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ABSTRACT: We prove that on a compact Sasakian manifold (M, 7, g) of dimension
2n+ 1, for any 0 < p < n the wedge product with n A (dn)? defines an isomorphism
between the spaces of harmonic forms Q77 (M) and Q7P*! (M). Therefore it
induces an isomorphism between the de Rham cohomology spaces H" P(M) and
H™PTL(M). Such isomorphism is proven to be independent of the choice of a
compatible Sasakian metric on a given contact manifold. As a consequence, an
obstruction for a contact manifold to admit Sasakian structures is found.

1. Introduction

Sasakian manifolds, introduced by Sasaki [22] in 1960, can be described as
an odd-dimensional counterpart of Kahler manifolds. Starting from the 90s,
a renewed interest in Sasakian geometry was stimulated by the new findings
in theoretical physics (see e.g. [11, 16, 19, 20]), especially after the Maldacena
conjecture [18] on the duality between conformal field theory and the anti-de-
Sitter space. As a consequence, many important geometric and topological
properties of Sasakian manifolds were discovered, see e.g. [3, 4, 10, 15].

It is well known that Sasakian geometry is naturally related to Kahler
geometry from two sides: on the one hand Sasakian manifolds can be defined
as those manifolds whose metric cone is Kahler, on the other hand the 1-
dimensional foliation defined by the Reeb vector field is transversally Kahler.

A remarkable property of compact Kahler manifolds is given by the cele-
brated Hard Lefschetz Theorem, stating that the cup product with the suit-
able powers of the symplectic form gives isomorphisms between the de Rham
cohomology groups of complementary degrees. This result was first obtained
by Lefschetz [17] but the first complete proof was given by Hodge in [13].
One of the consequences of the Hard Lefschetz Theorem is an obstruction
for a symplectic manifold to admit a Kahler structure.

Later on, an odd dimensional version of the Hard Lefschetz Theorem was
proven for compact cosymplectic manifolds in [6]. Thus one may ask whether
a similar property also holds in the context of Sasakian geometry. So far,
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the only result that can be considered to be in this direction is the transver-
sal Hard Lefschetz Theorem, proved by El Kacimi-Alaoui [7], which holds
for the basic cohomology with respect to any homologically orientable trans-
versely Kahler foliation. In this paper, our aim is to prove that a version of
Hard Lefschetz Theorem holds for the de Rham cohomology of any compact
Sasakian manifold.

Our approach needs to be different from the one adopted in Kahler geome-
try. Indeed, although Sasakian and Kéahler manifolds share many properties,
in this case the picture for Sasakian manifolds shows deep peculiarities. Let
(M,w, g) be a compact Kahler manifold of dimension 2n and QX (M) the
space of harmonic p-forms on M. We recall that the Hard Lefschetz Theo-
rem states that for any 0 < p < n, the maps

WA= QP (M) — QTP(M)
a— WP A\ a

are isomorphisms. Now, let (M,n,g) be a compact Sasakian manifold of
dimension 2n 4+ 1. As a natural generalization of the above Lefschetz isomor-
phism, one can consider, for each 0 < p < n, the maps

A (dn)? A —: Q7 (M) — Q37 (M)
a—nAdn)?Aa. (1.1)

However at this step a serious problem already arises. Namely, differently
from the Kahler case, it is not true that the wedge multiplication by either
dn or n A dn maps harmonic forms into harmonic forms, so in principle the
definition of the above maps may happen to be ill posed.

Nevertheless, we discover some spectral properties of the Laplace operator
on differential forms which allow to overcome this obstacle. More precisely,
given a € Q) 7 (M), we show that the forms n A (dn)* A a and (dn)* ' A
are eigenforms of the Laplacian with positive integer eigenvalues for all 0 <
k < p—1. These eigenforms and their eigenvalues are visualized in Figure 1
at page 12 in the case n = 5. In the figure the points on the horizontal
axis represent the spaces of harmonic forms on M. All other points with
coordinates (p, ) denote suitable subspaces of

{FeP(M)|af=4vp}.
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The segments represent the isomorphisms (3.1) and (3.7) between the cor-
responding vector spaces. As shown in the figure, the A-eigenvalues of
n A (dn)k A « initially increase with & up to degree n and then decrease
until to reach zero, for £ = p. Thus each mapping in (1.1) is actually well de-
fined, in the sense that its target space is Q7 le(]\4 ). Moreover, in Theorem
3.6 we prove that such map is in fact an isomorphism by explicitly giving its
inverse map. This isomorphism obviously induces via Hodge theory an iso-
morphism between the corresponding de Rham cohomology groups. Namely,
for each 0 < p < n we obtain the isomorphism

Lefy p: H"P(M) — H"™™P (M)
[B] = [nA(dn)” N1, BT,

where 11,3 denotes the orthogonal projection of 3 on the space of harmonic
forms. Note that, contrary to the symplectic case, we are forced to use
the metric structure in the definition of Lef,. Thus, a priori, one could
expect that different Sasakian metrics on M could lead to different Lefschetz
isomorphisms. To the utter surprise of the authors, this is not the case.
In Theorem 4.5 we prove that the Lefschetz isomorphism is independent of
the metric. This provides an obstruction for a contact manifold to admit
Sasakian structures. In the last section, we introduce the notion of Lefschetz
contact manifold and we prove that their odd Betti numbers up to the middle
dimension are odd.

