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1. Introduction

The present paper concerns orthogonal polynomials of a discrete variable
on non-uniform lattices (commonly denoted by snul). These lattices are
associated with divided differences operators such as the Wilson or Askey-
Wilson operator ([2, Section 5], and [3, 12, 17, 18]). Specifically, we focus
our attention on the so-called Laguerre-Hahn orthogonal polynomials. The
Laguerre-Hahn orthogonal polynomials on non-uniform lattices were intro-
duced by A. Magnus in [14], as the ones for which the formal Stieltjes function
satisfies a Riccati difference equation with polynomial coefficients, with the
difference operator taken as a general divided difference operator given by
(14, Eq. (1.1)] (see Section 2 of the present paper for the precise definitions
and main properties). In this pioneering work, Magnus establishes difference
relations as well as representations for the Laguerre-Hahn orthogonal poly-
nomials and he proves that, under certain restrictions on the degrees of the
coefficient of the Riccati difference equation, the Laguerre-Hahn orthogonal
polynomials are the associated Askey-Wilson polynomials [1, 2].
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As it is well known from the setting of continuous orthogonality, Laguerre-
Hahn orthogonal polynomials inherit many properties from the classical and
semi-classical families [5, 7, 13, 16]. Indeed, one of the research topics within
the Laguerre-Hahn theory of a discrete variable is the so-called structure
relations, that is, linear difference relations involving the orthogonal polyno-
mials (see [4, 8, 10, 11] and their lists of references). In the semi-classical
case, it was proven in [15] the characterization of semi-classical orthogonal
polynomials on non-uniform lattices in terms of structure relations. A more
recent contribution, [9], proves the characterization of classical polynomials
on non-uniform lattices in terms of two types of structure relations, using
the so-called functional approach.

In the present paper we show a characterization theorem for Laguerre-Hahn
orthogonal polynomial on arbitrary non-uniform lattices. Our main result is
given in Theorem 2, where it is shown the equivalence between:

(a) the Riccati difference equation for the formal Stieltjes function, S;

(b) linear first-order difference relations for orthogonal polynomials related

to S, as well as for the associated polynomials of the first kind;

(¢) linear first-order difference relations for the functions of the second kind

related to S.

The difference relations contained in Theorem 2 for Laguerre-Hahn families
extend some of the difference relations for the classical families given in [9,
15, 22].

This paper is organized as follows. In Section 2 we give the definitions
and state the basic results which will be used in the forthcoming sections.
In Section 3 we show the main results of the paper, namely, the equivalence
between the above referred conditions (a), (b) and (c), stated in Theorem 2
Section 4 is devoted to the proof of Theorem 2.

2. Preliminary results

2.1. The operators D, E;, M and the related non-uniform lattices. We
consider the divided difference operator D given in [14], involving the values
of a function at two points, with the fundamental property that D leaves a
polynomial of degree n — 1 when applied to a polynomial of degree n. The
operator ID, defined on the space of arbitrary functions, is given by

f(y2(x)) = f(yi(x))
Yy2(7) — y1()

Df(x) = : (1)



LAGUERRE-HAHN ORTHOGONAL POLYNOMIALS ON NON-UNIFORM LATTICES 3

where, at this stage, y; and s are still unknown functions. To define them,
one starts by using the property that Df is a polynomial of degree n — 1
whenever f is a polynomial of degree n. Then, applying D to f(x) = 2% and
f(z) = 3, one obtains, respectively,

y1(z) + y2(x) = polynomial of degree 1, (2)
(12(2))* + 11 (2)u(x) + (4o(2))? = polynomial of degree 2, (3)

the later condition being equivalent to y1(z)ys(z) = polynomial of degree less
or equal than 2. The conditions (2) and (3) define y; and ys as the two roots
of a quadratic equation

ay® + 2bxy + éa® +2dy +2ex+ f =0, a#0. (4)

Some identities involving y; and ys, following from the fact that vy, ys are
the roots of (4):

yi(z) + o) = —2(bx + d) /a,
yi(x)ys(z) = (éa® + 2ex + f)/a.

There are four primary classes of lattices and related divided difference
operators (1):

(i) the linear lattice, related to the forward difference operator [19, Chap-

ter 2, Section 12];

(ii) the g-linear lattice, related to the ¢-difference operator [12];

(iii) the quadratic lattice, related to the Wilson operator [2] ;

(iv) the g-quadratic lattice, related to the Askey-Wilson operator [2].

