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ZERO-INFLATED COMPOUND POISSON DISTRIBUTIONS
IN INTEGER-VALUED GARCH MODELS
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ABSTRACT: In this paper we introduce a wide class of integer-valued stochastic
processes that allows to take into consideration, simultaneously, the main charac-
teristics observed in count data namely zero inflation and overdispersion. This class
includes, in particular, the CP-INGARCH model ([7]), the zero-inflated Poisson
and the zero-inflated negative binomial INGARCH models, introduced by Zhu in
[18]. The main probabilistic analysis of this process is here developed. Precisely,
first and second order stationarity conditions are derived as well as the autocorre-
lation function. We also analyse the existence of higher-order moments and deduce
the explicit form for the first four cumulants for some class of models, such as its
skewness and kurtosis, reencountering published results of [5] and [13].
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1. Introduction

Count time series are quite common in various scientific fields like medicine,
economics, finance, tourism and queuing systems. The modelling of these
time series has been receiving increasing attention and several integer-valued
stochastic models have been recently proposed and developed in order to best
describe and analyze this kind of data.

The change of the series variability is often observed in count time se-
ries which lead to the proposal of conditionally heteroskedastic models. The
integer-valued process proposed by Ferland, Latour and Oraichi [5], denoted
INGARCH(p, ¢) and inspired in the GARCH models of Bollerslev [2], takes into
account this characteristic. In fact, Ferland, Latour and Oraichi [5] assume a
Poissonian conditional distribution whose parameter evolves with the past of
the process similarly to GARCH models. Following this idea, several models
have been introduced in literature considering other deviates discrete distri-
butions like the negative binomial ([16]), the generalized Poisson ([17]) or a
general compound Poisson distribution ([7]).

Received July 25, 2014.
The work of the third author was supported by FCT - Fundagao para a Ciéncia e a Tecnologia.

1



2 ESMERALDA GONCALVES, NAZARE MENDES LOPES AND FILIPA SILVA

Excess of zeros is another fact often observed in count time series. The
interest of this characteristic is clear because zero counts frequently have
special status.

Neyman [11] and Feller [3] first introduced the concept of zero inflation to
address the problem of excess of zeros. Since then, there have been extensive
studies related to the development of zero-inflated probability processes, in
particular Poisson models, essentially considered in econometric literature
and in regression context. Application areas are diverse and have included
situations that produce a low fraction of non-conforming units, road safety,
species abundance and processes related to health where it is of interest the
monitoring of a rare disease. [12] include several references and details.

A zero-inflated distribution can be viewed as a mixture of a degenerate dis-
tribution with mass at zero and a nondegenerate distribution. For example,
the random variable X is zero-inflated Poisson (A, w) distributed ([10]) if its
probability mass function can be written in the form

k,—A

A\
P(X = k) = wdpo + (1 — w)%, k=012, ..,

where 0 < w < 1, 0y is the Kronecker delta, i.e., 050 is 1 when k£ = 0 and is
zero when k ## 0. This distribution is denoted by ZIP.

In count time series context, [1], [9] and [18] are recent works dedicated to
the proposal and study of zero-inflated models for integer-valued time series,
namely the zero-truncated Poisson INAR(1) model, the zero-inflated INAR(1)
model and the zero-inflated Poisson and Negative Binomial integer-valued
GARCH models. For example, the ZIP-INGARCH(p, q) ([18]) is defined as

XX, | : ZIP(\,w), Vi € Z,
At = ap + Z§:1 o Xy + Zzzl BrAe—k,

where 0 <w < 1,00 >0, ; >0, 8, >0, =1,...,p, k =1,...,q, p > 1,
q > 0 and X, ;| the o-field generated by {X;_;,7 > 1}. The Zero-Inflated
Negative Binomial INGARCH model is analogously defined by Zhu [18], giving
weak stationarity conditions and the autocorrelation function and proposing
an estimating procedure.

With the aim of enlarging and unifying the study of these several models we
introduce in this paper an Eventually Zero-Inflated INteger-valued GARCH
process with general Compound Poisson deviates. We include in this general
class the CP-INGARCH models ([7]) corresponding to w =0, and if 0 <w < 1
we have, as particular cases, the ZIP-INGARCH and ZINB-INGARCH models.
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Additionally to the zero-inflated characteristic, in most count data sets
the conditional variance is greater in value than the conditional mean, often
much greater. This characteristic is known as overdispersion. For example,
Xu et al. [15] present a study of weekly dengue cases observed in Singa-
pure where the conditional overdispersion is highly significant. Our proposal
have also the aim of modelling zero inflation, overdispersion and conditional
heteroskedasticity in the same framework.

The paper is organized as follows. In Section 2 we introduce the Eventu-
ally Zero-Inflated Compound Poisson INGARCH model. The wide range of
this proposal is stressed referring the most important models recently stud-
ied that it includes ([18], [7]) and also presenting the general procedure
to obtain new models. A necessary and sufficient condition of first-order
stationarity is given. Conditions of second-order stationarity are discussed
in Section 3 based on a vectorial state space representation of the general
EZICP-INGARCH process. In Section 4 we focus on the EZICP-INGARCH(1, 1)
model and establish a necessary and sufficient condition for the existence of
higher-order moments and give explicitly the first four cumulants of X; from
which skewness and kurtosis of the process are deduced. Section 5 gives some
discussions and in Appendices A and B we summarize some auxiliary forms
and calculations.

2. The model

Let X = (X;,t € Z) be a stochastic process with values in Ny and, for any
t € Z,let X, | be the o—field generated by {X;_;,j7 > 1}.

Definition 2.1. The process X is said to satisfy an Eventually Zero-Inflated
Compound Poisson INteger-valued GARCH model with orders p and q, (p, q €
N), briefly an EZICP-INGARCH(p, q), if, YVt € Z, the characteristic function of
Xt’it—b (I)f is given by

®(u) = w+ (1 — w)exp {z(p’\—(o) [a(w) — 1]} CueR,
(1)
At = o+ Z];:l o Xi—j 4+ > 1 Bedi—i,

for some constants 0 < w < 1, a9 > 0, o;j >0 (5 = 1,...,p), B > O
(k=1,...,q), and where (¢, t € Z) is a family of characteristic functions on
R, X, ;-measurable associated to a family of discrete laws with support Ny
and finite mean. i denotes the imaginary unit.
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We observe that the conditional distribution of X; is a mixture of the Dirac
law at zero with a discrete compound Poisson law. The probability at zero
is then inflated with value w.