2. Preliminaries

In this section we recall the definition of Sasakian manifolds and list some
of their properties. For further details we refer the reader to [1] or [2].

Let M be a smooth manifold of dimension 2n 4+ 1. A 1-form n on M is
called a contact form if n A dn™ nowhere vanishes. Then the pair (M, n) is
called a (strict) contact manifold. We write ® for %dn and we denote by &
the Reeb vector field, that is the unique vector field on M such that i¢n =1
and ¢¢dn = 0.

Let (M,n) be a contact manifold and g a Riemannian metric on M. We
define the endomorphism ¢: TM — TM by (X,Y) = g(X, ¢Y).

Then (M,n,g) is called a Sasakian manifold if the following conditions
hold.

(i) ¢* = —1 +n ® &, where [ is the identity operator;
(17) g(¢p X, Y ) = g(X,Y) —n(X)n(Y) for any vector fields X and Y on M;
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(7i7) The normality condition is satisfied, namely

where [—, —]pn is the Frolicher-Nijenhuis bracket as defined in [14].

It is well known that in any Sasakian manifold

¢¢ =0, no¢=0. (2.1)
Now we will introduce notation for some linear operators on the exterior
algebra Q*(M). For a p-form o on M, we denote by ¢, the operator given by

6045204/\57

where 8 € Q*(M). If (M, n) is a compact contact manifold, then ¢, is adjoint
to i¢ with respect to the usual global scalar product on Q2*(M), that is €, = .
Since i¢n = 1, for any w € Q*(M) we have

{ic,en} w = w, (2.2)
where the curly brackets are used to denote the anti-commutator of two
operators.

Let (M,n, g) be a compact Sasakian manifold. We define the operators L
and A on Q*(M) by

L = eg, A=1L"
Then, since d is a graded derivation on Q*(M) of degree 1 and 7 is a 1-form,
we get
{d,€e,} = €4, = 2e5 = 2L. (2.3)
Therefore
{ig,0} ={d, e} =2L" = 2A. (2.4)

Hereafter, we will use some elements of Frolicher-Nijenhuis calculus, devel-
oped in [8] (see also [14, Section 8]). In this framework, for every vector
valued k-form 1, the graded derivation i, of degree (k — 1) on Q*(M) is
defined. It acts on w € QP(M) by

('qu)) (Xh SR 7Xp+kf1) = Z(_l)gw(w(Xo(l)a SR X(T(k))? SR XU(erkfl)))

g

where the summation is taken over all (k,p — 1)-shuffles. In the case k = 0,
that is when ¢ = X is a vector field, we reobtain the usual interior product
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1x. If ¥ is an endomorphism of T'M, that is when k = 1, the formula above
can be rewritten as

p
ipw (X1, X)) =Y w(Xy,.. X, . X))
s=1

For any vector valued k-form ¢ the operator L, is defined to be i,d —
(=1)*~'di,. Note that every Ly is a graded derivation of degree k on Q*(M).
If v» = X is a vector field, then Ly is the usual Lie derivative.

When 1 is the identity operator I: T'M — T'M, the operator i, will be
denoted by deg, motivated by the fact that for any p-form w we have

degw = 1w = pw.

Now we recall from [9] some results on commutators between some operators
on Sasakian manifolds (note that Fujitani uses ® for iy, ¢ for ®, A for i¢, and
[ for €,).

Theorem 2.1. Let M be a compact Sasakian manifold of dimension 2n + 1.
Then the operator iy commutes with €,, i¢, L, and A. The Lie derivative L¢
commutes with d, 0, €,, t¢, L, A, and iy. Furthermore

[d, A] = [ig, 6] — 2 (n — deg) i¢ (2.5)
(8, = 2[i, 6] — 4 (n — deg) i (2.6)
[A, Z'qg] = —2 (Eg — igd + 67,5) (27)
(A, €)] = —2L, + 4, (n — deg) . (2.8)
Proof: See Propositions 1.1, 1.2, 3.3 and Theorem 3.2 in [9]. |

Using the equalities (2.5)—(2.8), in [9, Theorem 4.1] Fujitani reobtained a
few results of Tachibana [23] and complemented them with the dual ones in
9, Corollary 4.2]. Below is the summary of these results.

