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1. Introduction

In this work we develop a regularity theory for elliptic fully nonlinear
integro-differential equations of the type

Iu (x) == infsup Lypu () = 0, (1.1)
@ p

where
Lagu () := / (u(z+y) —u(z) = Vu(@) - yxs (v) Kap (y) dy, (1.2)

and the kernels K, are symmetric and satisfy the anisotropic bounds

Ac Ac
e < Kap (V) S = e YW ERY, (1.3)
D i |y Dict [yt
for 0 < A <A 0<o0; <2 and ¢, = ¢(01,...,0,) > 0 a normalization

constant.
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Equations of type (1.1} appear extensively in the context of stochastic
control problems (see [10]), namely in competitive stochastic games with two
or more players, which are allowed to choose from different strategies at every
step in order to maximize the expected value of some function at the first exit
point of a domain. Integral operators like correspond to purely jump
processes when diffusion and drift are neglected. The anisotropic setting
we consider is bound to be of use in the context of financial mathematics,
namely for Black-Scholes models that use certain jump-type processes instead
of diffusions (cf. [9]).

The isotropic version of the problem, with replaced by

A(2—0) <Ka5(y)<A(2_a>

|y|n—|—0 ~ ~ W, Vy c Rn, (14)

for 0 < 0 < 2, is studied in [4], exploring the analogy between ellipticity and
the condition

My v(z) <I(u+v)(z)—Iv(x) < Mfv(z), VyeR"

Here, £ is the class of operators L,s whose kernels satisfy and the
operators
M u(x):= irelﬁ Lu(z) and Mju(z):= ?;lég Lu (x)

correspond to the extremal Pucci operators in the theory of elliptic equations
of second order. The non-variational approach to regularity theory for (sub
and super) viscosity solutions of the isotropic version of equation (1.1]) is a
nonlocal version of the strategy used in [5] for second order fully nonlinear
elliptic equations.

In the classical non-variational approach, the crucial step towards a regu-
larity theory is the celebrated Aleksandrov—Bakel’'man—Pucci estimate (ABP
estimate, in short), which amounts to the bound

Sg})u =0 </{Fu}mB1 (f+)"> 1/71’ (15)

for any viscosity subsolution u of the maximal Pucci equation with right-hand
side (— f) taking non-positive values outside the unit ball By . Here, I is the
concave envelope of v in B3. The technical advantage of the ABP estimate
stems from relating a pointwise estimate with an estimate in measure. More
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precisely, u (0) > 1 implies

1< C|lflle {T = u} N By|7 < C||fllz= |[{u> 0} N By

In the nonlocal setting, the ABP estimate must be modified in face of the
structural differences of the operator. In the isotropic case of [4], we have
to replace by the following two assertions, which still give access to the
regularity theory:

i. u stays quadratically close to the tangent plane to I' in a large portion
of a neighbourhood around a contact point:

{y €8vnQj:u(y) >T(y) — (ngxf*) d?}

ii. I' has quadratic growth and therefore

VI (Q;)| < C <Hé2axf+>n

> ¢ |Q;l;

J

for a finite family of disjoint open cubes {Q;} with diameters d; < f such
that

{u:F}CU@j and {u:F}ﬂ@j;«é@,

where VI stands for any element of the superdifferential of I', and the con-
stants ¢ > 0 and C' > 0 only depend on dimension and the ellipticity con-
stants.

Then, using i. and ii., we get from u(0) > 1,

1< Ollffle { r——||f||Loo}mBl

< Ollflls- { >——|\f||Loo}mBl , (1.6)

which is still enough to complete a regularity theory. A covering lemma by
open cubes (); that satisfy assertions i. and ii. is crucial in obtaining
in the nonlocal case, for which the classical inequality does not hold.

To treat the anisotropic case we use the same strategy as in [4] but the
anisotropic geometry driven by the kernels K3 requires a refinement of the
techniques. We comment in the sequel on the main difficulties we came across
and how to overcome them.




(1)

(2)

CAFFARELLI, LEITAO AND URBANO

Assertion 1. At this step of the analysis, the challenge is to find
the suitable geometry of the neighbourhoods of the contact points
within which there is a (large) portion where a subsolution u stays
quadratically close to the tangent plane to I' and such that, in smaller
neighbourhoods (with the same geometry), the concave envelope I'
has quadratic growth. A careful analysis of the anisotropic nonlocal
version of inequality Mju > — f satisfied by u at the contact points
allows us to conclude that the appropriate geometry is the geometry
determined by the level sets of the kernels K ,3:

O, (x) = {(yl,...,yn) eR": Z |y, — x| < T},

i=1
for x € {I' = u} N By. It is also here that we choose the appropriate
normalisation constant:

3 1
=—14 — .
Co +’]’L—|—O'max+ Z ’]’L—|—O']

Uj #Umax

Assertion 1. Given a positive number h > 0, a fine analysis allows
us to conclude that if a concave function, for instance the concave
envelope I', remains below its tangent plane translated by —h in a
(universally sufficiently small in measure) portion of a (sufficiently
large) annulus of the unit ball, for example B \ By, then I' + h is
above its tangent plane in the interior ball of the annulus, in this case
B 1. In the anisotropic case, the difficulty is to extend this argument
to the anisotropic balls ©,. Through the anisotropic transformation
T :R" — R", defined by

Te; := rﬁ%ei,
and taking into account that the composition of a concave function
with an affine function is still concave, we extend this fine analy-
sis to ellipses. We then use the previous step and the symmetry of
the anisotropic balls ©, with respect to x to conclude that I' grows
quadratically in such anisotropic balls.

Covering Lemma. In [4], the Besicovitch Covering Lemma is used.
Our covering is naturally made of n-dimensional rectangles R; and
we invoke a covering lemma from [6]. We stress that this covering
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lemma allows for a change of direction in the homogeneity degrees
0;, but each o; must remain constant. Degenerate spatial changes of
the homogeneities o;, arising for example in the context of spherical
operators or other special weights, would require the use of a more
general covering lemma like the one in [7]. In adapting our results
to that case, the main difficulty lies in the use of the barriers and we
plan to address this issue in a forthcoming paper.