The EZICP-INGARCH(p, q) model with ¢ = 1 and 51 = 0 is denoted by
EZICP-INARCH(p) and, as mentioned before, when w = 0 we recover the CP-
INGARCH(p, ¢) model considered in [7].

The conditional mean and conditional variance of X; are given by

0
BUXGIX, ) = (1= ) VXX, ) = (= (i) on)
t
In this case, to assure the variance existence, we consider that the characte-
ristic functions (;) are derivable at zero up to order 2.
As can be seen, a wide class of processes is included in the EZICP-INGARCH
model (1). In fact, let X = (X;,t € Z) be a stochastic process defined by

Ny
X =) Xy
j=1
where /V; is a random variable that, conditionally to X, _;, follows a zero-
inflated Poisson law and X;i,..., X;n, are discrete random variables with

support Ny that, conditionally to X, ;, are independent, independent of /V,
and having characteristic function ¢; derivable at zero. If the parameters of
the probability mass function of N; are (A}, w), that is,

)\*)ne A

P(Ny=n) =wd,o+ (1 — w)(t—_t

n=0,1,2, ..
n!

where \f = @Z?t) and 0 < w < 1, then X satisfies the model (1) as we have

By, x, (W) =Y Elexpliu (X1 + ... + Xow)}N, = n] - P(N, = n)
=0

ng@ Voo + (1 —w)e AZ%
=0

ot (1 - wyexp (X [pilu) — 1]}
Based on this construction, many particular models can be deduced.

Example 2.1. (a) When w = 0, as we recover the CP-INGARCH model we
obtain, in particular, the INGARCH ([5]), negative binomial INGARCH, gener-
alized Poisson INGARCH ([16], [17]) and negative binomial DINARCH ([15])



ZERO-INFLATED CP-INGARCH MODELS 5

models. For 0 < w < 1, we have the zero-inflated Poisson INGARCH and the
zero-inflated negative binomial INGARCH models ([18]).

(b) Let us consider independent random variables (X j,t € Z) following a
geometric law with parameter p; = TJ:—At and r > 0 arbitrarily fixed, that s,

pe™

wi(u) = (e U € R, t € Z. If N; is a random variable independent
of Xi; and following a zero-inflated Poisson law with parameters (r,w), 0 <
w < 1 then the process X; = Z;V:tl Xy ; satisfies, unless an additive parameter
r, the model (1). In this case, the model will be denoted by EZIGEOMP-
INGARCH(p,q). For w = 0, we obtain the GEOMP-INGARCH model studied
in [7].

(c) As in the previous example, let us consider a sequence of independent
random variables (X ;,t € Z) following a geometric law with parameter p €
10, 1] and N; following a zero-inflated Poisson law with parameters \j = pX;
and w. Then, X, = Z;.V:tl X;; also satisfies the model (1). In this case, the
model will be denoted by EZIGEOMP2-INGARCH(p, q).

(d) If (Xi;,t € Z) are independent random variables following a Poisson
distribution with parameter 6 > 0 and Ny is independent of X ; and follows a
zero-inflated Poisson law with parameters \j = % and w, the resulting process
X satisfies the model (1). When w = 0, the X,|X, , law is the Neyman Type
A distribution with parameters (Af,0) ([10]) and so we will denote this model
by EZINTA-INGARCH(p, q).

We note that since the characteristic functions ¢; are X, ,-measurable, they
may be random functions, which means that the parameter involved in ¢
may depends on the previous observations of the process, via \;, as in the
EZIGEOMP-INGARCH model.

Figure 1 and Figure 2 present trajectories and the basic descriptives of
EZIP and EZIGEOMP-INGARCH(1, 1) models, with ap = 10, oy = 0.4, 5 = 0.5,
considering different values for w, namely w = 0, 0.2, 0.4, illustrating clearly
the zero-inflated characteristic of these models.

We observe that, whenever w > 0, the model (1) is overdispersed because

XX v
VIRIX, ) 20 oy s
E(Xﬂ&t—l) 9015(0)
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Ficure 1. Trajectories and  descriptives of  EZIP-
INGARCH(1,1) model with w = 0 (on top), w = 0.2 (middle)
and w = 0.4 (below): oy =10, a3 = 0.4, 51 = 0.5.

We highlight that the definition of the model (1) is still valuable when the
parameter w takes negative values, provided that

0<w+(1-w)P(X;,=0X, ;) <1,
which is equivalent to
. P(X; =0[X, )
1—-P(X; = 01X, 4)

For instance, when the conditional distribution is a mixture of a degenerate
distribution with mass at zero and a Poisson or a negative binomial law as

max q —1, <w<0.
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FIGURE 2. Trajectories and descriptives of EZIGEOMP-
INGARCH(1,1) model with w = 0 (on top), w = 0.2 (middle)
and w = 0.4 (below): oy =10, a3 = 0.4, 51 = 0.5.

defined in [18], we obtain, respectively,

_e_)\t
-], — > < w<
max 1’1—6—)% <w<0
and
(1 A "/a
1+a)§
max ¢ —1, =P <w<0, c=0,1.

1
L - 1+alg
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To consider negative values for w corresponds to a deflation at point zero,
and for the referred mixed Poisson distribution leads to models with under-
dispersion.

3. First and second-order stationarity

The study of first and second-order stationarity of these processes follows
the approach developed for the compound Poisson INGARCH processes in [7].
In the following we summarize the main conclusions of this study. We note
that the results obtained are not affected by the form of the conditional law
but mainly by the evolution of \;.
In what concerns first-order stationarity we consider u; = E(X;) and we
deduce from the difference equation

= (1—w) 060+Z (1 —w)p— g+25kﬂt k>

j=1

that X is first-order stationary if, and only if (1—w) Y>>0 a;+ 37 B < 1.
Moreover, under this condition, the processes (X;) and ()\;) are both first-
order stationary and we have

(1—w)a0
1—(1-w) 1047 D k=1 B

In order to obtain second-order stationarity conditions for the Eventually
Zero-Inflated CP-INGARCH model (1) we assume that the family of charac-
teristic functions (¢, ¢ € Z) is derivable at zero up to order 2, to assure
the existence of the corresponding distribution variance. Furthermore, as
for the CP-INGARCH(p, q) processes, we restrict our study to the subclass of
EZICP-INGARCH models with ¢, satisfying the following condition:

Hypothesis H1: %((8)) = vy + V1A,

with vy > 0, v1 > 0, not simultaneously zero. We stress that this particular
case includes all the models presented in example 2.1 (a) as well as a wide
class of models not studied in literature like the models introduced in example
2.1 (b) (for which vy = 1 and vy = 2/r), (c¢) (with v9 = (2—p)/p and v; = 0)
and (d) (with vg =146 and v; = 0).