Proposition 2.2. Let M be a compact Sasakian manifold of dimension 2n+1
and w a harmonic p-form. Then isw 1s a also harmonic and, moreover,
(1) if p <mn, then iqw = 0;
(1) if p>mn+1, then e;w = 0;
(1ii) if p < n-+1, then Aw = 0;
(iv) if p > n, then Lw = 0.

In the following proposition we prove some other useful identities.
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Proposition 2.3. In any Sasakian manifold we have

[ig, €n] =0 (2.9)
[ig,ic] =0 (2.10)
L2 = —2LL; (2.11)
{6,6,} = —L¢. (2.12)

Proof: Since i4 is a derivation of degree zero, we have [ig, €] = €, = 0, as
ipn = 0 by (2.1). Next, it is easy to check that for any ¢): TM — T'M and any
vector field X we have [iy, ix] = —iypx. Thus [ig, i¢] is zero by (2.1). Further,
according to Frolicher-Nijenhuis calculus, we have {Ly, Ly} = Lig4), - Thus,
from the normality condition for Sasakian manifolds, we get

1 . .
L2 = §£[¢,¢] = —Lapee = — {Zdn@)g, d} = —{dn A e, d} =—dn N Le=—2LL:.

FN
Finally, it was shown on page 109 of [12] that, for any Killing vector field
X, one has Lx + {5, eg(X7_)} = (. Since in any Sasakian manifold the Reeb
vector field ¢ is Killing, the equation (2.12) holds.

|

3. Hard Lefschetz isomorphism for harmonic forms

In this section we establish the hard Lefschetz isomorphism between the
spaces of harmonic p-forms and harmonic (2n + 1 — p)-forms in a compact
Sasakian manifold M of dimension 2n + 1.

We start by introducing some notation. Let Ay, ..., A; be operators
on Q* (M). We shall denote by ), (M) the set of forms w such that
Ajw = -+ = Ayw = 0 and we shall use Q%" | (M) as a shorthand for

.....

empty if v < 0 and M is compact, since all A-eigenvalues are non-negative
in this case.

We will be mainly concerned with two families of spaces of differential forms
on a compact Sasakian manifold, namely, 277 (M) and Q. . (M), where
0 < p < 2n+1 and v are non-negative real numbers. It follows from (2.12)
that the spaces of both families are included in ng(M ). Let us show that
these two families are related to each other by the Hodge star operator .
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Proposition 3.1. Let M be a compact Sasakian manifold of dimension 2n+
1. Then for any p-form w, we have w € Q57 (M) if and only if *w €

d,ig,en
Q2n+1—p,l/(M) -

(5,€n,i€d

Proof: Tt is easy to check that for any p-form w, one has d xw = (—1)Pxdw,
ek w = (—1)PTxijew, hence jed*w = — x €,0w and A *w = % A w. Therefore
the claim holds. ]

Now we show that the spaces of harmonic forms on a compact Sasakian
manifold are included in the above families of subspaces.

Proposition 3.2. Let M be a compact Sasakian manifold of dimension 2n+

1.
(i) For p <mn, we have QL (M) = QZ:?&W; (M) and ngg,,z‘gd(M) = 0.
(ii) For p > n+ 1, we have Q) (M) = ngg,,,igd (M) and QZ:EL’EW(S(M) = 0.

Proof: Tt is obvious that QZ:?&ené (M) c QN (M). Let w € QX (M) with
p < n. Since w is harmonic, we have dw = 0 and ¢,0w = 0. Moreover,
by Proposition 2.2 we have that ¢cw = 0, since p < n. Thus QZZZ,@]&(M) =
QL (M),
In order to prove that Qg’o . 4(M) = 0, notice that
1€
QY (M) c QB(M) = QY

(5,€n,i€d d,ig,en(s

(M)
implies €,w = 0 and 7¢w = 0 for any w € Qg’gn igd(M). Therefore by (2.2)
w = tgepw + €yiew = 0.
Hence Q?:Sn,ig 4(M) = 0. The second part of the proposition can be proved by

duality considerations, using Proposition 3.1. u

Proposition 3.3. Let M be a compact Sasakian manifold.

(1) If w € Qg’f:igd(M) then dw € QZE’E%(M). If moreover v # 0, then
dw # 0.

(i1) If w € QZ:Z@,&(M); then dw € Qg;ifl(M). If moreover v # 0, then
ow # 0.

Proof: By duality, it is enough to prove just (7). Let w € ng’f:’ig 4(M). Then

d (dw) = 0, iedw = 0, Adw=dAw=4vdw.
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It is left to show that €,0dw = 0. Since dw = 0 and €,w = 0, we get
enddw = €,0dw + €,dow = €, A w = 4ve,w = 0.

