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Abstract: This paper introduces lax orthogonal algebraic weak factorisation sys-
tems on 2-categories and describes a method of constructing them. The related
notions of KZ lifting operation, lax natural lifting operation and lax orthogonality
between morphisms are studied, and a number of examples provided. These ex-
amples rest in the notion of simple 2-monad, that is a generalisation of the simple
reflections studied by Cassidy, Hébert and Kelly. Each simple 2-monad on a finitely
complete 2-category gives rise to a lax orthogonal algebraic weak factorisation sys-
tem. Examples of simple 2-monads are: completion under a class of colimits, the
filter monad on topological spaces and Cauchy completion on Lawvere’s metric
spaces.
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1. Introduction
This paper contains four main contributions: the introduction of lax or-

thogonal algebraic weak factorisation systems (AWFSs); the introduction of
the concept of KZ diagonal fillers and the study of their relationship to lax
orthogonal AWFSs; the introduction of simple 2-monads, and the proof that
each such induces an AWFSs; the proof that some well-known 2-monads, on
topological spaces, on categories and on Lawvere metric spaces, are simple,
and a description of the corresponding induced factorisations.

Weak factorisation systems form the basic ingredient of Quillen model
structures [20], and, as the name indicates, are a weakening of the ubiq-
uitous orthogonal factorisation systems. A weak factorisation system (WFS)
on a category consists of two classes of morphisms L and R satisfying two
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properties: every morphism can be written as a composition of a morphism
in L followed by one in R, and for any commutative square, with vertical
morphisms in L and R as depicted, there exists a diagonal filler. One says
that r has the right lifting property with respect to ` and that ` has the left
lifting property with respect to r.

¨ //

LQ`
��

¨

rPR
��

¨

D
==

// ¨

(1.1)

When r is an identity 1C , one usually says that C is injective with respect
to `.

In order to unify the study of injectivity with respect to different classes
of continuous maps between T0 topological spaces, Escardó [8] employed lax
idempotent 2-monads, also known as KZ monads, on poset-enriched cate-
gories – these are the same as 2-categories whose hom-categories are posets.
For example, if T is such a lax idempotent 2-monad, the T-algebras can be
described as the objects A that are injective to all the morphisms ` such that
T` is a coretract left adjoint – a T-embedding. A central point is that not
only each morphism domp`q Ñ A has an extension along `, but moreover it
has a least extension: one that is smallest amongst all extensions.

¨ //

`
��

A

¨

== NN

ď

The assignment that sends a morphism to its least extension can be described
in terms of the 2-monad T, so one no longer has the property of the existence
of at least one extension, but the algebraic structure that constructs the
extension. If one wants to describe WFSs in this context, instead of just
injectivity, in the sense that r may not be an identity, one is led to consider
algebraic weak factorisation systems (AWFSs), to which we shall return in
this introduction.

1.1. Injective continuous maps. One of the basic examples that fit in the
framework of [8] is that of the filter monad on the category of T0 spaces, that
assigns to each space its space of filters of open sets. It was shown in [6] that
the algebras for this monad are the topological spaces that arise as continuous
lattices with the Scott topology. These spaces were known to be precisely
those injective with respect to subspace embeddings [22]. In [3] this and
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other related results are generalised, characterising those continuous maps of
T0 spaces that have the right lifting property with respect to different classes
of embeddings, and exhibiting for each a WFS in the category of T0 spaces.
A morphism f : X Ñ Y is factorised through the subspace Kf Ď TX ˆY of
those pϕ, yq such that Tfpϕq ď tU P OpY q : y P Uu. The monad T can be
the filter monad or a variant of it.

X
λf ##

iX

''

f

��

Kf
ρf
��

//

ě

TX
Tf
��

Y // TY

(1.2)

Central to the arguments in [3] is the fact that the monad f ÞÑ ρf is lax
idempotent or KZ. This property is intimately linked with the fact that Tλf
is always an embedding of the appropriate variant – ie λf is a T-embedding.

The construction of the factorisation of maps just described resembles the
classical case of simple reflections [4]. One of the aims of the present paper
is to show that both constructions are particular instances of a more general
one.

1.2. Algebraic weak factorisation systems. Algebraic weak factorisa-
tion systems (AWFSs) were introduced in [11] with the name natural weak
factorisation systems, with a distributive axiom later added in [10]. Many of
the factorisations systems that occur in practice provide a construction for
the factorisation of an arbitrary morphism. Such a structure on a category
C is called a functorial factorisation and can be described in more than one
way: as a functor C2 Ñ C3 that is compatible with domain and codomain;
as a codomain-preserving – ie with identity codomain component – pointed
endofunctor Λ: 1 ñ R of C2; as a domain-preserving copointed endofunctor
Φ: L ñ 1 of C2. Then, a morphism f factors as f “ Rf ¨ Lf . Any such
functorial factorisation has an underlying WFS pL,Rq where L consists of
those morphisms that admit an pL,Φq-coalgebra structure and R of those
that admit an pR,Λq-algebra structure. One wants, however, to guarantee
that Lf P L and Rf P R, for which one requires extra data in the form of
a comultiplication that makes pL,Φq into a comonad L and a multiplication
that makes pR,Λq into a monad R. The pair pL,Rq, together with an extra
distributivity condition, is an AWFS.
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The underlying WFS of an AWFS pL,Rq is an orthogonal factorisation
system precisely when L and R are idempotent [11]; it is enough if either is
idempotent [2].

All the above constructions can be performed on 2-categories instead of
categories. Two morphisms ` : AÑ B and r : C Ñ D in a 2-category K are
lax orthogonal when the comparison morphism

K pB,Cq Ñ K pA,Cq ˆK pA,Dq K pB,Dq

has a left adjoint coretract. – Compare with the usual definition of weak
orthogonality and orthogonality where it must be an epimorphism and, re-
spectively, an isomorphism. – Such a left adjoint provides diagonal fillers
that moreover satisfy a universal property with respect to 2-cells. A choice
of diagonal fillers like these that is in addition natural with respect to ` and
r we call a KZ lifting operation.

When the 2-category K is locally a preorder, the lax orthogonality of `
and r reduces to the statement, encountered before in this introduction, that
for each commutative square (1.1) there exists a least diagonal filler.

One could then ask what is the property on an AWFS that corresponds to
the existence of KZ diagonal fillers. The answer is that both the 2-comonad
and the 2-monad of the AWFS must be lax idempotent – Theorem 6.6. Equiv-
alently, either the 2-comonad or the 2-monad must be lax idempotent – Sec-
tion 4. This last statement mirrors the case of AWFSs whose underlying
WFS is orthogonal, for which, as mentioned earlier, it is enough that either
the comonad or the monad be idempotent.

A basic example of a lax idempotent AWFS is the one that factors a functor
f : A Ñ B as a left adjoint coretract A Ñ f Ó B followed by the split opfi-
bration f Ó B Ñ B. We refer to this AWFS as the coreflection–opfibration
AWFS.

1.3. Simple reflections. The paper [4] studies the relationship between
orthogonal factorisation systems, abbreviated OFSs, and reflections. Every
OFS pE ,Mq in a category C induces a reflection on C as long as C has a
terminal object 1; the reflective subcategory is M{1, the full subcategory of
those objects X such that X Ñ 1 belongs to M. Under certain hypotheses,
a reflection T on C induces an OFS. One of the possible hypotheses is that T
be simple, which means that for any morphism f the dashed morphism into
the pullback depicted below is inverted by T. The factorisation of f is then
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given by f “ ρf ¨ λf , and the left class of morphisms consists of those which
are inverted by T.

A
λf

##

ρf

&&

f

��

Kf //

p.b.ρf
��

TA
Tf
��

B // TB

One way of expressing the construction of the OFS from T is the follow-
ing. On any category A we have the OFS pIso,Morq, with left class the
isomorphisms and right class all morphisms. Isomorphisms are the coalge-
bras for the idempotent comonad L1 on A2 given by L1pfq “ 1dompfq. If
F % U : A ãÑ C is the adjunction induced by the reflection T, the copointed
endofunctor pL,Φq defined by pullback along the unit of the adjunction satis-
fies the property that the rectangle on the right hand side below is a pullback.
In other words, pL,Φq-coalgebras are those morphisms that are inverted by
F , equivalently by T . Any morphism that is inverted by T is orthogonal
to Tf and therefore to its pullback ρf ; in particular, λf satisfies this if the
reflection is simple. Therefore, we obtain an OFS when T is simple, with left
class those morphisms that are inverted by T .

L

Φ ��

// U2L1F 2

Φ1��

1 // U2F 2

pL,Φq-Coalg

��

//

p.b.

pL1,Φ1q-Coalg

��

C2 F 2
// A2

(1.3)

An alternative way to prove that we obtain an OFS is to show that pL,Φq
has an extension to an idempotent comonad. The comultiplication Σ: L ñ
L2 is the morphism that corresponds to the pair of morphisms Σ0 : L ñ

U2L1F 2L and 1: L Ñ L, where Σ0 is the transpose of the transformation
F 2Lñ L1F 2L with component at f the pL1,Φ1q-coalgebra structure of Fλf ,
ie p1, pFλfq

´1q : 1dompfq ÝÑ Fλf . The pointed endofunctor pR,Λq given by
f ÞÑ ρf underlies a monad by construction.

The above analysis can be adapted to the case where categories are sub-
stituted by 2-categories and OFSs by lax orthogonal AWFSs. Reflections
are substituted by lax idempotent 2-monads, idempotent (co)monads by lax
idempotent 2-(co)monads, the simple reflections by appropriately defined
simple 2-adjunctions or simple 2-monads. The reflective subcategory Iso of
the arrow category is substituted by the lax idempotent 2-comonad whose
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algebras are coretract left adjoints, while Mor is substituted by the free split
opfibration 2-monad.

1.4. Simple 2-monads. Generalising the construction on topological spaces
described in Section 1.1 above, one can consider a factorisation of f as de-
picted in (1.2) but where the inequality is a general 2-cell of a comma object,
and ask when does f “ ρf ¨ λf arise from a lax idempotent AWFS. This is
analogous to the construction of OFSs from simple reflections discussed in
the previous section.

A 2-monad T is simple if Tλf has a certain right adjoint retract. If T is
moreover a lax idempotent 2-monad on K , and pL1,R1q is the coreflection–
opfibration AWFS on T-Algs, the copointed endofunctor pL,Φq constructed
as in (1.3), and given by f ÞÑ λf , can be extended to a 2-comonad, and the
pointed endofunctor f ÞÑ ρf can be extended to a 2-monad that combine
into a lax idempotent AWFS on K .

The filter 2-monad on topological spaces is lax idempotent, where the cat-
egory of topological spaces is made into a 2-category by the opposite of the
specialisation order. We show that it is simple, therefore inducing a lax
orthogonal AWFS on the category of topological spaces.

Given a class of colimits, there exists a 2-monad on Cat whose algebras are
categories with chosen colimits of that class. We show that these 2-monads
are simple, giving rise to AWFSs on Cat.

Another example of simple 2-monad is the one given by Cauchy comple-
tion on the 2-category of Lawvere metric spaces – categories enriched in the
extended non-negative real numbers. To give an idea about the lax orthog-
onal AWFS within the space constraints of this introduction, one can look
at maps between metric spaces. Left maps between metric spaces are dense
isometries. Right maps f : AÑ B between metric spaces are those distance
decreasing maps with the property that each Cauchy sequence in A, such
that its image under f converges to a point b P B, converges to a point of A
over b.

When all the 2-categories involved are in fact categories, lax idempotent
2-monads reduce to reflections and our concept of simple 2-monad to the
one of simple reflection. Therefore, we know that there are lax idempotent
2-monads that are not simple, as [4] gives examples of reflections that are
not simple.
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1.5. Description of sections. Section 2 can be regarded as a fairly self-
contained recount of the basic definitions and properties of algebraic weak
factorisations systems. The approach to diagonal fillers via modules or pro-
functors appears to be novel.

One of our main tools will be the lax idempotent 2-(co)monads, facts about
which we put together at the beginning of Section 3, before introducing lax
orthogonal AWFS, our main subject of study.

Section 4 proves that in order for an AWFS to be lax orthogonal it suffices
that either the 2-monad or the 2-comonad be lax idempotent.

In a 2-category one can consider the usual lifting operations, but also lax
natural ones. We define lax natural and KZ diagonal fillers in Section 5
and prove that lax orthogonal AWFSs give rise to KZ diagonal fillers. Lax
orthogonal functorial factorisations are briefly considered.

In Section 6 we characterise lax orthogonal AWFSs as those AWFS pL,Rq
for which R-algebras are algebraically KZ injective to all L-coalgebras, or
equivalently, for which natural KZ diagonal fillers exist for squares from L-
coalgebras to R-algebras.

Sections 7 to 9 are perhaps more technical, and give conditions that allow
the coreflection–opfibration lax orthogonal AWFS on a 2-category A to be
transferred along a left 2-adjoint B Ñ A to a lax idempotent AWFS on
B. Section 10 studies the case when the left 2-adjoint is the free algebra
2-functor of a special kind of 2-monad, that we call simple 2-monad, as it
generalises the notion of simple reflection [4]. Conditions that guarantee that
a lax idempotent 2-monad is simple are provided.

Section 11 looks at the case of locally preordered 2-categories, or cate-
gories enriched in the category of preorders, where various simplifications
take place, especially in the case where the morphisms in the right part of
the factorisation system are fibrewise posetal ; this is the case in some of our
examples.

The example of the filter monad on topological spaces is spelled out in
Section 12, recovering a WFS considered in [3].

Section 13 studies the example of completion under colimits. We show that
for a class of colimits Φ, the 2-monad on Cat whose algebras are categories
with chosen colimits of that class is simple, whence inducing a lax orthogonal
AWFS pL,Rq. We prove in Section 13.2 that R-algebras are always split op-
fibrations with fibrewise chosen Φ-colimits, but the converse does not always
hold, as shown by Section 13.3.
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A
f ��

h // C
g��

B
k
// D

ÞÝÑ

A
λf ��

h // C
λg��

Kf
ρf ��

Kph,kq
// Kg

ρg��

B
k // C

Figure 1. A functorial factorisation.

Lastly, a lax orthogonal AWFS in generalised or Lawvere metric spaces
– categories enriched in the category of extended non-negative real num-
bers [18, 19] – is described in Section 14 as the AWFS induced by Cauchy
completion.

2. Background on algebraic weak factorisation systems
In this section we recall notions related to algebraic weak factorisation

systems [11], following [10] for the most part.

2.1. Basic definitions. Given a category C consider the functors d0, d1,
d2 : C3 Ñ C2 that send a pair of composable morphisms pf : AÑ B, g : B Ñ
Cq in C to: d0pf, gq “ f , d1pf, gq “ g ¨ f , d2pf, gq “ g.

A functorial factorisation in C is a functor K : C2 Ñ C3 such that d1K “ 1.
This means that for each morphism ph, kq : f Ñ g in C2 we have a factorisa-
tion, functorial in ph, kq, depicted in Figure 1.

A functorial factorisation as above induces a pointed endofunctor Λ: 1 ñ R
and a copointed endofunctor Φ: L ñ 1 on C2. The endofunctor L is given
by Lf “ λf , and the component of the copoint Φ at the object f is depicted
on the left hand side of (2.1). Similarly, Rf “ ρf , and the component of the
point Λ at the object f is depicted on the right hand side of (2.1). We note
that domL “ dom and codR “ cod, as functors C2 Ñ C.

A
λf ��

A
f��

Kf ρf
// B

A
f ��

λf
// Kf

ρf��

B B

(2.1)

An algebraic weak factorisation system [11, 10] is a functorial factorisation
where the copointed endofunctor Φ: Lñ 1 is equipped with a comultiplica-
tion Σ: L ñ L2, making it into a comonad L, and the pointed endofunctor
Λ: 1 ñ R is equipped with a multiplication Π: R2 ñ R, making it into a
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monad R, plus a distributivity condition. The components of this comulti-
plication and multiplication will be denoted by as follows.

Σf “

A
λf ��

A
λλf��

Kf
σf
// Kλf

Πf “
Kρf

πf
//

ρρf ��

Kf
ρf��

B B

One of the ideas behind this definition is that the L-coalgebras have the
left lifting property with respect to the R-algebras, as explained below.

An L-coalgebra structure on a morphism f : A Ñ B, respectively, an R-
algebra structure on f , is given by morphisms in C2 of the form

A
f ��

A
λf��

B s
// Kf

and
Kf
ρf ��

p
// A

f��

B B

The horizontal identity morphisms are such as a consequence of the counit
axiom of the comonad L, respectively unit axiom of the monad R. These
axioms also imply ρf ¨ s “ 1B and p ¨ λf “ 1A.

Continuing, given a morphism ph, kq in C2 as in Figure 1, we get a diagonal
filler as depicted.

A
h //

f

��

λf

''

C
λg ��

C

g

��

Kf
Kph,kq

//

ρf��

Kg

ρg ''

p

77

B

s
77

B
k // B

(2.2)

The distributivity condition introduced in [10] asserts that the natural
transformation ∆: LRÑ RL with components

∆f “

¨

λρf
��

σf
//

1

��

¨

ρλf
��

¨ πf
// ¨

(2.3)

is a distributive law, ie that the diagrams in Figure 2 commute. In fact, the
two triangles automatically commute as a consequence of the comonad and
monad axioms for L and R.
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LR
∆ //

ΦR %%

RL

RΦyy
R

L
LΛ
yy

ΛL
%%

LR
∆ // RL

LR
∆ //

ΣR ��

RL
RΣ��

L2R
L∆ // LRL

∆L // RL2

LR2

LΠ ��

∆R // RLR
R∆ // R2L

ΠL��

LR
∆ // RL

Figure 2. Distributivity axioms, of which the two triangles are
automatically satisfied.

Every AWFS pL,Rq has an underlying WFS pL,Rq, where L consists of
the coalgebras for the copointed endofunctor pL,Φq and R consists of the
algebras for the pointed endofunctor pR,Λq.

We continue with some more background, in this case, the characterisa-
tion of orthogonal factorisation systems in terms of the associated AWFS.
Clearly, any orthogonal factorisation system pE ,Mq in a category C induces
an AWFS. This is a consequence of the uniqueness of the factorisations. One
can easily characterise the AWFS obtained in this way.

Proposition 2.1 ([11, Thm 3.2]). The following are equivalent for an AWFS
pL,Rq: the comonad L and the monad R are idempotent; the underlying WFS
is an OFS.

In fact, if R is idempotent, then so is L, a proof of which the second author
learned from Richard Garner. During the preparation of this manuscript a
full proof of this fact appeared in [2].