A sufficient condition of second-order stationarity of X is easily deduced
from the vectorial state space representation presented below.

p=EX)=(1-wEWN\) =
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Proposition 3.1. Suppose that the process X 1is first-order stationary, satis-
fies the hypothesis H1 and follows an EZICP-INGARCH(p, q) model. The vector
of dimension p+ q— 1 given by

[ B(XP) T
E(X; X 1)

Wy= | E(XiXip-1) |,
E(A\Ae-1)

| E()\t)‘t—(q—l)) A
t € Z, satisfies an autoregressive equation of order max (p,q):

max (p,q)
Wy=Bo+ Y BiWiy, (2)
k=1

where By is a real vector of dimension p+q—1 and By, (k =1, ...,max (p,q))
are real squared matrices of order p+q — 1.

Proof. This result is a consequence of the recursive equations satisfied by
E(X}?), BE(X:X;_}) and E(MA;_;) that may be deduced as the involved vari-
ables are nonnegative. We focus on the case p = ¢, whereas the other cases
can be obtained from this one setting additional parameters to 0. So, follow-
ing the same steps of Proposition 3.1 of [7], we obtain

p

> (1 -wja + 2ZIORE T iz

EX)H)=C+(1+v
(X0 = 0+ (1w |3 "

49 Z Z a; (1 — w)a; + B;) E(Xy-iXi—j)

i=1 j=i+1

2(1 - w) i: > Bl —w)ay + ﬁi)E()‘t—i)\t—j)] (3)

i=1 j=i+1

B(X,X,_) = [ao - 1“1551} (1-w)p

p

H1 =) ot T2 BOED + 3 (-0 BE )
j=k+1
k—1 p
+Y ((I=w)ay +B)EX X w) + Y (1—w)a;B(X X, ) (4)
j=1 j=k+1
E(M\A—k) = {040 - UO(?:JZ}I/BIC)} 1 ﬁw
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o + B 2
B(X BiE(N—jAi—k)
(1 —w)(l+v) i) ]zk;l JEAIT
P, k-1
+ Z —w (Xe—j Xi-r) +Z (1 —w)ay + B E(A—jA—r) (5)
Jj=k+1 Jj=1

with C' = vop + (1 + v1) [2a0p — (1 — w)od] —vop D b1 (2(1 — w)eB; + B?)
positive and independent of ¢ and £ > 1. Using the above expressions it is
clear that Wy = By + > __, BeW;_, with By the vector and By, (k =1,...,p)
the matrices presented in Appendix A. O

In the following theorem we present the referred sufficient condition for
weak stationarity of the process under study.

Theorem 3.1. Let X be a first-order stationary process following a EZICP-
INGARCH(p, q) model such that H1 is satisfied. This process is weakly sta-
tionary if

max (p,q)

P(L) = Ipiq-1 — Z By L*

is a polynomial matrix such that det P(z ) has all its roots outside the unit
circle, where I,y is the identity matriz of order p+q — 1 and By (k =
1,...,max (p,q)) are the squared matrices of the autoregressive equation (2).
Moreover, if e; is the order j row of the identity matriz,

COU(Xt,Xt,j) = €j+1[P(1)]_1BO — M2, ] = 0, N 1,

12

COU()\t7)\t—j) - ep'i‘j[P(l)]_lBO - m: ] = 17 )

q—1.

Let us consider a first-order stationary EZICP-INGARCH process with p =
q = 1. The previous study leads us to the following weak stationarity char-
acterization.

Theorem 3.2. Consider a first-order stationary EZICP-INGARCH(1, 1) model
satisfying H1. A necessary and sufficient condition for weak stationarity is
(1—w)(1+wv)a? +2(1 —w)ar By + BF < 1.

Proof. From expression (3), we obtain, in this case, the non-homogeneous
difference equation of first order E(X?) — [(1 —w)(1+v1)a? +2(1 —w)a1B +
B E(X? ) = C, where C' = vou + (1 + v1)[2a0p — (1 — w)ad] — vou(BF +
2(1 —w)ayfy) > 0.
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If (1 —w)(1+wv)af+2(1—w)agf + 7 < 1, then the above equation has
an independent of ¢ solution, i.e., the process is second-order stationary. On
the other hand, if the process is second-order stationary, [1 — (1 — w)(1 +
v1)ad +2(1 —w)ay Py + B E(X?) = C. O

A necessary condition of weak stationarity for an EZICP-INGARCH(p, q)
model can be obtained by generalizing the results of [7], as we consider here
a larger class of conditional distributions. In fact, for a second-order sta-
tionary process following an EZICP-INGARCH(p, ¢) model satisfying H1 and
such that ag(1 — w)(1+v1) > vy, it is necessary that the roots of the equation
1—Ciz—...—C.z" =0 lie outside the unit circle, where for v =1,...,r — 1,

Co=(1-w)(14v)a?+2(1 —w)ay,fy + B2 —2(1 — w)(1 +v1)x

p+q—2
Z (ij + ﬁj ) Z (Oékdvu + (1 - w)ﬁkdvﬁ-r—l,u) buo |

. 1l-w
(7,k)e{1,..., p}x{1,..., q}:
k—j=v

u=1

Cr=(1-w)(1+v)a?+2(1 —w)a,B, + B2,
with 7 = max (p,q), B = (b;;) and B™! = (d;;) are squared matrices and
b = (by) is a vector, both of order p + ¢ — 2 and easily deduced from the
expressions (3), (4) and (5).
Let us point out that when X follows a EZICP-INARCH(p) model we do not

need to ensure (1l — w)(1 + v1) > vy and the coefficients, the matrix and
the vector entries reduce to the form

Cy = (1 - w) (1 + Ul) ai - Z Z aio‘jdvubuo ) Cp = (1 - w) (1 + 1)1) O‘?ﬂ

v=1 [i—jl=v

b = (1—w)ay, by = (1—w) Z a; — land by, = (1—w) Z a, u# 1 foru,l=1,...,p—1.
li—l]=l li—l|=u
We conclude this section presenting a result from which the autocorre-
lation function of the EZICP-INGARCH model can be obtained. The result
extends those presented in Theorem 4 of [18] and is obtained using the same
arguments.