This classification of lattices is done according to the two parameters A\ =
b2 — 4é and T = ((z}? —ae)(d — af) — (bd — dé)2> /@, assuming aé # 0: A =
7 =01in case (i); A > 0,7 = 0 in case (ii); A = 0,7 < 0 in case (iii); A7 < 0
in case (iv).

We would like to remark [15, Section 2|, where it is given a geometric
interpretation of the lattices. For the quadratic class of lattices (the so-called
snul), it is possible to have a parametric representation of the conic (4), say
{z(s),y(s)}, such that y(x(s)) = y(s) = 2(s—1/2) and ya(x(s)) = y(s+1) =
x(s+1/2), ading to [3, 17, 18]

),
2(s) = 48 + 55 + ¢, ifA=0,7<0,
2(s) = 1" + g +es, AT <0, q+q ' =4b?/(a¢) —2.
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Note that each of the operators in (i)-(iv) is an extension of the preceding
one, which is recovered as a particular case or as a limit case, up to a linear

transformation of the variable.

In the present paper we shall operate with the divided difference operator
given in its general form (1). By defining the operators E; and E,, acting on

arbitrary functions f, as

Eif(z) = fn(z)), Eof (z) = fya(2)),
(1) is given by

_ Eof(z) — Eif(2) .

DI == @ — @)

We define the companion operator of D as

_ Eif(z) + Ei f(2) _

M/ (2) :

Some useful identities involving D, Ml and E;, E, are listed below:

D(gf) =DgMf +MgDf,
DgMf — Df Mg

D(g/f) = EEf
D(/f) = g7
M(gf) = MgMf +D91D>f(yl_Ty2)2,
Mig/f) = o=
MO/T) = g

Eq. (6) has the equivalent forms:

D(gf) =DgE;f +Df Eyg,
D(gf) =DgEsf +Df Erg.

(10)

(11)
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Also, one has two equivalent forms for (7):

DgE,f —DfEg

D(g/f) = EE (12)
DgE,f —DfE
Dlg/f) = L=t (13

2.2. Laguerre-Hahn orthogonal polynomials and auxiliary results.
We shall consider formal orthogonal polynomials related to a (formal) Stielt-
jes function defined by

S(x) =) upz ! (14)

where (u,,), the sequence of moments, is such that det [uiﬂ-]?FO #0,n >0,

up = 1. The orthogonal polynomials related to .S, P,,n > 0, are the diagonal
Padé denominators of (14), thus the numerator polynomial (of degree n —1),

henceforth denoted by p

1, and the denominator P, (of degree n) are
determined through

S(z) — PV (2)/Py(z) = Oz 2 ), 2 — . (15)

Throughout the paper we consider each P, monic, and we will denote the
sequence of monic polynomials { P, },>¢ by SMOP.
Monic orthogonal polynomials satisfy a three term recurrence relation [20)]

Poii(x) = (v — Bn)Pu(z) — Poa(z), n=0,1,2,.., (16)

with P_1(x) =0, By(z) =1, and v, #0, n > 1, 79 =up = 1.
The sequence {PS)}”ZO, also known as the sequence of associated polyno-
mials of the first kind, satisfies the three term recurrence relation

PW(z) = (z — B) PV (2) — v PYy(z), n=1,2,..

with PY(2) =0, PV (2) = 1.
An equivalent form of (15), often encountered in the literature of orthogonal
polynomials (see, for example, [21] and its list of references), is given by

Qn:PnS_Pélf)la 7121, QO:S, (17)
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where ¢,,n > 0, are the so-called functions of the second kind corresponding
to { P, }n>0. The sequence {q,},>0 also satisfies a three term recurrence re-
lation,

qn+1($) = (.%‘ - ﬁn)qn(x) - anQn—l(x) , n=0,1,2,... (18)

with initial conditions g1 = 1, qo(x) = S(z).
We will make use of the following result (see [6]).

Lemma 1. Let {P,},>0 be a SMOP and let {Pr(bl)}nzo be the sequence of
associated polynomials of the first kind. The following holds:

E,PVEP, — EPun EPY =T w. =12, n>0. (19)
k=0

Therefore, for each j =1, 2, EjPél) and E; P, 1 do not share zeroes.

Proof: Eq. (19) follows from the application of the operator E;, j = 1,2, to
the identity

PP, = PP =T, n>o0.
k=0

From (19) there follows the statement concerning the zeros. |

Definition 1. A SMOP {P,},> related to a Stieltjes function S (14) is said
to be Laguerre-Hahn if S satisfies a Riccati equation

A(z)DS(x) = B(x) E1S(z) EoS(z) + C(x) MS(x) + D(x) (20)

where A, B, C, D are polynomials in z, A # 0.
If B=0, then {P,},>¢ is said to be semi-classical.