2.2. Digression into modules. As a preamble to next section, let us
briefly remind the reader about the language of modules or profunctors,
which will be heavily used henceforth. A module or profunctor φ from a
category A to a category B, denoted by φ : A Û B, is a functor Bop ˆA Ñ

Set, and a module morphism is a natural transformation. Given another
module ψ : B Û C, the composition ψ ¨ φ is defined by the coend formula

pψ ¨ φqpC,Aq “
şB
ψpC,Bq ˆ φpB,Aq; the identity 1A for this composition is

given by 1ApA,A
1q “ ApA,A1q. In this way we obtain a bicategory Mod.

There is a pseudofunctor p´q˚ : Cat Ñ Mod that is the identity on objects
and sends a functor F : A Ñ B to the module F˚ given by F˚pB,Aq “
BpB,FAq. There is an adjunction F˚ % F ˚, where F ˚ : B Û A is given by
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F ˚pA,Bq “ BpFA,Bq, with unit and counit

ApA,A1q F
ÝÑ BpFA, FA1q – F ˚ ¨ F˚pA,A

1
q

F˚ ¨ F
˚
pB,B1q “

ż A

BpB,FAq ˆ BpFA,B1q comp
ÝÝÝÑ BpB,B1q.

Precisely the same description applies to enriched categories and enriched
modules, by substituting Set by another symmetric monoidal closed cate-
gory. We will be interested in Cat-enriched modules later.

The following easy lemma will be useful in the next section.

Lemma 2.2. Let pG, eq be a copointed endofunctor on the category X , and U
the corresponding forgetful functor from pG, eq-Coalg. The module morphism

`

U ˚
U˚¨η
ÝÝÑ U ˚ ¨G˚ ¨G˚

–
ÝÑ pG ¨ Uq˚ ¨G˚

s˚¨G˚
ÝÝÝÑ U ˚ ¨G˚

˘

(2.4)

is a right inverse of
`

U ˚ ¨G
U˚¨e˚
ÝÝÝÑ U ˚

˘

(2.5)

where η : 1 Ñ G˚ ¨ G˚ is the unit of G˚ % G˚ and s : U Ñ G ¨ U is the
G-coalgebra structure of U .

Proof : The module morphisms (2.4) and (2.5) have respective components

X pUpAq, Xq G
ÝÑ X pGUpAq, GpXqq X psA,1q

ÝÝÝÝÑ X pUpAq, GpXqq (2.6)

X pGUpAq, GpXqq X p1,eXq
ÝÝÝÝÑ X pGUpAq, Xq. (2.7)

If x : UA Ñ X is a morphism, apply (2.6) and then (2.7) to obtain eX ¨
Gpxq ¨ sA, which is equal to x ¨ eUA ¨ sA naturality, and therefore to x by
eUA ¨ sA “ 1.

2.3. Natural diagonal fillers. Fix a category C. Recall that there are
retract adjunctions

cod % id % dom: C2
ÝÑ C (2.8)

Define a module (profunctor) DC : C2 Û C2 in the following way. Given
two morphisms f , g in C, DCpf, gq is the set of commutative diagrams

A
f ��

h // C
g
��

B
k
//

d
<<

D
(2.9)
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The action of C2 on either side is simply by pasting the appropriate commu-
tative square.

Lemma 2.3. There are isomorphisms of modules DC – id˚ ¨ id˚ – pid ¨
domq˚ – cod˚ ¨ dom˚ – pid ¨ codq˚.

The second isomorphism is the one induced by the fact that id˚ – dom˚

– see (2.8). The isomorphism DCpf, gq – pid ¨ domq˚pf, gq “ C2pf, 1dom gq is
given by

¨
h //

f
��

¨
g
��

¨
k
//

d
==

¨

ÞÝÑ

¨
h //

f
��

¨
1dom g
��

¨
d
// ¨

The counit of id˚ % id˚ is a module morphism

DC ÝÑ 1C2 (2.10)

whose component at pf, gq sends the element (2.9) to the outer commutative
square. It corresponds, under DC – pid ¨ domq˚, to the module morphism
induced by the natural transformation with f -component

id ¨ dom ùñ 1C2

¨
1dom f

��

¨

f
��

¨
f
// ¨

(2.11)

Definition 2.4. Let pA, Uq, pB, V q be two objects of Cat{C2, and define a
module

DpU, V q : B V˚
ÝÑ C2 DC

ÝÑ C2 U˚
ÝÑ A. (2.12)

The module morphism DC Ñ 1 induces another DpU, V q Ñ U ˚ ¨V˚. A lifting
operation for U , V is a section for this module morphism, and amounts to a
choice, for each square in C of the form

A
h //

Ua ��

C
V b��

B
k
// D

a P A, b P B (2.13)

of a diagonal filler, in such a way that it is natural with respect to composition
on either side.
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Example 2.5. A functorial factorisation system, with associated copointed
endofunctor pL,Φq and pointed endofunctor pR,Λq, gives rise to a lifting op-
eration for the forgetful functors U : pL,Φq-Coalg Ñ C2 and V : pR,Λq-Alg Ñ
C2.

Recall from Remarks 2.17 and 2.18 the transformations p1, λq : id dom ñ L
and p1, pq : LV ñ id domV , satisfying p1, pq ¨ pp1, λqV q “ 1. Denote by
η : 1 ñ L˚ ¨L˚ the unit of L˚ % L˚, and by s : U Ñ L ¨U the pL,Φq-coalgebra
structure of U .

We claim that the following module morphism is a section to DpU, V q Ñ
U ˚ ¨ V˚.

U ˚ ¨ V˚
U˚¨η¨V˚
ÝÝÝÝÑ U ˚ ¨ L˚ ¨ L˚ ¨ V˚

–
ÝÑ pL ¨ Uq˚ ¨ pL ¨ V q˚

s˚¨1
ÝÝÑ U ˚ ¨ pL ¨ V q˚ Ñ

1¨p1,pq˚
ÝÝÝÝÑ U ˚ ¨ pid ¨ dom ¨V q˚

–
ÝÑ DpU, V q (2.14)

Indeed, ps˚ ¨ pL ¨V q˚q ¨ pU
˚ ¨η ¨V˚q has right inverse U ˚ ¨ pΦ ¨V q˚, by Lemma 2.2.

Thus, the composition (2.14) has right inverse

DpU, V q
–
ÝÑ U ˚pid¨ dom ¨V q˚

U˚¨pp1,λq¨V q˚
ÝÝÝÝÝÝÝÝÑ U ˚ ¨pL¨V q˚

U˚¨pΦ¨V q˚
ÝÝÝÝÝÝÑ U ˚ ¨V˚. (2.15)

The composition Φ¨p1, λq : id¨ dom ñ Lñ 1C2 is precisely the transformation
described in (2.11) – see Remark 2.17 for a description of the components of
p1, λq – therefore (2.15) is (2.10), as required.

Remark 2.6. It can be instructive to describe explicitly the component of
(2.14) at an object pf, gq of pL,Φq-Coalg ˆ pR,Λq-Alg. If p1, sq : f Ñ Lf is
the coalgebra structure of f and pp, 1q : Rg Ñ g the algebra structure of g,
the component is given by

C2
pf, gq

L
ÝÑ C2

pLf, Lgq
C2ps,1q
ÝÝÝÝÑ C2

pf, Lgq
C2p1,p1,pqq
ÝÝÝÝÝÝÑ C2

pf, 1dompgqq (2.16)

¨
h //

f
��

¨
g
��

¨
k
// ¨

ÞÝÑ

¨
h //

f
��

¨

1
��

¨
p¨Kph,kq¨s

// ¨

Composing (2.16) with the isomorphism Cpf, 1dompgqq – Cp1codpfq, gq, we get
a module morphism with components

C2
pf, gq

R
ÝÑ C2

pRf,Rgq
C2p1,pq
ÝÝÝÝÑ C2

pRf, gq
C2pps,1q,1q
ÝÝÝÝÝÝÑ C2

p1codpfq, gq
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¨
h //

f
��

¨
g
��

¨
k
// ¨

ÞÝÑ
¨
p¨Kph,kq¨s

//

1
��

¨
g
��

¨
k

// ¨

Example 2.7. A functorial factorisation corresponds to an orthogonal factori-
sation system when DpU, V q Ñ U ˚ ¨ V˚ is invertible.

Remark 2.8. Let us now assume that in Definition 2.4 U has a right adjoint
G. Then, the module (2.12) is isomorphic to pG ¨ id ¨ dom ¨V q˚, U

˚ ¨ V˚ is
isomorphic to pG ¨ V q˚, and the module morphism U ˚ ¨ DC ¨ V˚ Ñ U ˚ ¨ V˚
corresponds to the natural transformation

G ¨ id ¨ dom ¨V ùñ G ¨ V (2.17)

induced by the counit of the adjunction id % dom, ie the transformation with
component at b P B

Gp1, V bq : G1dompV bq ÝÑ GV b.

Now suppose that the functor U is the forgetful functor U : L-Coalg Ñ
C2, for a comonad L, and still denote by G its right adjoint. Denote by
FL : C2 Ñ KlpLq the Kleisli construction of L. The natural transformation
(2.17), belonging to the full image of G, can be described as a morphism in
rB,KlpLqs

FL ¨ id ¨ dom ¨V ùñ FL ¨ V. (2.18)

Proposition 2.9. Given a comonad L on C2, lifting operations for the func-
tors U : L-Colag Ñ C2 and V : B Ñ C2 are in bijective correspondence with
sections of the natural transformation (2.18).

Example 2.10. An AWFS pL,Rq induces a lifting operation – Example 2.5 –
which corresponds to a section of (2.18), by Proposition 2.9. In this example
we explicitly describe this section in terms of the AWFS.

Consider the transformation p1, pq : L ¨V ñ id ¨ dom ¨V as in Remark 2.18,
and denote by θ : V Ñ id¨ dom ¨V the associated morphism in rR-Alg,KlpLqs.
It is easy to check that θ is the required section: FLp1, gq¨θg is, as a morphism
in C2,

p1, gq ¨ p1, pq “ p1, ρgq “ Φg.
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2.4. The universal category with chosen diagonal fillers. Given a
functor U : AÑ C2, [10] defined a category A& and a functor U& : A& Ñ C2

as follows. The objects of A& are pairs pg, φgq, where g P C2 and φg is an
assignment of a diagonal filler for each square

¨
h //

Ua
��

¨

g
��

¨
k

//

φgpa,h,kq

::

¨

which are compatible with morphisms Uα : Ua1 Ñ Ua, in the sense that

φgpa, h, kq ¨ codpUαq “ φgpa1, h ¨ dompUαq, k ¨ codpUαqq.

A morphism pg, φgq Ñ pe, φeq is a morphism pu, vq : g Ñ e in C2 such that
u ¨ φgpa, h, kq “ φepa, u ¨ h, v ¨ kq, for all ph, kq.

The functor U& is the universal one equipped with a lifting operation for
U , U&, ie a section of U ˚ ¨ DC ¨ U

&
˚ Ñ U ˚ ¨ U&

˚ . It can be constructed as a
certain limit in Cat, of the form

C2 Y // PpC2q PpU˚q
++A&

U&
))

U& 55

�� PpAq
C2

D̂C

// PpC2q PpU˚q
33

where PpX q denotes the presheaf category on X , and D̂C is the functor
associated to DC. Equally well, U& is a certain enhanced limit, in the sense
of [17].

We continue with some further observations from [10]. The universal prop-
erty of U& implies that lifting operations for the pair of functors U : A Ñ

C2 Ð B : V are in bijection with functors B Ñ A& over C2 – [10]. In par-
ticular, each AWFS pL,Rq in C gives rise to a canonical functor R-Alg Ñ
L-Coalg&. Furthermore, this functor is fully faithful, as shown in the subse-
quent paragraph.

Let pp, 1q : Rg Ñ g and pp1, 1q : Rg1 Ñ g1 be two R-algebra structures, and
pu, vq : g Ñ g1 a morphism in L-Coalg&. We know that the chosen diagonal
filler of the square p1, ρgq : λg Ñ g is p, and similarly for g1 and p1, so we
have u ¨ p “ p1 ¨Kpu, vq. Hence, pp1, 1q ¨ Rpu, vq “ pu, vq ¨ pp, 1q, so pu, vq is a
morphism of R-algebras.
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Lemma 2.11. Given a functor U : A Ñ C2, an adjunction U % G, and
g P C2, there is a bijection between structures of an object pg, φgq P A& and
sections s of Gp1, gq : Gp1dom gq Ñ Gg in A. If pf, φfq P A& is another object,
with associated section t, morphisms pg, φgq Ñ pf, φfq in A& are in bijection
with morphisms ph, kq : g Ñ f in C2 such that Gph, kq ¨ s “ t ¨Gph, kq.

Proof : See discussion before Proposition 2.9.

The previous lemma can be reinterpreted in the following way. If we denote
by ε : UG ñ 1 the counit of the adjunction, a structure of an object of A&

on g is given by a diagonal filler dg:

¨

UGg
��

dompεgq
// ¨

g
��

¨

dg
77

codpεgq
// ¨

A morphism in A& is one that preserves these diagonal fillers, in an obvious
sense.

Lemma 2.12. Assume the conditions of Lemma 2.11. Then, for any full
subcategory F Ă A containing the full image of G, the functor A& Ñ F&

induced by the inclusion is an isomorphism.

Proof : Denote by J : F ãÑ A the fully faithful inclusion functor, and by H
the right adjoint to UJ , observing that JH “ G. An object of F& is a lifting
operation for the functors UJ and g : 1 Ñ C2, ie a section to the module
morphism pUJq˚ ¨DC ¨ g˚ Ñ pUJq˚ ¨ g˚. The same data can be equally given
by a section to the morphism Hp1, gq : Hp1dompgqq Ñ Hg in F ; or a section
to the image of this morphism under the fully faithful J . But JH “ G, so
we simply have a section of Gp1, gq, precisely an object of A&. This shows
that A& Ñ F& is bijective on objects. The proof that it is fully faithful is
along the same lines, and is left to the reader.

Corollary 2.13. The category L-Coalg& can be described, for a domain-
preserving comonad L on C2, as having objects pg, dgq

¨

λg
��

¨

g
��

¨ ρg
//

dg
>>

¨
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and morphisms pg, dgq Ñ pe, deq morphisms ph, kq : g Ñ e in C2 such that h ¨
dg “ de ¨Kph, kq. If F Ă L-Coalg is a full subcategory containing the cofree L-
coalgebras, the induced functor L-Coalg&

ÝÑ F& over C2 is an isomorphism.

Proof : Combine Lemma 2.11, the comments that follow it and Lemma 2.12.

2.5. Double-categorical aspects. We continue this section with remarks
on double categories and AWFSs, due to R Garner. The standard category
object in Catop displayed on the left below induces a category object in
Cat, that is, a double category, displayed in the centre, that we may call the
double category of squares and denote by SqpCq. Objects of SqpCq are those
of C, vertical morphisms are morphisms of C, as are horizontal morphisms,
while 2-cells in SqpCq are commutative squares in C.

3 2oo
oo
oo

// 1oo

oo

C3 C2
//
//
//

oo id C
//dom

//cod
R-Alg

V
��

C
//

//
oo

C2 oo id C
//dom

//cod (2.19)

If pL,Rq is an AWFS on C, R-algebras can be composed, in the sense that if
f : AÑ B and g : B Ñ C are R-algebras, then an R-algebra structure for g ¨f
can be constructed from the AWFS. The forgetful functor from R-algebras
forms part of a double functor, depicted on the right hand side above.

Interestingly, the converse also holds. If R is a codomain-preserving monad
on C, there is a bijection between AWFSs with monad R and extensions of
the diagram on the right hand side of (2.19) to a double functor, by which we
mean extensions of the reflexive graph R-Alg Ñ C to a category object that
makes (2.19) into a functor internal to Cat – a double functor into SqpCq.

If pf, pfq and pg, pgq are R-algebras with codpfq “ dompgq, the double
category structure provides for a vertical composition pg, pgq ‚ pf, pfq “
pg ¨ f, pg ‚ pfq with underlying morphism g ¨ f . The identities for the vertical
composition are the R-algebras p1, ρ1q. Morphisms of R-algebras can be verti-
cally composed too: given such morphisms ph, kq : f Ñ g and pk, `q : f 1 Ñ g1,
where codpfq “ dompf 1q and codpgq “ dompg1q, then ph, `q is a morphism
f 1 ‚ f Ñ g1 ‚ g.

Later on we will use the following construction of the comonad L from the
double category structure. The codomain preserving pointed endofunctor
pR,Λq already gives us a domain preserving copointed endofunctor pL,Φq.
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The only datum that remains to give is the comultiplication Σf “ p1, σfq :
Lf Ñ L2f . Define a morphism of R-algebras pσf , 1q : Rf Ñ Rf ‚RLf as the
one corresponding under free R-algebra adjunction to pλλf , 1q : f Ñ Rf ¨RLf .

Kf
σf
//

ρf

��

Kλf
ρλf��

Kf
ρf��

B B

σf ¨ λf “ λλf

The components σf form a comultiplication for L. More details can be found
in [21, Thm 2.24].

Given a double functor U : A Ñ SqpCq, define a category A&& in the fol-
lowing manner. An object is a morphism g P C2 equipped with a section φ
of CpcodpU´q, dompgqq Ñ C2pU´, gq, that can be depicted by the diagram
on the left below, that are natural with respect to squares in A, and that
satisfies a further condition: for any pair of vertical morphisms a, a1 in A,
and a square ph, kq : Ua1 ¨ UaÑ g,

φ
`

a1, φpa, h, k ¨ Ua1q, k
˘

“ φ
`

a1 ‚ a, h, k
˘

.

¨
h //

Ua
��

¨

g
��

¨
k
//

φpa,h,kq

@@

¨

¨

Ua
��

h // ¨

g

��

¨

Ua1 ��

φpa,h,k¨Ua1q

33

¨
k

//

φpa1,φpa,h,k¨Ua1q,kq

77

¨

So objects of A&& are objects of the category pAhq
& induced by the horizontal

part Uh : Ah Ñ SqpCqh “ C2 that satisfy an additional property. We define
A&& as the full sub category of A& consisting of the objects just described.
A morphism pg, φq Ñ pg1, φ1q in A&& is, thus, a morphism g Ñ g1 in C2 that
is compatible with φ and φ1.

Each double functor F : pB, V q Ñ pA, Uq over SqpCq induces a functor
F&& : A&& Ñ B&& that is simply given by F&

h : A&
h Ñ B&

h . In other words,
F&&pg, φqpb, h, kq “ φpFb, h, kq.

Theorem 2.14. Given an AWFS pL,Rq on C, there is an isomorphism

R-Algs – L-Coalg&&
s .
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The result above is included in [2], which appeared during the preparation
of this manuscript, and for this reason we have the freedom of omitting the
proof. We limit ourselves to point out that the R-algebra structure on g
associated to pg, φq is φpLg, 1dompgq, ρgq.

Lemma 2.15. For any double functor U : A Ñ SqpCq the resulting category
A&& is a fibration over C in such a way that the functor U&& : A&& Ñ C2 is a
strictly cartesian functor.

