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ABSTRACT: The correspondence between dynamics of A-Toda equations for the co-
efficients of the Jacobi operator and its resolvent function is established. A method
to solve inverse problem —integration of A-Toda equations— based on Padé ap-
proximates and continued fractions for the resolvent function is proposed. The main
ingredient are orthogonal polynomials which satisfy an Appell condition, with re-
spect to the forward difference operator A. Two examples related with Jacobi and
Laguerre orthogonal polynomials and A-Toda equations are given.
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1. Introduction

Many physical problems are modeled by nonlinear partial differential equa-
tions for which, unfortunately, the Fourier transform method fails to solve
the problem. There was no unified method by which classes of nonlinear
partial differential equations could be solved, and the solutions were often
obtained by rather ad hoc methods. A significant result was posed by Gard-
ner, Greene, Kruskal and Miura in [6, 7] of a method for the exact solution
of the initial-value problem for the KdV equation [13]

ut+6uum+umxaczoa

for initial values which decay sufficiently rapidly, through a series of linear
equation, which is now referred to as the Inverse Scattering Transform [2].
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P. D. Lax in [14] put the inverse scattering method for solving the KdV equa-
tion into a more general framework which subsequently paved the way to gen-
eralizations of the technique as a method for solving other partial differential
equations. He considered two time-dependent operators £ and M, where £
is the operator of the spectral problem and M is the operator governing the

dv(t
associated time evolution of the eigenfunctions Lv = A v, () = Muwv;and

dt
L d\(t
hence we get = LM — ML if, and only if, % = 0. If a nonlinear

partial differential equation arises as the compatibility condition of two such
operators £ and M, then the last equation is called the Lax representation
of the partial differential equation and £ and M is the Lax pair.

Orthogonal polynomials [21, 22] have profound connections with several
other areas of classical analysis: special functions, moment problems, Hankel
and Toeplitz determinants, spectral theory of Jacobi matrices, and random
matrices. The more recent connection is to the integrable systems (i.e. sys-
tems that are solvable as the KdV equations). Starting in the early 1990s,
the connection of the orthogonal polynomials to the integrable systems has
been increasingly appreciated and used by the orthogonal polynomial com-
munity. Many long-standing problems in the area of orthogonal polynomials
have been solved using this connection and several new exciting sides of this
connection have been discovered. A very recent one is concerned with the
relation between orthogonal polynomials and discrete Painlevé equations [10]
using the Riemann-Hilbert formalism for orthogonal polynomials [11].

On the other hand, the Toda lattice [27] appears in several contexts. Alge-
braic aspects related to integrability can be found in [24]; uses of symplectic
geometry to the analysis of the original Toda system in [16]; a relativistic mu-
tation is described in [25]. We do not intend to give a full list of applications
but to show the wide range of them.

As it has been discovered by Moser [19, 20], the dynamic of the solutions
of the Toda equations

ant) _ () (b1 (8) — bt
a,1=0,a =1, dbg%t) (£) (b (t) = Bult)), n=01,..., (1)

= an(t) — any1(t),
with bounded initial data
b,(0) e R, a,(0)>0, (2)
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corresponds to the simple evolution of the spectral measure,

—xt)d
dp(z; 1) = exp(—at)du(z, 0) 7 (3)
[ exp(—at)du(x,0)
of a self-adjoint operator, J(t), defined in the standard basis of ¢5(0, c0),
er=(0,...,0,1,0,...)", k=0,1,..., by a Jacobi matrix

o) 10
0= =" o 1o |- @

In the case of arbitrary bounded complex initial data, the operator J(t) is
no longer self-adjoint and therefore the notion of real valued spectral measure
looses sense. However, it was possible to establish a simple evolution of the
resolvent function, or Stieltjes function [8],

S(z;t) = el R.(t) ep, (5)
for the resolvent operator, R.(t) = [J(t)—zZ] ', associated with the operator
J(t) (cf. [3]).

Here we highlight some properties of the resolvent function and of the Padé
aproximants of resolvent function (5) which can be taken as a basement for

the solution of the spectral problem. In this direction, S(z;t) defined in (5)
satisfies

S(zt) = efR.(t)eg=el(J(t) —2T) ey = eOTZ J(t)neo

Zn+1
n=0
_ S Jra () _ - un(t) " 1
o Z on+l o Z ontl o <u( )7 . LU>7
n=0 n=0

where u(t) is the linear functional associated to the Jacobi matrix J(¢) [18],
we have used [4]

(u(t),z") = Ji (), n €N, (6)

and the sequence of moments w,(t) = (u(t), z"), n € N, exists.
By definition, the diagonal Padé aproximants of index n, II,,, for the power

Sz =y ) )

n=0
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is a rational function
o P (2)
Qn('z)7

I1,(2) with deg P, <n and deg Q, <n, (8)

such that

Qn(2)S(z;t) — P,(z) = ZnCH 4.