With this at hand, we then use the natural anisotropic scaling to build an
adequate barrier function and, together with the nonlocal anisotropic version
of the ABP estimate, we prove a lemma that links a pointwise estimate
with an estimate in measure, Lemma [5.1, This is the fundamental step
towards a regularity theory. The iteration of Lemma implies the decay
of the distribution function A, := [{u > t}| and the tool that makes this
iteration possible is the so called Calderén -Zygmund decomposition. Since
our scaling is anisotropic we need a Calderén -Zygmund decomposition for
n-dimensional rectangles generated by our scaling. A fundamental device
we use for that decomposition is the Lebesgue differentiation theorem for n-
dimensional rectangles that satisfy the condition of Caffarelli-Calderén in [6].
Then we prove the Harnack inequality and, as a consequence, we obtain the
interior C7 regularity for a solution u of equation and, under additional
assumptions on the kernels K3, interior C17 estimates.

We finally observe that the power of the estimates obtained in [4] is revealed
as 0 — 2. In fact, since the estimates remain uniform in the degree o, it
was possible to obtain an interesting relation between the theory of integro-
differential equations and that of elliptic differential equations through the
natural limit:

lim A 2-0)

25 Jon Tyl (u(z+y)+u(x—y)—2u(x))dy

= (ljl_)r% —(=A)?2u(z) = Au(x),

where ¢, > 0 is a constant. This contrasts with previous results in the lit-
erature on Harnack inequalities and Holder estimates for integro-differential
equations, with either analytical proofs [§] or probabilistic proofs [11, 2, 3], 11],
whose estimates blow up as the order of the equation approaches 2. We
emphasize that our estimates are also stable as oy, := min{oy,...,0,} ap-
proaches 2.
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The paper is organised as follows. In section 2] we gather all the necessary
tools for our analysis: the notion of viscosity solution for the problem ([1.1)),
the extremal operators of Pucci type associated with the family of kernels
K, and some notation. Section [3, where the nonlocal ABP estimate for a
solution u of equation is obtained, is the most important of the paper.
Sections [4] and 5| are devoted to the proof of the Harnack inequality and its
consequences.

2. Viscosity solutions and extremal operators

In this section we collect the technical properties of the operator I that we
will use throughout the paper. Since K,z is symmetric and positive, we have

n

Lopu (z) = PV / (u (2 + ) — 1 (2)) Ko () dy
and

Logu(a) = [ (a(o+9) —ule = y) = 2(2)) Koo () dy.

For convenience of notation, we denote
d(u,z,y) =u(x+y)+u(lr—y) —2u(x)
and we can write

Lo = / 5 (uy 2. ) Ko (4) dy,

for some kernel Kz.
We now define the adequate class of test functions for our operators.

Definition 2.1. A function ¢ is said to be C*! at the point z, and we write
¢ € CH1 (x), if there is a vector v € R" and numbers M, 7y > 0 such that

¢ (x+y) — ¢ (x) —v-y| < Myl

for |x] < my. We say that a function ¢ is C1! in a set €, and we denote

¢ € CH1(Q), if the previous holds at every point, with a uniform constant
M.

Remark 2.2. Let u € OV (2) N L>® (R") and M > 0 and 1y > 0 be as in
definition 2.1l Then we estimate

Logu (2) = PV / 5 (1,2, y) Kog (4) dy

n
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<

1 lyl*
dey N oo (e ~ -dy + QMCO-A/ — -dy
" R™\ By, > i |yl By, D ie |yl

n+2 (g — O 1
< 4CgA|U‘L002%770 (e min) / ————dy + C'(n, A, M, 770)]
R™\ By,

’ y ‘ N~+Omin

= [CUO (n7 A7 ‘U‘LOO) T}O + C (n7 A’ M’ 770)]

min

and conclude that Tu (z) € R.

We now introduce the notion of viscosity subsolution (and supersolution)
v in a domain €2, with C? test functions that touch u from above or from

below. We stress that w is allowed to have arbitrary discontinuities outside
of Q2.

Definition 2.3. Let f be a bounded and continuous function in R". A
function v : R" — R, upper (lower) semicontinuous in £, is said to be
a subsolution (supersolution) to equation [u = f, and we write [u > f
(ITu < f), if whenever the following happen:

(1) 2o € Q is any point in 2;
(
(
(

then, if we let

u in R"\ B, (%),
we have v (zg) > f(xg) (Iv(xg) < f(x0)).

v — { gb, in BT (iL’())

Remark 2.4. Functions which are C™! at a contact point  can be used as
test functions in the definition of viscosity solution (see Lemma 4.3 in [4]).

Next, we define the class of linear integro-differential operators that will
be a fundamental tool for the regularity analysis. Let Ly be the collection
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of linear operators L,3. We define the maximal and minimal operator with
respect to Ly as
M*u (z) := sup Lu (x)

LeLy
and
M~ u(z):= ngzf:o Lu (z) .
By definition, if M*u () < co and M~ u (x) < 0o, we have the simple form
AdT — Ao~
M u(z) = ¢ e Y
R Dimt [Yil
nd A5t — MO
M~ u(z) =c, _

-ay
R D iy YT

Remark 2.5. As in [4], we could consider equation ({1.1) for a more general
class L satisfying

/ iy S K (y) dy < oo,
R 1 + |y‘

where K (y) :=sup K, (y) and K, (y) = K, (—y).
acl
The proofs of the results that we now present can be found in the sections
3,4 and 5 of [4]. The first result ensures that if u can be touched from above,
at a point x, with a paraboloid then Iu (x) can be evaluated classically.

Lemma 2.6. If we have a subsolution, Iu > f in Q, and ¢ is a C? function
that touches u from above at a point x € ), then Iu(x) is defined in the
classical sense and Tu(x) > f (x).

Another important property of I is the continuity of I¢ in Q if ¢ € CT1 (Q).

Lemma 2.7. Let v be a bounded function in R" and C'' in some open set
Q. Then Iv is continuous in §2.