Corollary 2.16. For any AWFS pL,Rq the codomain functor exhibits
R-Algs Ñ C as a fibration over C, such that the forgetful functor R-Algs Ñ C2

is a cartesian functor.

2.6. Miscellaneous results. Below we collect a number of observations
that will be of use in later sections.

Remark 2.17. Recall that there are retract adjunctions cod % id % dom:
C2 ÝÑ C. Suppose given a functorial factorisation, with associated copointed
endofunctor pL,Φq and pointed endofunctor pR,Λq. The identity natural
transformation 1C “ dom ¨L ¨ id corresponds under id % dom to a natural
transformation p1, λq with f -component equal to the morphism depicted on
the right hand side below.

C2
id¨ dom

**

L

44�� p1,λq C2

dom f

1 ��

dom f
λf��

dom f
λf

// Kf

Remark 2.18. Given a functorial factorisation given by pL,Φq and pR,Λq in
C, denote by V : pR,Λq-Alg Ñ C2 the corresponding forgetful functor. Define
a natural transformation

pR,Λq-Alg
V //

V ��
CKp1,pq

C2

id¨dom��

C2

L
// C2

(2.20)

in the following way. Start with the identity natural transformation cod ¨L “
dom ¨R, which corresponds under cod % id to a transformation L ñ id ¨
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dom ¨R. Now, (2.20) is the composition

p1, pq : L ¨ V ùñ id ¨ dom ¨R ¨ V ùñ id ¨ dom ¨V

where the first arrow is the transformation just defined and the second is
the application of the pR,Λq-algebra structure of R ¨ V ñ V . Explicitly, the
component of p1, pq on an pR,Λq-algebra pf, pfq is

A
λf ��

A

1��

Kf pf
// A

Remark 2.19. The (unique possible) pasting of the transformation p1, λq of
Remark 2.17 with the transformation p1, pq of Remark 2.18 is the identity.
Indeed, for any pR,Λq-algebra pf, pfq, its unit axiom says precisely this, ie
pf ¨ λf “ 1.

3. Lax orthogonal AWFSs
This section introduces the fundamental definition of this work, lax orthog-

onal AWFSs, and describes the most basic 2-categorical example. Before all
that, we shall recall some facts about lax idempotent 2-monads.

3.1. Lax idempotent 2-monads. We begin the section by introducing
some space-saving terminology. Suppose given an adjunction f % g in a 2-
category, with unit η : 1 ñ g ¨f and counit ε : f ¨g ñ 1. We say that f % g is
a retract (coretract) adjunction when the counit (unit) is an identity 2-cell.

Recall that a 2-monad T “ pT, i,mq on a 2-category K is lax idempo-
tent, or Kock-Zöberlein, or simply KZ, if any of the following equivalent
conditions hold. (i) Ti % m with identity unit. (ii) m % iT with identity
counit. (iii) Each T-algebra structure a : TA Ñ A on an object A is part
of an adjunction a % iA with identity counit. (iv) There is a modification
δ : Ti ñ iT satisfying δ ¨ i “ 1 and m ¨ δ “ 1. (v) The forgetful 2-functor
U` : T-Alg` Ñ K is fully faithful. (vi) For any pair of T-algebras A, B, every
morphism f : UAÑ UB in K admits a unique structure of a lax morphism
of T-algebras. (vii) For any morphism f : X Ñ A into a T-algebra pA, aq,
the identity 2-cell exhibits a ¨ Tf as a left extension of f along iX .

It may be useful to say a few words about how to obtain a left extension
from the modification δ. If f : X Ñ A and g : TX Ñ A are morphisms into
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a T-algebra pA, aq, and α : f ñ g ¨ iX a 2-cell, then the corresponding 2-cell
a ¨ Tf ñ g is constructed as Tg ¨ δX .

A 2-comonad G “ pG, e, dq on K is lax idempotent, or KZ, if the 2-monad
pGop, eop, dopq on K op is lax idempotent. This means that we have conditions
dual to the ones spelled out above for 2-monads; eg adjunctions eG % d % Ge,
a modification δ : Geñ eG, etc. We state one of the conditions in full: given
a morphism f : AÑ X from a G-coalgebra pA, sq, the identity 2-cell exhibits
Gf ¨ s : AÑ GX as a left lifting of f through eX .

Remark 3.1. Given a lax idempotent 2-monad T on K , the right adjoint
of its Kleisli construction UT : KlpTq Ñ K is locally fully faithful. This is
easily verified, since UT is the composition of the full and faithful comparison
2-functor KlpTq Ñ T-Algs with the forgetful 2-functor from the 2-category
of T-algebras.

3.2. Definition and basic properties of AWFSs.

Definition 3.2. An AWFS on a 2-category K consists of a pair pL,Rq formed
by a 2-comonad and a 2-monad on K 2 satisfying the same properties as
AWFSs on categories; ie the 2-comonad must be domain-preserving and the
2-comonad codomain-preserving, the copointed endofunctor of L and the
pointed endofunctor of R must give rise to the same functorial factorisation
of morphisms in K , and ∆ (2.3) must be a distributive law.

Definition 3.3. An AWFS pL,Rq in a 2-category K is said lax orthogonal
if the 2-comonad L and the 2-monad R are lax idempotent.

We will later see in Section 4 that it is enough to require that L or R be
lax idempotent.

Remark 3.4. R is lax idempotent precisely when each morphism ph, kq : g Ñ g1

between R-algebras has a unique structure of a lax morphism. It is useful
to make the point that such a structure ph̄, k̄q : pp1, 1q ¨ Rph, kq ñ ph, kq ¨
pp, 1q necessarily satisfies k̄ “ 1 – where pp, 1q and pp1, 1q are the R-algebra
structures of g and g1. This is a consequence of the unit axiom for lax
morphisms: ph̄, k̄q ¨ pλg, 1q “ 1. This axiom also implies g1 ¨ h̄ “ 1.

Remark 3.5. It was observed in Remark 2.19 that the transformation p1, pq : L¨
V Ñ id ¨ dom ¨V of Remark 2.18 has as right inverse p1, λq ¨ V , where p1, λq
is the transformation of Remark 2.17. We claim that, when the 2-monad
R is lax idempotent, we also have a retract adjunction in the 2-category
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2-CatpR-Algs,K
2q of 2-functors, 2-natural transformations and modifica-

tions

p1, pq % p1, λq ¨ V : id ¨ dom ¨V ùñ L ¨ V ¨

The counit of this adjunction is the identity modification, and the unit has
components

A
λf ��

A

1 ��

A
λf��

Kf
pf
//

77

1

KS
ηf
A

λf
// Kf

for f P R-Algs, where ηf is the domain component of the unit of the adjunc-
tion ppf , 1q % pλf , 1q provided by the fact that R is lax idempotent. The fact
that this defines a modification with components p1, ηfq follows, and clearly
satisfies the triangular identities.

Remark 3.6. Further to Remark 3.5, p1, pq extends to an oplax natural trans-
formation L ¨ V` ñ id ¨ dom ¨V`, where V` : R-Alg` Ñ K 2 is the forgetful
2-functor from the 2-category of R-algebras and lax morphisms.

To see this, recall that, for a general 2-monad T on a 2-category L , the
T-algebras structures a : TA Ñ A form an oplax natural transformation as
depicted on the left hand side, with 2-dimensional component at the lax
morphism pf, f̄q from pA, aq to pB, bq given by the 2-cell on the right hand
side.

T -Alg`

U` %%

U` //

�	
L
T��

L

TA
a //

Tf ��
@Hf̄

A
f��

TB
b
// B

In the case of Remark 3.5, we obtain an oplax natural transformation
R ¨ V` Ñ V`, which provide us, for each morphism ph, kq : f Ñ g in R-Algs,
with 2-cells pg ¨ Kph, kq ñ h ¨ pf , where ppf , 1q : Rf Ñ f is the R-algebra
structure. One can now verify that these same 2-cells endow the morphisms
p1, pq with the required oplax transformation structure.

Remark 3.7. The oplax natural transformation L ¨ V` ñ id ¨ dom ¨V` defined
in Remark 3.6, when composed with the counit 2-natural transformation
id ¨ dom ¨V` ñ V`, equals the counit Φ ¨ V`; in particular, this composition is
2-natural. Both transformations have trivial domain components, and p1, gq ¨
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p1, pgq “ p1, ρgq “ Φg, so we must only verify that the domain component
pg ¨Kph, kq ñ h ¨ pf of the lax morphism structure of ph, kq, composed with
g, is the identity 2-cell. This is clear, since the lax morphism structure in
question is a 2-cell in K 2.

3.3. A basic example. Every functor f : AÑ B factors as λf : AÑ Kf “
pf Ó Bq followed by ρf : Kf Ñ B, where λfpaq “ pa, 1: fpaq Ñ fpaq, aq, and
ρfpa, β : fpaq Ñ b, bq “ b. The associated pointed endofunctor R on Cat2

given by f ÞÑ ρf underlies the free split opfibration monad R. Precisely
the same factorisation can be constructed in any 2-category K with the
necessary comma objects. At this point one could deduce that there is an
AWFS pL,Rq by observing that split opfibrations compose and the results
cited in Section 2.5, and furthermore, one could use the results of Section 4
to prove that the AWFS is lax orthogonal. Instead, we shall give an explicit
description of the comonad and its coalgebras, as they will become important
in later sections. First, let us say a few words about R. The free split
opfibration on f is given by a comma object as depicted on the left hand
side. The unit of R has components Λf “ pλf , 1q, where λf : AÑ Kf is the
unique morphism such that ρf ¨ λf “ f , qf ¨ λf “ 1 and νf ¨ λf “ 1. The
multiplication Πf “ pπf , 1q is given by the unique morphism πf : Kρf Ñ Kf
satisfying the three equalities depicted on the right hand side.

Kf
ρf
��

qf
//

�� νf

A
f
��

B B

qf ¨ πf “ qf ¨ qρf ρf ¨ πf “ ρρf νf ¨ πf “ νρf pνf ¨ qρf q

(3.1)
Observe that λf comes equipped with an adjunction λf % qf with identity

unit, where qf is the projection. The counit ωλf : λf ¨ qf ñ 1 is the one
induced by the universal property of comma objects and the pair of 2-cells
qf ¨ ωλf “ 1: qf ñ qf and ρf ¨ ωλf “ νf : ρf ¨ λf ¨ qf “ f ¨ qf ñ ρf .

The copointed endofunctor L underlies a comonad with comultiplication
Σ: L ñ L2, defined by the following equality and the universal property of
comma objects.

Kf
σf
// Kλf

qλf
//

ρλf �� �� νλf

A
λf��

Kf Kf

“

Kf
qf

//

�� ωf

A
λf��

Kf Kf

(3.2)
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The 2-monad R is well-known to be lax idempotent. To see that the comonad
L is lax idempotent, one can exhibit an adjunction ΦLf % Σf with identity
counit.

The existence of an adjunction ρλf % σf , with identity counit, follows from
Remark 3.8 below. The fact that this adjunction provides another ΦLf % Σf

can be readily checked. We leave the verification of the distributivity law
between the 2-comonad and 2-monad to the reader.

Remark 3.8. Given a comma object as exhibited on the left below, each
adjunction ` % r induces a retract adjunction p % s, where s is defined by
the equality on the right hand side.

` Ó t
q
//

p
�� �� ν

A

`��

X
t
// B

X
s // ` Ó t

q
//

p
�� �� ν

A

`��

X
t
// B

“
X

t // B
r //

""1
~� ε
A
`��

B

The unit η : 1 ñ s ¨ p is the unique 2-cell satisfying p ¨ η “ 1 and

` Ó t
1 ++

s¨p
33��

η ` Ó t
q
// A “

` Ó t
q
//

p
�� �� ν

A

`��
��
A

X
t
// B

r

==

We make a final observation that will be of use later on. Suppose that the
unit of ` % r is an identity and h : Z Ñ ` Ó t is any morphism such that ν ¨ h
is an identity 2-cell. Then η ¨ h is an identity 2-cell.

Proposition 3.9. (1) There is an isomorphism between pL,Φq-Coalg and
the 2-category with
‚ Objects pf, v, ξq where f : A Õ B : v and ξ : f ¨ v ñ 1 satisfy
v ¨ f “ 1A and ξ ¨ f “ 1 – strong deformation retracts of B.

‚ Morphisms pf, v, ξq Ñ pf 1, v1, ξ1q, morphisms ph, kq : f Ñ f 1 in
K 2 such that h ¨ v “ v1 ¨ k and ξ1 ¨ k “ k ¨ ξ.

‚ 2-cells ph, kq ñ ph̄, k̄q : pf, v, ξq Ñ pf 1, v1, ξ1q, 2-cells pα, βq :
ph, kq ñ ph̄, k̄q in K 2 such that α ¨ v “ v1 ¨ β.

(2) There is an isomorphism between L-Algs and the 2-category with
‚ Objects coretract adjunctions f % v – with counit denoted by ε.
‚ Morphisms from f % v to f 1 % v1 morphisms ph, kq : f Ñ f 1 in

K 2 such that h ¨ v “ v1 ¨ k and ε1 ¨ k “ k ¨ ε.
‚ 2-cells those of K 2.
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(3) Cofree L-coalgebras correspond to the coretract adjunctions λf % qf .
(4) The double category structure on L-Coalgs induced by this AWFS is

the one given by composition of coretract adjunctions.

Proof : Recall the definition of Kf as a comma object (3.1). There is a
bijection between morphisms s : B Ñ Kf such that ρf ¨s “ 1B and morphisms
v : B Ñ A equipped with a 2-cell ξ : f ¨ v ñ 1B; the bijection is given by
composing with the comma object νf , ie v “ qf ¨ s and ξ “ νf ¨ s. Under this
bijection, the condition s ¨ f “ λf , which means that p1, sq is a morphism
f Ñ Lf , translates into ξ ¨ f “ 1. This completes the description of pL,Φq-
coalgebras.

Next we translate the condition σf ¨s “ Kp1, sq¨s, that is the coassociativity
axiom for that makes an pL,Φq-coalgebra into an L-coalgebra. Denote the
counit of λf % qf by ωf , and recall that σf is defined by (3.2). The morphism
σf ¨ s corresponds under the universal property of the comma object νλf to
the 2-cell

νλf ¨ σf ¨ s “ ωf ¨ s : λf ¨ qf ¨ s “ λf ¨ v ùñ s (3.3)

while Kp1, sq ¨ s corresponds to

νλf ¨Kp1, sq ¨ s “ s ¨ νf ¨ s “ s ¨ ξ : s ¨ f ¨ v “ λf ¨ v ùñ s. (3.4)

Therefore, s is a coalgebra precisely when (3.3) equals (3.4). These are both
2-cells between morphisms with codomain Kf , and as such they are equal
if and only if their respective compositions with the projections ρf and qf
coincide. Their composition with ρf yield respectively

ρf ¨ ωf ¨ s “ νf ¨ s “ ξ and ρf ¨ s ¨ ξ “ ξ

while their composition with qf yield respectively

qf ¨ ωf ¨ s “ 1 and qf ¨ s ¨ ξ “ v ¨ ξ.

It follows that s is coassociative if and only if v ¨ ξ “ 1, completing the
description of L-coalgebras as coretract adjunctions f % v.

We now describe the morphisms of pL,Φq-coalgebras from p1, sq : f Ñ Lf
to p1, s1q : f 1 Ñ Lf 1. Such a morphism is a morphism ph, kq : f Ñ f 1 in K 2

satisfying s1 ¨ k “ Kph, kq ¨ s. Composing with the comma object νf 1, this
equality translates into v1 ¨ k “ h ¨ v and ξ1 ¨ k “ k ¨ ξ. A morphism of
L-coalgebras is just a morphism between the underlying pL,Φq-coalgebras.
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A 2-cell between morphisms ph, kq, ph̄, k̄q : pf, sq Ñ pf 1, s1q of pL,Φq-algebras
is a pair of 2-cells α : h ñ h̄ and β : k ñ k̄ satisfying Kpα, βq ¨ s “ s1 ¨ β.
This is an equality of 2-cells between 1-cells with codomain Kf 1, so it holds
if and only if it does after composing with the projections ρf 1 and qf 1. The
composition of this equality with ρf 1 yields β “ β – no information here –
while its composition with qf 1 yields α ¨v “ β ¨v1. This completes the descrip-
tion of pL,Φq-Coalg. When pf, sq and pf 1, s1q are L-algebras, with associated
coretract adjunctions pf, v, ξq and pf 1, v1, ξ1q, this latter equality is void too,
since its mate automatically holds. Explicitly,

`

h ¨ v
α¨v
ÝÝÑ h̄ ¨ v

˘

“
`

h ¨ v “ v1 ¨ k
v1¨β
ÝÝÑ v1 ¨ k̄ “ h̄ ¨ v

˘

holds if and only if it does after precomposing with f and composing with
the unit 1 “ v ¨ f of f % v:

α “ α ¨ v ¨ f “
`

h “ h ¨ v ¨ f “ v1 ¨ k ¨ f
v1¨β¨f
ÝÝÝÑ v1 ¨ k̄ ¨ f “ h̄ ¨ v ¨ f “ h̄

˘

.

But this latter equality automatically holds, by β ¨ f “ f 1 ¨ α. This shows
that 2-cells in L-Coalgs are simply 2-cells in K 2.

Finally, we prove the fourth statement of the proposition. The 2-category
of L-coalgebras is equipped with an obvious composition: that of coretract
adjunctions. Any such composition corresponds to a unique multiplication
Π̄ : R2 Ñ R that makes pR,Φ, Π̄q a 2-monad and satisfies distributivity –
Section 2.1. We have to show that Π̄ equals the multiplication Π of the free
split opfibration 2-monad.

By the comments at the end of Section 2, or rather the dual version of
those comments, Π̄f “ pπ̄f , 1q is defined by the property that p1, π̄fq is the
unique morphism of L-coalgebras from Lpρfq ‚Lf to Lf that composed with
the counit Φf “ p1, ρfq : Lf Ñ f yields the morphism p1, ρρf q : λρf ¨ λf Ñ f
in K 2. Recall that π̄f has domain Kρf and codomain Kf . By the previous
parts of the present proposition, to say that p1, π̄fq is a morphism of L-
coalgebras is equivalent to saying that qf ¨ π̄f “ qf ¨ qρf and

`

πf ¨λρf ¨λf ¨qf ¨qρf
πf ¨λρf ¨ωf ¨qρf
ÝÝÝÝÝÝÝÝÑ πf ¨λρf ¨qρf

πf ¨ωρf
ÝÝÝÝÑ πf

˘

“
`

λf ¨qf ¨πf
ωf ¨πf
ÝÝÝÑ πf

˘

(3.5)
In order to deduce that π̄f is the multiplication of the free split opfibration
2-monad, we can verify that it satisfies the three equalities of (3.1). The first
of these we have already verified above, while the second holds by definition
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of π̄f . It only remains to verify the third equality in (3.1), for which we
will use ρf ¨ ωf “ νf – see remarks that follow the equation (3.1). If we
postcompose the left hand side of (3.5) with ρf , we obtain νρf pνf ¨ qρf q, while
doing the same on the right hand side we obtain νf ¨ π̄f . Therefore, π̄f does
satisfy the third equality of (3.1), and necessarily π̄f “ πf , completing the
proof.

