Let f < g be two real functions on L such that f is upper
and ¢ is lower 7-semicontinuous and let €., be the Katétov relation defined
n (€. ). Further, let a, = f(—, r)* and b, = g(r,—) for each r € Q. It follows
from Remark 1.2(2) that (a, | » € Q) and (b, | » € Q) are scales generating
f and g, respectively. Hence, in particular,

a; <a, and b, <b, wheneverp<ygq.

On the other hand, let p,r,s,qg € Q such that p < r < s < ¢. Since f is
upper and g is lower .o/-semicontinuous, there exist S ,,7T,, € & such that

f(=8) <S5 < fl—4q) and  g(r,—) <Tpr < g(p,—).
Finally, since f < g, it follows from Lemma 1.3 that
ag=[(—=q)" <S5 < f(—s) < f(r,—) <g(r,—) <Tpr < g(p,—) = by,

i.e. a; €y by
We can now apply Lemma 6.1 with

M=S8(L), e=cy, D=Q and <=<.
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Hence there exists a family (¢, | 7 € Q) of sublocales of L such that
Cq € Cpy, Qg Eycy and ¢, €y b, Whenever p <gq.
First note that
Ve>Va=1 and ¢ > Vb =1
peQ peQ peQ peQ
Also, if p < g then ¢, €, ¢, and so there exists U € &7 such that ¢, < U < ¢,.
Since U is complemented, it follows from Remark 1.2(1) that (¢, | r € Q)
satisfies (S1). Hence (¢, | 7 € Q) is a scale and the generated function h
satisfies:
(1) f < h, (since a, < ¢, whenever p < ¢, applying Lemma 1.3).
(2) h < g, (since ¢, < b, whenever p < ¢, applying Lemma 1.3).
(3) h is @7-continuous:
Let p < r < g, since ¢, € ¢, it follows that there exist 1, ,,T},, € &/¢
and S, 4, Sy, € & such that ¢, < T,, < S,, < ¢ and ¢, <T),, <
Spr < ¢p. Hence
hg,—) =V g <cg< Sy < <V ey =hip,—)
q'>q p'>p
and
h(—p)=V ¢ <¢"<T,,"<¢" <V ¢ =h(—9q).
P <p q7<q
(ii)=-(iii): Let S,T € o satisfying SVT = 1. Then xp is upper o7-semicon-
tinuous, yge is lower .o/-semicontinuous and yr < yge. Hence, by hypothesis,
there is an .@7-continuous real function h such that yy < h < yg.. But this
means that h(— 1) < xyr(— 1) =T and h(0,—) < xs<(0,—) = S and thus S
and T are completely .o7-separated.
(iii)=(i): Let A, B € & with AV B = 1. By hypothesis, there is an 7-con-
tinuous f such that f(0,—) < A and f(—,1) < B. Consider U,V € & such
that
FE)SU<Fd) ad f(30) <V < (o).
Clearly, UAV =0and AVU=1=BVYV. [

Now the dual result for extremal @7-disconnectedness follows immediately
by complementation:

Corollary 7.2. Let o7 C B(S(L)) be such that </¢ is a Katétov class. The
following are equivalent:
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(i) L is o -disconnected.

(ii) If g < f are real functions on L such that f is upper and g is lower
4 -semicontinuous, then there exists an <7 -continuous real function h
on L such that g < h < f.

(iii) Fvery S, T € o satisfying S NT = 0 are completely of -separated. ™

Notes 7.3. (1) When considering the excellent survey in Lane’s paper [32],
we observe that Theorem 7.1 and Corollary 7.2 cover all the cases mentioned
there where the classes of upper and lower semicontinuous functions in ques-
tion are dual to each other. More specifically:

It is clear that Theorem 7.1 applied to &/ = o/ provides the pointfree
version of the Katétov-Tong insertion theorem [18, 16] (as well as Urysohn’s
Lemma) while its corollary produces the pointfree counterpart of Stone in-
sertion theorem [14].