The next lemma allows us to conclude that the difference between a sub-
solution of the maximal operator M and a supersolution of the minimal
operator M~ is a subsolution of the maximal operator.

Lemma 2.8. Let €) be a bounded open set and u and v be two bounded
functions in R"™ such that

(1) w is upper-semicontinuous and v is lower-semicontinuous in €);
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(2) Iu > f and Iv < g in the viscosity sense in € for two continuous
functions f and g.

Then
MY (u—v)>f—g in Q
in the viscosity sense.

We conclude this section introducing some notation that will be instru-
mental in the sequel. Given r,s > 0 and x € R"”, we will denote

B, (v) = {<yy> err: S Woml }

=1 T

and 1 1
Rr,s (l’) = {(y17 s >yn) e R": |yz - xz‘ < 3"+0min7“n+%'} .

Given the box R, ., we define the corresponding box Rﬁs by

7,87

R, (x) = {(91, ) ERY y — a4 < (57’)’”1‘”} :
If oy := min{oq,...,0,} we define
imin i=Min{j : omin = 0;}.
Remark 2.9. Let r > 0. Hereafter, we will use the following relations:

(1) Er,% C O, C E,

(2) ©g-¢, C E ,, for some natural number € = & (n) > 0;
’8
3) R, CR,, if0<s<lL.

3. Nonlocal anisotropic ABP estimate

Let u be a non positive function outside the ball B;. We define the concave
envelope of u by

min {p (z) : for all planes p > u* in B3}, in Bj
[(x):=
0 in R"\ Bs.

Lemma 3.1. Let u < 0 in R"\ By and I" be its concave envelope. Suppose
M*u(x) > —f(x) in By. Let pg = py(n) >0,

1
’]”k = p02 dmax

2—€(n+omin)k

Y
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where

3 1
= —1
o +n+@+§:n+@
J#i
and Gmax := max{q,...,q,}. Given M > 0, we define

Wi (37) = @Tk \ @7°k+1m

N {y cu(r+y) <u(zr)+(y, VI (x)) — Mzegrikr{f(;)rkﬂ(Az, z)} :

where the matriv A = (a;;) is defined by
(1, if i=J =i

Qjj 1= < 07 if i §£ j

(— L1 ) . e
2 n+0min = nto; (Imax7 Zf 1 = ] % Zmln

\

Then there exists a constant Cy > 0, depending only on n, A (but not o;),
such that, for any v € {u =T} and any M > 0, there is a k such that

f(z)
M

Proof: Notice that u is touched by the plane
I'(z) + (y — 2, VI'(z))

from above at z. Then, from Lemma [2.6, M u (z) is defined classically and
we have

Wi ()] < Co

©,,\© (3.1)

Tk+1"

Adt — N6~

M*u(z) =c, Y
= e S

(3.2)

We will show that
d(y)=u(zr+y)+u(lr—y)—2u(x) <O0. (3.3)

In fact, since u(z) = I'(z) > 0, we conclude that 6 (y) < 0 whenever
u(r+y) <0and u(x—y) < 0. Now suppose that u(z +y) > 0. Then
we have x + y € By C Bs. Thus, from the definition of I', we find

u(z+y) —u(x) <O0.
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Moreover, we have

0, if w(x— 0
u(az—y)—u(x)S{Q if uEx_'Zizo (—u(z) <0).

Thus, we obtain
0(y) = (u(x+y)—u@)+ (ulr—y)—ux) <0.

The case u (x —y) > 0 is analogous to the case u (z 4+ y) > 0 and the in-
equality (3.3]) is proved. Then, combining (3-2) and (3.3), we find

SICE
- / Z_Tjw g .

where 7y = py2 me. Since z € {u =T}, we would like to emphasize that
y € Wy (x) implies —y € Wy (x). Thus, we find

Wi (z) C6,,\0,,,,N {y :—0(y) >2M  inf (Az, z)} : (3.5)
2€0,\Op

Using (3.4]), we estimate

iz confeSf o]
> cln, /\)i [Carf'k_l/ 5—dy] : (3.6)
Wy

k=1

Let us assume by contradiction that (3.1]) is not valid. Then, using ({3.5)) and
(3.6), we obtain

n+a’

f(z) z c(n,A) [ Z (MQ "+<fmm peves 22 n+;;m )

k=1

Cof (@) 174 |O0, \ @ml\]

V
(@)
S
9
~
—~
N—
—
VN
3
Y
El\')
=]
N—
i~}
g |-
o
B
NE
‘ s
AN
N
l\')
SE)
+
NQ
/\
I:13
I

1))
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= 271,y f ( [ Z(Zz “HMM)].

=1

Then, we get

f(x) > aCof (x [Z (CUZQ Entomin)as )]

=1

n Co
= C3C()f (37) Z 1 — 2—€(n+0min)gi
i=1
c3Coco f (:U)

- 1 — 27€(n+0—min)ca ’

Co
_9~ Q‘(n+amin>ca

fx) z ea(n,A) Cof (),

which is a contradiction if C is chosen large enough. |

Finally, since . is bounded away from zero, for all o; € (0,2), we

find

Remark 3.2. In the proof of Lemma [3.1] we have used the matrix A := (a;;)

to control the term 2-@} which can degenerate. This term corresponds
to the factor 2777 in the isotropic nonlocal ABP estimate in [4]. We also
emphasise that the matrix A is diagonal, has norm one and, if o; = o, we
obtain the matrix for the isotropic case A = Id.

The following result is a direct consequence of the arguments used in the
proof of [4, Lemma 8.4].

Lemma 3.3. Let I' be a concave function in By and v € R". Assume that,
for a small € > 0,

(BI\By) N {y:T(y) <T(0)+(T(y),0) ~ h}| <e|B\ B,
where T : R — R" is a linear map. Then

I'(y) >T0)+(T(y),v) —h

Y

i the whole ball B%.

Proof: Let y € Bi. There exist B1 (y1) C By \ Bij2 and By (y2) C Bi \ By
such that
L (By (1) = By (1)

1
2
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where L : Bi (y1) — By (y2) is the linear map
L(z)=2y—z.