In general, for a copointed endofunctor pG, εq on a category C, and a
retraction r : Y � X with section s in C, each pG, εq-coalgebra structure
δ : Y Ñ GY on Y induces another on X. This induced coalgebra structure
is pGrq ¨ δ ¨ s : X Ñ GX. Later we shall need the description of this construc-
tion in the case of the copointed endo-2-functor pL,Φq of Proposition 3.9. Let
pf, v, ξq be a coalgebra and pr0, r1q : f Ñ f̄ a retraction on K 2 with section
ps0, s1q. The induced coalgebra structure pf̄ , v̄, ξ̄q is given by v̄ “ r0 ¨ v ¨ s1

and

f̄ ¨ v̄ “ f̄ ¨ r0 ¨ v ¨ s1 “ r1 ¨ f ¨ v ¨ s1
r1¨ξ¨s1
ùùùñ r1 ¨ s1 “ 1.

4. The 2-comonad is lax idempotent if the 2-monad is
so

In this section we show that, in order for an AWFS on a 2-category to be
lax orthogonal, it suffices that either its 2-monad or its 2-comonad be lax
idempotent. This result can be seen as a two-dimensional generalisation of
the fact that an AWFS on a category is orthogonal if either its monad or its
comonad is idempotent – a fact the second author learned from R Garner
and is included in [2]. However, the proof, as it is to be expected, is more
involved. Incidentally, our proof uses the double category structure on R-Algs
mentioned in Section 2.

Theorem 4.1. The 2-comonad of an AWFS on a 2-category is lax idempotent
provided the 2-monad is lax idempotent.

Proof : Denote the AWFS on the 2-category K by pL,Rq. We will exhibit a
coretract adjunction Σf % LΦf whose counit is a modification in f : AÑ B
– the unit is an identity 2-cell. In Section 2 we mentioned that pσf , 1Bq is a
morphism of R-algebras Rf Ñ Rf ‚RLf , where the codomain is the vertical
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composition of the R-algebras RLf and Rf . Consider the morphism

RLf
RΦf
ÝÝÑ Rf

pσf ,1Bq
ÝÝÝÝÑ Rf ‚RLf

which is, by Section 3.1, a left extension along ΛLf of its composition with
the unit ΛLf

pσf , 1Bq ¨RΦf ¨ ΛLf “ pσf , 1Bq ¨ Λf ¨ Φf “ pλλf , ρfq : Lf Ñ Rf ¨RLf.

The morphism p1Kf , ρfq : RLf Ñ Rf ¨RLf in K 2 satisfies p1Kf , ρfq¨ΛLf “

pλλf , ρfq too, therefore the universal property of left extensions gives a unique
2-cell pσf , 1Bq ¨ RΦf ñ p1Kf , ρfq in K 2 whose composition with ΛLf is the
identity 2-cell. This forces the 2-cell to be of the form

pεf , 11Bq : pσf , 1Bq ¨RΦ ùñ p1Kf , ρfq (4.1)

for a 2-cell in K

εf : σf ¨Kp1A, ρfq ùñ 1Kλf : Kλf Ñ Kλf

since the codomain component of Λf is an identity. This definition makes
pεf , 11Bq, and hence εf , a modification in f , a fact that can be verified by
using the universal property of extensions.

We now proceed to prove that εf is the counit of a coretract adjunction
σf % Kp1A, ρfq in K , for which we must show three conditions:

εf ¨ σf “ 1 Kp1A, ρfq ¨ εf “ 1 εf ¨ λλf “ 1. (4.2)

The first two conditions are the triangular identities of the adjunction, while
the last one means that εf is a 2-cell in K 2.

Consider the morphism of R-algebras

Rf
pσf ,1Bq
ÝÝÝÝÑ Rf ‚RLf

pρf ,1Bq‚RΦf
ÝÝÝÝÝÝÝÑ 1B ‚Rf

1B‚pσf ,1Bq
ÝÝÝÝÝÝÑ 1B ‚Rf ‚RLf

depicted in Figure 3, which equals pσf , 1Bq. The 2-cell pεf , 1q : pσf , 1q¨RΦf ñ

1 induces a 2-cell
`

pρf , 1Bq ‚ pεf , 11Bq
˘

¨ pσf , 1q “ pεf ¨ σf , 11Bq (4.3)

with domain and codomain equal to pσf , 1Bq : Rf Ñ Rf ‚ RLf – top of
Figure 3. This 2-cell (4.3) precomposed with Λf : f Ñ Rf equals the identity,
for σf ¨ λf “ λλf and εf ¨ λλf “ 1 by definition of εf . Since pσf , 1q is a left
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Kf
σf

//

ρf

��

Kλf
Kp1A,ρf q

//

1
))KS

εf

ρλf

��

Kf σf
//

ρf

��

Kλf
ρλf��

Kf
ρf��

Kf
ρf

//

ρf ��

B
1 ��

B
1��

B B B B

Kλf

ρλf

��

Kp1A,ρf q
//

1
))KS

εf
Kf

ρf

��

σf
// Kλf
ρλf ��

Kp1A,ρf q
// Kf

ρf��

Kf
ρf

//

ρf ��

B
1��

Kf
ρf

// B B B

Figure 3. Proof of Theorem 4.1.

extension of pσf , 1q ¨Λf along Λf , we must have pεf ¨ σf , 11Bq “ 1, the first of
the equalities (4.2).

Consider the morphism of R-algebras

RLf
RΦf
ÝÝÑ RL

pσf ,1Bq
ÝÝÝÝÑ Rf ‚RLf

pρf ,1Bq‚RΦf
ÝÝÝÝÝÝÝÑ 1B ‚Rf

depicted in the bottom of Figure 3, which equals pKp1A, ρfq, 1q. The 2-
cell (4.1) induces an endo-2-cell

ppρf , 1Bq ‚RΦfq ¨ pεf , 11Bq : pKp1A, ρfq, ρfq ñ pKp1A, ρfq, ρfq, (4.4)

which, by definition of (4.1), equals the identity when precomposed with ΛLf .
The morphism pKp1A, ρfq, ρfq is a morphism of R-algebras, and hence a left
extension along ΛLf , from where we deduce that (4.4) must be the identity
2-cell. That is, Kp1A, ρfq ¨ εf “ 1, the second equality of (4.2).

All that remains to verify is εf ¨ λλf “ 1, but this is part of the definition
of εf .
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The foregoing theorem implies that a lax orthogonal AWFS can be equiv-
alently given by a lax idempotent 2-monad R on K 2 and a double category
structure on R-Algs as described in Section 2.

5. KZ lifting operations
Section 2.3 described the algebraic structure that provides a lifting oper-

ation, and the category A&, in terms of modules. This section introduces
variations of these notions that are suitable to lax orthogonal factorisations.

5.1. Lax natural lifting operations. Before introducing the main def-
initions of this section, let us remind the reader about some facts around
Cat-modules. The bicategory Cat-Mod of Cat-categories, ie 2-categories,
and Cat modules, can be constructed from the bicategory Cat-Mat of Cat-
matrices, as explained, in the case of a more general enrichment, in [1]. This
2-category has sets as objects and homs from X to Y equal to the underly-
ing category of CatYˆX , so a morphism from X to Y is a matrix Apy, xq of
categories, where py, xq P Y ˆ X. Composition of a matrix A : X Ñ Y
with another B : Y Ñ Z is given by the formula for matrix multiplica-
tion: pB ¨ Aqpz, xq “

ř

y Bpz, yq ˆ Apy, xq. Note that the hom-category

Cat-MatpX, Y q is the underlying category of a 2-category, namely, CatXˆY ,
and the composition in Cat-Mat is not only functorial but 2-functorial.

A 2-category A with objects |A | is a monad on the object |A | in Cat-Mat.
For a pair of 2-categories A , B, there is a 2-monad on Cat-Matp|A |, |B|q,
given by precomposing with the monad A and post-composing with the
monad B. The 2-category of Eilenberg-Moore algebras and strict morphisms
pB ¨ ´ ¨A q-Algs is the 2-category of Cat-modules Cat-ModpA ,Bq.

Observe that Cat-ModpX, Y q is just Cat-MatpX, Y q if X, Y are dis-
crete 2-categories. Thus, a 2-category B can be regarded as a monad on
|B| in Cat-Mod. The 2-category Cat-ModpA ,Bq is p´ ¨ Bq-Algs, for
the 2-monad given by post-composing with the monad B : |B| Û |B| on
Cat-ModpA , |B|q

We now substitute the category C in Section 2.3 by a 2-category K , and
make the modules into Cat-enriched modules. So DK pf, gq is now the cat-
egory with objects commutative squares with a diagonal filler as depicted
in (2.9), with morphisms, from an object with diagonal d to another with di-
agonal d1, given by 2-cells dñ d1 in K . Given 2-functors U : A Ñ K 2 and
V : B Ñ K 2, we define DpU, V q in the same way as we did in Section 2.3
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in the case of ordinary categories, with the difference that now the modules
are Cat-enriched.

Let us, for the purposes of this section, denote by T the 2-monad induced
by the monadic 2-functor Cat-ModpA ,Bq Ñ Cat-Matp|A |, |B|q. Thus, a
lifting operation is just a section of DpU, V q Ñ U ˚ ¨ V˚ in T-Algs – Defini-
tion 2.4.

Definition 5.1. A lax natural lifting operation for U , V is a section of
DpU, V q Ñ U ˚ ¨ V˚ in T-Algc.

An object of the 2-category T-Algc is a Cat-module ϕ : A Û B, while a
morphism t : ϕ Ñ ψ is a morphism of the underlying matrices that is oplax
with respect to the action of A and B. This means that, given a morphism
f : aÑ a1 in A , and g : bÑ b1 in B, there is extra data

ϕpb, a1q
tpb,a1q

//

ϕpg,fq
��

CKt̄f,g

ψpb, a1q

ψpg,fq
��

ϕpb1, aq
tpb1,aq

// ψpb1aq

satisfying coherence axioms.
Each component U ˚ ¨ V˚pa, bq Ñ DpU, V qpa, bq of the section of Defini-

tion 5.1 gives a diagonal filler for each square Ua Ñ V b in K 2. The oplax
morphism structure on the section can be described as follows. Suppose the
morphisms α : a1 Ñ a in A and β : b Ñ b1 in B are mapped by U and V to
commutative squares in K

A1

Ua1 ��

x // A
Ua��

B1
y
// B

and
C

u //

V b ��

C 1

V b1��

D
v // D1

Consider the diagonal fillers given by the respective components of the sec-
tion:

A
h //

Ua ��

C
V b��

B
k
//

d
<<

C
and

A1
u¨k¨x //

Ua1 ��

C 1

V b1��

B1
v¨k¨y

//

j ;;

D1

Then, the oplax morphism structure on U ˚ ¨ V˚ Ñ DpU, V q provides a 2-cell
ω “ ωpα, βq : j ñ u ¨ d ¨ y, satisfying pV b1q ¨ ω “ 1, ω ¨ pUa1q “ 1, and
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coherence conditions that we proceed to describe. Suppose given an object
d of DpU, V qpa, bq as above, and morphisms in A and B

a2
α1
ÝÑ a1

α
ÝÑ a and b

β
ÝÑ b1

β1
ÝÑ b2

we have the following diagram, where the dashed arrows are chosen diagonal
fillers.

A2

Ua2
��

x1 // A1

Ua1

��

x // A
Ua

��

h // C

V b��

u // C 1

V b1
��

u1 // C2

V b2
��

B2
y1
//

e

22

B1 y
//

j

44

B
k
//

d
??

D v
// D1

v1
// D2

The condition corresponding to the associativity axiom of the oplax mor-
phism U ˚ ¨ V˚ Ñ DpU, V q says that

`

e
ωpα¨α1,β1¨βq
ÝÝÝÝÝÝÝÑ u1 ¨ u ¨ d ¨ y ¨ y1

˘

“
`

e
ωpα1,β1q
ÝÝÝÝÑ u1 ¨ j ¨ y1

u1¨ωpα,βq¨y1

ÝÝÝÝÝÝÑ u1 ¨ u ¨ d ¨ y ¨ y1
˘

The axiom corresponding to the unit axiom of the oplax morphism U ˚ ¨V˚ Ñ
DpU, V q says that ωp1, 1q “ 1.

5.2. KZ lifting operations.

Definition 5.2. A KZ lifting operation in K for the 2-functors U , V is a
left adjoint section to the morphism DpU, V q Ñ U ˚ ¨ V˚ in the 2-category
Cat-ModpA ,Bq.

In more explicit terms, a KZ lifting operation is given by, for each square
(2.13) in K , a diagonal filler dph, kq, with the following universal property.
For any d1 : B Ñ C and any pair of 2-cells α, β satisfying

A
h ((

d1¨Ua
66�� α C

V b // D “ A
Ua // B

k ((

V b¨d1
66�� β D

there exists a unique 2-cell γ : dph, kq Ñ d1 such that γ ¨Ua “ α and V b¨γ “ β.
Moreover, these diagonal fillers must be natural in a and b.

Definition 5.3. A lax natural KZ lifting operation in K for the 2-functors
U , V is a left adjoint section to the morphism DpU, V q Ñ U ˚ ¨ V˚ in the
2-category Cat-Matp|A |, |B|q.
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This means that a lax natural KZ lifting operation is given by a left adjoint
section for each component

DpU, V qpa, bq ÝÑ K 2
pUa, V bq a P A , b P B.

More explicitly, it is given by a choice, for each square ph, kq : Ua Ñ V b, of
a diagonal filler dph, kq : codpUaq Ñ dompV bq with the property that 2-cells
dph, kq ñ d1 : codpUaq Ñ dompV bq are in bijection with 2-cells ph, kq ñ
pd1 ¨ Ua, V b ¨ d1q. In other words, the same universal property of KZ lifting
operation, except that the chosen diagonals dph, kq need not be natural in a,
b.

Remark 5.4. A lax natural KZ lifting operation equates to providing, for each
a P A and b P B, with Ua : A Ñ B and V b : C Ñ D, a left adjoint section
of the usual comparison functor

K pB,Cq ÝÑ K pA,Cq ˆK pA,Dq K pB,Dq.

However, the presentation using modules and matrices effortlessly yields
more, as discussed below.

Remark 5.5. It is clear that each KZ lifting operation is also a lax natural
KZ lifting operation.

It is also clear that each lax natural KZ lifting operation is also a lax natural
lifting operation – Definition 5.1. This is so by doctrinal adjunction: for a
2-monad S on a 2-category X , a morphism f in S-Algc has a left adjoint
(resp. left adjoint coretract) precisely when f is a pseudomorphism and its
underlying morphism has left adjoint (resp. left adjoint coretract) in X .
Now one can apply this fact to the 2-monad on Cat-Matp|A |, |B|q whose
algebras are the Cat-modules B Û A .

Proposition 5.6. KZ lifting operations for the 2-functors U : A Ñ K 2 and
V : B Ñ K 2 are, if U has a right adjoint G, in bijective correspondence with
left adjoint sections of the morphism G ¨ id ¨ dom ¨V Ñ G ¨ V induced by the
counit of id % dom – with components Gp1, V bq – in the 2-category rB,A s
of 2-functors B Ñ A .

Proof : By the same argument deployed in Remark 2.8, the Cat-module
transformation

U ˚ ¨DK ¨ V˚ ÝÑ U ˚ ¨ V˚ (5.1)
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corresponds to the 2-natural transformation of the statement

G ¨ id ¨ dom ¨V ùñ G ¨ V (5.2)

via the pseudofunctor p´q˚ from 2-Cat to Cat-Mod. Since the 2-functor
from rB,A s to Cat-ModpB,A q is full and faithful as a 2-functor, (5.1) has
a left adjoint coretract if and only if (5.2) does so.

Proposition 5.7. Given a lax orthogonal AWFS pL,Rq on K , the 2-natural
transformation F L ¨ id ¨ dom ¨V ñ F L ¨ V induced by the counit of id % dom
has a left adjoint section in rR-Algs, L-Coalgss, where F L : K 2 Ñ L-Coalgs
is the cofree coalgebra 2-functor and V the forgetful 2-functor from L-Coalgs.

Proof : Given an R-coalgebra structure ppg, 1q : Rg Ñ g we need to exhibit a
coretract adjunction in L-Coalgs with right adjoint Lp1, gq : L1dompgq Ñ Lg.
We know from Remark 3.5 that there is a coretract adjunction p1, pgq %
p1, λgq, whose unit we denote by ηg; the same Remark points out that these
adjunctions are 2-natural in pg, pgq. Together with the adjunction Σg % LΦg

that exhibits L as lax idempotent, we obtain

Lp1, pgq ¨ Σg % LΦg ¨ Lp1, λgq “ Lp1, gq.

The unit of this composition of adjunctions is

1 “ LΦg ¨ Σg
LΦg¨Lpηgq¨Σg
ÝÝÝÝÝÝÝÑ LΦg ¨ Lp1, λgq ¨ Lp1, pq ¨ Σg “ 1,

which is the identity since Φg ¨ ηg “ 1 – again by Remark 3.5.

Theorem 5.8. Each lax orthogonal AWFS pL,Rq on the 2-category K in-
duces (1) A KZ lifting operation for L-Coalgs Ñ K 2 and R-Algs Ñ K 2.
(2) A lax natural KZ lifting operation for U` : L-Coalg` Ñ K 2 and
V` : R-Alg` Ñ K 2. Moreover, the diagonal fillers are those given by the
AWFS on the usual way – (2.2).

Proof : The first part is a direct consequence of Propositions 5.6 and 5.7.
The second part means that there must exist a left adjoint coretract to each
functor

DpU`, V`qppf, sq, pg, pqq “ K pcodpfq, dompgqq ÝÑ K 2
pf, gq (5.3)

where pf, sq is an L-coalgebra and pg, pq an R-algebra. We know that such
a left adjoint coretract does exist, by the fist part of the statement, and the
proof is complete.
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Theorem 5.8 (2) can be rephrased by saying that the usual lifting operation
for pL,Rq is, when both L and R are lax idempotent, lax natural with respect
to all morphisms in K . This is so since every morphism in K 2 has a unique
structure of a lax morphism of L-coalgebras, respectively, R-algebras.

