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ON THE BULK VELOCITY OF BROWNIAN RATCHETS
STANISLAV KONDRATYEV, JOSE MIGUEL URBANO AND DMITRY VOROTNIKOV

ABSTRACT: In this paper we study the unidirectional transport effect for Brownian
ratchets modeled by Fokker—Planck-type equations. In particular, we consider the
adiabatic and semiadiabatic limits for tilting ratchets, generic ratchets with small
diffusion, and the multi-state chemical ratchets. Having established a linear relation
between the bulk transport velocity and the bi-periodic solution, and using relative
entropy estimates and new functional inequalities, we obtain explicit asymptotic
formulas for the transport velocity and qualitative results concerning the direction
of transport. In particular, we prove the conjecture by Blanchet, Dolbeault and
Kowalczyk that the bulk velocity of the stochastic Stokes’ drift is non-zero for every
non-constant potential.
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1. Introduction

Brownian ratchets or Brownian motors are generic terms for tiny de-
vices which are able to produce unidirectional transport of matter when
all acting forces and gradients vanish after averaging over space and time,
and at the presence of (and often due to) overdamped Brownian motion
2, 15, 19, 27, 32, 33]. Motor proteins are generally considered to be the
most celebrated example of Brownian ratchets [1]. However, during recent
years there has been a huge progress [18] in realizing and observing bulk
motion without net bias in SQUIDs, Josephson junctions, cold atoms in op-
tical lattices, nanopores, etc., as well as in microfluidics experiments. The
Stokes’” drift with diffusion is also an example of a Brownian ratchet mech-
anism [4, 19, 21]. Although the idea of micro-level motors goes back to the
dawn of thermodynamics, the discovery of ratchets has boosted the contem-
porary nano-technological interest in the development of hybrid and artificial
molecular machines [7, 22].
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The dynamics of a ratchet can be described by the Fokker—Planck equation
Pt — 0pze — (Wup)e = 0, (1.1)

where ¢ is the given diffusion coefficient, and p(z, t) is the unknown probabil-
ity density of distribution of Brownian particles governed by a given potential
U(z,t), which is supposed to be T-periodic in time ¢, and to have a 1-periodic
in z derivative W, (z,t). Note that we do not assume the potential W (x,1t)
itself to be x-periodic, so various tilting regimes are allowed, and the ‘tilting
forces’ are contained within the potential.

A related model which has particular relevance in biological applications
is the chemical motor. Here the particles can be in several states, and the
total amount of particles is fixed. Particles in different states are sensitive
to different time-independent potentials. The underlying chemical processes
cause transitions between the particles’ states, which we can consider to be
random. This is described by the following system of Fokker—Planck-type
equations:

(pi)e = o (pi)aw — (¥i)upi)s + Z VijiPi = Z vijpj, 1=1,..., N, (1.2)
Jy JFi Jy J#i

where W;(x) are the given potentials, and o is the diffusion coefficient (for
definiteness, we set it to be the same for all states). We assume that (V;),(x)
(not the U, themselves) and the transition rates v;;(x) are 1-periodic.

Various particular cases of (1.1) and (1.2), including the so-called flashing
ratchets, were studied in [5, 6, 8, 9, 13, 20, 23, 24, 28, 29, 30, 36, 37]. To
catch the motor effect, the majority of these papers consider (1.1) or (1.2)
with no-flux boundary conditions on a bounded segment, and show, under
appropriate assumptions, that the mass is eventually concentrated closer to
one edge of the segment than to the other. Yet equation (1.1) with the
travelling potential V(x,t) = ¥ (x — wt) and the flashing potential ¥ (x,t) =
h(t)w(x), where 1 is 1-periodic, and

Me) = {1 if KT <t < (k+1/2)T,

k=0,1,...
0 if(k+1/2T <t< (k+ 1T, ( )

was examined on the whole real line in [5, 6] and [24], respectively. In [24] it
was observed that the solutions of a homogenized equation tend to propagate
with constant speed or not to move at all as the period length goes to zero.
In [5, 6] it was shown that with the course of time the velocity of the centre of
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mass eventually becomes the same for all solutions (see also [12]). Moreover,
this asymptotic speed is equal to

1 T 1
T 0 0

where g is the bi-periodic (in z and t) travelling wave solution to (1.1).

In this paper, we develop a unified approach for detecting transport for
generic equations (1.1) and (1.2). We prove that the averaged velocity stabi-
lizes as time goes to infinity, and the limiting velocity is independent of the
solution. We establish a linear relation between this velocity and a certain so-
lution to (1.1) or (1.2), respectively. This solution is actually the bi-periodic
solution in the case of (1.1), and is the stationary z-periodic solution vector
in the case of (1.2). This allows us to obtain a more explicit characterization
of the occurrence of unidirectional transport, its direction and bulk veloc-
ity, for 1- and 2-state tilting ratchets, in the adiabatic and semiadiabatic
regimes, for the stochastic Stokes’ drift, and for generic low-diffusion-driven
1- and 2-state ratchets (1.1) and (1.2). We also prove the conjecture stated
by Blanchet, Dolbeault, and Kowalczyk in [5] (see also [32]) that the bulk
velocity of the stochastic Stokes’ drift is non-zero for every non-constant
potential.

The paper is organized as follows. In Section 2 we set the framework for our
research. In particular, we define the transport in terms of the asymptotic
average bulk velocity and relate it to the bi-periodic solution of an auxiliary
space-periodic problem.

In Section 3 we consider the adiabatic regime for tilting ratchets, i.e., we
suppose that the ratchet spends a long time in each of its states. In The-
orem 3.1 we justify the explicit formula (3.8) for the adiabatic transport
velocity. Developing this topic, we state an effective formula for the direc-
tion of transport (Proposition 3.8). Finally, Theorem 3.12 gives a qualitative
result showing that a major interval of monotonicity of the potential implies a
particular direction of transport. A highlight of Section 3 is Proposition 3.14
establishing a nontrivial functional inequality.

In Section 4 we study the so-called semiadiabatic regime for tilting ratch-
ets, when the overall period of tilting goes to infinity and one of the tilting
states dominates the other. We give an effective explicit formula (4.5) for
the semiadiabatic transport velocity and prove that non-constant potentials
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produce nonzero semiadiabatic transport in one and the same direction—
Theorem 4.4 and Corollaries 4.5 and 4.6. These results are partially based
on the functional inequality related with Proposition 4.1, which also implies
the conjecture of [5] (see also [32]) that the stochastic Stokes’ drift generates
unidirectional transport for every non-constant potential.

In Section 5 we consider generic Brownian ratchets with small diffusion
coefficient and show that there is a connection between the transport and a
certain ODE. We show (Theorem 5.1) that if this ODE does not have periodic
solutions or, equivalently, if its Poincaré rotation number in nonzero, there
appears directed transport of mass.

In Section 6 we extend our approach to multi-state models. The most in-
teresting results are obtained for the case of small diffusion: Theorem 6.3
classifies it with respect to the geometry of zeroes of the potential gradients
and establishes the direction of transport in different cases. Finally, The-
orem 6.6 treats the adiabatic and semiadiabatic regimes for the randomly
tilting ratchet.

2. Bulk velocity

2.1. Unidirectional transport. We model the dynamics of a ratchet by
the Fokker—Planck equation

{pt_o_pxx_(qjxp)m:oa ZCGR, t>07

p=po(z), ze€R (2.1)

Here W(z,t) is a given potential, and py is a given initial condition. We
assume that W(x,t) is T-periodic in ¢t and its derivative ¥, (z,t) is 1-periodic
in z, and we also assume that py(z) satisfies the requirements

o o0
mie) 20, [ =1 [ ldm@ds <o @22
—o0 —00
We are interested in nonnegative solutions of (2.1). Such solutions may be
viewed as non-stationary distributions of a unit mass on R whose movement
is governed by a potential force and by diffusion.
The most interesting cases arise when W is ‘unbiased’ in the sense that

/OT /01 U, (2, 1) da dt — 0, (2.3)
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i.e., the time and space average of the potential gradient vanishes. However,
for the sake of generality, in the sequel we do not assume (2.3) unless explicitly
specified.