If moreover v # 0, then ddw =A w = 4vw # 0. Thus also dw # 0.

m
Proposition 3.3 shows that for v # 0, we have the pair of isomorphisms
A d +1,4
Qg,e:,igd (M) = Qz,ig,e,:s (M), (3.1)

for any 0 < p < 2n.
Theorem 3.4. Let M be a compact Sasakian manifold of dimension 2n + 1.

(i) If w € QVY. (M) then icw € QU =1y,

(5,677,2'56[ d,ig,en(s
. A p+14—p+n)
(1) If w € Q. 5 (M) then eyw € Q5 (M).

Proof: We will prove just (i) as (i7) can be obtained from (i) by using Hodge
duality and Proposition 3.1. Let w € Q2% (M). We write v/ for v4+p—n—1.

5,€n,i§d
We have to show that icw € QZ;;’:Q (M). First of all, from (2.12), we get
digw = Lew — iedw = — {€,,0}w = 0. (3.2)

Next, it is obvious that icicw = 0. Moreover, by using (2.12), (2.2) and (3.2)
we get

€n0icw = —Leicw — depicw = —igdigw — § (w — igeuw) = 0.
Thus tcw € QZ;;W;(M). It is left to prove that A jew = 4v'icw. From the
equation (2.6) for [A, ], using that dw = 0, we get
Adgw — i A w = —20igw —4(n —p+ 1)iew.
Since Aw =4vwandv—n+p—1=1, we get
A dew = A igw — 20i4w. (3.3)

To get that digw = 0, we proceed as follows. First we apply dd to (3.3).
Using that dé commutes with A, we get

A d5i§w = 41/d5i5w.
As di¢w = 0 by (3.2), we have déicw =A icw. Therefore
AN tgw = 4" A Lew. (3.4)
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Comparing (3.3) and (3.4), we see that A digzw = 0, thence also
§ A igw = 0. (3.5)
Using the equation (2.7) for [A,iy4], we get
Adgw =1y Aw—2Lew + 2igdw — 260w = dvigw, (3.6)

since w € Qg:f;igd(M) and hence Lew = 0. From (3.5) and (3.6) it follows
that 4vdigw = 0 A igw = 0. If v # 0, this implies that digw = 0. On the
other hand if v = 0, then w is harmonic. Thus by Proposition 2.2 the form
ipw is also harmonic. Hence digw = 0. Therefore from (3.3) we finally get

that A jew = 4/ iew. m

Since {e¢,,i¢} = I, we get from Theorem 3.4 that €, and i¢ induce the pair
of inverse isomorphisms

Av it 1,4
Qo (M) == Q10 (M) (3.7)

where v/ = v 4+ p —n — 1. In fact, if w is on the left hand side, then €,w =0
and €)icw = w — lgeyw = w. Similarly, if w is on the right hand side, then
tew = 0 and igew = w.

Corollary 3.5. Let M be a compact Sasakian manifold of dimension 2n+1.
Then forv # 0 and p < 2n — 1

Av L A(v—p—1+4n
anenaiﬁd (M) ? Qg,—l—jlgg ! o ) (M) ) (38>

is a pair of isomorphisms such that AL = vI and LA = vI. Moreover, for
v#Ep—n

Av L 2.4(v—p+n
Ve, (M) == QP27 (0 (3.9)

is a pair of isomorphisms, such that LA = (v—p+n)l and AL = (v—p+n)I.

Proof: Notice that from (2.3), we have that for every w € Qgﬁii& g (M)

2Lw = €,dw. (3.10)

p+2,4(v—p—1+4n)
5,67],2'56[

Similarly from (2.4), for every w € Q (M), we get

20w = digw. (3.11)
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Therefore, using the isomorphisms (3.1) and (3.7), we can construct the
diagram

2L

T

4 d +1.4 “n +2,4(v—p—1+
Q§,€:Z§d(M) <5— Qz,ig,en%(M) T Qgemigily P n)(M)

‘\\\\\\\\‘—__-////////

2A

This shows that L and A induce the isomorphisms between the spaces in

(3.8). For every o € Qg’f:igd(M) and every [ € Qgt:ig’fpflm)(M), we have
1 1

1.
ALa = Z&fendo‘ = Zédoz = 1 Ao =rva

1 1
LAG = Zendéz’gﬁ =4 A i} = veyicB = V.

The second part of the corollary is proved by the same line of reasoning from
the diagram

2L

/_\

€,
p,4v " p+1,4(v—p+n) d p+2,4(v—p+n)
Qd,ig,En(s(M) T Qé,€n7i§d (M) T Qd7i§7€n5 (M).