Remark 5.9. It may be useful to exhibit the counit of the coretract adjunction
in the proof of Theorem 5.8, in which (5.3) is the right adjoint, even though
it is not necessary to prove that result. Let d be a diagonal filler for a square
ph, kq from an L-coalgebra pf, sq to an R-algebra pg, pq, as depicted in (2.9).
The diagonal filler given by the lifting operation is p ¨ Kph, kq ¨ s, and the
counit p ¨Kph, kq ¨ sñ d is

p ¨Kph, kq ¨ s “ ρ1C ¨Kp1, pq ¨ σg ¨Kp1, ρgq ¨Kp1, λgq ¨Kph, dq ¨ s ùñ

ùñ ρ1C ¨Kp1, pq ¨Kp1, λgq ¨Kph, dq ¨ s “ ρ1C ¨Kph, dq ¨ s “ d ¨ ρf ¨ s “ d

where the 2-cell is the one induced by the counit σg ¨Kp1, ρgq ñ 1.

5.3. Lax orthogonal functorial factorisations. We have seen in the
previous sections that the lifting operation of a lax orthogonal AWFS has
the extra structure of a KZ lifting operation. One could ask what extra
structure is inherited from a lax orthogonal AWFS to its underlying WFS.
Since we work with algebraic factorisations, we have at our disposal not only
mere WFSs but functorial factorisations, and it is for these that we answer
the question.

Let A , B be 2-categories and X be Cat-ModpB,A q. Denote by M the
2-monad pM,ΛM ,ΠMq on X 2 whose algebras are morphisms in X equipped
with a left adjoint coretract. A dual of M has been described in Section 3.3;
more precisely, if L is the 2-comonad of Proposition 3.9, whose algebras are
morphisms equipped with a right adjoint retract defined on the 2-category
pX opq2 – pX 2qop, then M is Lop. An algebra for the pointed endo-2-functor
pM,ΛMq is a morphism α : φ Ñ ψ equipped with a coretract σ : ψ Ñ φ
and a 2-cell m : σ ¨ α ñ 1 such that σ ¨ m “ 1. This is a dual form of
Proposition 3.9 (1).

Definition 5.10. Consider 2-functors U and V from A and B into K 2.
A lax orthogonality structure on U , V is an pM,ΛMq-coalgebra structure on
the morphism of Cat-modules U ˚ ¨ DK ¨ V˚ Ñ U ˚ ¨ V˚. Consider a functo-
rial factorisation on K with associated copointed endo-2-functor pL,Φq and
associated pointed endo-2-functor pR,Λq. A lax orthogonality structure on
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the functorial factorisation is one on U , V , for U the forgetful 2-functor from
pL,Φq-coalgebras and V the forgetful 2-functor from pR,Λq-algebras.

Explicitly, a lax orthogonality structure as in the definition is a choice of
natural diagonal fillers Dpa, bqph, kq : codpUaq Ñ dompV bq that is functorial
on squares ph, kq : UaÑ V b, and natural on a P A , b P B. Furthermore, for
any diagonal filler e of ph, kq we are given a 2-cell θpa, bqpeq : Dpa, bqph, kq ñ e
that is natural on e and a modification on a, b.

¨
h //

Ua
��

¨

V b
��

¨
k

//

D
22

e

DD

��
θpeq

¨

The 2-cells θpa, bqpeq must satisfy pV bq ¨θpa, bqpeq “ 1k and θpa, bqpeq ¨ pUaq “
1h. Naturality in e means that for each 2-cell ε : eñ ē the equality

`

θpa, bqpēq
˘`

Dpa, bqpε ¨ Ua, V b ¨ εq
˘

“ εθpa, bqpeq

holds. The modification property for θ means that, if α : a1 Ñ a and β : bÑ b1

are morphisms in A and B, then

dompV βq ¨ θpa, bqpeq ¨ codpUαq “ θpa1, b1qpdompV βq ¨ e ¨ codpUαqq.

Observe that there is no reason why θ should satisfy the extra property
that the endo-2-cell θpa, bqpDpa, bqph, kqq of Dpa, bqph, kq be an identity 2-cell.

Remark 5.11. In the particular instance when A “ B “ 1, the 2-functors
U and V pick out morphisms f : A Ñ B and g : C Ñ D in K , and a
lax orthogonality structure for f , g can be described simply as a functor D
that is a section of the canonical comparison functor H into the pullback,
together with a natural transformation θ : DH ñ 1 that satisfies Hθ “ 1.
This structure can be described as a choice of a diagonal filler Dph, kq for
each square ph, kq and a 2-cell θpeq : Dph, kq ñ e for any other diagonal filler
e, that satisfies g ¨ θpeq “ 1 and θpeq ¨ f “ 1.

K pB,Cq
H //
oo
D

K pA,Cq ˆK pA,Dq K pB,Dq



LAX ORTHOGONAL FACTORISATION SYSTEMS 37

Proposition 5.12. The underlying functorial factorisation of a lax orthogo-
nal AWFS carries a canonical lax orthogonal structure, whose diagonal fillers
are those induced by the functorial factorisation in the usual way – as in Ex-
ample 2.5 and Remark 2.6.

Proof : For an AWFS pL,Rq, consider the forgetful functors U and V from,
respectively, the 2-categories of pL,Φq-coalgebras and pR,Λq-algebras. De-
note by Σ̄ “ p1, sq : U ñ LU the L-coalgebra structure of U , and Π̄ “

pp, 1q : RV ñ V the R-algebra structure of V . The morphisms Σ̄˚ : pLUq˚ Ñ
U ˚ and Λ̄˚ : pRV q˚ Ñ V˚ induce a retraction

U ˚L˚ ¨D ¨R˚V˚

��

// U ˚ ¨D ¨ V˚

��

U ˚L˚ ¨R˚V˚ // U ˚ ¨ V˚

where the object of X 2 on the left is a M-algebra, where the 2-category
X and the 2-monad M are those described in the beginning of the present
section. Theorem 5.8 implies that the object of X depicted by the leftmost
vertical arrow in the diagram carries a structure of an M-algebra. Hence
the object on the right hand side is a retract of a M-coalgebra, therefore it
carries an pM,ΛMq-algebra structure that makes the retraction a morphism
of pM,ΛMq-coalgebras. It remains to show that the section of U ˚ ¨DK ¨V˚ Ñ
U ˚ ¨V˚ so obtained is equal to that induced by the functorial factorisation, as
described in Example 2.5, for which we appeal to the comments at the end
of Section 3.3. The induced section is

U ˚V˚
U˚Φ˚Λ˚V˚
ÝÝÝÝÝÝÑ U ˚L˚R˚V˚ Ñ U ˚L˚DK R˚V˚

p1,sq˚DK pp,1q˚
ÝÝÝÝÝÝÝÝÝÑ U ˚DK V˚

where the middle morphism is the KZ lifting operation for LU , RV . One
can verify that the diagonal filler of a square ph, kq : f Ñ g, where pf, sq is
an pL,Φq-coalgebra and pf, pq and pR,Λq-algebra, is p ¨ d ¨ s where d is the
diagonal filler of pλg ¨ h, k ¨ ρfq : Lf Ñ Rg. But d “ Kph, kq, so p ¨ d ¨ s is
precisely the diagonal filler induced by the functorial factorisation.

6. Algebraic KZ Injectivity
Recall from Section 2.4, and originally from [10], the definition of the free

category with a lifting operation U& : A& Ñ C2 for U : AÑ C2. If U : A Ñ

K 2 is a 2-functor instead, A & has objects pg, φq where φ is a section of
the 1-cell U ˚ ¨DK ¨ g˚ Ñ U ˚ ¨ g˚ in the 2-category Cat-Modp1,A q, which is
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isomorphic to rA op,Cats. Morphisms pg, φq Ñ pg1, φ1q are those morphisms
pu, vq : g Ñ g1 in K 2 that are compatible with the sections, while 2-cells
pu, vq ñ pū, v̄q are pairs of 2-cells α : u Ñ ū and β : v Ñ v̄ in K such that
the equality below holds – we omit the dots that denote composition to save
space.

U ˚g˚
φ
// U ˚DK g˚

U˚D˚pu,vq˚--

U˚D˚pu,vq˚
11�� U ˚DK g1˚ “ U ˚g˚

U˚pu,vq˚,,

U˚pu,vq˚
22�� U
˚g1˚

φ1
// U ˚DK g1˚

In more elementary terms, α ¨ φpa, h, kq “ φ1pa, α ¨ h, β ¨ kq, for each a P A
and square ph, kq : Ua Ñ g. The 2-functor U& : A & Ñ K 2 is the obvious
one, analogous to one constructed in the case of categories.

Next we introduce a different construction, the universal 2-category with
a KZ lifting operation.

Definition 6.1. Given a 2-functor U : A Ñ K 2 define another U Ż : A Ż Ñ

K 2 in the following manner. Its objects are morphisms g P K 2 that are
algebraically KZ injective to U , by which we mean equipped with a KZ lifting
operation for the 2-functors U , g : 1 Ñ K 2; ie a left adjoint coretract to
U ˚ ¨ DK ¨ g˚ Ñ U ˚ ¨ g˚. Hence, every object is an object of A & equipped
with the extra structure of a coretract adjunction. A morphism g Ñ g1 is a
morphism ph, kq in K 2 such that in the diagram below not only the square
formed with the right adjoints commute – this always holds – but moreover
the diagram represents a morphism of adjunctions; ie it commutes with the
coretracts and it is compatible with the counits.

U ˚ ¨DK ¨ g˚ //K
oo

U˚¨DK ¨ph,kq˚
��

U ˚ ¨ g˚

U˚¨ph,kq˚
��

U ˚ ¨DK ¨ g1˚ //K
oo

U ˚ ¨ g1˚

(6.1)

The 2-cells in A Ż are those of K 2. Observe that any such 2-cell is auto-
matically compatible with the left adjoints in (6.1) – see Proposition 3.9 (2).
There are obvious forgetful 2-functors A Ż Ñ A & and A Ż Ñ K 2, the first of
which is locally fully faithful by the observation of the previous paragraph.

Dually, given a 2-functor V : B Ñ K 2 define ŽV : ŽB Ñ K 2 by ŽB “

pBopqŻ and ŽV “ pV opqŻ. Here we use the obvious isomorphism pK 2qop –

pK opq2. More explicitly, objects of ŽB are f P K 2 equipped with a KZ
lifting operation for the 2-functors f : 1 Ñ K 2, V .
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There is a concise way of describing A Ż. Let M be the 2-monad on the
2-category PpA q2 whose algebras are right adjoint retract morphisms in
PpA q “ rA op,Cats. This 2-monad can be described by performing the con-
struction of the 2-monad of Section 3.3 starting from the 2-category PpA qop.
The Cat-module morphism DK Ñ 1K 2 can be equivalently described as a
2-functor

E : K 2
ÝÑ PpK 2

q
2

that sends g P K 2 to DK p´, gq Ñ K 2p´, gq. Then A Ż is the pullback of
the 2-category of M-algebras along PpU ˚q2E.

A Ż

��

// M-Algs

��

K 2 E // PpK 2q2
PpU˚q2

// PpA q2

One can express the compatibility of the morphism ph, kq in A Ż with the
counits required in Definition 6.1 in terms of diagonal fillers. Given a diag-
onal filler j as on the left hand side below, the counit provides for a 2-cell
εj : φpa, u, vq ñ j. The compatibility means that h ¨ εj “ εh¨j.

¨

Ua
��

u // ¨

g
��

¨

j
@@

v
// ¨

¨
u //

Ua
��

¨

g
��

h // ¨

g1

��
¨

φ
55

j

JJ

�$

v
// ¨

k
// ¨

“

¨
h¨u //

Ua
��

¨

g1

��
¨

22

h¨j

DD

��

k¨v
// ¨

These constructions are functorial, in the sense that if F : pA , Uq Ñ pB, V q
is a 2-functor over K 2, there is another 2-functor F Ż : pBŻ, V Żq Ñ pA Ż, UŻq,
which sends g P K 2 equipped with a KZ lifting operation for V, g to the
induced choice for U “ V F, g. A 2-functor ŽF can be similarly defined.

Remark 6.2. Given V : B Ñ K 2, there is an isomorphism of categories
between 2-functors B Ñ A Ż over K 2 and KZ lifting operations for the pair
of 2-functors U, V . Similarly, there is an isomorphism of categories between
2-functors A Ñ

ŽB over K 2 and KZ lifting operations for the pair of 2-
functors U, V . We hence have a natural isomorphism of sets

2-Cat{K 2
ppA , Uq, pBŻ, V Ż

qq – 2-Cat{K 2
ppB, V q, pŽA , ŽUqq

and an adjunction between p´qŻ and Ž
p´q.
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The unit and counit of this adjunction – or rather, both units – are 2-
functors NU : A Ñ

Ž
pA Żq and MU : A Ñ p

ŽA qŻ commuting with the func-
tors into K 2. The first one corresponds to the tautological KZ lifting oper-
ation for the pair of 2-functors U,U Ż, and the second one to the tautological
KZ lifting operation for ŽU,U .

Example 6.3. In the case when U is the 2-functor f : 1 Ñ K 2 that picks out
a morphism f , the objects of the 2-category f Ż are morphisms algebraically
KZ injective with respect to f . This is a slightly abuse of language, as a
morphism can be algebraically KZ injective to f in more than one way – but
two such are, of course, isomorphic.

Lemma 6.4. Given a 2-functor U : A Ñ K 2, a 2-adjunction U % G and
g P K 2, there is a bijection of 2-categories over K 2 between A Ż and the
2-category described by:

‚ Objects are coretract adjunctions `g % Gp1, gq : Gp1dompgqq Ñ Gg in
A .

‚ Morphisms from `g % Gp1, gq to `ḡ % Gp1, ḡq are morphisms ph, kq : g Ñ
ḡ in K 2 such that Gph, kq defines a morphism of adjunctions: Gph, kq¨
`g “ `ḡ ¨Gph, kq and Gph, kq commutes with the counits.

‚ 2-cells ph, kq ñ ph̄, k̄q are 2-cells in K 2, with no additional conditions.

Proof : By Proposition 5.6 there is a bijection between objects of A Ż and
coretract adjunctions as in the statement. The description of the morphisms
and 2-cells is a direct translation from the ones of A Ż – Definition 6.1.

Lemma 6.5. Assume the conditions of Lemma 6.4. Then, for any full sub-
2-category F Ă A containing the full image of G, the functor A Ż Ñ F Ż

induced by the inclusion is an isomorphism.

Proof : If we denote by J : F ãÑ A the inclusion and H “ JG : A Ñ F the
right adjoint of UJ , Lemma 6.4 allows us to describe F Ż as the 2-category
with objects coretract adjunctions `g % Hp1, gq : Hp1dompgqq Ñ Hg in F .
But to give this retract adjunction in F is equivalent to giving a retract
adjunction `g % Gp1, gq in A . The rest of the proof is similarly easy.

Proposition 5.7 together with Lemma 6.4 imply that if pL,Rq is a lax orthog-
onal AWFS, there is a 2-functor, depicted by the dashed arrow below. On
objects, it sends an R-coalgebra pp, 1q : Rg Ñ g to the coretract adjunction
Lp1, pq ¨ Σg % Lp1, gq in L-Coalgs, composition of the adjunctions Σg % LΦg
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and Lp1, pq % Lp1, λgq. On morphisms and 2-cells it is given by the identity.

R-Algs //

((

L-CoalgŻ
s

��

// F Ż

��

L-Coalg&
s

// F &

(6.2)

Theorem 6.6. The following are equivalent for an AWFS pL,Rq on a 2-
category. (1) pL,Rq is a lax orthogonal AWFS. (2) There is an – essentially
unique – KZ lifting operation for the forgetful 2-functors from L-coalgebras
and from R-algebras. (3) There is an – essentially unique – 2-functor
R-Algs Ñ L-CoalgŻ

s making (6.2) commutative. (4) There is an – essen-
tially unique – 2-functor R-Algs Ñ F Ż making the outer diagram in (6.2)
commutative, for any full sub-2-category F Ă L-Coalgs containing the cofree
L-coalgebras.

Proof : There is a bijection between structures in (2) and those in (3), by
definition of A Ż, in which case both are essentially unique since KZ lifting
operations are unique up to isomorphism – Remark 6.2. The equivalence
of (3) and (4) follows from Lemma 6.5, while that of (1) and (3) was already
explained above.

We now proceed to prove (3)ñ(1). As it has been our convention, we will
denote by K the base 2-category, by U and V the forgetful 2-functors from
the 2-categories of L-coalgebras and R-algebras, respectively.

Let pg, pq be an R-algebra. Its image in L-Coalg&
s can be given as in Corol-

lary 2.13, again by pg, pq. By hypothesis, pg, pq carries a structure of an
object of L-CoalgŻ

s. By definition p ¨ λg “ 1 and g ¨ p “ ρg. Consider the
diagonal

¨
λg

//

λg ��

¨
ρg
��

¨ ρg
//

λg¨p

99

¨

and note that ρg “ Rg is an object of L-CoalgŻ
s, and that the chosen diagonal

filler of the outer square is the identity morphism. It follows the existence of
a unique 2-cell η : 1 ñ λg ¨ p such that η ¨ λg “ 1 and ρg ¨ η “ 1. The first
of these two equalities is one of the triangular identities required to obtain a
retract adjunction p % λg. The second of the these equalities tells us that, if
we can prove the other triangular identity, we obtain not only an adjunction
in K but also a retract adjunction pp, 1q % Λg in K 2.
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We now show that p ¨ η “ 1. Consider the pasting below.

¨

λg

��

¨

g

��

¨ p

55

¨ λg

55

¨

p 55

1 --

��
η

ρg
// ¨

The chosen diagonal filler of the outer diagram is p, and p ¨η is an endo-2-cell
of p. In addition, g¨p¨η “ ρg ¨η “ 1 and p¨η¨λg “ 1. By the universal property
of KZ lifting operations spelled out immediately after Definition 5.2, it must
be p ¨ η “ 1. This finishes the proof that R-algebra structures are left adjoint
retracts to the components of the unit of R, ie that R is lax idempotent.

One can show that L is lax idempotent either by appealing to Theorem 4.1
or by a duality argument. By taking opposite 2-categories, and taking
into account the isomorphism pK opq2 – pK 2qop, the 2-functor L-Coalgs Ñ
ŽR-Algs, which exists by Remark 6.2, transforms into a 2-functor Lop-Algs Ñ
Rop-CoalgŻ

s that commutes with the 2-functors into Rop-Coalg&
s . By the proof

above we know that Lop is a lax idempotent 2-monad on pK 2qop, which is to
say that L is a lax idempotent 2-comonad.

Theorem 6.6 has a dual statement of the following form: an AWFS pL,Rq
is lax orthogonal if and only if there exists an – essentially unique – 2-functor
L-Coalgs Ñ

ŽR-Algs commuting with the respective forgetful functors into
&R-Algs.

Remark 6.7. For a lax orthogonal AWFS pL,Rq, objects of L-CoalgŻ
s are in

bijection with normal pseudo-R-algebras. Indeed, the proof of Theorem 6.6
shows that they are in bijection with retract adjunctions pp, 1q % Λg in K 2,
which are precisely normal pseudo-R-algebras

7. Extending copointed endofunctors to comonads
This section includes a series of results that provide conditions that will

allow us to transfer a comonad along an adjunction. We start with the
following lemma, which appears, in a slightly different form, in [12].