Geometrically, the balls Bl (y1) and B 1 (y2) are symmetrical with respect to
y. Then, if ¢ > 0 is sufficiently small, there will be two points z; € B, (1)
and z; € B; (y2) such that

21+ 22

D y=—5—
(2) I'(21) 2 T'(0) + (T (21) , v)
(3) T'(22) > T(0) + (T (22) , v)

— h;
— h.

Hence, since T and (-,v) are linear maps and I' is a concave function, we
obtain

I'(y) >T(0)+(T(y),v) —h
|

Using Lemma [3.3 we will prove the version of Lemma 8.4 in [4] for our
problem.

Lemma 3.4. Let r > 0 and I' be a concave function in L, 1. There exists
g0 > 0 such that if

B \E 0 {y:T(y) <T0)+(y. VI (0) —h}| <2 |E,\ E,

1
717

for 0 < e < g, then
['(y) 2 T(0) + {y, VI'(0)) =
in the whole set E,.

=

Proof: Let T : R — R" be the linear map defined by

1
r n+o;

Ti:—ia
e 26

where e; denotes the 7-th vector of the canonical basis of R”. If

A= <B1\B§)ﬂ{y:f(y)<f(0)+<T(y),VF(O))—h}

and
D i= B,y \ B,y 1y T () <T(0) + 5, VT (0)) — A},
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we have
A=T(D),
where T' (z) := T'(T (z)). Moreover,

31\5%::1“4(5;1\5; ) and Blzzjhl(ﬁ;
2 12 2

4

Then, taking into account that I' is concave, the lemma follows from Lemma
5.0, |

Ll

1
4

Corollary 3.5. Let g > 0 be as in Lemma[3.4. Given 0 < € < g, there
exists a constant C' (n,\,e) > 0 such that for any function u satisfying the

| there exist r € <O, p02_fImlax> and k =k (z)

~

same hypothesis as in Lemma|3.
such that

@r\@srﬂ{y:u@w) <U($)+<y,VF(f€)>—Cf(x)zrnfaiH

1=1

<e16,\ 0, (3.7)

and

a,sk+l (.%‘) ’

)vr@gﬁﬂwﬁ‘nguwz%
where r = p02iqn}ax2_€(n+0min)k7 a = pOQ*qmﬁ and s = 2~ ¢(n+0owmin)

Proof: Taking M = %f () in Lemma (3.1, we obtain (3.7) with C; := %

Moreover, since u (z) = I'(z) and u(z+y) < I'(z+y), for y € E.1, we
have

E.\E.1N {y x4y <u(z)+ (y, VI (z)) — C1f (x) inf (Az,z>}

2€0,\O4,

C W, (x)
where

W, (z) :=0,\ 04N

N {y cu(r+y) <u(x)+ (y, VI (x)) — Cif (z) ze(i)?\f@W(Az’ z)} :

Then, from Lemma [3.4] and the concavity of I', we find
0< F(y) <2Cif(x) inf (Az,z) inkE

?

=

T?
T ST
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where

Fy)=T(x+y)-T(x) = {y, V' (2)) + Cof (z) Ze(})?\f@ST<AZ> z).

Notice that
VF (z+y)=VI(z+y)— VI(2).

Then, since F' is concave, we obtain

F
| ||LOO(ET7}1)
dist (E, 1, E,.)

Cif () _ (})H\f@ (Az, 2)

VI (z+y) — VI'(z)] <

IA

dist (ETul;’ Er,é)
< Cof (x) P

Thus, we have

i <E) cB (VD (2))
E Co f (a)r ¥
and obtain
VT (Ryet) | VT (B )| < Caf (@) R
Finally, taking C' = max {C, C5}, the lemma is proven. |

The following covering lemma is a fundamental tool in our analysis.

Lemma 3.6 (Covering Lemma, [6, Lemma 3]). Let S be a bounded subset of
R™ such that for each x € S there exists an n-dimensional rectangle R (x),
centered at x, such that:

e the edges of R (x) are parallel to the coordinate azes;

e the length of the edge of R (x) corresponding to the i-th azis is given by
hi (t), wheret =t (x), h; (t) is an increasing function of the parameter
t >0, continuous at t =0, and h; (0) = 0.

Then there exist points {x} in S such that
(1) S Ui R (a);
(2) each x € S belongs to at most C'= C' (n) > 0 different rectangles.
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The Corollary and the Covering Lemma allow us to obtain a lower
bound on the volume of the union of the level sets ©, where I' and u detach
quadratically from the corresponding tangent planes to I' by the volume of
the image of the gradient map, as in the standard ABP estimate.

Corollary 3.7. For each x € X2, let ©, (z) be the level set obtained in Corol-
lary (3.5, Then, we have

<|lJor(

TEX

C (supu)”

The nonlocal anisotropic version of the ABP estimate now reads as follows.

Theorem 3.8. Let u and I' be as in Lemmal[3.1. There is a finite family of
open rectangles {Rj}j€{1 ) with diameters d; such that the following hold:

(1) Any two rectangles R; and R; in the family do not intersect.
(2) {u=T} C UL R;.
3) {u=T}NR; #0 for any R;.

_2
> n+ai

5) VT (Ry)| < € (mas, )[Ry

> G

o fchramrin-cm 6]

where Jj s the diameter of the rectangle 7~€j corresponding to R;. The con-
stants ¢ > 0 and C' > 0 depend only on n, A and A.