An important property of the Padé aproximants for the resolvent function (5)
of the operator (4) is that their numerators and denominators satisfy a three
term recurrence relation,

wn—i—l(z) = (Z - bn)wn(z) - anwn—l(z)v n €N,

with initial conditions Qg = 1, @1 = 0 and Fy = 0, P_; = 1, where a,
and b, are the coefficients of the matrix J(¢) in (4). The sequence of monic
polynomials @,, are orthogonal with respect to the linear functional u(¢). In
these conditions we say that u(t) is the regular linear functional associated
with the sequence {@,}, assuming that det H,(t) # 0, where for n € N,
H,(t) = [uiﬂ-(t)}zj:o, are Hankel matrices (see [26]).

Furthermore, if det H,(t) > 0, n € N, then u(t) has an integral represen-
tation in terms of a positive Borel measure, g(x;t), supported on an infinite
point set, I, of the real line,

(u(t).a") = [ 4" ol t)de, new,
I
and the orthogonality condition reads as
(u(t), Py(x)Pp(x)) = /Pn(:v)Pm(:v)Q($;t)dx = hpopm, hn >0, n,meN.
I

This property is equivalent to the fact that the diagonal Padé approxi-
mants are the convergents of the continued fraction expansion for the power
series (7), i.e.

S(z;t) = ! : (9)

ai

Z — b() —
a
Z — b1 — 2
Z — bg — .
This relation between the coefficients of the operator J(¢) and the rational
approximants for its resolvent function gives a procedure for the solution of

direct and inverse problems for the operator J(¢) with complex coefficients.
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Thus, the direct problem, i.e. the determination of the resolvent function (5)
by means of the coefficients a,(t), b,(t) of the operator J(t), can be solved
by direct computation of the moments

up(t) = eOTJ”(t) €o , (10)

of the resolvent function and then, applying the theory of uniform conver-
gence of the diagonal Padé approximants to the resolvent function (see [9]).

The inverse problem [3], i.e. the determination of the coefficients a,(t),
b,(t) of the operator J(t) by means of the resolvent function S(z;t), can be
solved by computing the coefficients of the power series expansion for S(z;t),
and then, applying the algorithm of expansion of a power series (7) for the
resolvent function in the continued fraction (9).

Let P be the column vector of monic orthogonal polynomials with respect
to a linear functional u(t) and J(¢) the corresponding Jacobi matrix (4).
Then, the recurrence relation for the monic orthogonal polynomials can be
written as

JO)P=xP.
We shall consider linear functionals normalized to have their first moment
equal to one, i.e.
uo(t) = (u(t),1) = 1. (11)

Next, we summarize the known results in relation with the dynamic so-
lutions of the Toda equations (1) and that are dispersed in the literature
(see [3, 17, 23] and references therein):

Theorem 1. Let us assume that the sequences {a, (t) }nen and {b,(t) }nen are
uniformly bounded. The following conditions are equivalent:

(1) The Jacobi matriz J(t) defined in (4) satisfies the matriz differential
d
equation %J(t) =J_(t)J(t) — J(t)J_(t), where

0 0 0
t 0 0 0
J-(t) = al(g | w@) 0 0 0 (12)
(2) The moments u,(t), defined by (10), satisfy
d Un(t) = up(Duy(t) — upya(t), meN. (13)

dt
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(3) The Stieltjes or resolvent function associated with J(t) satisfies

d
%S(z; t) = —2zS(z;t) +ui(t)S(z;t) + 1. (14)
(4) The derivative of the linear functional u(t) associated with J(t) satis-
fies
Du(t) = —zu(t) + ui(t)u(t), (15)

where xu(t) denotes the left product of the linear functional u(t) by
the first degree polynomial x.

In this work we analyze the correspondence between dynamics of A-Toda
equations for the coefficients of the Jacobi operator and its resolvent function.
Equivalent conditions in terms of difference equation for the Jacobi matrix,
the linear functional, the moments and the Stieltjes function are proved. The
main ingredient are orthogonal polynomials which satisfy an Appell condition
with respect to the forward difference operator A. Explicit examples related
with Jacobi and Laguerre orthogonal polynomials and A-Toda equations are
given. As a byproduct relations between confluent hypergeometric series are
explicitly given.