Applying Theorem 7.1 to the case &/ = 7 yields a new result for mildly
normal frames that extends the classical result of [31] (cf. [32]) for mildly nor-
mal spaces; on the other hand, Corollary 7.2 yields the pointfree counterpart
(for extremally disconnected frames) of a classical result of Lane [32].

The case o = @73 also produces new results for frames: the ‘normality’
assertion extends a classical result of Blatter and Seever [8] (cf. [32]) and the
‘extremal disconnectedness’ dual extends a classical result of Seever [38] (cf.
[32]).

Finally, we mention that the case &/ = .7 also produces new results for
frames and that we were not able to find their classical counterparts in the
literature.

(2) With Corollary 7.2 we achieved our main goal: to get the results in
the extremal disconnectedness side of the parallel for free. Compare this
with the (classical and pointfree) proofs so far where the treatment in the
extremal disconnectedness case requires extra tools such as the lower and
upper regularizations.

(3) Of course, applying Theorem 7.1 and Corollary 7.2 to the case L = OX
for a topological space (X, OX) gives the classical results mentioned above
in (1). (Recall Remark 4.2).
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8. Tietze-type extension for .o7-continuous functions

In this section we study Tietze-type extension results for .o7-continuous
real functions.

Let S be a sublocale of L. S is itself a frame with the same meets as in L,
and since the Heyting operation — depends on the meet structure only, with
the same Heyting operation. (This implies, in particular, that any sublocale
of S is also a sublocale of L and that for any S,T € S(L), if S C T then S
is also a sublocale of T'.) However the joins in S and L will not necessarily
coincide:

VIA=A{seS|s>VA>VA
It follows that 1¢ = 1 but in general 0g = A S.
Further, there is the frame surjection c¢g: L — S given by

cs(z)=N{se€S|s>uz} (8.1)

for all x € L. The following is well known (denoting the closed and open

sublocales of S by ¢®(a) and 0”(a), respectively) (see [10, Prop. 2.3]):

(1) For every a € L, ¢(a) V S (resp. o(a)V S) is the closed (resp. open)
sublocale ¢®(cs(a)) (resp. 0°(cs(a))) of S.

(2) If T is a closed (resp. open) sublocale of S then T" = ¢(a) V .S (resp.
T =o0(a)V.S) for some a € L.

Now, let us look to the frame S(5). As mentioned above, S(S) C S(L).
The joins in §(.5) are given by intersection so they coincide with the joins in
S(L). On the other hand, for any R; € S(5) their meet in S(5) is given by
the formula

(AAIACURY = {AA|ACUR},

that is, it coincides with their meet in S(L). (This means that S(.5) is not
a subframe of S(L) only because they have different zeros.) The following is
also well known and easy to prove.

Lemma 8.1. Let S be a sublocale of L. The map ¢s: S(L) — S(5) given
by ps(T) =TV S=TnNS is an onto frame homomorphism. |

This means that S(.5) is a sublocale of S(L) and allows us to introduce the
following definition.
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Definition 8.2. Let S be a sublocale of L and &7 C B(S(L)). We say that
an f: £(R) — S§(5) in F(S) has an &7 -continuous extension to L if there

exists an «7-continuous f : £(R) — S(L) such that the diagram

f,, :
o oh

commutes. The extension [ is called an o7 -continuous extension of f to L.

Remarks 8.3. (1) Note that g is precisely the quotient cg(s): S(L) — S(95)
from (8.1) since

css)(T) = MR € S(S) | T < R} = {/\A|Ag U R} —-7TNS
ReS(S),RCT

Y

(in the last equality, ‘C’ is obvious; conversely, if x € T'N S then, since
TNnSeds(S), A={z} C Ugesis).rer B)-

(2) For f € C(S) and &/ = ¢(L) this notion coincides with the previous notion
in the Appendix to [16] because pg = cg(s), by (1), and by (S1) the restriction
of cs(sy to ¢(L) is precisely the frame homomorphism ¢ (gy: ¢(L) — ¢(5) used
in [10].