Proof: We cover the ball By with a tiling of rectangles of edges

L\ e

<P02_qmax> e

2-¢ '
We discard all those that do not intersect {u = I'}. Whenever a rectangle
does not satisfy (5) and (6), we split its edges by 2"¢ and discard those
whose closure does not intersect {u = I'}. Now we prove that all remaining

rectangles satisfy (5) and (6) and that this process stops after a finite number
of steps.
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As in [4] we will argue by contradiction. Suppose the process is infinite.
Thus, there is a sequence of nested rectangles R; such that the intersection
of their closures will be a point xy. Moreover, since

{u:F}ﬁﬁj#@

and {u =TI} is closed, we have 2y € {u =T'}. Let 0 < &1 < g¢, where g is
as in Lemma [3.5] Then, there exist

r e (0,p02_qﬂlla><)

and ko = ko (o) such that

@r\@sm{y:ww) <u(5’7)‘|‘<yavr(ﬂf)>Cf(x)Zr"f%}|

<10,\ 0, (3.8)
and
VT (Ryirer (20)) | < CF (@0)" By g (20)] (3.9)
where
n"‘amin)ko .

r= p02_qmﬁ2_¢(

Let R; be the largest rectangle in the family containing xy and contained in
R, o (x9). Then zyp € R; and R; has edges [; satisfying

1

9—C(ko+2) (pOQ—qn}ax>"+% <1, < 2ot (IOOQ—QH}M)W.

Thus, we get
Rj C Ra)SkOH and 67’ - Cﬁja

for some C'= C'(n) > 1. Furthermore, since I' is concave in By, we find
I'(y) < u(wo) + (y — 2o, VI (20))

in Bs. Thus, denoting

Aj = {y €CR;:uly) >T(y) - C (maXf> (@)2},

R;



18 CAFFARELLI, LEITAO AND URBANO

1

1
using (3.8), (3.9) and that l; and s~ (pOZQmax)nm are comparable, we

obtain

45 = [y e OR;uy) = ueo) + (v — 20, VT (20))

—C'f (zo) ZT’"E"}'

1=1

(1 —€1) [0, \ O]

Vv

and
VI (R))| < |V (Bygs (@0))]

< Cf (:UO)TL Fia,sko+1 (I’o)’
= C1f (0)" IR,

Then R; would not be split and the process must stop, which is a contradic-
tion. -

4. A barrier function

With the aim of localising the contact set of a solution u of the maximal
equation, as in Lemma [3.1) we build a barrier function which is a supersolu-
tion of the minimal equation outside a small ellipse and is positive outside a
large ellipse.

Lemma 4.1. Given R > 1, there exist p > 0 and oy € (0,2) such that the
function

f () = min (2p, |:1:|_p)
satisfies
M~ f(x) =0,
for og < o and 1 < |z| < R, where p=p(n,\,A, R), o9 = oo (n, A\, A, R).
Proof: In the sequel we will use the following elementary inequalities:
(ag +a1)° + (ag —ay) " > 2a5° +s(s+1)ala,*? (4.1)

and

(as + a1) ™ > a3* (1 - sﬂ> . (4.2)

az
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where 0 < a; < ay and s > 0. Taking into account the inequalities (4.1]) and
(4.2), we estimate, for |y| < %,

o(f,er,y) = lei+yl P+ler—yl " -2
(L4 |y)?+2u1) 2 + (1 + [y* — 2u1)

_b
2

-2

_p —ptd
> (I+yP) 2 +pp+2)ui A+ 1y?) = -2
P p—|-2
> 2(1—§|y\2>+p(p+2)2yf—p(p+4)( > )y%|y|2—2

p [—Iyl2 +(p+2)y; — (p+4) (p;Q)y?\yF] :

Given 1 < |z| < R, there is a rotation T}, : R” — R" such that = = |z|Te;.
Thus, changing variables, we get

AT — A6~
M~ f(x) = co|x|" P |det T, | [/n (Zf;l_ell":?ixlT T ‘(ijlay)dy] .

Then, we estimate
A6 — A0~
‘x’p*anf (33) _ CO‘/ (f;lelay) (n]:j;by)d
By/4(0) Zi:l ||LU‘ (T:Ey)z | ‘
A6 — A0~
te, / (f;lel, y) (nJi;h v),
R\ B, 4(0) > i | (Try), [t
) / 2pA (p +2) yi
" B0 i 7] (Toy); I
/ 2pAly|*
—Co n n+o; dy
By 4(0) > it |z (Ty), [t
B / 30 (p+4) (p+2) Jy|*
" B0 i 2l (Tey); e
/ —\optl ]
+Co n -ay
R\B,4(0) 2oict |17 (Tay); 7477
= ]1—|—12—|—13—|-[4, (43)

dy

1V

where I, Is, I3 and I, represent the three terms on the right-hand side of
the above inequality.
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We estimate

2
p = e (p+-2) o] / i
Bl/4(0) |y‘ min

5/4
R~ 2=V e, A (p+2) / yidv (y)] / £t
L 0B 0

¢y 1) 27
C w2 [ ] ()
— Omin [ 0B, 4

> Cheln) [<p +2) [ s <y>] ,

v

v

where C3 = C3(n, A\, A, R) > 0. Moreover, if C = C'(n) > 0 is a positive
constant such that B, (0) C ©¢, we have, for |z| > 1,

2
. |y
p 1y > —0460/ dy
Bl/4< ) Zz 1 |< fy) |n—|—al
T 2
= —Cico |det T, 1]/ ‘ z y‘n+o_dy
1/4 =1 ‘yl| !
Iyl2
= —0460/ — -dy
By a(0) izt |Yil"T7
2
Z _0460 ‘y‘ dy7

O¢ Z?:l ‘yl |n+0i

where Cy = Cy (n, A\, A). We have also

ly|? dy = ¢ Z/ |?J|2 dy < Cs
g . — 9
O¢ Zz 1 ‘y |n+(71 1= 1 |yi‘n+gl

’“k\@TkJrl

where 1, := C27% and C5 = Cs(n, A\, A). Moreover, using the elementary
inequality

(a+0)" <2™(a™ +0™), forall, a,b,m € (0,00),
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we get
I > —Cye 28 / I
- (o}
By ja(0) [Y[Fme
c 1\ 4 Ome
> —Cr———— [ = 4.4
> o=t (3) -
and

1 —Omax1T0min . A2p+2
I4 2 —Co (_> 2 +2 / N~+0mi dy
4 =\ B,,(0) Y[

1  Tmax n+0min CO’
o —_ 08 —_ 2 2
4 Omin

1 —Omax -
Z _08 (Z) c ) (45)

Omin

for positive constants C; = C7 (n, A\, A, p) and Cs = Cs (n, A\, A, p). Choosing
p=np(n,\ A, R) >0 such that

Calp+2) [ uhdv(y) - CiCs > 0
0B,
and combining (4.3)), (4.4) and (4.5)), there is a positive constant oy =
oo (n, A, A, R) < 2 such that
"M f (x) =2 Cg > 0,
for a positive constant Cy = Cy (n, A\, A, R) and 0y < oppin < 2. |

Corollary 4.2. Given r > 0, o9 € (0,2), 09 < Omin, and R > 1, there exist
s >0 and p > 0 such that the function

f(x) =min (s77, || 7)
satisfies

M f(x)>0
for 1 < |z| < R, where p=p(n,\,A,R) and s = s(n,\, A, 0¢, R).