Theorem 3.3. Suppose that X follows a second-order stationary EZICP-
INGARCH(p, q) process. The autocovariances T'(k) = Cov(X;, X;_1) and T'(k) =
Cov(\, \i_x) satisfy the linear equations

min (k—1,q)

:(1_W)Zai'r(k_i)+ Z B;-T (1-w) Zﬁj k>,
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min (k,p) p
, 1
F 1—w Z (673 —Z)—Fmi;lai' +Zﬁj ]{Z>O
assuming thath.:kﬁj (j—k)=0ifk>qand Y . «a ( —k)y=0ifk+1>p.

We point out the ARMA(p, q)-like serial dependence structure for X stated
by this result.

4. The moments of Eventually Zero-Inflated Compound
Poisson INGARCH(1,1) model
In this section, we focus on model (1) with p =¢ =1, i.e.,
O(u) =w+ (1 —w)exp {z% [p(u) — 1]} uER, N =ag+ a1 Xi 1+ P11,

In the following example we obtain its autocorrelation function deduced
from Theorem 3.3.

Example 4.1. Supposing that X follows an EZICP-INGARCH(1,1) model,
from Theorem 3.3, we have

1 (1 —w)an[l — (1 = w)au p1 — Bi]
1—2(1 —w)aifr — B

T(k) = [(1 —w)ay + Bi)F-T(0), k> 1,
from which the autocorrelation functions of X and X can be obtained.
Under the hypothesis H1, the value of T'(0) can be deduced using the expres-
sion derived in Theorem 3.1. Indeed, T'(0) = V(X;) = [P(1)]"'By — %, where
P)=1-B=1-(1-w)(1+v)a] —2(1 —w)ai B — B,
By = vop + (1 + v1)[2001 — (1 = w)ag] — vop[2(1 — w)aufi + B7],
B (1 —w)ay
C1- (I -w)aq —Br

T(0), k>1,

L(k) = [(1 - w)ar + Bi]*"

r(o) = rt (1 +vi)[2a0p — (1 —w)ag] — vop[2(1 — w)au By + B7] 2
1—(1-w)(I+v)af —2(1 —w)aufi — B
1-2(1 —w)oyfpy — B? v+ w
T 1-(1- aE)(l —|—(v1)af )— 2(1— wl)]alﬁl — 7 (UOM A M2) '
Using this result when w = 0 we recover, in particular, the expressions
stated in Example 1 of [13] for the Poisson law considering vg = 1, v; = 0,
and the expressions stated in Example 1 of [16] and [17] for the negative

binomial and generalized Poisson laws considering, respectively, vg =1, v =
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1/r and vg = 1/(1 — k)%, vy = 0. If we consider vy = (1 — p)/p and v; = 0
we obtain expressions for the case where the conditional distribution of the
process is the geometric Poisson law. For w # 0, we recover the results stated
in the examples 1 and 2 of [18], respectively, for the zero-inflated Poisson law,
where vy = 1, v1 = 0, and for the zero-inflated negative binomial distribution
with vg =14 a, v1 =0 (when ¢ =0) and vy =1, v = a (when ¢ =1).

In the following, let us assume that ¢; is derivable as many times as neces-
sary. We start by stating a necessary and sufficient condition for the existence
of all the moments of the process when ¢; is a deterministic function. This
result includes Proposition 6 of [5] in which ¢;(u) is independent of ¢ and
equal to e™.

Theorem 4.1. The moments of an EZICP-INGARCH(1,1) model with ; de-
terministic are all finite if, and only if, (1 — w)(a; + B1) < 1.

Proof. According to [8], since X;| X, ; is a compound random variable where
the counting distribution is the zero-inflated Poisson law, its mth moment is
given by

“ )\; : r —1)7J 53\ (m
PIIG) = (- Y e S () S (™ o

J=0

with ¢} = [[\_, ¢, ¢l (u) = 0if j = 0 and (cp{ >(m) the mth derivative of ¢!, namely,

k1+...+km=m—n
k1+2ko+...+mkm=m
kr€Ng

where (m;ky, ..., ky) = kl!k21...km1(1!)7£!(2!)k2...(m!)km' For a proof of expression (6), see
Appendix B.1. So,
m T o i\ (m)
L\ (=) (1) (0)
E[XM = (1-w (" LA E[N). 7
=m0 () Sy B )

As X' is X, ,-measurable we have

l

E[Xl 1/\n—ll|X 2]:(1_0‘))21& - (U)ﬂ(gpm 1)(l)(0>
=11l 2 a0 2\ o ) T W) )

r=
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and, using the fact that

Ap = (a0 + a1 Xy1 + Bide—1)”

|
g 3
/N
3 3
N——
o)

n
n
r—mn I on—I1 1 n—I
0 ( I )a151 Xi AT
=0

l

ENIX, 5] = (1-w) (n)aZ(ﬁ‘)Zﬁ

v=0

(1) S ) o ®

Let Ay = (A, ..., \¢)". In the algebraic expression of E[\[|X, 5|, for r =
1,...,m, all the powers of \;_; are < r. Therefore, a constant vector d and
an upper triangular matrix D = (d;;), 4,7 = 1,...,m, exist such that the
following equation is satisfied:

ET X, ) ag’ (1—-w)(ar +p)™ - dim-1 dim Ay
% =(-w)| o |+ : : . : ;

EN|1X, o] ap 0 o (T=w)(oa + Br) dm—1,m Ai1

E| X, ] o 0 0 (1 —w)(ar + Br) At—1

~ E[At|it—2] — d + DAt—l-

Indeed, let us prove that the diagonal entries of the matrix D are those given
above. The kth diagonal entry of the matrix D corresponds to the case where
in equation (8), we consider r = m — k + 1. Thus, to obtain the coefficient

of A;’i‘lkﬂ, we look at the terms corresponding ton =m —k+ 1 and [ = v.
Then,

m—k+1 | om—k4+1—1 !
(1 _ m—k+1\ af L\ e e YO
Using (6) we obtain

S (D)@ o=y (L) e S s oo

xS G k) [E (0] e (08,

ki+..Aky=l—j
ky+2kg+... 41k =1

and therefore, for any arbitrarily fixed k1, ..., k; € Ny such that k1 + ... + k; =
[ —j and ki + 2ky + ... + lk; = [, the coeflicient of [go;_l(o)]’“...[goﬁl_)l(o)]kl is

given by
: [ Iz x!
[Z ( x ) (=1) (x— (ks + ... + Ky))!

z=0

(I kqy ey Ky)
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l
_ ()
- [ Z (l — x) (l’ — (lﬁ + + k’l))

Nk, k)

r=k1+...+k;
(=) tk) 1=kt +ki) L=k + o+ R) » |
T (= (ki t ..+ k) mzo ( m ) (=17 MG ks ey By
When k; =1, ks = ... = k; = 0, we obtain the coefficient I!(1;[,0,...,0) = [l.