It can be proved by classical methods (see e.g. [31]) that if U is continuous
in (z,t) and C*%-regular in x, where o € (0,1) is independent of ¢, then
(2.1) is uniquely solvable for any continuous initial data p, satisfying (2.2);
moreover, the solution p(x,t) is positive for any ¢ > 0, and

i Jal(lp(e, )] + o (. 1)) = 0. (2.4)

A consequence of (2.4) is the conservation of mass

/_Oo pde =1 (2.5)

o

and the finiteness of the centre of mass

z(t) = /_OO zp(x,t)de (2.6)

e.¢]

for any t. We study the asymptotic behaviour of solutions of (2.1) as t — oo.
Properties (2.4), (2.5), and (2.6) are crucial for our approach.

To catch the unidirectional transport effect, we consider the velocity of the
centre of mass Z(t), which is called the drift (or bulk, or ballistic) velocity.
Specifically, we consider the average drift velocity on the interval [t,t + T1,
and if it has a nonzero limit as ¢ — 400, we say we have unidirectional
transport.

Due to the periodic nature of the problem at issue, the drift velocity is
conveniently characterized by means of the following problem on the circle

St = R/Z:
9t — 0Gee + (Fg). =0, (x,t) € S' x (0,00), (2.7)

g(x,0) = go(z), x€SY go(x)>0, /51 go(x)dx = 1. (2.8)

Here F(z,t) is defined on S* x (0,00); generally we assume that it is T-
periodic in t.

To start with, observe that if p is a nonnegative solution of (2.1), then, by
linearity, the nonnegative function

g(x.t) =Y plz+k,t) (2.9)

k=—0o0
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solves (2.7) with F' = —W,.
Consider the average velocity of the centre of mass as t varies from %y to
to + T

Z(to +T) — Z(to)

Ulto,to+T] = T
1 o0 0
T( zp(x, t0+T)dx—/ zp(x, to)dx>
—00 - —00
/ / (x,t)dt dx
to+T
= T / 2(0 ez + (Vap)o) da dt

1 t0+T 00 00
= T (—O’/ P dr — / v,.p dx) dt
to —00 —00

1 to+1 1
= —— Z / U, (x+ k,t)p(x + k,t) dx dt
0

T Ji,
k——
to+T
:——/ / (x,t)g(x, t)dr dt
to

(here we have used (2.4) and the periodicity of ¥,). Thus we have the
following formula for the average drift velocity:

1 to+T1T 1
Vlto to+T] = _T/ /0 U, (z,t)g(x,t) dx dt. (2.10)
to

Remark 2.1. We point out that the conservation of mass holds for (2.7)—(2.8),
ie.,

/ g(z,t)dz =1 (2.11)
Sl

for any solution thereof.

2.2. Bi-periodic solution. The notion of relative entropy and related in-
equalities are a useful tool for the study of the Fokker—Planck equation (2.7).
Given g, h € L% (S') such that

/gdlethdx,
st st
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define the relative entropy of g with respect to h by

elg|h] = /Slgln%d:c.

Observe that e[g|h] > 0 (the possibility e[g|h] = oo is not excluded). Indeed,
letting 7 = g/h > 0 we have

e[g\h]:/ glnrdx:/ (glnr — g+ h)dx
St St
:/ h(rlnr —r+1)dx >0
St

as rlnr —r +1 = [[In£d¢ > 0. Moreover, e[glh] = 0 if and only if
g = h almost everywhere. This follows from the definition and from the fact
that the relative entropy controls L' distance. Specifically, for probability
densities g, h € L1 (S') we have the known Csiszdr-Kullback inequality [11]:

lg = Al sty < 2elflgl, (2.12)

which holds for any probability densities g, h € L (S*).
Another important tool is the Log-Sobolev inequality [17], which we need
in the following form: given h € L'(S?) such that

/hd:l:zl, 0<Cy <h(x) <Oy for a. a. v e S,
Sl

there exists b = b(Cy, Cy) > 0 such that

ngln%dxgb/glg’<ln%>x

for any probability density g € L!(S') such that the derivative on the
right-hand side exists almost everywhere. Observe that both sides in (2.13)
are nonnegative (possibly infinite) whenever the derivative of the logarithm

makes sense.
g
l{g|h :/ g‘ In =

The integral
on the right-hand side of (2.13) is called the entropy production term of g
and h. Thus (2.13) can be equivalently expressed as

elglh] < bllg|h]. (2.14)

2
da (2.13)

2
dx
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The following theorem sets the framework for our investigation of transport.
It establishes the existence of a unique time-periodic solution of (2.7), which
attracts other solutions and thus is our natural object of study (cf. [13, 6, 3]).

Theorem 2.2. Suppose that F': S' xR, is T-periodic in the second argument
and there exists a partition 0 =ty <ty < --- < t, =T of the segment [0,T]
such that F is C® on every segment [ti—1,t;]. Then there exists a unique
positive T-periodic in t solution go of (2.7) satisfying (2.11). Moreover, if
g solves (2.7)—(2.8) with the initial condition satisfying fSl goln godx < o0,
then g attracts g in the sense of the entropy

elg(-, t)]goo (-, )] < €[g(-, 0)]goo(-, 0)]Je™ ™, ¢ >0, (2.15)

where v = o/b and b = b(min g, Max g,) is the uniform Log-Sobolev con-
stant for goo.

Remark 2.3. If F has discontinuities at the points t;, we do not require
that (2.7) should hold at these points. In this case we construct solutions
piecewise: given the initial data at ¢ = t(, by parabolic regularity the solution
is well defined at t = ¢, then g(-,¢;) is considered as the initial condition for
the segment [t1, t5], and so on.

Proof of Theorem 2.2 : First suppose that F is C3 on S x [0, T)]. Let
X={gerls)| [ gw)de=1}
Sl

Consider the operator 7: X — X that takes g9 € X to g(-,T), where g
solves (2.7)—(2.8). The operator is well defined due to the conservation of
mass and the maximum principle. As X is convex and bounded in L(S1),
its image 7 (X) is precompact in X by parabolic regularity. Hence, by the
Schauder theorem, 7 has a fixed point, which clearly is the initial condition
for a T-periodic in time solution g, of (2.7). We have yet to prove that it
is the only periodic solution. By parabolic regularity, g, is continuous on
St x [0, 7] and hence bounded, and by the strong maximum principle it is
positive and thus bounded away from 0.

Now suppose g solves (2.7) with the initial condition go(x) > 0 such that
Js1 90(x) In go(z) dz < oo. We claim that the relative entropy e[g(-,t)|goc (-, t)]
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decreases. Indeed, letting r = g/g~ we have

:/ gtlnidxjt/ gtdx—/ g(goo)tdsc
S1 oo St St Yoo

~ [ (@0~ (FoL)urde~ [ (gowds

Sl
2

- / L (0rps + Fry)dz — o / g% d - / (9oo)er dex
Sl

g1 7”2

2
:/ goo(arerFrx)dx—U/ gr—gdaz—/ (goo )i d
St A St
2

~ [ (0o = (Fon = o —o [ g% o

St 7"2

_ _0/51 <ln i>29dx = —ol[glge]. (2.16)

gOO xT

As g4 is bounded away from 0, as well as from above for (z,t) € St x[0,T],
we have the uniform in ¢ Log-Sobolev inequality

e[9|9c] < 01[g]gno]-

Hence

de[9|goo]
dt

and (2.15) follows. Moreover, the attraction (2.15) implies the uniqueness of
the periodic solution.