2. A-Toda equations

The main aim of this paper is to analyze the following system of difference
equations (A-Toda equations):

Avay(t) = af(t) (by—1(t) = bu(t+1)) ,
{Atbna) = af(t) — " (0), "
where 0
n _ gn(l
ozl(t)—u1(t+1)+1, (17)
and

n

gult) =TT 204D (1)

o @hea(?)

assuming that ui(¢ + 1) + 1 # 0 and ay(t) = 1, where the forward difference
operator 4A; is defined by

Ag(t) =gt +1) —g(t).
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We shall also consider the backward difference operator, V;, defined by
Vig(t) = g(t) —g(t —1).

A discrete extension of the results given in Theorem 1 is summarized in

the following theorem.

Theorem 2. Let us assume that the sequences {a, (t) }neny and {b,(t) }nen are
uniformly bounded. The following conditions are equivalent:

(1) The Jacobi matriz J(t) defined in (4) satisfies the matriz difference

equation
AJ(t) =A(t)J(t) — J(t+ 1)A(1), (19)
where
bo(t + 1) 0
At) — gi1(t)  bo(t+1) 0 (20)

(2) The moments u,(t), defined by (10), satisfy

Aty (t) = —tp1(t+ 1) + wr (t + Duy(t), n>0. (21)
(3) The Stieltjes function associated with J(t) satisfies
AS(zt) = =25zt + 1) +w(t+1)S(2,t) + 1. (22)
(4) The linear functional u(t) associated with J(t) satisfies
Awu(t) = —zu(t + 1) + ug(t + 1u(t). (23)
(5) The monic polynomials p,(x;t) defined by the three term recurrence
relation

po+1(w3t) = (2 = bu(t) ) pn(x; 1) — an(O)pp—1(z; 1),
with p_1(x;t) = 0 and py(z;t) = 1, satisfy an Appell property
Agpn(w;t) = o pra (1), (24)
where

ol (t) = (u(t +1), a"pn(z;t + 1)) gn(t)

1+ w(t+ 1) u@), 2" ppi(z;t))  1+u(t+1)’

n>1. (25)
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Proof: (1) = (2). By induction it can be proved that
AJ(t) =A(t)J"(t) — J"(t+ 1)A(t), (26)
where A(t) is defined in (20). By using (10)
eq A" (t)eg = Ay (e J"(t)eg) = Avun(t),

where el = (1,0,...). Moreover, from (26) we have

eg A" (t)eg = up (t + 1) J7 (1) — (JT4(t + Dug(t + 1)
+J7(E+ Day(t + 1)) = ur(t + Lun(t) — JTH(E+ 1),

since by(t + 1) = w1 (¢ + 1), which completes the proof.
(2) = (3). From (7), then

= —25(zt+ 1) +u(t+1)S(zt) + 1,

where we have used that ug(t) = 1.
(3) = (4). By using

S(z:1) = (ult), —),

and (11), if we apply the A; operator, we have that the equation (22) reads as

) = ) ) g, Y

= (u(t+1),

AS(z;t) == (Agu(t),

which implies

(Apu(t) + xu(t + 1) — ur(t + Du(t), P

and so, all the moments for the linear functional Ayu(t) + xu(t + 1) — uy (t +
L)u(t) are zero, and (23) is obtained.

(4) = (5). First of all, let us show that a regular linear functional u(t)
satisfying (21), is such that uy (t+1) # —1. Let us assume that uy(t+1) = —1.
Then, from (21) we obtain that us(t + 1) = 1 which yields

uo(t + 1) mu+1w_‘1 —1

det it +1) = ur(t+1) up(t+1)) |=1 1

-
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in contradiction with being u(t) a regular linear functional (cf. for in-
stance [5]).

Let {p,(z;t)} the sequence of monic orthogonal polynomials with respect
to the linear functional u(t). Since {p,(x;¢)} is a basis in the space of poly-
nomials of degree n, we have

Vipn(z;t+1) = pp(a;t+ 1) — pa(a;t) Zozk Pr—k(z;1) (27)

By convention we shall assume that of = 0. We shall prove for n > 1 that
apf =0for k=2,...,n and of # 0. By applying the linear functional u(t)
to (27) and using the orthogonality of p,(z;t) it holds

o), polies 1)) = (u(t), Tipn(ar 1+ 1)) = —(Agu(t), pult + 1)
where we have used that [1]
(Au,p(x;t)) = —(u, Vip(z; 1)) .
From (23) we obtain
ap(u(t), po(z;t)) = (zult+1),pa(w;t + 1)) — ur(t + 1) {u(t), pula;t + 1))
= —w(t+ 1)(u), pa(z;t 1)),

for n > 1, by using the orthogonality. From (27) the above expression can
be written as

apfu(t),po(z;t)) = —ur(t+1)(u(t), pa(2;t) + > af pur(;t))