We will make use of the Theorem that follows.

Theorem 1. Let {f,} be a sequence of functions satisfying a three term
recurrence relation

fov1(x) = (x = Bp) ful®) — Wafaa(z), Y #0, n>0. (21)
Let g, = fus1/fn satisfy for alln >0
A, (z) Dg,(x) = By(x) E1gn(2) Eggy(z) + C,, Mg, () + Dp(x), (22)
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with D, M the operators defined in (1) and (5), and A, By, Cy, D,, bounded
degree polynomauals. Then, for all n > 0, the following relations hold:

2
_ Dn
Aoy = A, — W) Do (23)
2 Tn+1
D,
BnJrl — ) (24)
Yn+1
D,
Cit = —Cly — 2M(2 — Bpot)—> (25)
Yn+1
D,
Dn+1 — An + ’Yn+1Bn + M(I — 5n+1)0n + (yl — Bn+1)(y2 — BnJrl)’y ) (26)
n+

Proof: From (21) we get g, = (x — 5,) — Yn/gn-1, thus, writing the above
equation ton + 1,

In+1 = (SC - /BnJrl) - 7n+1/gn . (27)
Applying D to (27) and using D(1/g,) = —Dg,,/(E19,E29,) (cf. (8)) we get
Dy

D =1 —_—
In+1 + %+1E19n Eyg,

Now we multiply the above equation by A,, and use (22), as well as M((1/g,,) =
Mg,/ (E1g, Eag,) (cf. (10)), thus obtaining

’VnJran

A, Dg,1 = A, ni1Bn, wr1Cy M(1/4g, . 28
In+1 + Yn+15n + Ynt1 (/g)+ElgnE29n (28)
Note that from (27) we have
M - Mn M n
Tn+1 Yn+1
Also,
’VnJran . Dn

(3/1 — Bnt1 — E19n+1) (3/2 — Bl — E2gn+1) )

19,295 a Tn+1
and some computations yield
7n+1Dn . Dn

- - n — Pn — 45)%/2 Dy,
Elgn Ean Vst ((yl 5 +1)(y2 5 _|_1) -+ (y1 y2) / Gntt

—2M(x — Brs1)Mgpi1 + Ei1gn1E2gnt1) - (30)
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The substitution of (29) and (30) into (28) yields

— 2 D, D,
<An -2 1~ v2) ) Dgp41 = E19n+1E29n11
4 Yn+1 Yn+1

Dy,

Yn+1

+ <_Cn — ZM(QT — Bn+1) ) Mgn+1

D,
+ (An + Ynt1Bn + M(z — B41)Cn + (y1 — Bot1) (2 — Bns1) ) :

Yn+1

The comparison between the above equation and (22) written to n + 1 gives
us (23)-(26). |

3. Characterization theorem

Theorem 2. Let S be a Stieltjes function, let {P,},>0 be the corresponding

SMOP, and let {Pél)}nzo, {qn}n>0 be the sequence of associated polynomials
of the first kind and the sequence of functions of the second kind, respectively.
The following statements are equivalent:

(a) S satisfies the Riccati equation (20),

ADS = BE,SEyS + CMS + D,
where A, B, C, D are polynomials;
(b) P, and pY satisfy the difference relations for all n > 1,
ADP, =1, P, — C/2EyP, — BEy PV, + 0, P, 1,
ADPY, =1, \E,PY, + C/2E,PY, + DEyP, + 6, E PV

n—2 5

(31)

(¢) qn satisfies for all n > 0,
A]D)Qn - lnfl ElQn + (B Els + 0/2) EZQn + ®n71 El‘]nfl ’ (32)

where 1,0, are polynomials of uniformly bounded degrees satisfying
the initial conditions |-y = C/2, ©_; = D.