In the general case of piecewise continuous F', the proof works with slight
modifications. We have T = 7, o--- o7, where 7; is the resolving operator
for the segment [¢;_1, ¢;], which is compact, so we still can apply the Schauder
theorem and obtain a fixed point and a periodic solution. The relative en-
tropy e[g|geo] is continuous and the computation (2.16) holds in each open
interval (¢;_1,t;), so e|g|g~] decreases. Inequality (2.17) also holds in each
open interval (¢;_1,t;), whence (2.15) follows. Indeed, for ¢; we have

< 7 elalgx (2.17)

elglgselle=t, < e[g]goc] 1=, 7",
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so for any t € (t1,ty) we have

e<e |t:tle—7(t—t1) <e |t:Oe—’Wfle—7(t—t1) — e ‘t:()e_’yt

Y

and so on for the subsequent intervals. |

Corollary 2.4. Under the hypothesis of Theorem 2.2, g~ also exponentially
attracts g in the sense of L':

/ 9@, ) — gl £)] dz < Ce=12, £ > (2.18)
Sl

where C' depends on g and gu.

Proof: 1t suffices to combine (2.15) with the Csiszar-Kullback inequal-
ity (2.12). -

Returning to problem (2.1), put

:__// (D) g (2, 1) da (2.19)

where g, is the periodic solution of (2.7) with F' = —W, satisfying (2.11).
Combining (2.10) and (2.18), we easily obtain the next result.

Corollary 2.5. Suppose that ¥(z,t) is C*-smooth in xz, and F = -V, sat-
isfies the hypothesis of Theorem 2.2. Then for any solution p of (2.1) with
the initial condition py satisfying (2.2) we have

[Vttt 471 — Voo| < Ce™072, (2:20)

where v > 0 is the same as in Theorem 2.2 and depends only on g, and C
depends on p and gso.

We conclude that under the hypothesis of Corollary 2.5 the limiting average
drift velocity is the same for all solutions of (2.1) and is determined by the
periodic equation (2.7). For this reason in what follows we mostly concentrate
on equation (2.7).

2.3. Tilting and tilted ratchets. An important class of unbiased poten-
tials are the tilting potentials, which have the form

U(x,t) =¢(x) + H(t)x, (2.21)
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where the base potential ¢ (x) is 1-periodic in z, and H (t) is T-periodic in ¢
and characterized by the property

/ ' H(t)dt = 0. (2.22)
0

Given the periodicity of ¥, equation (2.22) is equivalent to (2.3).
We obtain a typical tilting potential by letting

H(t) = h(t)w, (2.23)

where w € R characterizes the swing of the tilt, and

1 i ERT <t < (k+1/2)T, B
) = {1 if (k+1/2)T <t < (k+ 1T, (k=0,L...). (2.24)

The tilting potential corresponding to (2.24) periodically switches between
the tilted potentials ¥ (x) + wz. Thus the tilted potential

U(x) + wx (2.25)

is a useful example of an obviously ‘biased’ potential (here v satisfies the
same conditions as above and w is a number).

Remark 2.6. Observe that if U is a tilting ratchet potential (2.21), then

to+1
Vit to+T] = / / Yr(x)g(x,t) de dt. (2.26)

To prove this, substitute (2.21) in (2.10) and use the conservation of mass
(2.11) and the zero mean condition (2.22). Consequently,

= __/ / Yu(2, ) goo (0, t) da dt. (2.27)

It is useful to consider the stationary periodic equation

002z + (Ve +w)g)e =0, (t, ) € (0,00) x S, (2.28)
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where 1, is the derivative of a C* 1-periodic function 1. This equation can
be treated by elementary methods. Put

a=ow)=e —1;

1
By = By (w, ) = /O ) g
1
B = B(w,9) = / o—T—0(&) gy
0

1 x
R

and define

B o) B By
)= e BV T e

Remark 2.7. Observe that A(w, ) > 0 for w > 0 and A(0,v) = 0. A simple
reflection argument (¢ (z) — (1 — x), w = —w) shows that A(w,y) < 0
for w < 0. In particular, A(w, ) exists for any w and continuous 1 (i.e., the
denominator does not vanish). Consequently, B(w, 1) also exists.

(2.29)

Proposition 2.8. Suppose ¥: R — R is continuously differentiable and 1-
periodic; then (2.28) has a unique solution g* such that

g (z) >0, /0 g*(x)dx = 1.

Moreover, g 1s given by

p— < 5 (g %) A (g %) /0 e(wy+w<y>>/a) (230

Proof: The proof is straightforward, cf. [5]. |

Observe that ¢g* is the normalized time-periodic solution of (2.7) with F' =
—(1, + w). Applying Theorem 2.2, we immediately obtain the following
corollary.

Corollary 2.9. If g solves

gt — 09z — (Y +w)g) =0, z €S t>0,
9(z,0) = go(z), =z €S, ’
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where gy € L*(S1) is as in (2.8), and golngy € L', then
e[g(at)‘g*] < e[Q(') O)|g*]e_7t7 t > 07 (231)
where v only depends on the lower and upper bounds of g* and on o.

Remark 2.10. The normalized periodic solution g* of (2.28) satisfies
0gy + (s +w)g" =0 A
with A = A(w/o, v /o). Integrating, we get

1
gA :/ (Ve + w)g™ du. (2.32)
0

Incidentally, we see that

1
Voo = _/0 (Y +w)g* doe = —0A, (2.33)

where vy is the asymptotic drift velocity for the tilted potential ¥ +wx (with
arbitrary T > 0).

3. Adiabatic limit for tilting ratchets

3.1. Asymptotic speed. In this section we consider the tilting ratchet
given by

p=m(). weR p() 20, [5 p)de=1, OV
where h is defined by (2.24) and for convenience 0 = 1. We focus on the
adiabatic limit of (3.1), i.e., on its behaviour when T, the period of the
tilting, is large. In this case we allow the diffusion to fully take its effect.
Thus the transport in the adiabatic limit can be said to be driven by diffusion.
Generally, the two tilted potentials ¢ (x) +wz corresponding to problem (3.1)
are not symmetric and produce drift velocities of different absolute values.
For this reason the limiting average drift velocity of the tilting ratchet is
nonzero.

The following theorem gives an effective formula for the adiabatic drift
velocity. Before we state it, we introduce some notations. Consider the
corresponding periodic problem

Gt — Gow — (Y + h(t)w)g), =0 reStt>0; /gdle. (3.2)
Sl

{ pr — Pz — (e + h(w)p)e =0, T €R, >0,
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It switches between the modes
9t — oz — (Vp +w)g)e =0 xGSl /gd:pzl (3.3)
Sl

and
9t — 9oz — (Vy —w)g), =0 xESl /gdle, (3.4)
Sl

spending a long time in each of them.

Let g, and g_ be the stationary solutions of (3.3) and (3.4) respectively.
By v+ and ~_ denote the inverses of the Log-Sobolev constants (see (2.14))
for the relative entropies

Y1yl = elglg+], -[g] = €[glg-],
so by Corollary 2.9 for solutions of (3.3) we have the entropy decay

Si[g(- )] < Silg(to)le 00 (> 1), (3.5)
and similarly for solutions of (3.4) we have
2 [g(,0)] < 2 [g(- to)le T (8 > t). (3.6)

Let go be the time-periodic solution of (3.2) with period 7" and let A(w) =
A(w, ) and A(—w) = A(—w, ) be defined according to (2.29). As g is
time-periodic, the asymptotic drift velocity of (3.1) can be expressed as

UOO(T):—% /0 /O o () oo (2, £) et (3.7)
(see (2.27)). Finally, put
e = — AL /% (9:(2)+ g () dr,  (38)

where the last equality is due to (2.32).
Theorem 3.1. Suppose ¢» € C*(R) is 1-periodic; then

3/2
‘Uoo(T)_Uoooo| < ZTmaX‘w:c(xﬂ <\/E+[g \/E g+]> (T> (3 9)

T+ V-

In particular, if Vooso # 0, for large T there is nonzero unidirectional trans-
port.
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Before we prove Theorem 3.1 we must obtain some auxiliary results. Put

V2.