Otherwise, the coefficient is zero. Therefore, we finally conclude that
l

S (L) v ) o= o, o)

z=0

and then the kth diagonal entry of the matrix D is

m—k+1
A, = (1 —w) Z (m l )0411 1 R = (1 —w)(a1 + A1) B
1=0

So, we conclude that the eigenvalues of D (which coincide with its diagonal
entries because it is a triangular matrix) are inside the unit circle if, and only
if, (1 —w)(a; + 1) < 1. Using this fact and proceeding as in Proposition 6
of [5], we can write

E[A|X; ] = (I = D)~ (I = D*")d + DAy,

where [,,, is the identity matrix of order m.
Consequently, since D*! — 0 when & — oo, we have

B[N = lim B[ [X, ] = (I, - D)™'d,
and then from (7) all the moments of X; of order < m are finite. O

Now let us consider that the characteristic function ¢, satisfies the condi-
tion:

Hypothesis H2: ¢, is deterministic and independent of ¢,

which is equivalent to say that v; = 0 in hypothesis H1. Henceforward we

simply denote ¢; as . We stress that this particular case still includes a wide
class of new models not studied in literature as those introduced in example
2.1 (c) and (d).

Consider a first-order stationary EZICP-INARCH(1) model. Since it is too
tedious to derive higher-order cummulants, as an illustration we obtain only
its first two. To do this, let us start by recalling that if ®x, denotes the
characteristic function of Xt, its cumulant genera- ting function is given by
kx,(z) = In(Px,(2)), and the coefficient «;(X;) of the series expansion ry,(z) =
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>oooy ki (Xe) - (i2)7 /5! s referred to as the cumulant with #;(X;) = (—i)’k$)(0). Us-

ing the expression of the characteristic function of the conditional distribution
and the fact that A\, = ay + o, X,_; we obtain, for z € R,

w+ (1 —w)exp <z% [o(2) — 1])}

i Xy q
o)~ 1) e (U ot 1) |
— ot (=)o (10 - 1) - (o)~ 1) —w (1 9)4G), (10
hence, the cumulant generating function of X; is given by

Kx,(2) =In(w+ (1 —w)A(2)).
Taking derivatives on both sides, it follows that

Dy, (z) = E (X)) = E[E(e"M|X,,)] = E

:E{w+(1—w)exp(

Al(z
Phy  A—wA(z)  1-w)5F

KXt(z) = (DXt(Z) o w + (1 —UJ)A(Z) B (]- _w) + A‘E}z)’

(I)/),(z (I)/th ’ l-w z / 2
() = 'f”—[ “] =(( LI (e 2)

K =
X D, D x,(2)

where

Az = [“@*‘zoy ; mggf‘(’gﬁﬂ oxp (o) = 1) -y (s Tote) ~ 1)

() o (30 1) v (S b0 - 1)
)

5 = () P e (5 e (S )

S\
—
[
N
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Inserting z = 0 into the previous equations and noting that A(0) = 1, we
obtain

00 = (1= fioa -, (0] o) = U0,
" _ QOH(O) . ! . 2
r,(0) = (1 —w) 0) [icg + aq - K, (0)] + (1 — w)(icw)

¥
+2iag [Ky, (0) —i(1 — w)ap] + (1 —w)ai - k%, | (0) — (1 —w)aip® + p°

"0 2
& [1-(1-w)ai] - k%, (0) =% ( )u+2a0u+(1—w)ag+(1—w) (ﬂ—iao> + u°

¢'(0) l-w
2
vop + 75
X)) = —2 T yx
:>"<L2( t) 1—(1—&))@% v( t):

as stated in Example 4.1.

When w = 0, we are able to study completely the first four cumulants
using the technique given in [13]. So we derive these expressions for a CP-
INARCH(1) process, under the hypothesis H2. The skewness and the flatness
of the distribution of the process are now available. To do that, we consider
the notations

() R () I (T (1) I j
do—-@/(o), Co =1 QD/(O) s fk—O[()/H(]_—O./l), k € N.

Theorem 4.2. Let X be a first order stationary CP-INARCH(1) process ad-
matting fourth order moment and such that the hypothesis H2 s satisfied with
© derwwable up to order 4. Then, the first four cumulants of X; are given by

r1(X0) = fi, Ka(X0) = vofa, K3(Xy) = faldo(1 — ar)® + Bvgad],
ka(Xy) = fafco(1 — o) (1 — o) + v3 (302 + 15a3) + vody (4 + 6a; — 10a3)].

Proof. Using the expression (10) with w = 0, we deduce the cumulant gen-
erating function of X;

=1

o1 — Uk <W () - 11) |

Taking derivatives on both sides, it follows that

HXt(’Z) =

() = Zesl )+ (), (s o) - 1),
() 10 (n)( 5 n—1a71 ) s S
0 = S+ S aness wdl, (i o) - 1)

+{m¢@)fﬁgl(‘“[ﬂ@_u),n:zaa (11)
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where the second formula is proved by induction in Appendix B.2.
The coefficients a,_, ; are given by

aq n
a/n,—Ll = (10/(0) SO( )(Z)’
_ [ ) rs e k) TS (] o™ ()R > 2
An-1,j = /(O) Z (7’L, 1y ooy n) [SO (Z)] [SO (Z)] y J Z 4
SO ki+...+kn=j
k1+2k2k-:é§[—)nkn:n