Lemma 7.1. Let F % U : A Ñ B be an adjunction with unit i, pG, εq a co-
pointed endofunctor on A and pL,Φq the copointed endofunctor on B defined
by the pullback square on the left hand side below. Then, the square on the
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right hand side is a pullback.

L
τ //

Φ ��

UGF
UεF��

1
i
// UF

pL,Φq-Coalg //

U ��

pG, εq-Coalg
U��

B
F

// A
(7.1)

The transformation τ has a transpose τ̂ : FLñ GF that makes pF, τ̂q into
a morphism of copointed endofunctors from pL,Φq to pG, εq. This means
that an pL,Φq-coalgebra structure s : X Ñ LX corresponds to the pG, εq-
coalgebra structure ŝ “ τ̂X ¨Fs : FX Ñ GFX. Conversely, if t : FX Ñ GFX
is a pG, εq-coalgebra, then the unique s : X Ñ LX such that τX ¨ s “ Ut ¨ iX
is an pL,Φq-coalgebra.

Below we use the term coalgebra for a copointed endofunctor, or comonad,
on a category B in the generalised sense of a functor with codomain B with
extra structure, as opposite to the usual notion of an object of B with extra
structure.

Lemma 7.2. In the situation of Lemma 7.1, there is a bijection between
pL,Φq-coalgebra structures Σ: L ñ L2 on L and pG, εq-coalgebra structures

Σ̂ : FLñ GFL on FL. Moreover,

(1) Σ is coassociative if and only if F ¨ Σ: pFL, Σ̂q Ñ pFL2, Σ̂Lq is a
morphism of pG, εq-coalgebras.

(2) pL ¨ ΦqΣ “ 1 if and only if pGF ¨ ΦqΣ̂ “ τ̂ .
(3) pL,Φ,Σq is a 2-comonad if and only if the conditions in (1) and (2)

hold.
(4) An pL,Φq-coalgebra structure s : X Ñ LX in B is an pL,Φ,Σq-coalgebra

structure if and only if Fs : pFX, ŝq Ñ pFLX, Σ̂Xq is a morphism of
pG, εq-coalgebras.

Proof : The bijection between Σ and Σ̂ was described in the paragraph pre-
vious to this lemma. The counit axiom pΦ ¨ LqΣ “ 1 comes at no cost from
the fact that Σ is an pL,Φq-coalgebra structure on L. Using the bijection,

pΣ¨LqΣ corresponds to pΣ̂¨LqpF ¨Σq, while pL¨ΣqΣ corresponds to pGF ¨ΣqΣ̂.
Thus, Σ is coassociative if and only if F ¨Σ is a morphism of pG, εq-coalgebras
as in the statement.

To prove (2), note that pL ¨ ΦqΣ “ 1 precisely when its composition with
τ equals τ and its composition with Φ equals Φ. The last fact always holds,
as ΦpL ¨ ΦqΣ “ ΦpΦ ¨ LqΣ “ Φ. By taking transposes under the adjunction
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F % U , the first fact is equivalent to pGF ¨ ΦqΣ̂ “ τ̂ . The statement (3) is
obvious.

We now prove (4). The coalgebra s is a coalgebra over the comonad if
pLsq ¨ s “ ΣX ¨ s. By the definition of L as a pullback given in Lemma 7.1,
this is equivalent to ΦLX ¨ pLsq ¨s “ ΦLX ¨ΣX ¨s and τLX ¨ pLsq ¨s “ τLX ¨ΣX ¨s.
The first of these two equalities holds since s is compatible with Φ; in fact
both sides of the equality are s. The second equality is easily seen to be
equivalent to pGFsq ¨ ŝ “ Σ̂X ¨ pFsq.

Denote by L1 “ pL1,Φ1,Σ1q the 2-comonad on A 2 part of the AWFS that
factors a morphism as a left adjoint coretract followed by a split opfibra-
tion, described in Section 3.3. In Proposition 3.9 we gave a 2-category iso-
morphic to that of pL1,Φ1q-coalgebras, henceforth we shall identify the two
2-categories. For example, pL1,Φ1q-coalgebras shall be identified with mor-
phisms f in A with a retract v and a 2-cell ξ : f ¨ v ñ 1 such that ξ ¨ f “ 1.

Proposition 7.3. Let F % U : A Ñ K be a 2-adjunction, where A has lax
limits of morphisms and K has pullbacks. Denote by pL,Φq the copointed
endofunctor on K 2 constructed from pL1,Φ1q in Lemma 7.1.

(1) There is a transformation Ωf : FKf Ñ F pdom fq, 2-natural in f P
K 2, and a modification ωf : Ff ¨ Ωf ñ Fρf that induces the lift-
ing of F to pL,Φq-Coalgs Ñ pL1,Φ1q-Coalgs in the following way: if
p1, sq : f Ñ Lf is an pL,Φq-coalgebra, then v “ Ωf ¨ Fs : F pcod fq Ñ
F pdom fq together with ωf ¨Fs : Ff ¨ v ñ 1 gives an pL1,Φ1q-coalgebra
structure on Ff as described in Proposition 3.9.

(2) Given an pL,Φq-coalgebra structure Σ “ p1, σq : L ñ L2, or equiva-
lently by Lemma 7.2, a 2-natural transformation rf “ ΩLf ¨ Fσf and
modification with components αf : Fλf ¨ rf ñ 1 that satisfies

rf ¨ Fλf “ 1 αf ¨ Fλf “ 1, (7.2)

the following are equivalent.
(a) pL,Φ,Σq is a 2-comonad.
(b) The following equalities hold.

rλf ¨ Fσf “ rf αλf ¨ Fσf “ Fσf ¨ αf Fρf ¨ α “ ωf . (7.3)

Proof : As it is our custom, we denote by K and K 1 the functorial fac-
torisations associated with pL,Φq and pL1,Φ1q. We begin by proving (1).
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We have noted before that there is a transformation τ̂ : FL ñ L1F sat-
isfying pΦ1 ¨ F qτ̂ “ F ¨ Φ. Since the domain component of both Φ and
Φ1 are identities, the same holds for τ̂ , which is thus given by 2-natural
morphisms θf : FKf Ñ K 1Ff , satisfying ρ1Ff ¨ θf “ Fρf . By definition
of K 1Ff as the comma object Ff Ó 1, we obtain 2-natural morphisms
Ωf : FKf Ñ F pdom fq and a modification ωf : Ff ¨ Ωf ñ Fρf . We know
that the 2-functor from pL,Φq-coalgebras to pL1,Φ1q-coalgebras is induced by
τ̂ , which in terms of θ means that if p1, sq : f Ñ Lf is an pL,Φq-coalgebra, for
s : cod f Ñ Kf , then θf ¨Fs : codpFfq Ñ K 1Ff is an pL1,Φ1q-coalgebra. This
coalgebra structure on Ff can be described in the terms of Proposition 3.9
as the morphism Ωf ¨ Fs equipped with a 2-cell ωf as in the statement.

(2) By Lemma 7.2 and Proposition 3.9, to give an pL,Φq-coalgebra struc-
ture Σ on L is equivalent to giving an pL1,Φ1q-coalgebra structure on FL,
ie morphisms rf : Kf Ñ F pdom fq, 2-natural in f , and a modification with
components αf : Fλf ¨ rf ñ 1 satisfying the equalities (7.2). The condition
equivalent to coassociativity of Σ given in Lemma 7.2(1) translates into con-
junction of the first two equalities in (7.3). The counital condition given in
Lemma 7.2(2) translates to the third equality in (7.3).

In the following proposition we continue with the notations used above.

Proposition 7.4. Assume given the 2-comonad L “ pL,Φ,Σq of Proposi-
tion 7.3. The category L-Coalgs is isomorphic to the 2-category with

‚ Objects pL,Φq-coalgebras p1, sq : f Ñ Lf on f : A Ñ B, with corre-
sponding v : FKf Ñ F pdom fq and ξ : Ff ¨v ñ 1 that satisfy ξ¨Ff “ 1
as in Proposition 3.9, that in addition must satisfy

rf ¨ Fs “ v Fs ¨ ξ “ αf ¨ Fs. (7.4)

‚ Morphisms from pf, vf , ξfq to pg, vg, ξgq, morphisms ph, kq : f Ñ g in
K 2 such that

vg ¨ Fk “ Fh ¨ vf and ξg ¨ Fk “ Fk ¨ ξf . (7.5)

‚ For morphisms ph, kq and ph̄, k̄q between the coalgebras in pf, vf , ξfq
and pg, vg, ξgq as above, 2-cells ph, kq ñ ph̄, k̄q are those of K 2 that
satisfy Fα ¨ vf “ vg ¨ Fβ.

Proof : In this proof we continue using the notation of Proposition 7.3. Ac-
cording to Lemma 7.2, an L-coalgebra structure on f : A Ñ B is given
by p1, sq : f Ñ Lf such that p1, Fsq is a morphism of pL1,Φ1q-coalgebras
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pFf, p1, ŝqq Ñ pFλf , Σ̂fq, where ŝ : F pcod fq Ñ K 1Ff is the pL1,Φ1q-coalgebra
structure on Ff induced by s. By Lemma 7.2, we must show that p1, Fsq is
a morphism of pL1,Φ1q-coalgebras from Ff to Fλf , which happens precisely
if rf ¨ Fs “ v and Fs ¨ ξf “ αf ¨ Fs, by Proposition 3.9.

Morphisms between L-coalgebras are those between the underlying pL,Φq-
coalgebras. By the pullback of categories depicted in (7.1), a morphism from
pf, vf , ξfq to pg, vg, ξgq is a morphism ph, kq : f Ñ g in K 2 such that pFh, Fkq
is a morphism of pL1,Φ1q-coalgebras Ff Ñ Fg, which means precisely the
equalities (7.5) by the description of morphisms in Proposition 3.9.

Similarly, 2-cells between two such morphisms are 2-cells in K 2 whose
image under F are 2-cells in pL1,Φ1q-Coalgs. The compatibility with vf and
vg given in the statement is a direct consequence of the descriptions of 2-cells
in Proposition 3.9(1).

8. Simple 2-adjunctions and lax idempotent 2-monads
This section introduces the notion of simple 2-adjunction, which can be

thought as a lax version of that of simple reflection studied in [4].

Lemma 8.1. Let A be a monoidal 2-category and C Ď A a coreflective
2-category, closed under the monoidal structure, and pT, i,mq a monoid in
A . If α : S Ñ T is the coreflection of T into C , then S carries a structure
of a monoid pS, j, nq making α a monoid morphism. Assume further that
αbS : SbS Ñ T bS is the coreflection of T bS. Then S is lax idempotent
if there exists a coretract adjunction

`

T
Tbj
ÝÝÑ T b S

˘

%
`

T b S
Tbα
ÝÝÑ T b T

m
ÝÑ T

˘

. (8.1)

Proof : The unit j : I Ñ S and multiplication n : S b S Ñ S are defined by
α ¨j “ i and α ¨n “ m ¨pαbαq. We shall define a 2-cell δ : Sbj ñ jbS : S Ñ
S b S. From the fact that αb S is a coreflection, it follows that to give δ is
equally well to give a 2-cell δ1 : pT b jq ¨ α ñ i b S, and by the adjunction
(8.1), to give a 2-cell δ2 : αñ m ¨ pT bαq ¨ pibSq, which we choose to be the
identity.

The axiom δ ¨ j “ 1 of a lax idempotent monoid follows from the triangular
identity ε ¨ pT b jq “ 1, where ε is the counit of (8.1): we show that δ1 ¨ j “ 1
below.

δ1 ¨ j “ ppT b jq ¨m ¨ pT b αq ¨ δ1 ¨ jqpε ¨ pj b Sq ¨ jq “ ε ¨ pT b jq ¨ i “ 1.
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It only rests to verify the axiom n ¨ δ “ 1. By the coreflection α, we have
to show 1 “ α ¨ n ¨ δ “ m ¨ pαb αq ¨ δ “ m ¨ pT b αq ¨ δ1 “ δ2, which holds by
our choice of δ2.

Before continuing, it is convenient to introduce some notation. Each endo-
functor S of C2 corresponds under the isomorphism EndpC2q – rC2, Cs2 to a
pair of functors S0, S1 : C2 Ñ C with a natural transformation S0 ñ S1. We
denote the component of this natural transformation at f by Sf : S0f Ñ S1f .
A morphism S Ñ T in EndpC2q corresponds to a pair of natural transforma-
tions S0 ñ T0 and S1 ñ T1, compatible with S0 ñ S1 and T0 ñ T1.

The following lemma is contained in [10, Prop 4.7].

Lemma 8.2. If C has pushouts, then the category of codomain-preserving
pointed endofunctors 1zEndcodpC2q is a – non full – coreflective subcategory
of the category of pointed endofunctors 1zEndpC2q. The coreflection of a
monad has a canonical structure of a codomain-preserving monad that makes
the counit a monad morphism.

Given a pointed endofunctor pT,Θq, its codomain-preserving coreflection
pR,Λq is given by the following pullback square, while the point Λ: 1 ñ R is
induced by the universal property. The natural transformation Rñ T with
components given by the pullback square is the counit of the coreflection.

A

f
&&

Θ0f

**
Λ0f ((

R0f
Rf��

// T0f
Tf��

B
Θ1f

// T1f

Remark 8.3. For future reference, we state that the coreflection R ñ T of a
monad T on C2 into a codomain-preserving monad R is a monad morphism.

Definition 8.4. Let F % U : A Ñ K be a 2-adjunction, P a 2-monad on
A 2, and α : SÑ U2PF 2 the codomain-preserving coreflection of the 2-monad
U2PF 2. The 2-adjunction is said to be simple with respect to P if there is a
coretract adjunction in the 2-category rK 2,A 2s

`

PF
PF 2j
ÝÝÝÑ PFS

˘

%
`

PFS
PF 2α
ÝÝÝÑ PFUPF

PeLF 2f
ÝÝÝÝÝÑ PPF

mF
ÝÝÑ PF

˘
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where j the unit of S, e the counit of F % U , and m the multiplication of P
in K .

Lemma 8.5. Given a simple 2-adjunction as in Definition 8.4, the codomain-
preserving reflection S is a lax idempotent 2-monad.

Proof : Let us denote by T the 2-monad U2PF 2. By the construction of the
coreflection S as a pullback, it is clear that αT : SS Ñ TS is the coreflection
of TS. Lemma 8.1 tells us that S will be lax idempotent if we have a coretract
adjunction in rK 2,K 2s

`

T
Tj
ÝÑ TS

˘

%
`

TS
Tα
ÝÑ TT ÝÑ T

˘

.

Such an adjunction is obtained from the one of Definition 8.4 by applying
U2.

Remark 8.6. Given F % U , P and the codomain-preserving coreflection
α : S Ñ U2PF 2 as in Lemma 8.5 – we do not make any assumption re-
lated to idempotency, however – since α is a 2-monad (strict) morphism, we
know that

pSS Ñ S
α
ÝÑ U2PF 2

q “ pSS
αα
ÝÑ U2PF 2U2PF 2

Ñ U2PPF 2
Ñ U2PF 2

q

The point we make, and will use in the next section, is that this morphism
factors through U2mF 2, where m is the multiplication of the 2-monad P.

Below we describe Definition 8.4 in a particular case of interest, but before
let us recall a few facts about the Kleisli construction for the free split opfi-
bration 2-monad R1 on A 2, for a 2-category A with lax limits of morphisms.
This Kleisli construction can be described as the inclusion 2-functor of A 2

into the 2-category Laxr2,A s of 2-functors from 2 to A and lax transfor-
mations between them. Morphisms between free R1-algebras are in bijection
with morphisms in Laxr2,A s, and the bijection is given as displayed below,
a fact we shall soon employ.

¨

R1f
��

h // ¨

R1g
��

¨
k // ¨

ÞÝÑ
¨

λf
//

f
��

¨

R1f
��

h // ¨

R1g
��

qg
//

}� ν

¨
g
��

¨ ¨
k // ¨ ¨

(8.2)

Proposition 8.7. Let F % U : A Ñ K be a 2-adjunction, where A has
comma objects and K has pullbacks, and R1 be the free split opfibration 2-
monad on A 2. Denote by R the codomain-preserving coreflection of U2R1F 2.
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The 2-adjunction is simple with respect to the coreflection–opfibration AWFS
precisely when there are coretract adjunctions Fλf % qFf ¨eK 1Ff ¨Fτf 2-natural
in f , where these morphisms are those defined in (8.3).

Proof : In this proof we shall denote the unit and counit of F % U by i and
e, respectively. The definition of simple adjunction consists of a coretract
adjunction in rK 2,A 2s between 2-natural transformations that are in the
image of

r1, UPs : rK
2,KlpPqs ÝÑ rK 2,A 2

s.

When UP is locally fully faithful, such a coretract adjunction can be lifted to
rK 2,KlpPqs; this is possible if P is lax idempotent by Remark 3.1.

When P is the free split opfibration 2-monad R1, its Kleisli construction is
isomorphic to the inclusion of A 2 into Laxr2,A s – see the comments before
the present proposition. We can use the correspondence between morphisms
between free R1-algebras and morphisms in Laxr2,A s described in (8.2) to
deduce the form of the lifting to rK 2,Laxr2,A ss of the coretract adjunction
in rK 2,A 2s that exhibits F % U as a simple 2-adjunction. The lifting has
component at f P K 2 displayed below, where ν is the comma object that
defines ρ1.

FA

Ff
��

Fλf
// FKf

Fρf
��

FB FB

%

FKf

Fρf
��

Fτf
// FUK 1Ff

FUρ1Ff
��

e // K 1Ff
qFf

//

ρ1Ff
��

�� ν

FA

Ff
��

FB
FiB // FUFB

e // FB FB

(8.3)

This adjunction consists of a coretract adjunction as in the statement of
this proposition, plus the requirement that its counit, say αf , is a 2-cell in
Laxr2,A s; ie

Fρf ¨ αf “ ν ¨ eK 1Ff ¨ Fτf . (8.4)

Thus, the direct part of the statement is trivial, and it remains to show
that if Fλf has a right adjoint retract in K as in the statement, then (8.4)
automatically holds. As a consequence of the adjunction, the 2-cell on the
left hand side of (8.4) is the unique 2-cell β, with the appropriate domain
and codomain, such that β ¨ Fλf “ 1. We must verify that the 2-cell on the
right hand side of (8.4) satisfies the same property. By definition of λf ,

eK 1Ff ¨ Fτf ¨ Fλf “ eK 1Ff ¨ FUλ
1
Ff ¨ FiA “ λ1Ff ¨ eFA ¨ FiA “ λ1Ff ,
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from where it is clear that ν ¨ eK 1Ff ¨ Fτf ¨ Fλf “ ν ¨ λ1Ff “ 1, concluding the
proof.