The proof of Theorem 2 will be given at the next section.
Remark . The characterizations stated in Theorem 1 are not uniquely repre-
sented. One can also deduce that the following statements (a), (b), (c) are
equivalent:

(a) S satisfies the Riccati equation (20),

ADSzBE18E25+CMS+D;
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(b) P, and P satisfy the difference relations for all n > 1,

ADP, =1, 1EsP, — C/2E1P BE,PY, + 0, 1E,P, 1,
{AID)P( Y =1, B, P, + C/2E, P ()1+DIE1P +0,,E,PY, (33)
(c) gy satisfies for all n > 0,
ADgy = ln-1Eaq, + (BE2S + C/2) E1gn + On-1 Eogn1 - (34)

Therefore, we deduce the result that follows.
Theorem 3. Let S be a Stieltjes function satisfying the Riccati equation
ADS = BE{SEy,S+ CMS + D,

where A, B C D are polynomials. Let {P,},>0 be the SMOP related to S,

and let {P }n>0, {qn}n>0 be the sequence of associated polynomials of the
first kind and the sequence of functions of the second kind, respectively. The
following relations hold, for all n > 0:

ADP,.y = (I, — C/2)MP,,, — BMPY + ©,MP, (35)
ADPY = (1, + C/2)MPY + DMP, | + ©,MPY, | (36)
ADQn = (ln—l + C/Z)qu + B (MS qu - M(SQn)) + Gn—lMQn—l . (37)

Proof: Sum (31) and (33) to get (35) and (36). Following the same idea,
sum (32) and (34) to get (37). |

Remark . The equations (35)-(37) extend the ones given in [22] for the semi-
classical case.

Corollary 1. The polynomaials l,,, ©, of Theorems 2, 3 satisfy, for alln > 0,

O,
ln+1 + ln + M(:C - /BnJrl) =0 ) (38)
Yn+1
O,
Ont1 = A+ (y1 — Bus1)(y2 — But1)
Yn+1
2
_ 0,
(e = 2 52) B2 e - gt 9

with initial conditions |1 = C/2,0_1 =D
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Proof: Multiply (32), written to n+1, by Esq,, and subtract to (32) multiplied
by Es@ni1. Then, multiply the resulting equation by 1/(E1¢,E2q,), thus
obtaining

AD <Qn+1> _ lnEl (QnJrl) B ln_1E2 (QnJrl)
4n dn 4n

n dn

where we used the property (13). From the recurrence relation for ¢, there
holds

dn—1 (37 — Bn) 1 dn+1

dn Tn Tn dn

E, (q“) — i15:1(ac — Ba) — 1k, (q”“> . (41)

an n Tn dn
The substitution of (41) in (40) yields

AD <Qn+1) — K, (Qn+1) — 1, E, (Qn-i-l)
dn dn dn

1O, - @n_lEl(x - ﬁn)E2 (Qn—i—l) 1 Gn—lEl (%H) E, (Qn-i-l) . (42)

On the other hand, if we proceed as above, but starting with the eq. (32)
and using the property (12), we obtain

AD <Qn+1) _ lnEQ (QnJrl) o ln—lEl (QnJrl)
4n 4n 4n

1O, - @n_lEQ(x - ﬁn)El (Qn+1) X @;—1]]51 <QZ+1) E, (CJZH) . (43)

From the sum of (42) with (43) there follows

A]D) <qn+1) _ (ln . lnfl)M (Qn—i-l) + @n 4 @n—lEl <Qn+1> ]E2 (Qn—i-l)
dn dn Tn dn dn

_ O (19:1(:6 ) (q”“) (o — B)Es (q”“>> (44)

2771 n n

Y

thus
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The use of
Qn+1 n+1
Ei(z — Bn)Es < ) + Es(x — 5,)Eq ( . )

dn
_ 2
= 9M(z — 3,)M (%) o) (%H)
n 4 n

in (44) gives us the Riccati equation for g, = ¢u11/qn,

with
An _ A o (yl - y2)2 @n—l :
4 Yn
Bn = @nil )
Y
O,
Cp =1y — 1 — M(z — 8,) ==,
D, =06,.

Now we use Theorem 1. Taking into account the relations (23)-(26) for
A,, B,,C,, D,, there follows, for all n > 0,

O, 0,
lnv1 — L1 — M(SU - /Bn) 1 + M(SU - /Bn-i-l) =0, (45)

In Yn+1

Oy

Yn+1

Ont1 = A+ (y1 — Bus1)(y2 — Butr)
@nfl

Tn
+M(z — Bpy1)(ln — lp1) . (46)

+ (e = B i 5, M G~ )

To deduce (38) we write (45) in the equivalent form

O,
Mn+1 = Mn, n Z 0 and Mn+1 = anrl + ln + M(QU — Bn+1)7 ,
n+1
from which there follows M,, .1 = My, n > 0. The use of the initial conditions
o+ 11+ Mz — ) =2 = 0 yield (38).
[ |

Using (38) written to n — 1 in (46) we obtain (39).
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4. Proof of Theorem 2
Proof of (a) = (b).