Inserting z = 0 into the previous equations, one obtains

/iy, (0) = iag + i - /Yy, (0) = Ki(Xy) = ———,
— ]
n—1
'K”'n(Xt) - Z bn—l,j : ’/”'j(Xt—l) + 04711 : /in(Xt—l); n = 27 37 47
j=1

where the coefficients b, ,; are given by

, ) (0 n(n —1)¢"(0
bn—l,l - (_Z)n_lgp ) ( )7 bn—l,n—l = —1 ( )90,( )O/ll_la
¢'(0) 2 ¢(0)
J
n—i | @ n "
bu-1j = (—0)"7 | — Y (ke k) [ 0)] [0 (0)]
PO
k1+21k2‘-'-‘.u+7:‘lkn=n
kr€Ng

for 1 <j <n—1. From here, it follows that

(1 — Oé%) . KQ(Xt) = bl,l : I{I(Xt> = KQ(Xt) = —Z(p

(1 - O‘?) - rg(X) = —SOW(O) k1 (Xe) — 32@% 2 (0) Ko (Xe)

¥'(0) ¢'(0)
1 1" 2
(1-a}) £ + 303 [£9)]

= li3(Xt) = —Qy

1—a)(d-ap)(I—-aj)

AL (@N(O))Q] ma(X)—6iad 21 x,)

(&) =an 145y T3 ) 7(0)

(1= at) ka(Xy) = i 2

v " 3 —H -
(1— o)1 - a§)¢</(>0()0) + (302 + 1503) [eo/((g))] + (402 + 603 — 10@?)“"((0/)63))2(0)
= I€4(Xt> - 7:050 i : ;

(1 —on)(1=af)(l = af)(1 - aj)
that ends the proof, using the notation indicated above. [l
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Observation 4.1. As a consequence of Theorem 4.2, X is an asymmetric
process around the mean and is leptokurtic since its skewness and kurtosis
are, respectively, given by

g — (1 —ad)dy+ 3a2v? [1+
X vo(1+ ay + aF) Vo
(1 —a?)(1—ad)cy + (302 + 15a3)vd + (4a? + 603 — 1003 )vody
ao(1+ ay +a?)(1+ ad)vd '

KXt:3+

In the following we illustrate the expressions displayed for the skewness and
kurtosis of a CP-INARCH(1) process considering some particular compound
Poisson distributions.

Example 4.2. (1) Poisson law:
We have p(u) = e™ and so ™ (0) = i", vg = dy = ¢y = 1 and then

ap + 2apa?
(1-a)(l—-af)(l—a})

Qo
(1= an)(l—af)
ao(1 4 603 + 5a? + 6a7)
(I=a)(l —af)(1—af)(l-af)
with skewness and kurtosis of Xy, respectively, given by

IiQ(Xt> =

y K3 (Xt> =

H4(Xt> =

1+ 202 1+ ay 1+ 603 + 503 + 6a3
SXt = 3 5 KXt :3+ 2 2\
1+ +af Qg ap(l+ a1 +af)(1 + of)

In this case, zf{ ? } represents a Stirling number of the second kind, as
an alternative to the recursive form established by [13], the cumulants of the
INARCH(1) model can be determined recursively from

n—1

; k(X)) = (1— 04711>_1 : anfl,j ) "’ij(Xt% n =2,

j=1

&%)

K;l(Xt) - 1 - (651

where the coefficients b, ; are given by

1 .
n(n2 ) oyt bn_Lj:{ ;l } al, 1<j<n-—1

bn—l,l = ]-7 bn—l,n—l =

(2) generalized Poisson law:

In this case @ is the characteristic function of the variables X,;, j =1,...,N;
having the Borel law with parameter k. For 0 < x < 1, all the moments of the
Borel distribution exist and o™ (0) = *E(X})). As

E(Xy)=(1—-k)"" BX?) = (1-r)?,
E(X}) =2+ 1)(1—r)°, B(X}) = (65" +8s+1)(1—r),
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we have
P(0) =i(1—r)"Y ¢"(0) = —(1—-r)?,
©"(0) = —i(26 + 1)(1 — k)72, p™(0) = (6K + 8k + 1)(1 — k)",
1 2k 4+ 1 6K% + 8Kk + 1
—w2 O U= " A
Thus we obtain the cumulants

Vo =

o ap(1 —a?)(25 + 1) + 3apa?

(1= r)*(1 = 01)(1 - of) (1= r)*(1 = a1)(1 = af)(1—af)’
6k% + 8k + 1 —6a2(k? + 1) — a3 (6K% — 4k — 5) + 605 (k> — 2k + 1)

=m0 —a)(1—ad)(1 —ad)(1 —a}) |
and the skewness and the kurtosis of X
(1—ad)(2k+1)+3a2 [1+a

(1=r)(1+ o1 +af) ap
N 6K% + 8k + 1 — 602 (k% + 1) — a3 (6K% — 4k — 5) + 605 (K* — 2K + 1).
ao(l — k)2 (1 + g +ad)(1+a?)

Note that using the fact that the generalized Poisson distribution s a com-
pound Poisson law instead of the procedure adopted by Zhu [17] made much
easier the deduction of their cumulants. Furthermore, in [17] only the first
two cumulants are presented given the complexity of the calculations involved.
In Figure 3 the trajectory and the basic descriptives of 1000 observations of
a GP-INARCH (1) process are presented for which is evident the closeness of
the theoretical values Sx, ~ 1.0362 and Kx, = 4.2527, according to the above
formulas, and the empirical ones.

I{Q(Xt) =

y K3 (Xt) =

Ka(Xi) = g

Sx, =

KX :3

t

70

180

52 Series: X
1404 | Sample 1 1000

Observations 1000

1204
Mean 16.51000
1004 H Median 15.00000
20 Maximum 6E.00000
Minimum 0.000000
&l Std. Dev. 8.876863
Skewness 0.958441
40 Kurtosis 4.494048
20 Jargue-Bera 2451087
Probability 0.000000

» s — . 0 =

e A e

504

401
b
304

20+

T
780

F1GURE 3. Trajectory and descriptives of GP-INARCH(1) model:
ap =10, a; = 0.4, Kk = 0.5.

(3) geometric Poisson law (like in Example 2.1 (c)):
For this distribution we have

-2
L @(0) =222 (0) =

y 6 — 6p + p?
pQ

pS

_ 16 — 16p + 2p* — p?