\/

2A
|

Now, we are prepared to prove the Hard Lefschetz Theorem on the level of
harmonic forms.

Theorem 3.6. Let M a compact Sasakian manifold of dimension 2n+1 and
p <n. Then the map

e, L" P QP (M) — Q¥ 1P (M)
induces an isomorphism F,: Q8 (M) — Q"7 (M). Similarly, the map
A" P QPHIP(M) — QP(M)
2n+1-p

induces an isomorphism Gp: ), (M) — QF (M). Moreover,

F,G,=(n— p)!z, GpF, = (n — p)!2.
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Proof: We have by Proposition 3.2, that
Qf (M) = Q47 5 (M)

d,ig,en

and Q5" (M) = QEZIZZIP O(M). Let us define the numbers v, by

vpr:=k(n—p—k+1), keZ. (3.12)

To make the notation less heavy, we will write v} instead of v, ; along the
proof. It is easy to check that vy,1 = v, — (p + 2k) + n, and that v, # 0
for 1 < k < n —p. Thus by Corollary 3.5, the operators L and A induce

isomorphisms between Q7254 (A1) and QFF2FIDA (A1) Moreover, for

d,ig,en(s d,ig,en(s
w € QZ;;Z%W(M ), it holds
ALw = v w. (3.13)
Note that vy = 0 and v,,—, = n — p. Then we get the chain of isomorphisms
0 L +2,4v L L ~2n—pA(n—
QY (M) Qi) e iy (3.14)

Thus L"? induces an isomorphism between QZ:Z,@, s(M) and QZZ;Z’;(WP )(M ).

From (3.7), we have that ¢, and i¢ induce two mutually inverse maps between
Q2 PP (1) and Q?Z;@LO(M) — Q7""P*Y(M). This shows, that F), is an

d,ig,en(s
isomorphism between Q2 (M) and Q7" P (M). Similarly, one can check that
also G,: Q2 P (M) — Q2 (M) is an isomorphism. Iterating (3.13), we see

that for all w € QL (M)

n—p n—p
GpFyw=AN"PL" Pw = (H Vk> w= (H k(in—p—Fk+ 1)) w=(n—p)lw.

k=1 k=1
Similarly, for w € Q7" P (M), we have F,Gpw = (n — p)w. |
From (3.14) it follows that the spaces QZ;ZZ’I?“’“(M ), where v, ;. are defined
by (3.12), are isomorphic to Q% (M) for all 1 < k < n—p. Thus, if H? (M) #

Qp+2k,41/p,k

dicend (M). The following proposition shows that

0, the same is true for
the only pairs (p, ) such that QZZ?Z% s(M) # 0 are necessarily of the form
(p+ 2k, vpp).

Proposition 3.7. Let M be a compact Sasakian manifold of dimension 2n+
1.
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FIGURE 1.

(1) If QZ’?;W;(M) # 0 then v = v,_op for some integer k such that

max{0, (p —n)/2} <k <p/2.

(11) If Qg”f;igd(M) # 0 then v = vy1_op ) for some integer k such that

max{0,(p+1—-—n)/2} <k <(p+1)/2.

Proof: Note that the second part of the proposition follows from the first
part and the isomorphism (3.1). We will prove the first part by induction on
p. Suppose p = 0 and Qg:?;e s(M) #0. Let f € Qg’i”e s(M), f# 0. Then
df = 0 and thus f is a harmonic function. Since 4v is a A-eigenvalue of f,
we get that necessarily v = 0. Thus v = 1.

Suppose we proved the claim for all p’ < p and QZ:?:,@,, s(M) #0. If v =0,
then by Proposition 3.2 we get that p < n. Therefore 0 is in the allowed

range of values for £k, and we are done since v,y = 0. Now consider the case
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v # 0. From Corollary 3.5, we get that the spaces QZ;;’;)%HP 727n)(M ) and

p,4v

dice, s(M) are isomorphic. From the induction assumption, we get that

v+ P — 2—n= V(p*Z)ka’,k’

for some k' between max{0, (p —2 —n)/2} and (p — 2)/2. Define k = k' + 1.
Then

Vzupfgkkal—p—FQ—i—n
=k-1Dn—p+k+2)+n—p+2
:k(n—p+k+1) = Vp—2k k-

Moreover k lies between max{l,(p — n)/2} and p/2. This completes the
induction argument. u

In Figure 1, we give an illustration of what happens for a compact Sasakian
manifold M of dimension 11. In the picture the circles mark the places
(p,v) such that Q?f:z‘g 4(M) can be non-zero. Similarly, the squares mark