w Do
If we use S = % + ]";1, n > 1 (cf. (17)), then (20) yields

g P, P, P,
M, = —AD | =5 |+ BE; | =5 | Bz |~ | +CM | =5 | +D, (47)

where
(1)
4n Pnfl
E/|—|E
+ Ity (Pn) 9 ( 2 ) +

By multiplying both hand sides of (47) by E; P,[E5 P, and using the prop-
erties (12) and (9), we obtain

M, E\P, E,P, = —ADP\", E, P, + ADP, E,P\Y, + BE, PV, E, P\,
- % (E1PY\ EoP, + By P, P, ) + DEL P, EoP
Now let us write

— ADP, B\ P, + ADP, B, PV, + BE, PV, B, P,
c

+ (Elpﬁl E,P, +E, P, ]EQP?E{)l) 4+ DEP,EyPy = 6,1, (48)

where ©,,_; is a bounded degree polynomial, as ¢,(z) = O(z~2"'). One has

A~

deg(0,-1) = max{deg(A) — 2,deg(B) — 2,deg(C) — 1}.
Taking into account El(Péljl)El(Pnfl)—]El(Pn)]El(PT(LlJQ) =TI =7 n > 1,
(cf. (19)), then (48) can be written as
— ADPY E,P, + ADP, E,P\Y, + BE,P\Y, E,P"V,
- % (IE:lR,E”1 E,P, + E, P, Eng”l) + DE, P, E,P,

~0, , (Elpﬁ_}l E.P, | —E,P, ]E1P7§1_>2> . (49)
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where ©,,_; = én_l/ HZ;(I) V-
Now, let us write (49) as

{A DP, + C/2E,P, + BE,PYY, — @n_lEan_l} E,PY,
{A pPY — ¢/2E,PY, — DE,P, — @nlElpglg} E,P,. (50)

Since ElPﬁ)l and E; P, do not have common zeroes, for all n > 1, then there

exists a polynomial, [, 1, such that

ADP, + 0/2 E,P, + BE,PY, — 0, \E\P, 1 =, \E,P,,
ADPY, — c/2E,PY, — DE,P, — 0, 1E,P\Y, = 1, \E, P,
that is, we get (31).

Proof of (b) = (a).

P,
Let us define v, = [ P(J{)l ] . From the three term recurrence relation for { P, }

n

and {P )1, there follows that 1, satisfies

wn = (.%‘ - 5n)77bn—1 - 7n¢n—27 n > 17 ¢—1 = [é] ) @DO = [x _1 60] . (51)

DP, E.P, ,
With the notation D, = [ {1], Eth, = [ J ﬂ ,j = 1,2, (31)

DAV E; P
reads as
AD¢n—1 - ln—lElqybn—l + GEan—l + Gn—lEﬂbn—Q s (52)
_|-C/2 -B
where C = [ D 0/2].

In turn, (52) reads as

A (%—1(%) — Yn1(y1)
Y2 — U1

) =l 1Un—1(y1) + Ctop_1(y2) + Opn_11n_2(y1) ,

that is,
Antn—1(y1) + Bu_1(y2) = Cothn—a(11) (53)

A A
— 1), B =
Y2 — Y1 Y2 — Y1

and I denoting the identity matrix of order 2.

with

‘An:(_ ]—(‘3, en:®n71]7
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Taking n + 1 in (53) and using the recurrence relation (51) we get
ﬁvnwn—l(yl) + @n¢n—1(y2) - én¢n72(y1) + ®n¢n—2(y2) ) (54)
with
‘[[n - (yl - /Bn)An+1 — Cht1, @n - (y2 - Bn)Ba én = YnAn+1, ®n =MB.
Now, we gather (53) and (54) in the system

e [ som) =% st o

where &,, and &,, are the block matrices

. _[A B, ’?_[e oM]_

An Bn_ en Dn
Note that &, is invertible,
~1_  n—1 (Y2 — 573)1 —1
En = nOn—2 | -B'A, BTA,| (56)
From (55) there follows
77bn—1(y1) 77Dn—2(y1) -1
— n 9 n - gn gjn, 57
[%—1(92) J Vn-2(y2) ) (57)

being G,, an invertible matrix as is a product of invertible matrices.
Take n + 1 in (57). On the one hand we have

) = 8w [Ben)] £

and, on the other hand, using the three term recurrence relation (51), we
have

Mﬁﬂzrmym]mfmJﬁﬁﬂﬂ‘%wﬁgﬂ’
thus,

= (T G Do =) ] - )
Consequently, (58) and ( 59) yleld

— (yl - 571) 0 _ -1
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Let us compute G 1. Taking into account (56), we obtain