(iv)
; (0
(0) i
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2—0p 6 — 6p + p? 16 — 16p + 2p* — p?
vp=—— dy=—5— = 7

)

Co
2 )
p

from where we deduce, for instance, the cumulants

(2~ p) 6(1+a2) = 6(1— ad)p+ (1 + 2a)p?
p(1 = an)(1 - af) Pl-a)l-af)(I-0af)
and the skewness and the kurtosis of Xy, respectively,

Ko(Xy) = , k3(Xy) =

6 — 6p + 6p* + 2p%a?  [p(1+ aq)

Sx, = 7
T 21+ + o)\ a2 -p)
Ky =34 (1—-a?)(1—a1)(16 — 16p + 12p* — p3) a2(3 4+ 15a3)(2 — p)
t aop(2 —p)*(1 + af) app(1 + a; + a2)(1 + a?)

~208(1 — 1) (507 + 5aq + 2)(p* — 6p + 6)
ap2—p)(1+ar+a?)(1+a?)

5. Conclusion

A new class of models which includes the main INGARCH processes present
in literature is proposed and developed in this paper enlarging and unifying
the analysis of those processes, and accomplishing the practical goal of mod-
eling simultaneously different stylized facts that have been recorded in real
count data. In fact, considering a mixture of a Dirac at zero with a general
discrete compound Poisson as conditional distribution of INGARCH processes,
we define the Eventually Zero-inflated Compound Poisson INGARCH model,
denoted EZICP-INGARCH , that may capture in the same framework charac-
teristics of zero inflation and overdispersion. A general procedure to obtain
new models is developed showing the main nature of the processes that are
solution of the model equations, namely the fact that they may be expressed
as a random sum of random variables. Conditions for stationarity of these
models are established and also illustrated for particular important cases.
Furthermore, for EZICP-INGARCH(1, 1) processes, conditions assuring higher
order moments existence and closed-form expressions for the cumulants up to
order 4 are deduced, from which the skewness and kurtosis of the processes
are derived.

These results are useful in other probabilistic developments of these models
as, in particular, the study of the Taylor property ([6]) or other type of
applications [14].

As illustrated in the EZIP-INGARCH process, we point out that this proposal
may also include underdispersed models analyzing in each case the possibility
of negative values for the additional weight, w, on zero, that is, models with
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deflation in zero. Finally, we stress that, using the same methodology and
slightly heavier calculations, this study is valid when the inflation takes place
in a nonzero point.
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Appendix A.Autoregressive equation of W,

From (3), (4) and (5) it follows that the vector W; satisfies the autoregres-
sive equation of order p, Wy = By + > 7_; BiWi_ where By = (b;) is such
that

C, J=
s [0 — e[ —p i1, 2p 1

and By (kK = 1,...,p) are the squared matrices having generic element bz(-f)
given by:
o row ¢ = 1:
. (1—w)(1+uv)a2 +2(1 —w)arBr + 52, =1
b =S 201+ v)[(1 — w)an + Bilaj 1, §=2,..,p
21 —w)(1 +v1)[(1 —w)ag + BelBjyr—p, J=p+1,..,2p—1

erowi=~k+1, (k#p):

B -
p (1-w) [ak + 1+21} I
k1 = Y (1 — w)oye—1, J=2,..,p
(1_w)2ﬂj+k—p7 j:p+1772p_1

e row i = k + p:

ap+PB

7% o |
Tw)(1tor)’ I

k —)! .

bl(f—zp,j = %’1}1’ j = 27 P
5j+kfp7 J=D + 17 72p —1

erowi=~Fk+ J:
p (1-—war+ b6k, j=2,..,p—kp+1,...2p—1—k
k3,3 0 j=p—k+1,..p

and for any other case bg?) = 0, where we consider a;; = 3; = 0, for j > p.

For the simpler EZICP-INARCH(p) model, the previous matrices assume the
following form:
e row ¢ = 1:
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o f (1=w)(1+v)ad, it -1
2(1 —w)(1 4+ v)agajip—, fj=2,..,p

e row i # 1:

. (1 —-w)ajpp, fi=k+1, j=1,..,p
b, (1 —w)o, fi=k-+7j, j=2,...p
0, otherwise

with By = (vop + (1 + v1)(2p — (1 — w)ag), (1 — w)agp, ..., (1 —w)app) a
vector of dimension p and W, = (E(X?), E(XiXi-1), ... E(Xi X (p-1)))-

Appendix B.Proofs
B.1. Proof of expression (6) in Theorem 4.1. For j,m € Ny,

m—1

()" = Y e

n=max{0,m—j}

S ik k) @] [ @) w e R,

k1+...+km=m—-n
k1+2k2+...+mkm:m
k:rENO

considering (got)( ) (u) = 1,Vj > 0 and where (m; ky, ..., k) = kl!kzx.._km!(u)ﬂl(m)kg._,(m!)km-
Proof. Without loss of generality, let us consider m > j. For m = 1 the result
is valid since (¢])’ (u) = jp] " (u)¢(u). Now, let us assume that the formula has

been shown for an arbitrarily fixed value of m and let us prove that for m+1
follows

TR W e
) (4 13 B, Binen) [ ()] [l ()P

k1+4.4+km+1:m+17n
k1+2kg+...4(m+1)kpy, 11 =m+1

kr€Ng
We have
(m+1) J! Sot m+n(u) . / k1 (m) km
() Z X i) [ ] ol )]
=m=J N

m—1 o
= Y RSN ey S (k) [ @] [ @] ™ )

—m n).
n:m—]-‘,—l (‘7 + ) ki+...4+km=m—n
k1+...4+mkm=m



ZERO-INFLATED CP-INGARCH MODELS 25

m—1 j m+n(

+ > Jj_mM;” ST Rmikn e k) )] T el )] [l )] el ()

] k1+...+km=m—n
k1+...4+mkm=m

Y ke(mk, k) [G@)] ™ [0F ()] [ ()] [ @) L™ ()]

ki+...4+km=m—n

k1+...4+mkm= k m -~ m
o ST knlmi ke k) [0h@)] 0™ ()] Er oD ()

ki+...4+km=m—n
k1+...4+mkm=m

n

-1 1
_ Z J!SOt " ()
o (j—m+n-—1)

S kmik k) [0h()] " [0F ()] [0l ()] el ()]

k1+...+km=m—n+1
k1+...4+mkm=m

k ko—1 k341 v m
Y ke(miky, k) [A@)] ™ [0F ()] [ )] 0 )R L™ ()R
Fupe o

+...+ > K (05 K1, o o) [0b ()] Jol™ ()P LoD () | 45 27 ()l ()

k1+...+km=m—n+1
ki1+...4+mkm=m

where the last term results from the second sum when n = m — 1, since in
this case one obtains (m;0,...,0,1)x0+0+...+0+ (m;0,...,0,1)p!™ " (x). Thus,