In g+
g_

In =
n_
9+

M, = max V2, M_ =max

and consider the functions
¢.(R) =R+ M. VR, ¢_(R)=R+ M_VR.
Observe that ¢, and ¢_ are continuous and increasing on R,.

Lemma 3.2. For any probability density g € L*(S') such that glng €
LY(SY), we have

| X lg] = Bifg-]| < 04 (X-[g]), (3.10)
| 3-[g] = Z-[g+]] < - (X+[g])- (3.11)
Proof: A straightforward computation yields

Sl =2l )= [ gmnLae— [ gmLa

= / (glni + (g —g_)lng—_> dz,
st g- 9+

M,
Y - <X + — — g_|lr1(q1y.
| X1 g] — X4[g-]] < X_[g] \/§Hg g-|lzr sy

whence

Now it remains to apply the Csiszar—Kullback inequality (2.12) and ob-
tain (3.10).
Inequality (3.11) is proved by swapping g, and g_. |

Note that the periodic solution g, of (3.2) implicitly depends on T', which
is a parameter of tilting.

Lemma 3.3. We have
dim X [goo(4 0)] = Bfg-; - lim B9 (- T/2)] = B-[g4]. (3.12)
00 T—o0

Proof: We only prove the first limit in (3.12), as the proof of the second one
is completely analogous.

Take an arbitrary R > 0 and for any € > 0 choose 7. > 0 in such a way
that

(il ] +e)e 2 <R,
(S [g+] + ¢ (R)e T2 < 67! (o).
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Now take T" > T and let T be the resolving operator for (3.2) taking g(-,0)
to g(+, 7). We claim that 7 maps the set

X = {go € W5 (S) N {probability densities} | | 4[go] — L4[g-]| < €}

into itself. To prove this, consider a solution g of (3.2) with the initial
condition g(-,0) = go € X. Thanks to the conservation of mass, it only
remains to prove that

[ X4lg( D) = Xilg-]l < e (3.13)

Indeed, making use of (3.10), (3.11), and the attraction (3.5) and (3.6) we
consequently obtain

Yilg(0)] =Xy [g0) < Xylg-] + 5
Sl T/2)] < Silgole ™ < (Silg-] +e)e ' < R
Nolg(T/2)] <X fgi] + - (B4 [g(- T/2)]) < B-[g4] + - (R);
S [g( )] < S[g(-T/2)]e 2 < (S_[g4] + ¢ (R)e "> < 97 (e);
|24 lg( D) = B fg ]l < o (B-[g(-, T)]) < d1(07'(e)) =&,

50 (3.13) holds, and X is invariant under 7. Moreover, X is closed in W3 (S1),
convex, bounded in L!(S!), and by parabolic regularity 7: X — X is con-
tinuous and 7 (X) is precompact in W3 (S!). By the Schauder fixed point
theorem 7 has a fixed point in X, which is the initial data for a time-periodic
solution of (3.2). Due to uniqueness of such a periodic solution, this fixed
point coincides with g (+,0). This implies that | X, [goo(+,0)] — Xi[g-]| < ¢
whenever T' > T;, and the first limit in (3.12) is proved. |

Proof of Theorem 3.1: Using (3.7) and (3.8), we estimate the difference on
the left-hand side of (3.9) as follows:

|Uoo (T) - UOOOO|

1 T 1 1 1
0 0 0
1 (T2 1 [T g
= |7 wxgoodxdt__/ /@/}xgoodxdt
T/o /0 T Jr/2 Jo

1 (T2 1 1 [T
+—/ / Vg dxdtJr—/ / V.g_ dxdt
T Jo 0 ! T Jry2Jo




VELOCITY OF RATCHETS 17

1 (T2 1 (T
<[ tex—gadsdts o [ [ e - gl dede
0 0 7/2J0

1 T/2 T
< 7 max [, (x)| / 90c — g+ll21(s) dt —|—/ l9oc — g-lz1(s1) dt | -
0,1] 0

x€[0, T/2

Applying the Csiszar-Kullback inequality, we obtain

Vo0 (T") — Voooo|
NG, T/2
< m wa ( V E+[goo] dt + vE—[goo] dt) :

As goo(z,t) solves (3.3) for t € [0,7/2) and (3.4) for t € [T/2,T), we can
apply the entropy attraction (3.5) and (3.6) and obtain

T/2

Voo (T) = Voooo]

5 T/2
L [0 (J& G 0)] / e 2 dt
0

T 2
T

¥ ﬁ:_[goo(‘,T/z)] [ o)

T/2

23/2

1 1
< 2 o) (--VE o0 + /S 1731

€[0.1]
The last estimate and the limits (3.12) yield (3.9). _

Remark 3.4. The proof of Lemma 3.3 gives opportunity to estimate the term
o(1/T) on the right-hand side of (3.9).

Remark 3.5. If 1 is fixed, Vooe = —(A(w)+ A(—w))/2 is an analytic function
of w. Consequently, it either identically equals 0 or has at most countably
many zeroes without accumulation points.

Remark 3.6. Having in mind (2.33), we see that the adiabatic drift velocity
Usooo €quals the arithmetic mean of the limiting drift velocities for the tilted
potentials () + wz.

Remark 3.7. Observe that given ¢ and w, it is trivial to compute A(w) nu-
merically. In this sense Theorem 3.1 is effective.
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3.2. Bulk transport direction. There is another formula that allows one
to determine the direction of the adiabatic transport. Put

/ / sinh(1(z) — ¥(y)) sinbw(z — y — 1/2)] dyds

/= sinh(w/2)

(3.14)

Proposition 3.8. If w # 0, the sign of Ve coincides with the sign of J.
Consequently, if J > 0 (J < 0), then the adiabatic transport goes in the
positive (respectively, negative) direction.

Proof: Using the definition of A (2.29), write

1
_ 1 x)+w(y—x) du d
Aw) e -1 ( “ / / e
/ / x)+w(y—x) dy daz)
e[
/ / r)+w(y—) dy d:l?)
w/2 / / x)tw(y—z+1/2)

o) +wly-a+1/2)) g, da:)

+

smh w/2 / cosh(y Y(x) +w(y —x+1/2))dy d.

Substituting —w for w, we obtain

1 _fol fox cosh(¢(y) —¥(z) —w(y —z +1/2)) dydx
A(-w) sinh(w/2) ~
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Summing and converting the difference of hyperbolic cosines into product,
we get

RS S

Aw)  A(-w) 7
Now it suffices to observe that as A(w) and A(—w) have opposite signs, so
do the sums A(w) + A(—w) = =200 and 1/A(w) + 1/A(—w) = J. _

Ezample 3.9. Symmetric potentials satisfying ¢)(x) = ¢ (1—x) do not produce
adiabatic transport. This follows e.g. from Proposition 3.8. Indeed, if 1 is
symmetric, by changing the variables ' = 1 —y, v/ = 1 — x in (3.14) we
get J(¢Y,w) = —J(¢p,w), whence J = 0. Note however, that symmetric
potentials can produce transport if the tilting regime is asymmetric in time
unlike (2.24), see below.