Proof: Since ¢, > ¢(n) (2 — opmin) and

‘y‘Q . Z ‘y|2 dy < C ( )
on S [yl Y = o e =
C 1= ’L

Tk\GTkH

if C =C(n)>0andr;:= 02_’“, we can argue as in Corollary 9.2 in [4]. =
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Corollary 4.3. Given r > 0, R > 1 and oy € (0,2), there exist s > 0 and
p > 0 such that the function

g(x) =min (s7, |T,7|7)

satisfies
M™g(x) >0,

for og < omin and x € E, g\ E, 1, where the constants p=p (n, A\, A, R) and
s=s(n,\, A, o0, R).

Proof: Considering the anisotropic scaling
g(x)=1f (Tr_la:) , x €R",
we have T, 1 (E, g\ E.1) = Br \ B,. Furthermore, changing variables, we
estimate
M g(x)=r"t|detT,|M f (Tr_lx) > 0,
forall x € B, g\ Er1. u
Lemma 4.4. Given og € (0,2), there is a function ¥ : R" — R satisfying
(1) ¥ is continuous in R";

(2) ¥ =0 forx € R”\Eig)\/ﬁ;
(3) ¥ >3 forz € Rig;

(4) M~V (z) > —¢ (x) for some positive function ¢ € Cy (EiJ) for oy <

Omin -
Proof: We define the function ¥ : R" — R by
~ 1 - - .
\I/(x) =cC |Ti LIJ‘ p—<3\/ﬁ) ?Il E%’?’\/E\Eivl
Q}?,Ua m Ei,l)

where ¢, is a quadratic function with different coefficients in different di-
rections so that ¥ is C! across Ly ;. Choose ¢ > 0 such that ¥ > 3 in R 5.

By Lemma [2.7],
MW e C (B )

1
and, from Corollary 4.3 we get M~W¥ > 0 in R" \ E1,. The lemma is
proved. |
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5. Harnack inequality and regularity

The next lemma is the fundamental tool towards the proof of the Harnack
inequality. It bridges the gap between a pointwise estimate and an estimate
in measure.

Lemma 5.1. Let 0 < 0¢g < 2. If omin € (00,2), then there exist constants
g0 >0,0<¢ <1, and M > 1, depending only og, A\, A and n, such that if

(1) u >0 in R";
(2) u(0) <1
B) Mmu<egyinFE

n+2 ;

(ve)"*? |

4

then
[{u < M}NQu| >

Proof: Let v = ¥ — u and let I' be the concave envelope of v in E, yne> .

3
We have

4
n+2 .
1
Applying Theorem to v (anisotropically scaled), we obtain a family of
rectangles R; such that

Mfo>M VU —Mu>—¢p—¢ in E(3\/ﬁ)

n

sup v<C ‘VF (E(S@sz)

Sﬁ)TL—Q—Q )
7 s

B

Thus, by Theorem [3.§ and condition (3) in Lemma [4.4] we obtain

n

sup v < C"VF <E(3\/ﬁ)n+2’1)

J

E(3ﬁ)n+2 4
—d
< G ZIVURj)I)
=1
< Z(H;zax(ngrgo)Jf) |RJ>

1=1

S|

< G+ (Z (e o)) |Rj>

i=1 J



24 CAFFARELLI, LEITAO AND URBANO

Furthermore, since ¥ > 3 in F (3ym)"
4

2 < Cieg + (Zn: (H;fx (¢)+>n |le>

i=1 J

D Rigand u(0) <1, we get

1

3=

If g > 0 is small enough, we have

c<| Y R (5.1)

RjﬂE%’l?é@

where we used that ¢ is supported in E 1. We also have that the diameter

of R, is bounded by (pg = £)7. Then, if R;NEy, # @ we have CR; C By,
By Theorem [3.8], we get

Hyecﬁjiv(y) ZF(y)—Cpé“z”H

Hy € C7~€j v(y) >T(y) — C’d?}‘
> <Ryl (5.2)

Vv

2

where we used that C’d? < Cpi*®. For each rectangles R; that intersects
Ei’l we consider C’ﬁj. The family {C’?éj} is an open covering for (J!", ﬁj.
We consider a subcover with finite overlapping (Lemma 3.6) that also covers

U™, R;. Then, using (5.1) and (5.2)) we obtain

{yEB;IU(y)ZF(y)_CpgiQH

Vv

O{yGCﬁjiv(yPF(y)CpSiz}

j=1

> oY [{yecR v =T - 0|
j=1

Z 0101.
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We recall that By C @1 and ' > 0. Hence, if M :=sup ¥ + Cpg™, we have

{yeQi:u(y) <M}

AV
——

Negg

Mm

(AVARAY
a ——
—
Neg
Mm

The next lemma is crucial to iterate Lemma [5.1] and to obtain the L.
decay of the distribution function A\, := |[{u >t} N By|. Since our scaling
is anisotropic, the following Calderon-Zygmund decomposition is performed
with boxes that satisfy the covering lemma of Caffarelli-Calderén (Lemma
3.6). We can then apply Lebesgue’s differentiation theorem having these
boxes as a differentiation basis.

If @ is a dyadic cube different from )1, we say that )4 is the predecessor
of @) if () is one of the 2" cubes obtained from dividing @),,.q. We recall from
section [3| that if @ is a cube then @ is the cube corresponding to Q.