ST ik k) [ )] [ @)] L Tef™ ()

k1+...+km=m—n
k1+...4+mkm=m

m—1

(m+1) j' @¥*m+n71 (u) . ) o (m) .
(g@t> (u) = CGemEn=1) Z (mse1 —1,ca, s ) [0y (w)]™ o [ (w)]
n=m-—j+1 c1+...tem=m+1—n

c1+...+mem=m+1

+ Z (c1+1) (mser+1,c0 —1,¢3,...,¢m) [@Q(U)]Cl e [‘Pgm)(u)]cm

c1+...+ecm=m+1-n
c1+...+mcm:m+1

+ Y (et D) (menertles — Liea, o em) [@h(w)] 7 o™ ()

c1+...+em=m+1—-n
c1+...+mem=m+1

+...4+ Z (Cm + 1) (m; Cly ey Cra—1, Cm + 1) [QPQ(U)] e [sogm)(U)]CmsogmH)(u)

cl+m+cm+1:m+l—n
cl+...+(7n+l)cm+1:'m+1

. j— m+1
+ 5l ™ ().
m—1 . j—m4n—1
it e (u) ( T (m) /. \ie
= : m+1ict, .6, 0) [@p(w)] ™l ™ (w)]om
n:mfjJrl (] -m + n-— 1)! cl+<.4+c§:m+1n

c1+...+mem=m+1

+ Y (mA L een ) [F@]7 o™ @) e ()

c1+...+ecm=m+l—-n
c1+...+mem=m+1

+ 7 @7 w) (m+ 1;0,...,0, D™ (),
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using the fact that
(i +1)cip

1 (m+1;¢1,.,6m,0), i =1,...,m—1,

(i +1) (mjer,cimt,ei e — 1, 0m) =

(m;cl - 17027 "'acm) = mcj_ 1(m + 1;Cl> "'7Cm70)7
(cm+1) (m5eq, .o, em_1,6m +1) = (m+1;¢1, .y ¢m, 1), (12)
and hence
m—1
(mye1 —1,¢9, . 0m) + Z (ci+1) (mser, ., i+ 1cipr — 1, 0m)
i=1
2
=(m+1;¢1, ..., Cm, 0) [Cl + sz—:_ 1—|—mcm =(m+ 1;¢1, ..., Cm, 0).
Finally, we obtain
- (m+1) U j' i
Y] _ j—m+n—1
()" = Y sl W) X
e 901 (j—m+n—-1)
) (m+ Lier, e emsn) [2h(w)] 7 [l (w))om

cl+...+cm+1:m+lfn
cl+...+(m+1)cm+1:m+1

]

B.2. Proof of expression (11) in Theorem 4.2. Suppose ¢ derivable as

many times as necessary and X admitting moments of all orders.
Then, for n > 2,

Wy~ 00 o N (L0
0= e+ Do (et - 1))

M ELAO] N R (13)
{ ' (0) } (90(0) )

where the coefficients a,,—1 ; are given by

— 1
Ap—1,1 QOI(O)SO (2)7

J
a1 k n S
Ap-1,j = [—J Z (N3 Ky, o kn) [ (2] [0 ()], 5 > 2.
-
k14+2ko+...4+nkpn=n

kr€Ng

Proof. Let us prove this formula by induction.
Taking derivative in the expression of r',, one obtains

K (2) = ¢ w1l - 1)

i()é()

EIOM

03]

¢'(0)
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2
aq / " aq _
+ |:§0/(O)90 (Z):| : ’%th1 (()0,(0) [SO(Z) 1]) )
50, (13) is valid for n = 2 since an = #45¢"(z). Now, assume that formula (13)
has been shown for an n > 2 and consider a,,_,, = 0. It then follows that

n—1
n d i n ; Q
W) = - ( ) + Y anorgn), (b o) - 1)
j=1

¢'(0) ¢'(0)
g ()N o (o oo
*[ #0) ] X <<P’(0) e (2) ”))
_ 00 iy N w (ZO ) -
4,0’(0)90 ( )+gz::1 n—l,J—lgp,(O)SO( ) X¢1 (cp’(O) [90( ) 1])

“ aq J . / ki—1r1 g ko1 (n) K,
*;(wm){ > Rk k) [F@ITT ] 0™ ()

k1+...+kn=j
k1+...4nkn=n

+ Y ka(mk, e ka) [0(2)] [(2)]) T [ ()] ()

k1+...+kn=j
k1+...4+nkn=n

ot > ka(k, k) [go’(z)]’“l.,,[@(n)(z)]kn1¢<n+1>(z)] .Hggj_1< a1 [w(z)—l])

e, 70
e () I wen, (e 1)+ ) e (2ot - 1)

> n2i21(n+1;017'”7cn’0) (@) e +

Nncp, c n C
c1+...+en=j

c1+...+ncpn=n+1

Y (e e D [FE)]7 PR (2) -m&?i_l( 0 [go(z)—u)

(;1+...+cn+1:j
c1+...+nep=n

+ (%)n (n+15n—1,1,0,...,0) [¢/(=)]" " ¢"(2) - kP < o le(z) - 1])
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using (12) and the fact that
j
anfl,jflﬁw’(@ = (O‘l)> ST ke k) [P 2)]) ™ ()]

(0
SD ( k1+...+kn=5j—1
k1+...+nkn=n

< >j 2 e Laea) PEILME
)

(‘1+ +n1’n_n+1
J

aq C1 . / c1 (n) cn
( — 1(n—i— Lict, e, 0) [@'(2)] 7 [ (2)],
c1+.. +Cn =J
c1+...+necpn=n+1
aq / aq / n—1
n—1lmn—1—>r— = ——== 1; 1,1,0,...,
= 11 e (2 (@,(0)) L= 1,1,0,.,0) [FE)] G)

_ (”+ Ln ( ) L),
This implies that

. n+1
H(n+1) 2) = a0 (n+1) 5 ap 5 _E(n+1) aq (2) —
B = S+ [ i) (%(0) o)1)

- Y ’ n - c "()14 (n+1) Cnt1
+;<¢;(0)> > (n+ Lict, ey cngr) [01(2)] 7 o ot (2)]

1t Aepi1=i
cl+4.4+(n+l)cn+1:n+1

«n), (st - 1),

which ends the proof.
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