Zfzené(M ) can be non-zero. The
horizontal segments with the circle at the left edge and the square at the
right edge represent the isomorphisms of the type (3.1), and all the other
segments correspond to the isomorphisms of the type (3.7). Thus, we can
see that if we start with a harmonic p-form w for p < n and move it along the
segments representing the isomorphisms of the types (3.1) and (3.7), we get
in intermediate steps A-eigenforms with non-zero eigenvalues, and we will

eventually end up with the harmonic (2n + 1 — p)-form Fw.

the points (p,r) such that the spaces 2

4. Hard Lefschetz isomorphism in de Rham cohomology

Let M be a compact Sasakian manifold of dimension 2n+1. Let us denote
by II, the orthogonal projection from Q*(M) onto Q4 (M). Then we can
define

Lef,: HP(M) — H*"'7P(M)
[B] = [F 11, 3]
Due to Hodge theory and Theorem 3.6 the map Lef, is an isomorphism.
Suppose (1, ¢') is another Sasakian structure on M with the same contact

form 7. Denote by A’ the corresponding Laplacian. For a closed p-form (5 it
can happen that

(4.1)

[1,6 # .
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Thus it is not a priori clear whether Lef, depends on the full Sasakian struc-
ture or just on its contact form. Note that this is rather different from the
Kahler case, where it is obvious from the definition of the Lefschetz map that
it is fully determined by the symplectic structure and does not depend on
chosen Kahler metric.

The aim of this section is to show that Lef, is uniquely determined by the
contact structure of M. Note that from Proposition 2.2 it follows that for
any Sasakian metric ¢’ on (M,n) and any closed p-form (§ with p < n, we
have

I, 06 € Qi,d(M)‘
Moreover, since d commutes with L, by using (2.3) and Theorem 3.6 we get

_ 1 . 1
L P8 = 5 (e,L" P\ ) = §d(FpHA/6) = 0. (4.2)

Indeed, we will prove that given an arbitrary p-form ~ with p < n such that
i¢y =0, dy =0, L' Py =0, (4.3)

the cohomology classes of €,L" Py and of ¢,L" PII,y are equal. As a conse-
quence we will get that

[enL”_pHA/ﬁ} = [enL”_pHAHA/B] = [enL”_pHAﬁ} ,

since 11,/ satisfies (4.3) and I1,11, 6 =TI,/ as [ is closed.
We start by recalling some facts on Hodge theory for compact manifolds.

Let M be a compact Riemannian manifold. Denote by G the Green operator
for the de Rham complex Q*(M) of M. Then

I-AG=1,, I-Ga=1, dG=Gd, 6G=Gs  (4.4)

Proposition 4.1. Let (M, g) be a compact Riemannian manifold and & a
Killing vector field on M. Then L¢ commutes with the Green operator G.

Proof: By Theorem 3.7.1 in [12], we have that Lcw = 0 for every harmonic
form w. Thus LI, = 0. Let us show that II, £ = 0. Using (2.12) and that
d" =9, if = €, we get

52 = {d, ig}* = {677, (5} = —ﬁg.
Hence for any 3 € Q%(M) and w € QF (M) we have

(LB w) = — (B, Lew) = 0,
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where (, ) denotes the usual global scalar product between two differential

forms on a compact Riemannian manifold. This shows that L¢3 is orthogonal
to the subspace QF (M) of Q%(M) and thus [1,L¢3 = 0. Now, from (4.4) we
get

L’g—ﬁgAGZL‘gHAZO, ﬁg—GAﬁgZHA,Cg:O.

We know from Theorem 2.1 that £ commutes with d and ¢, and thus with
A= {d,0}. Thus

GﬁgZGﬁgAGZGA£§G=£§G.

Let us introduce an auxiliary map
Ay N (M) — QP (M)
a s (n—p+ 1) L" Pdigda + L" P A a.

We will study the interplay between A, and 9, d, A. The following technical
lemma is needed.

Lemma 4.2. Let M be a Sasakian manifold. Then for any k > 1, we have
(6, L¥] = —kL" 'Ly + 2ke, L' ' (n — deg —(k — 1)). (4.5)
Proof: For any two linear endomorphisms a and b of an arbitrary vector space

V', we denote by ady(a) their commutator [b,a]. It can be checked (e.g. by
induction) that

k

ab® = Z(—1)J< ,)b’” ad](a). (4.6)
j=0 J

We will apply formula (4.6) to the case a = § and b = L. Dualizing (2.5),

since iy, = —ig, we get

adr(0) = [L, 0] = [d, —iy) — 2e,(n — deg) = Ly — 2¢,(n — deg).
Moreover, since L, is a derivation and L = e, we get
Ly, L] = €ec,0 = 0.
Therefore
ad} (8) = [L, Ly — 2€,n + 2¢, deg] = 2¢, [L, deg] = —4¢, L.