Ezxample 3.10. Supersymmetric potentials (see [32]) satisfying —(z) = (x+
1/2) do not produce adiabatic transport either. This, too, can be derived
from Proposition 3.8. Indeed, utilizing in (3.14) the change of variables
¥ =y+1/2,y =x—1/2 on the set

QI{(SL‘,y):

and the change of variables " = x4+ 1/2, v = y + 1/2 on the rest of the
triangle

N | —

Sxﬁl,oéyﬁé},

{(z,y): 0<2<1,0<y <az}\Q,
we deduce that J = 0.

Ezample 3.11. Simple examples of asymmetric potentials such as i (x) =
cos(2mx™) suggest that if 1) increases (decreases) on a major interval, then
the direction of adiabatic transport is positive (resp. negative). The following
theorem justifies this claim.

Theﬂm 3.12. Suppose that ) € C4(S?) strictly increases along an oriented
arc [, B]. Let h: St x [0,1] — St be a homotopy such that

) h(-,0) is the identity mapping on S*;

) for any X\ € [0,1) the mapping h(-,\): St — St is C’4;_>
3) h(-,1) preserves the orientation on the oriented arc |« f3|;
)

4) h(-,1) maps the oriented arc [3,a] onto a single point.
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Let vVoono(A) be the asymptotic velocity corresponding to ¥y = ¥(h(-, \)),
where 0 < XA < 1. Then vaoso(A) > 0 if A is sufficiently close to 1.

Proof: Without loss of generality, w > 0 and « = 0 = h(a, \) for A € [0, 1].
We use Proposition 3.8. Since for any z € St we have ¥y(z) — 91(x) as
A — 1, by the Lebesgue dominated convergence theorem we obtain

(w¢A)—>wa1

SlIlh w/Q / / SlIlh ¢1 wl(y)) Sinhw(:z: - Y- 1/2) dy dx. (315)

The homotopy h maps the interior of the arc m onto ST\ {0} and preserves
the orientation, so 1; increases on the interval (0,1). Now the right-hand
side of (3.15) is positive by Proposition 3.14 (see below). Consequently, if A
is sufficiently close to 1, J(w, ) is also positive and S0 is Usgao(A). n

Remark 3.13. In the notations of Theorem 3.12 the exact formula for the
limiting velocity is
A(w7 wl) + A(_wo ¢l>

ilgi Vsooo(A) = — 5 : (3.16)

—
It does not depend on the values of the initial potential ¥ on the arc |3, a]
that collapses to a point.

It remains to prove the following functional inequality.

Proposition 3.14. Let f : [0,1] — R be any increasing continuous function,
¢ : [0,+00) = R be a convexr Ct-smooth function, and ® : R — R be an odd
continuous function such that x > 0 implies ®(x) > 0. Then

/ / o (F(x) — F) ®(x —y — 1/2) dydz > 0. (3.17)

Moreover, if f is strictly increasing and ¢ is strictly convex (in the sense that
@' is strictly increasing), then inequality (3.17) is strict.

We first prove two auxiliary statements.
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Lemma 3.15. Let ¢ be as above, and x4, ..., %oy, m € N, be a collection of
non-negative numbers. Then

> v (Z Titj— 1> > Zap (Z Tigj_ 1) . (3.18)

1=1 j=1

If ¢ is strictly convex and the numbers x1,...,xo, are positive, then this
inequality 1s strict.

Proof: It suffices to observe that all the partial derivatives of the function

m m+1 m+1 m

F(xy,...,x0m) = > 0| D wivjm1 | — D @ | DJ wiyj—1 | are non-negative
=1\ j=1 i=1 j=1

(and even positive provided ¢ is strictly convex and z1, . . ., za,, are positive),

and F(0,...,0) =0. u

Lemma 3.16. Let ¢ and f be as above, and a < b be two positive numbers.
Then

a

/ o (Flz+b) — f(2) do > / o (f _ f(z)) da. (3.19)

0

If f is strictly increasing,  is strictly convex, and a/b is a rational number,
then inequality (3.19) is strict.

Proof: Assume first that the ratio a/b is equal to m/m+ 1 with some natural

number m. After rescaling, without loss of generality we may suppose that
a = m. In this case, inequality (3.19) may be rewritten as

Z/go(f(x+i+m)—f(a:+z’—1)) da

1=1

Z

H\gE

/ fle+i+m—1)— f(xr+i—1)) dz, (3.20)
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Z/SO( f(:v+i+j—1)—f(x+z‘+j—2)> dx
0

i=1 j=1
m+1 1 m
> Z/gp<Zf(m+i+j—1)—f(x+i+j—2)> dx, (3.21)
i=1 7 j=1

and thus the statement of the lemma follows from Lemma 3.15.
If a/b is a rational number 2, with m,n € N, m < n, then it can be
decomposed as 2 . MLl n—land the statement of the lemma follows

LM nl
from the previous case. By continuity, the non-strict inequality (3.19) holds
for all irrational a/b. m

Proof of Proposition 3.14: We make a change of variables in the double inte-
gral (3.17), and conclude that it is equal to

1/2 1/2—¢
/ /’@uw+f+1my—ﬂwwm®@mg
12 0
12 1/2—¢
= [ (] etwreri-rw) i
0 0
1/2+¢

- [ el—€+12) - 1) dy)o©d 2 0 (322)
0
by Lemma 3.16. When f is strictly increasing and ¢ is strictly convex, this

integral is strictly positive since the set
1/2-¢

{ee(03)] [ etwrervz-sw

0
1/2+¢€

> [ et - rw) a2

0



VELOCITY OF RATCHETS 23

is open and non-empty (since it contains the rational numbers), and therefore
has non-zero Lebesgue measure. ]

4. Semiadiabatic limit and the stochastic Stokes’ drift
Consider the tilting ratchet with the potential

U(x,t) =(x) + H(t)z, (4.1)
where
R I @2

and as usual ¥(z) is 1-periodic in z and H(t) is T-periodic in T'. We assume
that the non-bias condition (2.22) is satisfied, i.e.,

Or +w(T —7) = 0. (4.3)

We regard T', 7, and w as the independent parameters of the tilting ratchet;
() can be expressed via the independent parameters by means of (4.3).

We study the regime (4.1) in the so-called semiadiabatic limit supposing
that T is large, 7/7 is small, and w is constant. It follows from (4.3) that in
the semiadiabatic limit |(2| is large.

As before, let vy, = v(w,T,T) denote the eventual drift velocity given
by (2.19). Further, let ¢* be the 1-periodic solution of the problem

o + (s + w)g)s = O, / g(o)de = 1. (4.4)

which also satisfies
g; + (% + W)g* = A(w)
with A(w) defined by (2.29) (see Remark 2.10). Put

Voooo (W) = —/0 V9" dr = w — A(w). (4.5)

Our main result concerning the semiadiabatic tilting is that v, (w) is the
asymptotic average drift velocity as 7" — oo and 7/T — 0, and its sign
coincides with the sign of w provided that 1) is nontrivial. For definitiveness
we assume that w > 0.

First we address the positivity of V5. It Will follow from the next propo-
sition.
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Proposition 4.1. Given w > 0, the functional

11
y F(y)
dy d dy d 4.6
//my:H//F(m)yx, (4.6)
0 0
where F' € C[0,1], F(z) > 0 for all x € [0,1], attains its global minimum
a(w)/w when and only when F(x) = Ce*”.