Definitions 8.4. We say that a Katétov class & of a frame L is a Tietze
class whenever

(T1) < is closed under finite meets, and
(T2) o7 is closed under countable joins.

Given a Tietze class &/ and a sublocale S of L, let
dg={SVA|Aecd}

Of course, @7 C of whenever S € o/. We say that a sublocale S is C/-
embedded if every o/s-continuous f € F(S) has an @/-continuous extension
to L. Further, S is said to be C,-embedded if every bounded .oZs-continuous
f € F(S) has an /-continuous extension to L (recall that an f € F(S) is
bounded if there exist rationals p,q such that p < f < q, i.e. f(—p) =

flg,—) = 0s(5) = S5).

Examples 8.5. Each of the guiding examples @7, o5 and 7 is a Tietze
class.



30 J. GUTIERREZ GARCIA AND J. PICADO

Theorem 8.6. [RELATIVE VERSION OF TIETZE’S EXTENSION THEOREM]
Let of be a Tietze class of L. The following are equivalent:

(i) L is o/ -normal.
(ii) Every S € o is C,-embedded in L.

Proof: (i)=(ii): Let S € & and let f: £(R) — S(5) be a bounded 7s-
continuous map (we can assume w.l.o.g. that 0 < f < 1, ie f(—p) =
f(g.—) = Os(s) = 5). Then, for each p < ¢ there are U, ,V,, € @ such
that f(—,p) < Uy, < f(— q) and f(q,—) < V,, < f(p,—). In particular,

f(=a)=V Uy and f(p,—) =\ Vyy,

p<q q>p
and thus, by (T2), f(—,q), f(p,—) € &Z. Moreover, since f(p,—)V f(—,q) =
Ls(s) = Ls(ry = {1} for every p < ¢, then

VU,V Vs ={1} foreveyp<gq

r<q §>p

from which it follows that

AU = (\/ Ur,q)* <\ V,s foreveyp<yq. (8.6)

r<q r<q s>p

Define an antitone (S, | r € Q) C S(L) as follows:

18(L) = {1} ifr <0
Sy =< f(r,—) if0<r<1
OS(L) =1L if r > 1.

This is a scale that generates a g, € F(L), given by

{1} ifp<0
L ifp>1
and
{1} ifg>1

92(_7 q) - \/7“<q f(n _)* - \/r<q /\t>7~ ‘/;“,tc if 0 < q <1
L if ¢ <0.
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Clearly, g5 is a lower @7-continuous map. Similarly,

{1} ifg>1
91(—=q0) = V,eqUpg f0<g<1
L if g <0
and
{1} if p<0
00, =) =SV f(=8) =V Ay UnsS if0<p <1

ifp>1

define an upper o/-continuous map and by (8.6) we have g; < g».

It then follows from Theorem 7.1 that there exists an «-continuous h €
F(L) such that ¢y < h < go. This is the desired 7-continuous extension of
the given f. Indeed:

e For every p < 0, h(p,—) > g1(p,—) = {1}, so (vs - h)(p,—) = f(p,—).

e For every p > 1, h(p,—) < g2(p,—) = L, s0 (s - h)(p,—) = S = f(p,—).

e For every ¢ > 1, h(—,q) = g2(q,—) = 1, 50 (s - h)(—q) = f(—q).

e For every ¢ <0, h(—,q) < g1(—¢q) =0, 80(905 h)(—q) =5=f(=q)

e forevery0<p<1la dforeachre@suchthatp<r<1wehave
)

f(?“, _) - f(?", _) A (h(pa _) \% h(_7 ) (f(?", _) A h(pa _)) \% (f(?", _) A h(_7 T))
< h(p, =)V (f(r,=) Agi(= 1)) = hip, =) vV (f(r,—) A f(=7))
= h(p,—) V Os(s) = h(p,—) V 5.