Thus ad’, (§) = 0 for all j > 3. Now the claim of the lemma follows from (4.6).
|
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Theorem 4.3. Let (M,n,g) be a compact Sasakian manifold of dimension
2n+1,1<p<n, and a € QZ%(M) Then Ay is coclosed and

A A=A, A a. (4.7)
Proof: To check that
A = (n—p+ 1) L" Pdigda + L" "™ A « (4.8)
is coclosed, we will repeatedly use Lemma 4.2. We have
o (L”_pdi¢da) = [5, L”_p} digda + L" Podigdor. (4.9)
From Lemma 4.2 we get
6, L" 7] digda = —(n — p)L" P~ Lydigda,

since the second summand in (4.5) vanishes in this case. Moreover, by using
(2.11) we have Lydigdoa = Lida = —2LdLeov = 0. Therefore we get

6, L"P] digda = 0. (4.10)

Now we compute the second summand of (4.9). We have

ddigda =N igda — ddigdon. (4.11)
From formula (2.7) for [A, ] we get

Adgdo = =2 (Le — ied + €)0) do +ipd A

= —2¢,0da + igd A (4.12)

= —2¢, A a+igd A a,
since o € QZ%(M ) implies dda =A . Now we compute the second summand
of (4.11). From (2.6) we get

d(SZ'diOé =d [5, iqg] da + di¢5da

(I . . (4.13)
= —§d (A, dg) da —2(n — (p — 1))digda + diy A .

Note that d[A,i¢] da = —[A,i¢] d?a = 0, since
{d,[2,i]} = {[d, A] ig} + 1, L] = 0.
Also digdae = —d*i¢av + dLea = 0. Thus (4.13) becomes
dotgda = diy A . (4.14)
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Substituting (4.12) and (4.14) in (4.11), we get
ddigda = —2e; A v +igd A oo —dig A= —2¢, Aa+ Ly Ao (4.15)
Thus, in view of (4.10), the formula (4.9) becomes
0 (L" Pdigda) = =26, L" P A o+ L"PLy A a. (4.16)
Now we compute the value of § on the second summand of A,a. Since
0 A a=Ada=0, from Lemma 4.2 it follows that
) (L"*erl A a) = [(5, L”*p“} A «
=—(n—p+ 1 )L" Ly, Aa+2(n—p+1)e,L" P A«
=—(n—p+1)(L"PLy A o —2¢,L" " A ).
(4.17)
From (4.8), (4.16) and (4.17), we get that . 4,a = 0, that is A,« is coclosed.

Now we will prove that A A, = A, A a. Since Ay« is coclosed, we have
A Aya = 0dAya. As d commutes with L, we get from (4.8) that

dA,a = L" Pt A a.
Thus
A Ay =ddA,a = [6,L" P d s a+ L"PHéd A a.
By Lemma 4.2 we get
(6. L" "7 daa=—(n—p+1)L"PLyd A o= (n—p+ 1)L" Pdigd A .
Next,
L' P6d A o= L7 A dda = L' A%
Thus,
AAa=(n—p+1)L" Pdigd A a+ L" P A2 a=A, A«
|

Corollary 4.4. Let (M,n,g) be a compact Sasakian manifold of dimension
2n+1 and o € QZ};(M) with p < n, such that L "™ 'd A o = 0. Then
A, = 0.

Proof: 1t is easy to check that A,o is closed. It is also coclosed by Theo-

rem 4.3. Therefore A,a is harmonic. Now we consider the form A,Ga. It

follows from (4.4) and Proposition 4.1 that Ga € Q% 5(M). By Theorem 4.3,
&

we have

A AGa=A, A Ga=Aa— Alla.
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It is immediate from the definition of A, that A,w = 0 for any harmonic
(p — 1)-form w, in particular for [Iya. Thus A A,Ga = Aya. As Ay is
harmonic, we obtain

0= (a* A,Ga, A,Ga) = (A A,Ga, A A,Ga) = (Ay,a, Ay).
Thus A,a = 0. |
Now we will prove the main result of the article.

Theorem 4.5. Let (M,n, g) be a compact Sasakian manifold, p < n, and (3
a closed p-form. For any (' € [(] such that

i =0, L" "3 =0, (4.18)

we have Lef,([8]) = [e,L"P3']. In particular, the Lefschetz map Lef, does
not depend on the choice of a compatible Sasakian metric on (M,n).

Proof: Let us define v = 6G (5" — I1,). Then, since d and § commute with
G by (4.4) and (' is closed, we get
dy=Gdé (' —,0)=Gdéf =G A B =5 —11,0 =3 —1,6. (4.19)

Since Lef,([5]) = [e,L" P11, 3], we have to prove that €, L" 73" and €, L" P11, 3
are in the same cohomology class. Since

e, L' Pdry = €,L"P(3" — €, L" P11, [,
it is enough to show that €,L" Pd~ is exact. Now, as

d (enL”*pfy) = 2L Py — ¢, L' Pdy,

the form €,L" Pdy is exact if and only if L" Py is exact.