= —ui(t + Dy {u(t), polw; 1)) ,
for n > 1, by using again the orthogonality. Since (u(t), po(x;t)) =1,
(I+wu(t+1))al =0,

and we obtain o' = 0. Similar arguments recursively can be used to prove
that o} =0, for k = 2,...,n. Therefore,

Vipu(z;t 4+ 1) = of ppa(z3t).
Finally, we will determine af by using the orthogonality of p,(x;?):

i (u(t), 2" pna(51)) = (u(t), Ve(a"pa (it + 1))
—(Awu(t), 2" pu(zt + 1)) .
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In order to compute the last inner product we shall use
Pu(@;t + 1) = pu(a;t) + apn (1),

as well as the orthogonality:

(Apu(t), 2" "pu(x;t + 1))

= (u(t + 1), 2"pn(z;t + 1)) —ur(t + 1)

= (u(t+1),2"pp(z;t+ 1)) —ug(t+ 1)

= (u(t + 1), 2"pn(z;t + 1)) —ur(t + 1)

t
u (u(t), 2" Ypa s £+ 1))
(u(t), 2" (pala;t) + aippa (w3 1))
o u(t), z" pp_i(x;t))

which gives the value of af given in (25).
(5) = (1) If we apply V; to the recurrence relation

Y

x"
x"

U

epp(x;t+1) = ppia(x;t+ 1)+ b, (t+ Dpp(a;t + 1) + an(t+ Dppq(z; t + 1),

we get

atwp, 1 (z;t) = o pa(t) + bt + )ayp,(z;t)
+ Atbn( )pn(ﬂf, t) + an(t + 1) pn 2( ) + Atan( )pan(x; t)

If we use again the recurrence relation to expand

TPn-1(x;t) = pu(@;t) + bp1(t)pn-1(; 1) + an-1(t)pn—2(x;t),
by equating the coefficients in p,(x,t), p,_1(z;t) and p,_o(xz;t), we get the
A-Toda equations

{Off(t) = ogi”l( ) + Atbn(t)a (28)

all(t) (by—1(t) = bu(t + 1)) = Avan(t),
with ol (t)a, 1(t) = o} (t)a,(t + 1), n € N, which completes the proof. m

Theorem 3. In the hypothesis of Theorem 2, assume that the normalized
functional u(t) verifies

ut)=rk(1+z2) "o, (29)

where k 1s the normalizing constant and v is a positive definite linear func-
tional. Then, the coefficients {a,(t) }nen, {bn(t) tnen of the Jacobi matriz J(t)
associated to u(t) are solution of the A-Toda equations (16).
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Proof: Let
fla.t)=(1+2)", (30)
and the moments

(v, ™) :/$”dg($), n=0,1,....

Let u,(t) the moments of the linear functional u(t),

J [z, t)a"do(x)

ll) = T de()
Since
Af(t)g(t) — f(t)Ag(?)
A(f(t)/g(t) = O ,
then
Ay (f) = JAS () ”dg( ) (J [z O)a"do(x)) (f Adf(x,t)do(x))

[ f(z,t+ 1)do(x) ([ f(z,t)do(z)) ([ f(z,t+ 1)do(z))
By using A, f(z,t) = —xf(x,t + 1), we obtain

Ay (t) = —tp1(t+ 1) + ur (t + Dup(t),
which completes the proof. u

Remark 1. Let us consider the difference operator

Aeaf oty = PO ZI@D iy p oty = & ey

In this case, the function f,(z,t) to be considered analogue of (30) is

| —1+t/h
Il 1) = (1—|—h/az> '

] —1+t/h
lim = exp(—uzt)
h—0 \ 1+ h/$ 7

which is the evolution (3) associated to the continuous case [12, 19].

It yields,

Next, we prove a Lax-type theorem [15, Theorem 3, p. 270].