Hence f(p,—) = (V,o,c1 f(r,—)) < h(p,—) VS < g2(p,—) V S = f(p,—)
and so (¢s - h)(p,—) = h(p,—) V.S = f(p,—).
e For every 0 < ¢ < 1 we can prove in a similar way that (g - h)(—, q) =

f(_7 q)

(ii)=(i): Conversely, suppose AV B = 1g;) = {1} with A,B € & and
consider the sublocale S = A A B which by (T1) also belongs to «7. Define
f: £R) = S(S) by

={1} ifp<0
flp,—)=<( A if0<p<l1
OS(S)ZS lprl
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and
15(5) = {1} if q > 1
f(—q) =< B if0<qg<1
05(5) =5 if ¢ <0.
This is a frame homomorphism. Since A, B, S, {1} € /s, this is moreover

a bounded @Zg-continuous map. Then it has an .@/-continuous extension
f: L&(R) — S(L). We have

7(07_) < Q,OS(?(O,—)) = f(oo_) =A

and

and so A and B are completely o7-separated in L. Therefore L is .o/-normal
by Theorem 7.1. [

Once again the dual result for extremal .o7-disconnectedness follows imme-
diately by complementation:

Corollary 8.7. Let o/ C B(S(L)) be such that </ is a Tietze class of L.
The following are equivalent:

(i) L is o7 -disconnected.
(ii) Every S € &7¢ is C%,-embedded in L. |

9. Images of .o/-normal and .«/-disconnected locales

In this final section we show how our general approach in Section 4 also
makes possible to extend to locales the Hausdorff mapping invariance type
theorems (Table 1) and to prove their relative versions with a single proof.
For that we need first to recall a few facts about localic maps from [30].

A map f: L — M between locales L and M is a localic map if it has a left
adjoint f*: M — L such that f*(1) =1 and f*(aAb) = f*(a) A f*(b). Then:
(1) f preserves arbitrary meets (in particular, f(1) = 1).

(2) If f(a) =1 then a = 1.
For each S € S(L), the image of S, f[5], is a sublocale of M. From [30] we
know that

fl=]: 8(L) — S(M)
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is a localic map. The localic map f is closed if the image of each closed
sublocale of L is closed. In that case, f[c(a)] = ¢(f(a)) for each a € L.
Moreover:

(1) f[—] preserves arbitrary meets.
(2) flOs(an] = Osqar) i f is surjective.

On the other hand, the preimage f_1[T] of a sublocale T of M is defined
as

falll=A{Ses@L)| s> [T},
where f~[T] denotes the set-theoretical preimage of T' (which is only closed
under meets, but not necessarily a sublocale of L). The function

Jal=l: 8(M) — S(L)
is left adjoint to f[—]|, that is,
AT < ST < fIS).

The preimage of a closed (resp. open) sublocale under a localic map is
closed (resp. open). Specifically,

f-1lc(a)] = ¢(f*(a)) and f_1[o(a)] = o(f*(a)) for each a € L. (9.1)
Moreover:

(1) f_1[—] preserves all joins and all finite meets.
(2) f-1[—] preserves complements.

Now we require some terminology. Let (7)) (resp. (&7))s) denote a subset
of the Boolean part of S(L) (resp. S(M)). We say that a localic map
f: L — M is (&)p(&)y-preserving if f[—] maps elements of (&) into
()

Examples 9.1. (1) (@4)r(9%)p-preserving localic maps are precisely the
closed ones while (o) (<7 )-preserving localic maps are the open ones.
Moreover, by (9.1), f-1[—] assigns elements of (.27] ) into (24 ), and elements

of (&) into (F)r.

(2) Regarding (.#2)1 (%) p-preserving localic maps they are precisely the
localic maps f: L — M such that for each a € L there is some b € M
satisfying f[c(a*)] = ¢(b%), that is, f[ta*] = 1b*. We can say more:

Proposition. For a localic map f: L — M the following are equivalent:
() f is (@) () p-preserving.
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(ii) For each a € L, f[ta*] = 1f(a*) and f(a*) is regular.
(iii) Foreacha € Land b € M, f(a*V f*(b)) = f(a*)Vband f(a*) is regular.