Proof: Since the functional is homogeneous of degree zero, it suffices to prove
that under the additional restriction

/ Fly)dy = 1. (A7)

the only minimizer is F'(z) = o e“r,

Let G(z) =1+ a(w) [ F(y)dy. Then G(0) =1, G(1) =¥, G'(-) > 0, and
0

our functional becomes

Vo(G) = a(w)/ G/(x) dx. (4.8)

Let now H(x) = InG(z). Then H(0) =0, H(1) =w, H'(-) > 0, and

dx. (4.9)

1
S 4.1
H ! - w’ (4.10)
f H'(z
and the equality holds only if H'(z) = w. This means that the minimum of
V,, is achieved merely if H(x) = wx, G(x) = e“* and F(z) = e u

Remark 4.2. Tt is interesting to observe that the functionals (4.6) and (4.8)
neither are convex nor fit into the framework of general L'-lower semiconti-
nuity criteria which go back to [35] (see e.g. [16] for a review).
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Proposition 4.3. Given a 1-periodic v € C*(R) and w > 0, Vsso satisfies
0 < Voo =w — A(w) < w. (4.11)
Moreover, Voo = 0 if and only if 1 is constant.

Proof: Elementary properties of A (see Remark 2.7) yield the upper bound
in (4.11). The lower bound is a corollary of Proposition 4.1. Indeed, put
F(x) = e?®+7 and write

where V,, is given by (4.6). According to Proposition 4.1, we have

afw)
alw)/w
and the lower bound in (4.11) is proved. Moreover, the bound is attained

if and only if F(z) = Ce**, with some constant C' > 0, i.e., if and only if
Y(x) = InC is constant. m

A<

W,

Write the Log-Sobolev inequality associated with ¢* in the form

1 2
/ glnidxg —/ g|<ln£> dx. (4.12)
st g* v Js 9/ .
Put
g ()
M, = )], My = . 4.13
o= max [pu(e)l, M= max g*(v) (4.13)

The following statements characterize the semiadiabatic limit of the tilting
ratchets.

Theorem 4.4. Suppose that 1 € C*R) is 1-periodic and w >0, 0 < 7 < T}
then the average drift velocity vo(w, T, T) satisfies

-
Voo (W, T, T) = Voooo(w)| < (Mo + "UOOOO(W))T
32N M |, 1 1 12
/2
+ > w Tie (1 + ATA—/T) — 1) . (4.14)

The proof will be given later in this section.
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Corollary 4.5. Under the hypothesis of Theorem 4.4, for any w > 0, we
have
lim v (w, T, T) = Vsooo (W), (4.15)
T—o0
7/T—0

the limit is uniform in w € (0, wq] for any wy > 0, and the rate of convergence
is O(T~Y2 + 7/T).

Proof: 1t suffices to observe that by Proposition 4.3 we have vy q0(w) < w
and that

1+ (4.16)

e T(=7/T) _ 1
remains bounded as T" — oo and 7/7T — 0. _

Combining Corollary 4.5 and Proposition 4.3, we get the following corollary.

Corollary 4.6. For any non-constant 1-periodic 1) € C* and any w > 0, we
have Voooo(w) > 0, if T is sufficiently large and 7/T is sufficiently small.

In other words, Corollary 4.6 means that the semiadiabatic transport goes
in the positive/negative direction according to the sign of w.
Before proving Theorem 4.4, we introduce some notations and prove a
lemma. Denote by
Ylg] = elglg]
the relative entropy with respect to ¢*, and let

i [of(o2),

be the corresponding entropy production term, then the Log-Sobolev inequal-
ity (4.12) can be written as

2
dx

1
Xlgl < - I[g]. (4.17)
In the case of semiadiabatic tilting, equation (2.7) splits into
gt — Gz — ((% + Q)g)x - 07 (t,l‘) S (07 7_) X Sl; (418)
9t = Gar — (ho + w)g)e = 0, (t,2) € (7,T) x 5. (4.19)

We consider (4.18)—(4.19) in the class

g >0; / g(z,t)dx = 1. (4.20)
Sl
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As usual, g, denotes the unique T-periodic in t solution of (4.18)—(4.20),
existing due to Theorem 2.2. Note that the function g, itself implicitly
depends on the parameters of tilting T', 7, and w.

Lemma 4.7. We have

(4.21)

2[goo (-, 7)] < MywT <1 * e T(1—7/T) _ 1) .

Proof: We start with an a priori estimate for a solution g of (4.18)—(4.20).
First we estimate the entropy for ¢ € [0,7]. Put r = ¢g/¢*, then r, = ¢;/g%,
and (Inr); = ¢¢+/g. We have:

d d
aE[g]:E/Slglnrda::[qlgtlnrdx+[qlgtdx.

Plugging in (4.18), using the conservation of mass (4.20) and integrating by
parts, we proceed as follows:

d

%0 = [ 0+ (0 + D)) v do

r? LT

= — r—i X g Tex — r X
—— [ oFdot [ Lra 0+ )
==+ [ 0~ e+ ) o
< [ rlgi (0o + D)) e
Sl

As g* solves (4.4), we obviously have

G + (e +Q)g")e = (2 — W)y,

whence

d *
—Xlg] < (Q—w)/ rgy dr = (Q—w)/ 922 dr,
dt g1 g1 g

and using the conservation of mass once again, we obtain
E q M &2 — W].
+ >~ 1

This yields
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whenever X[g(+,0)] exists. Using (4.3), we can write the last inequality in
the form

E[g('o T)] < MiwT + E[g('a O)] (422)

Now for ¢ € [r,T] the function g solves equation (4.19) and g* is the
stationary solution of the same equation, so by Corollary 2.9

2lg] < Slg(-,7)Je 7.
From this inequality and (4.22) we get
Zlg(- T)] < (MT + Xg(-, 0)])e 7. (4.23)
Denote by T the operator taking a probability density u € L'(S1) to g(-, T),
where g solves (4.18)—(4.19) with the initial condition g|—y = u, and put
R= e%%—“;T_l (4.24)
It follows from (4.23) that 7 maps the set
X = {u € W} (S") N {probability densities} | L[u] < R}

into itself. Moreover, X is a convex closed subset of W3(S!) and by parabolic
regularity 7: X — X is continuous and 7 (X) is precompact in Ws(S1).
Hence by the Schauder fixed point theorem 7 has a fixed point in X, which
is the initial data for a time-periodic solution of (4.18)—(4.19). However,
such periodic solution is unique, so the fixed point found above coincides

with goo(+,0). Therefore, ¥[goo(+,0)] < R and (4.21) follows from (4.22). =
Proof of Theorem 4.4. We have:

[Voo (W, T, T) — Vogoo(W)|

1

T
— ‘__/ V2 Goo dx dt + V,g" dx
T 0 Sl Sl

1 /T
< = %goodxdt‘
T 0 Sl
+1/T b *)ddt+7/¢*d
T x\Yoo T x T x x
T|) Jo w9 T|) "
T M, (T .
< ?(Mo—i—voooo(w))—l—To/ Hgoo_g HLl(Sl) dt (4.25)
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(here we have used the conservation of mass for g.,). We now estimate the
last term. Using the Csiszar-Kullback inequality and the attraction (2.31),
we have

My [* . My [*
- 190e — 9" || L1 (smy dt < - | Vv 2 X[goc] dt

\ o 1 2M,
< 70\/22[900(-,7)1/ R < 72V gl 7L

Estimating the entropy X[gs(, 7)] by means of (4.21), we have

M, [T 12320, 1 :
7/T Hgoo — g*HL1(51) dt < T 5 MiwT |1+ o T—/T) _ 1 .