Lemma 8.5 yields:

Corollary 8.8. Given a simple 2-adjunction as in the previous Proposition,
the codomain-preserving 2-monad R is lax idempotent.

Remark 8.9. There is a 2-monad morphism with components pτf , icodpfqq :
Rf Ñ UR1Ff , by Remark 8.3. Taking the mate along F % U , we obtain an
opmorphism of 2-monads pτ̂f , 1F codpfqq : FRf Ñ R1Ff .

Recall from Corollary 2.16 that the codomain functor is a fibration from
(the underlying category of) R-Algs to C. In particular the category of split
opfibrations in a 2-category K with lax limits of morphisms is a fibration
over K .

Theorem 8.10. Assume given a 2-adjunction F % U : A Ñ K between 2-
categories equipped with chosen lax limits of morphisms and pullbacks, strictly
preserved by U . If the 2-monad R is as in Proposition 8.7, then there is a
canonical 2-functor into the category of split opfibrations in K that commutes
with the forgetful functors into K 2.

R-Algs ÝÑ OpFibspK q

Proof : Denote by R1A and R1K the free split opfibration 2-monad on A 2 and
K 2 respectively. Clearly U2R1A “ R1K U2, and there is a monad morphism
R1K Ñ U2R1A F

2. Since R is by definition the codomain-preserving coreflec-
tion of U2R1A F

2, there exists a 2-monad morphism RÑ R1K , which induces
the 2-functor of the statement.

9. Transferring an AWFS along a left adjoint
If pL1,R1q is an AWFS on A, and F % U : AÑ C an adjunction, we obtain

a transferred right algebraic weak factorisation system ppL,Φq,Rq in C. The
monad R is the codomain-preserving coreflection of the monad U2R1F 2 on C2

– see Lemma 8.2. This means that Rf is given by the pullback in C depicted
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on the left hand side.

Kf
Rf ��

// UK 1Ff
UR1Ff��

B
iB // UFB

A
λf %%

f

!!

iA // UFA
Uλ1Ff
''

Kf
ρf��

τf
// UK 1Ff

Uρ1Ff��

B
iB // UFB

The domain-preserving copointed endofunctor pL,Φq on C2 associated to
pR,Λq is the same as the one constructed from pL1,Φ1q and F % U as Lemma
7.1. Explicitly, f “ ρf ¨ λf : A Ñ B where λf is as in the diagram on the
right hand side above.

The above considerations hold in the case of 2-categories, 2-adjunctions,
etc, which we assume for the rest of the section.

We know that there is a 2-natural transformation Ωf : FKf Ñ F pdom fq
and a modification ωf : Ff ¨ Ωf ñ 1 that induce the 2-functor from pL,Φq-
coalgebras to pL1,Φ1q-coalgebras, as shown in Proposition 7.3. Given a coal-
gebra p1, sq : f Ñ Lf then v “ Ωf ¨Fs : F pcod fq Ñ F pdom fq together with
ωf ¨ Fs : Ff ¨ v ñ 1 make Ff into an pL1,Φ1q-coalgebra.

Remark 9.1. The 2-adjunction F % U is simple precisely when there are
coretract adjunctions Fλf % Ωf with counit a modification αf : Fλf ¨Ωf ñ 1
that must satisfy Fρf ¨ αf “ ωf .

Theorem 9.2. Let F % U : A Ñ K be a simple 2-adjunction, where A
has lax limits of morphisms and K has pullbacks, and denote by pL1,R1q
the AWFS on A described in Section 3.3, that factors a morphism as a
left adjoint coretract followed by a split opfibration. Then the right AWFS
ppL,Φq,Rq on K described above has an extension to an AWFS pL,Rq, which
is, moreover, lax orthogonal. Furthermore, the outer square in Figure 4 is a
pullback of 2-categories and of double categories.

Proof : By simplicity, we have coretract adjunctions Fλf % Ωf , 2-natural
in f , and whose counit we denote by αf , as in Remark 9.1. Moreover,
Fρf ¨ αf “ ωf . In Proposition 7.3, set rf “ Ωf and α the counit of the
adjunction, which clearly satisfy (7.2) by the triangular identities. Therefore
there is a corresponding pL,Φq-coalgebra structure p1, σq : L Ñ L2 on L,
which is related to Ω by Ωf “ ΩLf ¨ Fσf . In order to obtain a 2-comonad
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L-Coalgs

��

// L1-Coalgs

��

pL,Φq-Coalg //

��

pL1,Φ1q-Coalg

��

K 2 F 2
// A 2

Figure 4. A pullback diagram of 2-categories and of double categories.

extension of pL,Φq we need to verify

αf ¨ Fλf “ 1 ΩLf ¨ Fσf “ Ωf αλf ¨ Fσf “ Fσf ¨ αf Fρf ¨ αf “ ωf .

The first of these equalities is one of the triangular identities of the adjunc-
tion, the second we saw it is satisfied by definition of σ, and the fourth
equality holds by Remark 9.1. It only remains to prove αλf ¨Fσf “ Fσf ¨αf ,
but, by taking mates along the coretract adjunction Fλf % Ωf on either side
of the equality, one obtains the identity 2-cell of Fλλf . – Note that in this last
point we used for the first time all the strength of the adjunction Fλf % Ωf . –
Hence the original equality holds, and therefore there is a 2-comonad L.

Next we show that the outer diagram in Figure 4 is a pullback. Suppose
that f : A Ñ B is sent by F to an L1-coalgebra p1, ŝq : f Ñ L1f , ie Ff % v,
with unit ξ. By Proposition 7.4, we need to prove that the corresponding
pL,Φq-coalgebra structure p1, sq : f Ñ L satisfies the second equality in equa-
tion (7.4). This is easily done by taking mates with respect to Fλf % Ωf

and Ff % v, obtaining on both sides of the equality the identity 2-cell of
Fλf . Together with Lemma 7.1, this means that an pL,Φq-coalgebra f is an
L-coalgebra precisely when Ff is an L1-coalgebra; the square in the statement
is a pullback, at least at the level of objects. But Lemma 7.1 tells us that
the bottom square in the diagram in Figure 4 is a pullback, and since the
forgetful functors from the 2-categories of coalgebras for the 2-monads to the
2-category of coalgebras for the respective copointed endofunctors are fully
faithful, we deduce that the outer diagram is a pullback.

To finish the proof, observe that L-Coalgs has a double category structure,
being a pullback of the double category L1-Coalgs; in other words, there
is a composition of L-coalgebras and F preserves it. The double category
structure endows the pointed endo-2-functor pR,Λq with a multiplication
Π̄ “ pπ, 1q : R2 ñ R. Recall from the end of Section 2 that π̄f is defined
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by the requirement that p1A, π̄fq : λρf ¨ λf Ñ λf be the unique morphism of
L-algebras LRf ‚ Lf Ñ Lf such that ρf ¨ π̄f “ ρρf .

On the other hand, there is a multiplication Π given by the fact that
pτ, iq : R ñ UR1F is the codomain-preserving coreflection of the 2-monad
UR1F on K 2 – Lemma 8.2. We will show Π “ Π̄ by proving that p1, πfq is
a morphism of L-coalgebras LRf ‚ Lf Ñ Lf – see previous paragraph. By
the pullback square in Figure 4, we must show that p1, Fπfq is a morphism
of L1-coalgebras with domain F pLRf ‚ Lfq “ FLRf ‚ FLf and codomain
FLf . To this end, we shall use the characterisation of Proposition 3.9. The
L-coalgebra structure on FLRf ¨ FLf is given by composing the relevant
coretract adjunctions, ie the right adjoint is Ωf ¨ ΩRf , and the counit is

FLRf ¨ FLf ¨ Ωf ¨ ΩRf

FLRf ¨αf ¨ΩRf
ùùùùùùùùñ FLRf ¨ ΩRf

αRf
ùùñ 1.

Then, still by Proposition 3.9, p1, πfq is a morphism of L-coalgebras if and
only if

Ωf ¨ΩRf “ Ωf ¨Fπf pFπf ¨αRfqpFπf ¨FLRf ¨αf ¨ΩRfq “ αf ¨Fπf . (9.1)

Recall from Remark 8.9 that the mate of pτ, iq, namely Θ “ pτ̂ , 1q : FR Ñ

RF , is an opmorphism of 2-monads when R is equipped with the multipli-
cation Π; in particular, the following diagram commutes.

FR2 ΘR //

FΠ ��

R1FR
R1Θ // R12F

Π1F��

FR
Θ // R1F

The domain component of this rectangle evaluated on f P K 2 is the equation

π1Ff ¨K
1
pτ̂f , 1q ¨ τ̂ρf “ τ̂f ¨ Fπf . (9.2)

Observe that qFf ¨ τ̂f “ Ωf , so composing qFf : K 1Ff Ñ FA with the left
hand side of (9.2) we obtain:

qFf ¨ π
1
Ff ¨K

1
pτ̂f , 1q ¨ τ̂Rf “ qFf ¨ qR1Ff ¨K

1
pτ̂f , 1q ¨ τ̂f (def. of π1)

“ qFf ¨ τ̂f ¨ qFρf ¨ τ̂Rf (def. of K 1)

“ Ωf ¨ ΩRf .

On the other hand, composing the right hand side of (9.2) with qFf yields
Ωf ¨ Fπf , and we deduce the first condition of a morphism of L1-coalgebras
for p1, πfq in (9.1). The second condition is verified by taking mates along
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A
λf ##

iA

''

f

��

Kf
tf
//

ρf
�� �	 µ

UFA
UFf
��

B
iB
// UFB

Kf
tf
//

�	 µρf
��

UFA
UFf
��

B
iB
// UFB

“

Kf
ρf
��

τf
//

p.b.

UK 1Ff
UqFf

//

Uρ1Ff�� �� Uν

UFA
UFf
��

B
iB

// UFB UFB

Figure 5. Factorisation of a morphism f .

Kρf
πf
// Kf

ρf
��

tf
//

�� µf

UFA

UFf
��

B
iB
// UFB

“

Kρf
ρρf
��

tρf
//

�	 µρf

UFKf

UFρf
��

UFtf
//

�
 UFµf

UFUFA
UeFA//

UFUFf
��

UFA

UFf
��

B
iB

// UFB
UFiB

// UFUFB
UeFB

// UFA

Figure 6. Characterisation of the multiplication of R.

FλRf % ΩLRf , a procedure that transforms the 2-cells at either side of the
equality into the 2-cell αf . This completes the proof that p1, Fπfq is a mor-
phism of L1-coalgebras, and thus the proof that Π “ Π̄.

Finally, the 2-monad R “ pR,Λ,Πq is lax idempotent by Corollary 8.8, so
the AWFS pL,Rq is lax orthogonal by Theorem 4.1.

The AWFS constructed in the theorem above factors a morphism f : AÑ
B as f “ ρf ¨ λf , where ρf is given by the comma in Figure 5, and λf is the
unique morphism such that µ ¨ λf “ 1.

Now we look at the fibrant replacement 2-monad associated to the AWFS
constructed.

Corollary 9.3. Suppose that in Theorem 9.2 the 2-category K has a termi-
nal object 1, and that i1 : 1 Ñ UF1 is a right adjoint of UF1 Ñ 1. Then the
restriction of R to K {1 – K – the fibrant replacement 2-monad of pL,Rq –
is isomorphic to UF .
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Proof : Let us denote by f : A Ñ 1 the unique morphism into the terminal
object, and by R1 the restriction of R to K {1. We shall show that in the
comma object

Kf
tA //

ρf �� �


UFA
UFf��

1
i1 // UF1

the projection tA is an isomorphism. For any morphism x : X Ñ UFA, there
exists a unique 2-cell UFf ¨ xñ i1 ¨ !, as these are in bijection, by mateship
along i1 % f , with endo-2-cells of X Ñ 1, of which there is only one. Hence
K pX, tAq is an isomorphism, for each X, and thus tA is an isomorphism.
Since tA ¨λf “ iA, and the compatibility of t with the multiplication of R and
UF that can be found in Figure 6, we have that t is a 2-monad isomorphism
t : R1 Ñ UF .

We conclude the section with the following lemma, which will be of use
in later sections. Corollary 9.3 says that for any morphism b : 1 Ñ B from
the terminal object of K the fibre Ab of any R-algebra g : A Ñ B – ie the
pullback of g along b – has a structure of a T-algebra, for T “ UF .

Ab
zb //

! ��

A
g��

1
b // B

Furthermore, pzb, bq is a morphism of R-algebras.

Lemma 9.4. Assume the conditions of Corollary 9.3, and denote by T the
monad generated by F % U . Given g : AÑ B and b : 1 Ñ B, the morphism

pKgqb
zb
ÝÑ Kg

tg
ÝÑ TA

is a morphism of T-algebras.

Proof : Denote by a : T pKgqb Ñ pKgqb the T-algebra structure given by
Corollary 9.3. We are to show that the following rectangle commutes.

T pKgqb
Tzb //

a ��

TKg
Ttb // T 2A

mA��

pKgqb
zb // Kg

tb // TA

(9.3)
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T pKgqb
a //

��

pKgqb

��

zb // Kg
ρg ��

tg
//

~�

TA
Tg��

1 1
b
// B

iB
// TB

“

T pKgqb
Kpzb,bq//

��

Kρg
ρρg ��

πg
// Kg
ρg ��

tg
//

�	

TA
Tg��

1
b

// B B
iB
// TB

“

“

T pKgqb
Kpzb,bq//

��

Kρg
ρρg �� �


// TKg
Ttg
//

�
Tρg��

T 2A
mA //

T 2g��

TA
Tg��

1
b

// B
iB

// TB
TiB

// T 2B mB

// TB

“

“

T pKgqb

��

1 //

�� !

T pKgqb

��

Tzb // TKg
Tρg ��

Ttg
//

�


T 2A
mA //

T 2g��

TA
Tg��

1
i1

// T1
Tb

// TB
TiB

// T 2B mB

// TB

Figure 7. Proof of Corollary 9.3.

In order to do so, consider the string of equalities displayed in Figure 7,
the first of which holds since pzb, bq is a morphism of R-algebras; the second
holds by definition of πg – see Figure 6; next equality reflects the definition
of Kpzb, bq and the fact that the restriction of R to K {1 is T – Corollary 9.3.
Now it is clear that (9.3) commutes.

10. Simple 2-monads
A 2-monad T on a 2-category K with lax limits of morphisms is said to

be simple if the usual Eilenberg-Moore adjunction F % U : T-Algs Ñ K is
simple with respect to the coreflection–opfibration AWFS on T-Algs – in the
sense of Definition 8.4. To make this definition more explicit, consider the
factorisation of a morphism f : AÑ B in K depicted in Figure 5, and recall
from Proposition 8.7 that the simplicity of F % U amounts to the existence
of a certain coretract adjunction in T-Algs; namely

Tλf % mK 1Ff ¨ Ttf (10.1)

where m is the multiplication of T and the rest of the notation is as in
Figure 5. This adjunction must be an adjunction in T-Algs – a condition
that is redundant when, for example, T is lax idempotent, as it will often be
in our examples.
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Remark 10.1. At this point it is useful to consider the meaning of simple 2-
monads and the previous proposition when the 2-category is locally discrete,
ie just a category C. In this case comma objects are just pullbacks, and the
coreflection–opfibration factorisation becomes the orthogonal factorisation
pIso,Morq that factors a morphism f as the identity followed by f . To say
that a monad T on C is simple is to say that the image of the comparison
morphism `, which goes from the naturality square of i to the pullback in
(10.2), is sent to an isomorphism by the free T-algebra functor. Equivalently,
one can say that T` is an isomorphism. Observe that when T is a reflection,
this gives the definition of simple reflection in the sense of [4].

A
`
''

f
%%

iA

))
B ˆTB TA

��

// TA
Tf��

B
iB

// TB

(10.2)

We consider in this section some properties that guarantee that a 2-monad
is simple, thus inducing a transferred AWFS. We make the blanket assump-
tion that the 2-category K has pullbacks and cotensor products with 2, and
therefore comma objects.

Given a cospan f : AÑ C Ð B : g, consider the comparison 1-cell

k : T pf Ó gq ÝÑ Tf Ó Tg. (10.3)

Proposition 10.2 (Simplicity criterion). A 2-monad T “ pT, i,mq is simple
if it is lax idempotent and composing with (10.3) induces a bijection between
the following 2-cells, where f : AÑ B, u, and v are arbitrary morphisms.

X
v ��

u

&&

Tf Ó iB
��

i
// T pTf Ó iBq

and

X
v ��

k¨u

&&

Tf Ó iB
��

k¨i
// TTf Ó TiB

Proof : As before, denote by R1 the free split opfibration 2-monad on T-Alg2
s

and by R the transferred 2-monad along the Eilenberg-Moore adjunction
F % U , ie the codomain-preserving coreflection of the 2-monad U2R1F 2.
The right part ρf of the factorisation of a morphism f in K induced by R
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is given by a comma object

Kf
tf
//

ρf �� �	 µf

TA
Tf��

B
iB
// TB

(10.4)

and the left part λf : AÑ Kf is the unique morphism such that µf ¨ λf “ 1.
As explained at the beginning of the present section, we must exhibit a core-
tract adjunction (10.1) in K ; this adjunction is automatically an adjunction
in T-Algs, since T is lax idempotent.

In order to define a counit α : Tλf ¨mK 1Ff ¨Ttf ñ 1 we can give its transpose
under the free T-algebra 2-adjunction, which is a 2-cell ᾱ : Tλf ¨ tf ñ iKf in
K .

The morphism k of (10.3) is the unique such that satisfies the equality

TKf
Ttf

//

Tρf �� �
 Tµf

T 2A
T 2f��

TB
TiB

// T 2B

“

TKf
k // T 2f Ó TiB

d0 //

d1 �� �� θ

T 2A
T 2f��

TB
TiB

// T 2B

To give ᾱ is to equally give a pair of 2-cells, corresponding to d0 ¨ k ¨ ᾱ and
d1 ¨ k ¨ ᾱ:

ᾱ1 : Ttf ¨ Tλf ¨ tf “ TiA ¨ tf ñ iTA ¨ tf “ Ttf ¨ iKf

ᾱ2 : Tρf ¨ Tλf ¨ tf “ Tf ¨ tf ñ iB ¨ ρf “ Tρf ¨ iKf

compatible with θ, in the sense that the following two compositions of 2-cells
must be equal.