Proof: (1)=(ii): f[ta*] = 10* for some b and since f(a*) is obviously the
minimal element in f[ta*], b* = f(a*) and f(a*) is regular.

(ii)=-(iii): We have always f(a* V f*(b)) > f(a*) V ff*(b) > f(a*) Vb
Moreover, f(a*) Vb = f(x) for some z > a*. As f(x) > b, we have z >
a* V f*(b), and f(a®V f*(b)) < f(z) = f(a”) Vb.

(iii)=(1): If x > f(a*) then x = f(a*) Vo = f(a* Vv f*(z)) € f[Ta*]. Hence
f[ta*] = 1f(a*) and we have (ii). The fact that (ii) implies (i) is obvious. =

Note that any localic closed map that preserves regular elements is (.2%) (2% ys-
preserving. Further, by (9.1), f_1[—| maps elements of (&%), into () iff
the left adjoint f* preserves regular elements (these are the frame homo-
morphisms classified as of type E in ([7], Theorem 3.5)). This is true, in
particular, when h = f* is nearly open, that is, such that h(a*) = h(a)*
(precisely the frame homomorphisms in class A of [7]). Moreover, for any
such nearly open h, f preserves regular elements; in fact, hf(a*) < a*
implies h(f(a*)*) = (hf(a*))™ < @™ = a*, therefore, by adjunction,
fla®)™ < f(a”) and thus f(a®)™ = f(a").

(3) Regarding (%) 1, (%) y-preserving localic maps we have a similar result:

Proposition. For a localic map f: L — M the following are equivalent:

(i) f is (o) (973) p-preserving.
(ii) For each a € Coz L, f[ta] = 1f(a) and f(a) € Coz M.
(iii) Foreacha € Coz Land b € M, f(aV f*(b)) = f(a)Vband f(a) € Coz M.

We note in addition that f_;[—| maps elements of (o%),, into (73) iff the
frame homomorphism f* preserves cozero elements (which is always the case
for any frame homomorphism).

The pointfree counterpart of the Hausdorff mapping invariance theorem is
now a particular case of the following general result.

Theorem 9.2. [RELATIVE VERSION OF HAUSDORFF MAPPING INVARI-
ANCE THEOREM| Let f: L — M be an (&)(ef)r-preserving localic map
such that f_1[—] maps elements of (&) into (). If L is (&) p-normal
and f is a surjection then M is (/) y-normal.
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Proof: Let A and B be elements of (<)) such that AV B = 1. Since
f-1]—] maps elements of (o)), into (&) we have f_1[A], f1[B] € (&)L
and since f_1[—] preserves joins, we have

JlAIV foB] = f[AV Bl = fallsan] = Lsw).

Therefore, applying the (&) -normality of L, we get sublocales Uy and V; in
(&) such that

Uy ANV = OS(L) and f,l[A] VU= 18(L) = f,l[B] VvV .

Since f_1|—] preserves complements we have f_1[A°] = f_1[A]° < Uy and
J-1[B] = f[B]° < Vo. Let

U= flUo] € (&) and V = f[Vy] € ()

(using the fact that f is (&/)r(</)-preserving). Since f is surjective and
f[—] preserves meets we have

UNV = flU] A fIVo] = [lUo A Vo] = flOs(z)] = Osar).

On the other hand, U > ff_1[A°] > A€ and similarly V > ff_{[B] > B°.
Hence

Again, by complementation, one gets immediately the following (observe
that, since the preimage function preserves complements, saying that f_;[—]
maps elements of (27)5, into (27)S is the same as saying that f_i[—| maps
elements of (o)), into (&) 1):

Corollary 9.3. Let f: L — M be an () ()S,-preserving localic map such
that f_1[—] maps elements of (&) into (). If L is (&) p-disconnected
and f is a surjection then M is (<) y-disconnected. |

The particular case &/ = .7 provides the following result, which completes
Table 2 at the Introduction.

Corollary 9.4. Let f: L — M be a surjective localic map.

(1) If f is closed and L is normal then so is M.
(2) If f is open and L is extremally disconnected then so is M. u
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