Combining this inequality with (4.25), we obtain (4.14). _

We finish this section by considering the travelling potential
U(z,t) =¢(x — wt), (4.26)

where v is 1-periodic and w is a constant. The corresponding ratchet model
[5, 6] coincides with the one for the stochastic Stokes’ drift [4, 21]. In [5]
it was conjectured that the average drift velocity of this ratchet is positive
for positive w (cf. also [32, Section 4.4.1]). It is straightforward to check
(cf. [6]) that the corresponding periodic solution of (2.7) with F' = -V,
satisfying (2.11) is

oo = g (¥ — wi),

where g* is defined above in this section. Then the corresponding bulk ve-
locity is

1 T 1
Voo = ——/ / Vy(x — wt)g* (z — wt) dx dt
T Jo Jo

_ /0 ol(2)g" () dv = w — Aw). (4.27)

The conjecture of [5] (for any non-constant ) thus follows from our Propo-
sition 4.3.
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5. Small diffusion coefficient

We are now interested in applying the bulk velocity representation (2.19)
for finding sufficient conditions of transport in the case of small o.

The result concerns generic piecewise smooth potentials W(z,t) which are
T-periodic in t and whose x-derivatives are 1-periodic in z.

Theorem 5.1. Assume that the ODE

y'(t) = Fly(t),1) (5.1)

(where F' = —V, is as in Theorem 2.2) has no T-periodic solutions. Then
Voo # 0 for sufficiently small o. Moreover,

sign vae = sign(y(T") — y(0)) (5.2)

for every solution y to (5.1).

Proof: Given a sequence o, — 0, consider the corresponding T-periodic so-
lutions g, to (2.7) satisfying (2.11), and the bulk velocities v, defined
by (2.19). If the theorem is not true, {o,,} can be chosen in such a way that
every s, violates (5.2). Consider the following auxiliary equation

G+ (FQO,=0, (t,x)€(0,00) xR, (5.3)

It is easy to see that the solution ¢ of (5.3) can be expressed in the form
C(x,t) = [2(s(x,t))]s, where z,(z) = ((z,0), and s solves the problem
s + Fs, =0,

{ s(z,0) =z, xz€R. (5-4)
The sequence of corresponding positive periodic solutions {g.,} to (2.7),
(2.11) is bounded in L>(0,7T;L'(S')), and {% is bounded in
L>(0, T; W %(S1)), so, by the Aubin-Lions-Simon lemma, without loss of
generality, goon, converges strongly in C([0,T]; H~(S)) to some (. Due to
(2.19), for large n, the sign of v., coincides with the sign of

1

T
Vot = 7 / (Coo (o) (s ) s styar (s dee i, (5.5)
0

provided v, # 0.

Let 2o € L2 (R) be such that (24):(2) = ((x,0) (obviously, ((+,0) can
be considered as a distribution on R). Since (goon(+,0),1) = 1, in the limit
we have (((+,0),1) =1, so ZOO‘[O,I] is a non-constant function. The functions
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Joon are positive by Theorem 2.2, so ((+,0) > 0 in the sense of distributions
on S, whence z,, is essentially a non-decreasing function.

Passing to the limit, we see that (, solves (5.3) in the sense of distributions.
Hence,

Coo (2, 1) = [200(8(7, 1)) (5.6)

and

[20(s(2, 1))t + (2, 1) (o (2, 1)
= [zoo(s(, )]t + F(2,t)[200(8(x, 1))]. = 0 (5.7)

in the sense of distributions. The second equality is obvious if z,, is smooth,
and the general case follows from the dominated convergence theorem.

But (5.5) and (5.7) yield

1 (T 1
Voo = —T/O /0 [200(8(x, )] da dt
_ Jo (zo() — »Z;o(s(xaT))dx_ (5.8)

Solving (5.4) by the method of characteristics we infer that x = y(T'), where
y(t) is the solution of (5.1) with the initial condition y(0) = s(z,T). Since
St is compact and (5.1) has no T-periodic solutions, the difference

d(y) = y(T) — y(0)

is separated from zero, and its sign does not change for all solutions of (5.1).
Consequently, voo # 0 (otherwise zoo}[o 1 would be a constant). We con-

clude that v.o and v., (for large n) have the same sign as d(y), reaching a
contradiction. |

Remark 5.2. Observe that (5.1) has no T-periodic solutions if and only if
there exists an unbounded trajectory or, in other words, if and only if the
corresponding Poincaré’s rotation number [10] is nonzero. Hence, the sign of
the rotation number coincides with the sign of v,. A related observation
was made in [34] for diffusion-free tilting ratchets. Our conjecture is that
lim, 0 v = /T, where r is the rotation number (cf. [34]).

Remark 5.3. Existence of periodic orbits is unstable with respect to per-
turbations of F', thus, in a general position, v, is non-zero for small o.
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Unfortunately, as R. Ortega and F. Zanolin pointed out in a personal com-
munication, there are no criteria of the form that ‘some set of assumptions
on F' implies non-existence of T-periodic solutions to (5.1)". In [25], the non-
existence of periodic solutions to (5.1) with a tilting potential of the form
Fyin(y,t) = H(t) — siny, where H is T-periodic and satisfies (2.22), was dis-
covered. There, it was observed that this phenomenon contrasts with the
behaviour of the equation

y"(t) = Fan(y(t),t), (5.9)

which always admits T-periodic solutions. However, for this particular class
of tilting potentials there is some hope to get a criterion using a trick from
26], transforming (5.1) into a Ricatti equation. The discrete analogue of the
problem produces Arnold tongues.

6. Multi-state models

We now consider another class of ratchet models, where the particles can
be in several states, and the total amount of particles is fixed. Particles in
different states are sensitive to different time-independent potentials. The
particles can randomly change their states with rates v;;(z) > 0 (from j-th
state to i-th state; 7,5 = 1,..., N; i # j), calling forth the bulk transport.
This leads to the following general Cauchy problem for a system of Fokker—
Planck-type equations:

(pi)t — 0(pi)ae — (Wi)upi)a + D Viipi = Y. Vijpj,
J, ji J, i (6.1)
pi(7,0) = pio(x),

which we again consider for all x € R and ¢ > 0.

Here W;(x) are given C-regular potentials, p;, are given initial mass dis-
tributions, and o is the diffusion coefficient (for definiteness, we set it to be
the same for all states). We assume that (V¥;),(x) and v;;(x) are 1-periodic
and that p;o(x) satisfy the requirements

pio(x Z/plo dr =1, /\x\pzo x) dr < oo. (6.2)

Standard arguments show that (6.1) has a unique solution for any contin-
uous vector function po(x) = (p;o) satisfying (6.2); moreover, for any ¢ > 0,
the components p;(x,t) of the solution vector p(x,t) are positive. Moreover,
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the classical estimates [14] for the fundamental matrix of solutions to (6.1)
imply

Tim_al(p(z,8) + o (. )]) = (63)
Let
N
plx,t) = pilw,t) (6.4)
i=1
be the total density function. Adding the equations of (6.1) gives
N
Pt — OPzz — Z((qu)xﬂz)x = 0. (6.5)
i=1

As in Section 2, (6.3) and (6.5) yield conservation of the total mass

/OO plx,t)dr =1, (6.6)

(0.¢]

and finiteness of the centre of mass

o

() = /_ vl t) da (6.7)

o

for any £. Similarly to Section 2, we are interested in the properties of the
velocity of the centre of mass Z(t).
We consider the following auxiliary problem on ST x (0, 00):

(gz')t - U(Qz’)m - ((‘I’z’)xgz’)x + Z Viigi = Z Viigj,
Js J#i Jy J#i

N (6.8)
gi(z) > 0, ZlfSl gi(x)dr = 1.

Observe that if a vector p with positive components solves (6.1), then

glx,t)= > plz+k,t) (6.9)

k=—o0

solves (6.8). The convergence of this series follows from the properties of the
fundamental matrix of solutions to (6.1).
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Then the velocity of the centre of mass is

B(t) = 2”;( b = /_Oo oyl t) da

0]

=/_ x(OmeLZ m) da
—/:<Opx+z :cpz>

_ _Z/ Degi dz. (6.10)

We need the following result on existence of a unique attractor for (6.8).