Lemma 5.2 (Calderén-Zygmund). Let A C B C Q1 be measurable sets and
0 <6 <1 be such that

(1) |A] <0,
(2) if Q is a dyadic cube such that ’A N Q‘ > 0 ‘Q
Then

, then (Q) C B.

pred

4] < 5C 1B,
where C' > 0 is a constant depending only on n.

Proof: Just as in [, Lemma 4.2.], using Lebesgue’s differentiation theorem,
we obtain a sequence of boxes R; satisfying

(1) [ANR;| < |R;l;
(2) AC U(;ilR]

Then, we have

[A[ <Y JANR; <6 |R;| < C6|B],
j=1 j=1
where C'= C (n) > 0 is the constant from Lemma [3.6] m



26 CAFFARELLI, LEITAO AND URBANO

Lemma 5.3. Let u be as in Lemmal5. 1. Then
{u>MYnQ <c-9f, k=1,...,

where M and ¢ are as in Lemma [5.1. Thus, there exist positive universal
constants d and € such that

[{u>t}NQq <dt ™=, Vt>D0.
Using standard covering arguments we get the following theorem.

Theorem 5.4. Let u > 0 in R, w(0) < 1 and M~ u < gy in By. Suppose
that owmin = 0g for some oo > 0. Then

{u>t}N B <Ct™e, Vt>0,
where C' = C (n,\,A,00) >0 and € = ¢ (n, A\, A, 09) > 0.
Remark 5.5. For each s > 0, we will denote EJ  := E nio; o Let uw > 0 in R"
and M~ u < Cp in Eﬁ,% with 0 < r < 1. We consider the anisotropic scaling

U(x) — u(crjﬂ“x)

n
, x€R",
n—1 niop

u (0) + Co?“[(n_l)_ziz1 ”*"i}rga‘
where Tj, : R" — R" is defined by

rej, for 1=

T- (S — n+o;
jr€i - i S,
roteie;,  for 1 # .

We have v > 0 in R", v (0) < 1 and Tj, (B;) C EﬁQ Moreover, changing
variables, we estimate

Tajr{(n—l)—Z?Qf ZiZJJ
M v (x) = s M u(Tj,x) <1,

u (0) + Co?“[(n_l)_Zi:1 ”*"i]r"j

for all x € Bs.

Then, using the anisotropic scaling 773, and Theorem we have the fol-
lowing scaled version.

Theorem 5.6 (Pointwise Estimate). Let u > 0 in R" and M~ u < Cqy in
Eﬂ’Q. Suppose that onin > og for some og > 0. Then

n—1 nto;

[{u>1t}nEL| < C|E | ( (0) + Corl-D-E55 }) 5 0
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where C' = C (n,\,A,00) >0 and € =€ (n,\,A,00) > 0.
We are now ready to prove the Harnack inequality.

Theorem 5.7 (Harnack Inequality). Let w > 0 in R", M~u < Cy, and
M*u > —Cy in By. Suppose that omim > 0g, for some og > 0. Then

u<C(u(0)+C) in By

Proof: Without loss of generality, we can suppose that v (0) < 1 and Cy = 1.

Let
_ n(n+ Owax)

B € (n + Umin)
where € > 0 is as in Theorem [5.4] For each ) > 0, we define the function
fo(x):=9(1—|z|)", xz€B.

Let ¢t > 0 be such that v < f; in By. There is an xy € Bj such that
u(xg) = fi (xg). Let d := (1 — |xg|) be the distance from zy to 0B;.
If Oax = 04, and B (xg) = E}°, (x9), for all s > 0, we will estimate the

portion of the ellipsoid E™ (x0) covered by {u > @} and by {U < @}

9

2n
As in [4], we will prove that ¢ > 0 cannot be too large. Thus, since 7 < —,

we conclude the proof of the theorem. By Theorem [5.4] we have N
{u > “(;0)} B <€ < G Gl
where r = %l. Thus, we get
{u > Y <§0)} B (xo)‘ < Oyt~ | BT, (5.3)

Now we will estimate Hu > @} N B (:):0)’, where 0 < 6 < 1. Since
lz| < |z —x0| + |z0|, VzeR",

(- la) > d- G,

for z € By (z9). Hence, if x € By (), we get

wl@) < fi (@) < t(1—Ja) < uleo) (1 - g)

we have
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Then, since M Tu > —1, the function

v(z) = (1—g)Tu(x0) —u ()

satisfies
v>0 in Byy(xg) and M v <1

We will consider the function w := v'. For x € R" we have

M w(z)=Mv(z)+ (M w(z)— M v(z))

and
M~ w(x) — M~ v (x) / 60" (w,z,y) — 6" (v,2,y)
= A n n+o; dy
Co n Zi:l |yi|" e
o~ (Ua x, y) — 0" (w7 L, y)
+A/ - dy
n Doy |yl

- [1+]27

where I; and I, represent the two terms in the right-hand side above. Using
the elementary equality

v (rty)=v(e+y) +ov (x+y),
and denoting 6, := ¢ (w, z,y) and J, := § (v, x,y), we obtain

Oy =0 +v" (z—y) +v (T +y).
Thus, taking in account that

65 >0 and 4,=0 —9,,
we estimate
0y
b= [{5$>5$} 2 it lyilmre &
v (x+y)+v (z—y)

=y :
{5t >0t} D imy |yil "t

v (e 4y)+o (x—y)
< A/{5$>o} S T dy. (5.4)
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Analogously, we get

0, — 0y
= [{5 >0 }n{6u#0y }ZZ 1\yz|”+"l
“(r+y)+v (x—vy)
A -/{6;0}0{5;#;} Z?_l |y; |t

dy

—0y — 0,
= [{5 >0}n{6u#6, }Z@ 1\yz|n+‘”d
We also have
=0, =0, = 2v(z)-(v(z+y)+v(@—y)) -0,
z) = [(vF (@ +y) +o" (z—y))
— (v (z+y)+v (z—y))]
= (=0, —0,) +v (x+y) +v (z—y)
= —5$+v*(a:+y>+v*(rc—y)-

Then, from (5.6) and ({5.5)), we obtain

20
20

5t
I, < —A/
{or>opn{ousor }Zz 1 |yz‘n+a’
A/ v (x+y)+o (z—y)
T IS S S T
< A/ vty o (@ —y)
T ey X lulm
Hence, using (5.4)), (5.7), and changing variables, we find
M7w(w) = Mv(2) A/ v ety to (@ —y)
n n—+o; )
‘o " D i |yl

_ —2A/ vn(x+y) .
o

z+y)<0} Zizl |yi|" o

dy

dy.