X, Y,B

where X,,,Y,,U,,V, are the functions given by

A
X, = ay ((Z/Q - Bn)(an—l + Vn( + ln)) )
Y2 — U

Y, = —Vnln ,

+ lnfl) + (yl - Bn)@nll + @nGnl) )

U, = ay (( A ) [vn(

Y2 — U1 Y2 — U1

A
Vn — _’Ynan(i + lnfl) )
Y2 — U
Yn—1
W/n@n—Q

with «a, = . Therefore, it turns out that

9_1_i Vol —-Y,B
n, | FUBTY X T

where ¢, is the function given by 9, = X,,V,, — Y,,U,, .
Taking into account (61) and (62), (60) reads
X1 = (Y1 = Bn) = 1 Va/0n, (63)
Yorr = 1Y/ 0n, (64)
Uni1 = Un/0n (65)
Vier = (y2 = Bu) — 1 Xn/0n - (66)
From (63)-(66) there follows that 6,.1 = X,,11Vhi1 — Yai1Upno1 is given by
1 A2
Ont1 = (Y1 — Bu) (Y2 — Bn) — v (41 — Bu) X + (y2 — Bu)V2) 5 t5
Now we proceed analogously with Magnus [14, 15]. Write 0, = pin/pin_1 -
Then, we obtain
pn X1 = (Y1 — Bu)ttn — Ynttn—1Va
Va1 = (Y2 — B)tn — Ynbin—1Xn
pnr = (1 = B) (Y2 = Ba)ttn = Yabtn—1 (91 — Ba) X + (y2 = Bu) Vi) + Yibtn1.
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The change of variables

A~ ~

Xn+1 - ,LLanJrla Vn+1 - ,unVnJrl

yields the relations
X1 = (1 = Ba)ttn — Vi,
Vier = (g2 = Bu)btn — X,
fn1 = (Y1 = Bu) (Y2 = Bn)bn — ((yl — Bn) X + (32 — Bn)vn) + Yokl

Remark that the above recurrence relations for Xn, Vn and p, are precisely
the recurrence relations satisfied by the products of solutions of the three
term recurrence relation (16) at y; and yo. Indeed, if

Sl = (3/1 - Bn)fn — Ybn-1, M1 = (y2 - 571)7771 = Ynlin—1,

then the above recurrence relation for Xn, Vn, [ty is precisely the relation for
&1, &En_1Mn, Enn, Tespectively. Taking into account that a basis of the
three term recurrence relation 7,11 = (x — B,)7, — VnTn—1 is constituted by
{P,} and {q¢,}, (cf. (16) and (18)), the following must hold: &, must be a
combination of P,(y;) and ¢,(y1), and 1, must be a combination of P,(ys)
and ¢, (y2). Thus, there are four choices to be considered:

(Z) gn = Pn(yl)a M = Pn(y2)7
(#) &n = Pa(y1), M = qu(y2),
(Zii) §n = Qn(yl)a Tin = Pn(CUQ) ,
(i0) &n = an(y1), 1 = Gn(y2)-

Therefore, we obtain

fin = Py (y1) Pu(y2) + BP.(y1)@n(y2) + 74 (y1) Puly2) + 0¢u(y1)gn(ye) - (67)
Taking n = 0 in (67) we obtain

o = a + Bao(y2) + vq(y1) + 0qo(y1)qo(y1)
and such a relation is ADS = BE{SEyS + CMS + D, with
(v —8)

2
Proof of (a) = (¢).
Note that ADS = BE;{SE,S +CMS + D is

A]D)Qn — lnfl ElQn + (B Els + 0/2) EQQn + ®n71 El‘]nfl

A=

(r2—11), B=0, C=v+p6,D=0a— .
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with n =0, since ¢y =1,q0 = 5,11 =C/2,0_1 = D.

Let us now deduce the above difference equation for n > 1.

Applying AD to ¢, = P,S — Pﬁ)l, n > 1 (cf. (17)), and using the prop-
erty (11) we obtain

ADg, = ADP,E,S + ADSE,P, — ADPY, .

Using the equations (31) as well as (20) in the above equation, we obtain

ADg, =l 1Ey(P,S — BY) + (BE(S + C/2) By(P,S — BY))
+0, 1Ey(P, 1S — PY,),

thus (32) follows.
Proof of (¢) = (a).
Take n =0 in (32).
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