Theorem 4. In the hypothesis of Theorem 2, let A(t) be a spectral point of
J(t) such that verifies (19). Then,

ANE) = 0.
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Proof: If we apply the A; operator to
JR)YP(A(1)) = AMOP(AR))
we obtain
A J(E)PAE)) + J(t+ 1DAPAE)) = ANOPA) + At + 1)AP(A (L)),

Then,

ANOPA(E)) = JE+1)APA(E)) + (J(t+1) = At +1)Z) AyP(A(2))

= (A1) P(AR)).
Since (J(t+1) = At + 1) I)(AP(A(t)) — AP(A(t))) = 0, it yields
(ANE)Z+ (AMt+1) = A1) A)P(A()) = 0.
The element (1, 1) of the above column vector is given by

(A() = A+ 1) w(t+1) = A1)

and then

(T+u(t+1)ANE) =0,
which gives the result by using that uy(t + 1) + 1 # 0. m
3. Examples

3.1. Modified Jacobi functional. Let v(®*? be the normalized Jacobi
linear functional, with o, 5 > —1, defined as

N [ o 27 (a4 B +2)
@) = [ @)1= )1 +a)’ e Rl

We have that
08—«

(@f) 1y =1 (o, 8) - =

(31)

Let us consider —see (29)—

ut) = k(1 +z) "o, (32)

where k is a normalizing constant. In terms of measures the linear functional
u(t) has associated the weight function

2= P2 (o + B —t + 3)

F(Oé + 1)F(6 — 4 2) (1 — x)o‘(l + x)ﬂﬂprl’

o(x, t;a, 3) =
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where a > —1 and # >t — 2. We have that

1
/_ o(z,t; o, f) = 1,

1
and moreover from (31) it yields

1
—a+pB—-t+1
) = ha,p) = :
w(t) /_135@(:6 O = Thi+3
Thus,
- ¢ 2a+ 1
wit+1) = —2Fr=t el 4

a+B—t+2 = a+B8—t+2

As it is well-known, monic Jacobi polynomials i )(x) satisty the follow-
ing three term recurrence relation

P () = (o= B P (@) = AR (),

n+1 n n n n

with initial conditions Pfof’ﬂ) (x) =0, Po(a’ﬂ)(x) = 1, where

52 . 042
Blaf) —
! (a+B+2n)(a++2n+2)
Aled) dn(a+n)(B+n)(a+ B +n) |
' (a+B+2n—1)(a+B+2n)(a+B+2n+1)
Thus, the polynomials orthogonal with respect to u(t) defined in (32) satisfy

a three term recurrence relation as above with coefficients b,,(t) = ples=i+l)

and a,(t) = A=),
From (18), we have

n A(a,ﬂ*(t+1)fl)

_ k
gn(t) o H A(a,ﬁ—t—i—l)
k=1 k—1

dn(a+n)(f—t+1)
(a+08—t+2)(a+f+2n—t)(a+B+2n—t+1)’

and therefore

Al (t) = gn(t) _ 2n(a+n)
! w(t+1)+1 (a+p+2n—t)(a+B+2n—t+1)

Thus, we have that b,(t) = B&a’ﬁ_tﬂ), ap(t) = AT and af(t) are
solution of the A-Toda equations (16).
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3.2. Modified Laguerre functional. Let us consider the Laguerre linear
functional, with @ > —1 defined as

<“®m@%=iémﬂﬂé$gf¥?ﬂﬁ

We have that the moments are explicitly given by

Ma+n+1)

(@) Ly — =

AR Tat 1) (a+1),,

where (A), = A(A+1)---(A+n—1) with (A)y = 1 denotes the Pochhammer

symbol.
Let us consider

u(t) =r(1+ x)lftv(o‘),

where k is a normalizing constant. In terms of measures, the linear functional
u(t) has associated the weight

«

exp(—x)x £>0,

o) = (1 1t
olrtio) = (o) g a— L T at 1)’ -

where

1
['(a)

is the confluent hypergeometric function [21, 22].

We have that
/ o(z;t;a) = 1,
0

and moreover the moments of u(t) can be written as

Ula,b, z) = / e N1 4+ ) g,
0

un(t) = (u(t), 2") = / " ot 0)

MNa+n+ 1)Ut -1, —a—n+t—1,1)
Ma4+D)U(t-1,—a+t—1,1)

In particular

(Q+DUfﬁﬂ+¢—lﬂ)%_L

U(t,t —a,1)
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The moments u,(t) satisfy relation (21) which in this case provides the fol-
lowing relation involving confluent hypergeometric functions

Ult,—a—n+t1) U(a+n+1l,a+n—t+3,1)

U(t,t —a,l) Ula+1,a—t+3,1)
(a+n+DU(e+n+2,a+n—1t+3,1)
B U(t,t —a,1)

(a+1)U(t,—a+t—1,H)U(a+n+1l,a+n—t+3,1)
Ula+1l,a—t+3,1HU(t,t—a,l) '
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