Proposition 6.1. There exists a unique reqular stationary solution vector
9oo(T) = (gico) to (6.8). Moreover, there exists v > 0 such that, for any
smooth solution g to (6.8), there exists a positive constant C = C(g) such
that

lg(z,1) — goo ()] < Ce™,  (z,1) € S* x (0,00). (6.11)

Proof: The existence and uniqueness can be proved similarly to [9, Theo-
rem 4.1], and the stability follows in the same way as in [20, Theorem 4.1]. =

We can now put

Z / 2)gine () di, (6.12)

arriving at the following bound.
Corollary 6.2. For any solution of (6.1), we have

5(t) — Doo| < Ce™™, (6.13)
where C' depends only on py.

Thus, the sign of the asymptotic velocity v, determines the direction of
transport. We now examine several situations when v,, can be proved to be
non-zero. For simplicity, we restrict ourselves to the two-state models. We
begin with the small diffusion case.
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Theorem 6.3. Let N = 2. Suppose that the functions Fy = —(Vy), and
Fy = —(Uy), merely have a finite number of zeros on S, and do not admit
common zeros. Let o be sufficiently small, v15(x) > 0, vo1(x) > 0.

i) Assume that both Fy and Fy have zeros, and for every x, such that

Fi(z)Fy(x,) =0, let i, = 1 if Fo(x,) =0, and i, = 2 if Fi(x,) = 0. Then
sign 0o, = sign F;, (), (6.14)
provided the sign in the right-hand side of (6.14) is independent of x..
ii) Assume that only one of the functions Fy and Fy possesses zeros. Let
F;, be the potential gradient which does not have zeros. Then
sign U, = sign F;, . (6.15)

iii) Assume that none of the functions Fy and Fy vanishes. Then
1

sign U, = sign(F1F3) sign/ <V};§((j)) + ?11((;6))) dz, (6.16)

provided the integral in the right-hand side is non-zero.

Remark 6.4. In the case when F; and F5 have common zeros or the sign in
the right-hand side of (6.14) varies, the transport still can be present, but
more subtle methods are required to establish that v, # 0.

Remark 6.5. In case i), if the sign in (6.14) is positive, it is simple to see that
max(F, Fy) > 0, and there is an interval where min(F}, F5) > 0. Hence, the
occurrence of unidirectional transport in the Neumann problem setting on
a bounded segment follows from [29, Theorem 1] or [20, Theorem 3.1]. The
cases ii) and iii) are not covered by the results of [8, 20, 29].

Proof of Theorem 6.3. Assume there is a sequence o, — 0 such that the
corresponding velocities 7, violate (6.14), or (6.15), or (6.16), respectively.

The sequence of stationary solutions {g.,} is bounded in [L!(S1)]?, so,
without loss of generality, goo, converges weakly-* in [C*(S1)]? to some (.
For large n, the sign of 04, coincides with the sign of

U0 = (C1, F1)coxc + (G2, F2) o xc,s (6.17)
provided 0, # 0. Observe that ( solves the system

(F1G1)z = 11262 — var (o,
(F202)z = va1C1 — V12, (6.18)
G20, (G+¢1)=1
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in the sense of distributions on S*. Adding these two equations, we see that
F1(1 + Fy(s is essentially a constant, and, due to (6.17),

Fi¢1 + Fo(o = Docp- (6.19)

in the sense of distributions.
Consider first cases i) and ii). The measures ¢; and (» cannot be concen-
trated only at the zeros of F}F5. Indeed, if that is so, then (6.19) implies

FiGi = Fy( =0 (6.20)

in the sense of distributions, so the supports of (; and (» are disjoint. But
(6.18) gives v19(s = 151(1, so the supports should coincide, and we get a
contradiction.

Hence, there are two adjacent zeros x1 and x5 of I} F5 such that the support
of (1 or (s intersects with the interval (x1, x2) (in the case when F} F, has only
one zero, we can change the variable x for ¥ = x/2 in (6.1), which doubles
the number of zeros on S!, but does not affect the transport direction).

Suppose that 0,9 = 0. Then the solution of the system (6.18), (6.19) on

(21, z9) may be written explicitly, with an unknown multiplicative constant
M # 0,

(1(x) = Mexp (ff ’}22(( )) + ';31 dy)/F1( ),
(o(x) = —Mexp <fxx ?22((5)) + V21 dy) [ Fa(w),

where 7 = . This gives that F{F5 is negatlve on (x1, 7). Consequently,
x1 and xs are zeros of the same potential — in case ii) this is trivial — and, for

deﬁniteness let it be F}. Observe that one of the integrals fl ?Qéy)) + ?f((y)) dy

and fl V” V21(( >) dy is positive. Since [} is C''-smooth, f F 5 dy = Foo.

Hence, fxl Cl (w1,00) () dy = oco. But (6.18) implies fxl Gl () ( Ydy < 1,
and we arrive at a contradiction.

Assume now that F; > 0 on (z1,23). We then have to show that 9,0 < 0.
One can check that, under the assumptions that we have made, the only
solution of (6.18), (6.19) with finite integral on (x1,x2) is

o= o (138 )
C2( ) voo;) {1 . fxl‘l exp (fs u12(( )) Va1 (( ) dy) 1/12(( )) ds} .

So (1 > 0 and F3|(, 4, < 0 imply a9 < 0. The case F; < 0 is treated
similarly.

(6.21)

T14+2T9
2

(6.22)
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In case iii), the solution ¢ is smooth on the whole circle S, so it may be
identified with a 1-periodic function on R. Moreover, it has the form

v [t [ e ([0 R ) o] o2

Due to periodicity,

e (505 ) |

oo [Lon ([ R R o 0

Hence, vy # 0, for the contrary would imply M = 0, and ¢ = 0, which
contradicts (6.18).

Assume that the right-hand side of (6.16) is positive, and 0y is negative
(the opposite situation is completely analogous). Then at least one of the
potentials, say F}, is positive. Due to the positivity of the right-hand side
of (6.16),

sign (eXp ( /1 0 ?j((;/)) n ;311((5)) dy) . 1) — _sign Fy, (6.26)

and (6.25) yields
sign M = sign Osgp. (6.27)

It follows from (6.23) and (6.27) that (;(0) < 0, which contradicts the posi-
tivity of the solution. |
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We now address the transport properties of the randomly tilting ratchet,
i.e., the model of the form

(1)t = (P1)2z — ([Yr + W]p1)e + V2191 = Vi2p2,
(P(Z)t ; (P2)x(x )_ ([t + Qlp2)s + vi2p2 = varp1, (6.28)
= pPol\x

where (x) is a C*-smooth 1-periodic potential, the diffusion coefficient o
is taken to be 1; w,Q,v19 > 0,191 > 0 are scalars (independent of x, for
simplicity), and pg satisfies (6.2). We assume the following non-bias condition
(cf. (4.3)):

Quoy + wryg = 0. (629)
Denote by U (w, v) the corresponding bulk velocity defined by (6.12).

The following theorem shows that the adiabatic and semi-adiabatic bulk ve-
locities of the randomly tilting ratchet are the same as for the tilting ratchet.
Thus, the results of the previous sections may be applied to determine the
transport direction. In particular, the direction of the semiadiabatic trans-
port is determined by the sign of w for every non-constant .

Theorem 6.6. Let w be fized. Then

L _ Aw) + A(w).
V12ilurgr1l—>0 Voo(w, V) = — 5 : (6.30)
V£11I£>10 Uo(w, V) =w — A(w). (6.31)
1/21/V12—>0

The proof is left as an exercise for the reader.
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