Let @ = Gv, that is a = 0G*(3 — 11,3). We will now check that «
satisfies the hypotheses of Corollary 4.4, namely that Lea, dv, and L PT1d A
a are zero. Since L; commutes with 0 by Theorem 2.1 and with G' by
Proposition 4.1, we get

Lea=0G2Le (B —T,3).

As II, 3 is harmonic and ¢ is Killing, we have LJI1,3 = 0. Moreover, /3’ is
closed and i3’ = 0 by assumption. Thus L¢3 = 0. Therefore we get that
Leao = 0. As o is in the image of ¢, we also have da = 0. Now

Aa=ANGy=~vy—Iy=r, (4.20)
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as 7 is coexact and this implies 1,y = 0. Thus by (4.18) and (4.19), we get
L' P d A o= L dy = LVPH S — LRI B = =L PP,

By Theorem 3.6 we know that €, " PII, 3 is harmonic, therefore
1
LVPHL, B = 5d (e,L" "I, 8) = 0.

We conclude that L"?*1d A o« = 0. Thus all conditions of Corollary 4.4 are
satisfied for a. Therefore A,a = 0 and thus by (4.20) we get that

L Pty = [l A = —(n—p+1)L" Pdigdo = d (—(n —p+ 1)Ln_pi¢d04)
is an exact form. ]

Corollary 4.6. Let (M,n) be a compact contact manifold of dimension 2n +
1. Suppose g and g are two different Sasakian metrics on M, both compatible
with 1. Then, for any closed p-form B with p < n, it holds [e,L" P11, (3] =
le, L7 P 5],

Proof: We obviously have 1,6 € [#]. By Proposition 2.2 applied to the
Sasakian manifold (M, n,d’), we get Il 8 = 0. Next by (4.2) we have
L"PHI1,,3 = 0. Thus the form /' = II,/3 satisfies all the conditions of
Theorem 4.5 for the Sasakian manifold (M, 1, g). Therefore [, L" I, 3] =

Lefy(18]) = len L™ PILA ). -

5. Lefschetz contact manifolds

Let (M,n) be a compact contact manifold of dimension 2n + 1 such that
there exists a Sasakian metric on M compatible with the contact form 7.
Then by choosing an arbitrary such metric g, we can define the maps Lef,
for p < m asin (4.1) and these maps are isomorphisms.

Note that there is no obvious way to define similar maps between coho-
mology spaces of a general contact manifold (M, n) of dimension 2n + 1.
To introduce the notion of hard Lefschetz property for a contact manifold,
we define the Lefschetz relation between cohomology groups H?(M) and
H?*"1=P(M) of (M, n) to be

Reg,={ (8], [e,L" 6] )| B € Q" (M), d3 =0, igB=0, L"""'3=0}.

Thus if (M,n) admits a compatible Sasakian metric, from Theorem 4.5 it
follows that Ry, is the graph of the isomorphism Lef,. This justifies the
following definition.
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Definition 5.1. We say that a compact contact manifold (M, n) has the
hard Lefschetz property if for every p < n the relation Ry, is the graph
of an isomorphism ILef, : HP(M) — H*"1"P(M). Such manifolds will be
called Lefschetz contact manifolds.

There is a simple extension to Lefschetz contact manifolds of the well-
known property that the odd Betti numbers by 1 (0 < 2k + 1 < n) of
compact Sasakian manifolds are even ([9]).

Theorem 5.2. Let (M, n) be a Lefschetz contact manifold of dimension 2n+
1. Then the odd Betti numbers bopy 1 are even for 0 < 2k + 1 < n.

Proof: Let p < n. Since Lef, is an isomorphism, using Poincaré duality we
can define a nondegenerate bilinear form B on the de Rham cohomology
vector space HP(M) by putting

B(z,z") = / Lef,(z) — .
M
Note that
B(z,2) = / (e, L' Pw) Aw' = / nADP" P AwAL, (5.1)
M M

where w € z and w' € 2’ are closed p-forms such that jew = iew’ = 0 and
L Pty = [Pty = 0. Such w and w’ always exist since Ry, is the graph
of a map. Now, (5.1) implies that B(x,z') = (—=1)?B(2’, z). It follows that,
when p is odd, the vector space HP(M) is even dimensional. |

It would be interesting to find a characterization of Lefschetz contact mani-
folds (M, n) in the spirit of [5, 21]. It would be also interesting to find explicit
examples of Lefschetz contact manifolds which do not admit any Sasakian
structure. We will address these matters in our future research.
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