Moreover, if x € B.

6

2
vl M) g oaty)
x R\ o) or [T

(xg), we have

29

(5.6)

(5.7)
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A -

(u (z+y)—(1-%) u(xo))

o -8
R"\B,-g(ﬂ?o—x) Zi:l ‘yl| !

If ¢ > 0 is the largest value such that u(z) > ¢ (1 — |[4z|?), then there is a

point 1 € B1 such that u (z1) = (1 — |421|?). Moreover, since u (0) < 1, we
get + < 1. Then, we have

5~ 0 ((1 = |4z|?) , x4,
c, n(ual'l;lfzdy < CO’/ (( _ | | n)—Hj‘ 1 y) dy < C,
R D iy |Yil T n > i il

where the constant C' > 0 is independent of ;. Moreover, since M ~u (z1) <
1, we find

dy.

+
UL e
R D i Uil
Recall that v (z1 —y) > 0 and w (z1) < 1. Thus, we obtain

o\ T
cg/ (u(xi+y>n+2_) dy < C.
DY Y]

Since t > 0 is large enough, we can suppose that u (zg) > 2. Let

C

x € E5" (%) C B (x0)

%1
and
y € R"\ By (9 — 1) CR"\E?T(%—:(:).

Then, we have the inequalities

S Iy +a+m)

1=1
n n n
¢ (z S 3 ) |)
=1 1=1 1=1

< O M+ 20

1=1

IA

and

il = [ (y = (o —2)); [ = [ (20 — @),
n+omax

L 0
- 2
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Then, taking into account the obvious equalities

u(r+y) — <1—g>Tu(xo):u(a:+x1+y—x1)— (1—g>Tu(x0),

and

-1
1 - n ] n-+o;
m o = E | (y +x+ xl)i |n+0¢ Zz:l | (yn+ L _tlf;)z I :
Zizl |y%‘n 7i i=1 Zz’:l ‘y2| ¢

we estimate

+

(u (x+y)— (1 — g)_Tu(x0)>

2 / - ‘ dy < Cy (fr)~(oms=)
R\ By (20—2) > i lyilrre

Thus, we have

M~w < Cy () Fom=) i B (20) |

r0
7ol

Applying Theorem 5.6 to w in B (z0) C B (29 — #) and using that

0
71
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we get
o> 25}y
[ 9o
< olmpy [((1—%)—%) u (o) + C1 (r) ™" 0216
(0-5)"-3)]
< o|emy ((1 - g) o %) u (z9) + Cy (re)cwr
((1% T%)u(xo)lg, (5.8)
where

and where we have used that 0 < Cy < C}(n). Thus, using (5.§) and the
elementary inequalities

[((1 _ g) o %) w (o) + Cy (re)CWI 6

and
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< 049 ET—C’(n)su (500) < 059 et sdn[l Cs] < C 0~ C’st 6

we obtain
AEEAY
1—— —1 o=t
(< ) 1) v

Hu> “(g )}HE%a’f

Now we choose 6 > 0 sufficiently small such that

<C (Em

S 3
0\ 0\
max max
c|ey; (“5) ‘1] < C|Py (‘5) ‘1]
1
< _ max'
= 4%

Having fixed # > 0 (independently of t), we take ¢t > 0 sufficiently large such
that

1
C|Es| 0o < ¢ By
4 2132
Then, using (5.8)), we find
{u S U(IO)} N %a}f < 1 ‘E%ai(’
2 203 T 4 PRV

Hence, we have, for t > 0 large,

u\xr n—1 ntomax
{u = (2 0)} NEYS| > gt T | pre|
272 ’
> C2 ‘E;I,llax‘ )
which is a contradiction to (5.3)). n

As a consequence of the Harnack inequality we obtain the C7 regularity.

Theorem 5.8 (C” estimates). Let u be a bounded function such that
M u<Cy and M*tu>—-C, in B;.

If (0,2) 09 < Omin, then there is a positive constant 0 < v < 1, that depends
only n, \, A\ and oy, such that u € C7 (B]_/2) and

for some constant C > 0.
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The next result is a consequence of the arguments used in [4] and Theorem
. As in [4], if we suppose a modulus of continuity of K,3 in measure, so
as to make sure that faraway oscillations tend to cancel out, we obtain the
interior C7 regularity for solutions of equation Iu = 0.

Theorem 5.9 (Cl’7 estimates). Suppose that 0 < oy < opmin. There exists a
constant 7y > 0, that depends only on X\, A, n and oy, such that

K, — K, —h
/ K5 () sly 1) ‘dy < Cy, whenever |h| < o
R™\ B0

Id 2

If u 1s a bounded function satisfying Iu = 0 in By, then there is a constant
0 <~ < 1, that depends only n, X\, A and oy, such that uw € C\7 (31/2) and

[Ulgra(s,,) = C'sup [ul,
for some constant C' = C (n, A\, A, 0¢, Cy) > 0.

Remark 5.10. We can also get C7 and C'7 estimates for truncated kernels,
i.e., kernels that satisfy (1.3)) only in a neighborhood of the origin. Let £ be
the class of operators L,g such that the corresponding kernels K,3 have the
form

Kaﬁ (y) = Kaﬁ,l (y) + Kaﬁz (y) >0,

where

ACy Ac,
< Kopa(y) <
Syt = 0 Syl

and Kopo € L'(R") with ||[Kagallire) < co, for some constant ¢y > 0.
The class £ is larger than £y but the extremal operators M, and M/ are
controlled by M and M~ plus the L* norm of u (see Lemma 14.1 and
Corollary 14.2 in [4]). Thus the interior C7 and C17 regularity follow.
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