T 2f ¨ TiA ¨ tf
T 2f ¨ᾱ1
ÝÝÝÝÑ T 2f ¨ Ttf ¨ iKf “ T 2f ¨ d0 ¨ k ¨ iKf

θ¨k¨iKf
ÝÝÝÝÑ TiB ¨ d1 ¨ k ¨ iKf

T 2f ¨d0 ¨k ¨Tλf ¨tf
θ¨k¨Tλf ¨tf
ÝÝÝÝÝÝÑ TiB ¨d1 ¨k ¨Tλf ¨tf “ TiB ¨Tf ¨tf

T iB ¨ᾱ2
ÝÝÝÝÑ TiB ¨iB ¨ρf

Set ᾱ1 “ δA ¨ tf and ᾱ2 “ µf , where δ : Ti ñ iT is the modification given
by the lax idempotent structure of T. We must verify the pair of 2-cells
displayed above are equal. Using that θ ¨ k “ Tµf , the verification takes the
following form, where the first equality is the modification property for δ and
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the 2-naturality of i, the second is the interchange law in a 2-category, the
third holds since δ ¨ i “ 1, and the last holds since µf ¨ λf “ 1.
`

Tµf ¨ iKf
˘`

T 2f ¨ δA ¨ tf
˘

“
`

iTB ¨µf
˘`

δB ¨Tf ¨ tf
˘

“
`

δB ¨ iB ¨ρf
˘`

TiB ¨µf
˘

“

“ TiB ¨ µf “ pTiB ¨ µfqpTµf ¨ Tλf ¨ tfq

It remains to verify the triangular identities of an adjunction. One of them
is mA ¨ Ttf ¨ α “ 1, equivalent to mA ¨ Ttf ¨ ᾱ “ 1, and by definition of ᾱ,
equivalent to mA ¨ ᾱ1 “ 1. This latter equality clearly holds, since mA ¨ δ “ 1,

Up to now we have only used the hypothesis in the case when v is an
identity morphism. Only now, in order to prove the other triangular identity
α ¨ pTλfq “ 1 we shall need the hypothesis in its general form, more precisely,
for v “ λf . The triangular equality is equivalent to ᾱ ¨ λf “ 1, which holds
since δA ¨ tf ¨ λf “ δA ¨ iA “ 1 and µf ¨ λf “ 1, finishing the proof.

The proposition will be usually used in the following, less powerful form.

Corollary 10.3. A 2-monad T “ pT, i,mq is simple if it is lax idempotent
and composing with (10.3) induces a bijection between 2-cells uñ ifÓg ¨v and
k ¨ uñ k ¨ ifÓg ¨ v, where f : AÑ B Ð C : g are arbitrary morphisms.

Let µ : h ¨ j ñ g be a left extension in a 2-category with comma objects.
Recall that µ is a pointwise left extension if, whenever pasted with a comma
object as depicted on the left hand side below, the resulting 2-cell is a left
extension. Recall that if a 2-monad T “ pT, i,mq is lax idempotent then
the identity 2-cell below exhibits Tf as a left extension – not necessarily a
pointwise extension – of iB ¨ f along iA – Section 3.1.

j Ó w //

��
+3

W
w
��

X
j

//

g %%

Y
h��
+3µ

Z

A
f ��

iA // TA
Tf��

B
iB // TB

(10.5)

Theorem 10.4. Suppose the lax idempotent 2-monad T satisfies: the identity
2-cell (10.5) exhibits Tf as a pointwise left extension of iB ¨ f along iA, for
all f ; and the components of the unit i : 1 Ñ T are fully faithful. Then T is
simple.

Proof : We will verify the hypothesis of Corollary 10.3. Given a comma object
h Ó g depicted on the left below, denote by k : T ph Ó gq Ñ Th Ó Tg the
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comparison morphism. Given a morphism u : X Ñ T ph Ó gq, we consider
the diagram on the right hand side, where the unlabelled 2-cell is a comma
object. This pasting exhibits pTdnq ¨ u as a left extension, since Tdn is a
pointwise left extension.

h Ó g
d1 //

d0 ��
@Hγ

B
g
��

A
h
// C

¨
e1 //

e0 ��
EM

X
u��

h Ó g
ihÓg

//

dn ��

T ph Ó gq

Tdn��

codpdnq
i // T pcodpdnqq

Given a morphism v : X Ñ h Ó g, we will show that 2-cells α : k ¨uñ k ¨ihÓg ¨v
are in bijection with 2-cells uñ ihÓg ¨ v.

We begin by observing that 2-cells α are in bijection with pairs of 2-cells

α0 : pTd0q ¨ uñ pTd0q ¨ ihÓg ¨ v and α1 : pTd1q ¨ uñ pTd1q ¨ ihÓg ¨ v

compatible with Tγ in the sense that pTg ¨α1qpTγ ¨uq “ pTγ ¨ ihÓg ¨vqpTh ¨α0q

holds.
By the universal property of extensions, αn is in bijection with 2-cells

i ¨ dn ¨ e0 ñ pTdnq ¨ ihÓg ¨ v ¨ e1 “ icodpdnq ¨ dn ¨ v ¨ e1, and since i has fully faithful
components, with 2-cells βn : dn ¨ e0 ñ dn ¨ v ¨ e1. The compatibility between
α0, α1, and Tγ translates into pg ¨ β1qpγ ¨ e0q “ pγ ¨ v ¨ e1qph ¨ β0q. By the
universal property of γ, the pair β0, β1 is in bijection with 2-cells e0 ñ v ¨ e1,
and thus with 2-cells ihÓg ¨ e0 ñ ihÓg ¨ v ¨ e1. Finally, by the description of u
as a left extension, these 2-cells are in bijection with 2-cells u ñ ihÓg ¨ v, as
required.

The theorem can be used to prove that, for a class of Set-colimits, the
2-monad on Cat whose algebras are categories with chosen colimits of that
class is simple. Section 13 proves this fact in another way, that applies to
enriched categories.

11. Locally preordered 2-categories
By a locally preordered 2-category we mean one whose hom-categories are

preorders: categories with at most one morphism between any pair of objects.
This type of 2-category is particularly simple and includes some interesting
examples, that we will mention later. Another usual way of describe them is
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as categories enriched in the cartesian closed category of preorders Preord.
A morphism xÑ y in a preorder will usually be denoted by x ď y.

When K is a locally preordered 2-category, a 2-monad T “ pT, i,mq is lax
idempotent when any of the following equivalent conditions holds: pTiq ¨m ď

1T 2; 1T 2 ď piT q ¨m; Ti ď iT .

11.1. KZ lifting operations in locally preordered 2-categories. Con-
sider 2-functors U : A Ñ K 2 Ð B : V and assume that all three 2-categories
are locally preordered – in fact, A and B could be general 2-categories, but
this makes no difference to our analysis. The Cat-modules of Section 6,
DK – pid ¨ domq˚ : K 2 Û K 2, U ˚ : K 2 Û A and V˚ : B Û K 2 can be
regarded as Preord-modules.

Theorem 11.1. In the locally preordered case, given U and V as in the
preceding paragraph, a KZ lifting operation for U , V – Definition 5.2 – is a
lifting operation with the extra property that given a square ph, kq : UaÑ V b,
its chosen diagonal filler is less or equal than any other diagonal filler.

Proof : Definition 5.2 says that a KZ lifting operation for U , V is a left adjoint
coretract for U ˚ ¨ DK ¨ V˚ Ñ U ˚ ¨ V˚. Since these are modules enriched in
preorders, this amounts to a lifting operation U ˚ ¨ V˚ Ñ U ˚ ¨ DK ¨ V˚ such
that

`

U ˚ ¨DK ¨ V˚ Ñ U ˚ ¨ V˚ Ñ U ˚ ¨DK ¨ V˚
˘

ě 1U˚¨V˚.

The naturality is automatically satisfied. This inequality can be verified
component-wise, and this means precisely that given a square ph, kq : Ua Ñ
V b, as depicted in (2.13), and an arbitrary diagonal filler j, then d ď j where
d is the chosen diagonal filler.

The proof above also shows that distinction between lax orthogonality
structures – Definition 5.10 – and KZ lifting operations disappears, so we
have:

Corollary 11.2. In the locally preordered case, a lax orthogonality structure
for U , V exists if and if a KZ lifting operation does; in this case they coincide,
and this structure is unique.

Corollary 11.3. For a 2-functor U : A Ñ K 2 between locally preordered
2-categories, the forgetful 2-functor A Ż Ñ A & is fully faithful.
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Proof : Consider Definition 6.1, where a morphism between two objects of
A Ż is defined as a morphism in A & that satisfies an extra condition of
compatibility with the counits of each adjunction. In the locally preordered
case, this condition is void. In the same Definition, it is already mentioned
that our 2-functor is locally fully faithful, completing the proof.

11.2. Lax orthogonal AWFSs on locally preordered 2-categories.
Let pL,Rq be a lax orthogonal AWFS on the locally preordered K , with
underlying WFS pL,Rq. Recall that g P R precisely when Λg : g Ñ Rg is split
monic, and, by the remarks above, when g admits an R-algebra structure.
The dual statement holds for L, so L consists of those morphisms that admit
an L-coalgebra structure, and R of those that admit an R-algebra structure.

Definition 11.4. We say that a morphism f : AÑ B in a locally preordered
2-category K is fibrewise posetal if, for any isomorphism α : uñ v : X Ñ A,
it holds that α “ 1 whenever f ¨α “ 1. In other words, if for all X the fibres
of the functor K pX, fq : K pX,Aq Ñ K pX,Bq are posets.

Observe that fibrewise posetal morphisms in locally preordered 2-categories
are closed under retracts.

Lemma 11.5. Let R be a lax idempotent and codomain preserving 2-monad
on K 2, where K is a locally preordered 2-category. If free R-algebras are
fibrewise posetal morphisms in K , then: (1) A morphism g P K 2 admits
an R-algebra structure if and only if there exists a left adjoint retract of
Λg : g Ñ Rg. (2) R-algebra structures are unique. (3) R-algebras are closed
under retracts in K 2. An object of K 2 is an R-algebra if and only if it is a
retract of a free R-algebra.

Proof : In this proof we shall use the same notation for R we employ for the
right part of an AWFS. The morphism Rg will be ρg : Kg Ñ B if g : AÑ B,
and the 2-monad R will have unit Λ “ pλ, 1q and multiplication Π “ pπ, 1q.

We must show that any left adjoint retract of Λg is an R-algebra structure.
A retract of Λg “ pλg, 1q must have identity codomain component. Suppose
that pp, 1q is a left adjoint retract of Λg, so p ¨ λg “ 1 and 1 Ñ λg ¨ p –
the adjunction between the codomain components is trivial, since these are
identities, so the unit and counit must be equalities. Note that g is fibrewise
posetal since Rg is so. In order to show that pp, 1q is an algebra structure we
must show that p ¨Kpp, 1q “ p ¨ πg. There is an isomorphism

p ¨Kpp, 1q – p ¨ πg (11.1)
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that is the mate of the identity Kpλg, 1q ¨ λg “ λρg ¨ λg under the adjunctions
Kpp, 1q % Kpλg, 1q, πg % λρg and p % λg. When post-composed with g,
both sides of (11.1) are equal – to ρρg – and therefore an identity, since g is
fibrewise posetal.

We now prove the uniqueness of R-algebras. By a general fact about lax
idempotent 2-monads, two algebra structures pp, 1q, pp1, 1q : Kg Ñ g are iso-
morphic. The codomain component of the isomorphism must be an identity,
so we have p – p1. But g ¨ p “ ρg “ g ¨ p1, that implies p “ p1 because g is
fibrewise posetal.

It remains to show that a retract pr0, r1q : g Ñ f of an R-algebra g : C Ñ D,
with section ps0, s1q, is again an R-algebra. If pp, 1q : Rg Ñ g is the algebra
structure, define

q “
`

Kf
Kps0,s1q
ÝÝÝÝÝÑ Kg

p
ÝÑ C

r0
ÝÑ A

˘

.

We shall prove that pq, 1q : Rf Ñ f is an algebra structure, which is to say,
as we have seen in the present proof, to prove that pq, 1q is a left adjoint
retract of Λf . First, pq, 1q is a morphism:

f ¨q “ f ¨r0 ¨p¨Kps0, s1q “ r1 ¨g ¨p¨Kps0, s1q “ r1 ¨ρg ¨Kps0, s1q “ r1 ¨s1 ¨ρf “ ρf .

Next, we see that q is a retract:

q ¨ λf “ r0 ¨ p ¨Kps0, s1q ¨ λf “ r0 ¨ p ¨ λg ¨ s0 “ r0 ¨ s0 “ 1.

It remains to show that

λf ¨q “ λf ¨r0¨p¨Kps0, s1q “ Kpr0, r1q¨λg ¨p¨Kps0, s1q ě Kpr0, r1q¨Kps0, s1q “ 1

which ends the verification of the existence of the retract adjunction.

Lemma 11.6. For a lax orthogonal AWFS pL,Rq on a locally preordered 2-
category, with underlying WFS pL,Rq, and with the property that R-algebras
are fibrewise posetal morphisms, the following assertions hold: (1) f P R if
and only if f is an R-algebra. R-algebra structures are unique. (2) f P L if
and only if f is an L-coalgebra. L-coalgebra structures are unique.
(3) R-Algs Ñ L-CoalgŻ

s is an isomorphism.

Proof : The assertion (1) follows from Lemma 11.5. We now prove that a
right adjoint retract of Φf “ p1, ρfq : Lf Ñ f is the same as an L-coalgebra
structure. Such an adjoint retract must be of the form p1, sq, for a morphism
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s : B Ñ Kf . Taking mates of Kp1, ρfq ¨ ρf “ ρρf ¨ ρf under the adjunctions
Kp1, ρfq % Kp1, sq, ρf % s and ρρf % πf , we obtain an isomorphism

Kp1, sq ¨ s
–
ÝÑ σf ¨ s (11.2)

that when post-composed with the fibrewise posetal morphism ρf ¨ρρf equals
the identity. It follows that (11.2) is an identity, so p1, sq is an L-coalgebra.

By a similar argument, L-coalgebra structures are unique. If s and s1 give
coalgebra structures, there is an isomorphism s – s1 that composed with ρf
is an identity, and one deduces that s “ s1.

In order to prove that a retract of an L-coalgebra is again a coalgebra,
and thus that L consist of the L-coalgebras, one can now deploy the same
arguments – in dual form – of the last paragraph of the proof of Lemma 11.5
to show that retracts of algebras are algebras.

Finally, we prove the assertion (3) by recalling from Remark 6.7 that ob-
jects of L-CoalgŻ

s are in bijection with left adjoints retracts for the different
units Λg, and, as we saw, these are the same as R-algebra structures.

Theorem 11.7. Let F % U : A Ñ K be a 2-adjunction, where A has
lax limits of arrows, K has pullbacks, and it is locally preordered. Assume
further that the categories K pX,UFY q are posets for each X, Y P K . If
the 2-adjunction is simple, there exists a transferred AWFS pL,Rq on K ,
with underlying WFS pL,Rq, that satisfies:

(1) It is lax orthogonal.
(2) The following statements are equivalent for an f P K 2. (a) f admits

an L-coalgebra structure. (b) Ff is a left adjoint coretract in A .
(c) f P L.

(3) The following statements are equivalent for a g P K 2. (a) g P K 2

admits an R-algebra structure. (b) g is algebraically KZ injective with
respect to all morphisms as in (2) above – see Example 6.3. (c) g is
injective with respect to all morphisms as in (2). (d) g P R.

(4) In the underlying WFS pL,Rq, the left class consists of morphisms as
in (2), and the right class of morphisms as in (3).

Proof : For g : C Ñ D in K , the morphism ρg : Kg Ñ D is fibrewise posetal;
indeed, the fibre of the functor K pX, ρgq over v : X Ñ D is isomorphic to
K pX,UFgq{v, which is a poset since K pX,UFCq is so.
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Lemma 11.6.2 shows the equivalence between (2a) and (2c), while the
equivalence of these with (2b) is part of Theorem 9.2, as well as (1) is.
Finally, (4) is part of Lemma 11.6.

By Lemma 11.5, we know that morphisms in R coincide with R-algebras.
This shows the equivalence between (3a) and (3d). That (3a) implies (3b)
follows from Theorem 6.6, while that (3c) implies (3d) is a basic fact about
WFSs.

12. Example: the filter monad
In this section we exhibit an AWFS on the 2-category of topological spaces

arising from a simple lax idempotent 2-monad: the filter 2-monad. This
factorisation was constructed in the case of T0 spaces in [3]. In fact, [3]
constructs four WFSs, corresponding to the 2-monads for filters and its sub-
2-monads of proper filters, prime filters and completely prime filters. We
shall restrict only to the first of those, as only small modifications are needed
to treat the other three cases. The restriction to T0 spaces ensures that the
2-category of spaces is locally posetal, but it is not essential, and indeed we
shall be able to work with general spaces, since the free space of filters on
any space is a poset.

Each topological space X carries a preorder structure given by the order

x ď y if and only if y P txu, (12.1)

ie if and only if every open neighbourhood of y is an open neighbourhood of
x – this is the opposite of what is usually called the specialisation order. This
induces a preorder structure on each hom-set ToppX, Y q by defining f ď g
if fx ď gx, for all x P X, making Top into a preorder-enriched category, or
a locally preordered 2-category.

A comma-object f Ó g in Top can be described as the subspace of A ˆ B
defined by the subset tpa, bq P AˆB : fpaq ď gpbqu.

f Ó g
d1 //

d0 ��
ď

B
g
��

A
f

// C

Denote by F : Top Ñ Top the filter monad. If X is a space, FX is the set
of filters of open sets of X, with topology generated by the subsets U# “ tϕ P
FX : U P ϕu, where U P OpXq. The (opposite of the) specialisation order
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on FX results in the opposite of the inclusion of filters. In particular, FX is
a poset. If f : X Ñ Y is continuous, then Ff is defined by pFfqpϕq “ tV P
OpY q : f´1pV q P ϕu. The unit of the monad has components iX : X Ñ FX,
given by iXpxq “ tU P OpXq : x P Uu. The multiplication of the monad has
components mX : F 2X Ñ FX, given by mXpΘq “ tU P OpXq : U# P Θu.

Observe that iX is a full (and faithful) functor between the underlying
preorders, by definition of the order in X. It is an injective function precisely
when X is T0.

The 2-monad F restricts to the full sub-2-category Top0 of T0 topological
spaces. It was shown in [6] that the category of algebras for this restriction
is isomorphic to the category whose objects are continuous lattices [22] and
morphisms poset maps that preserve directed suprema and arbitrary infima.
Our choice of the (opposite of the) specialisation order on spaces, which is the
opposite of the order used in [6], grants a few comments as a way of avoiding
confusion. A space X P Top0 has an F-algebra structure precisely when the
opposite of the poset pX,ďq is a continuous lattice, where ď is the order
(12.1). The topology of the space X can be recovered as the Scott topology
of the continuous lattice pX,ďqop. A morphism of F-algebras f : X Ñ Y
is a continuous function that preserves arbitrary suprema, as a poset map
pX,ďq Ñ pY,ďq [6, Thm 4.4] – continuity is equivalent to preservation of
ď-directed infima.

In fact the 2-category F-Algs of general topological spaces equipped with
an F-algebra structure is isomorphic to the one described in the previous
paragraph. This is so because any F-algebra is a retract of a free F-algebra,
ie a space of filters, and these are posets, equally, T0. Thus, the preorder
underlying any F-algebra is a poset and the algebra is a T0 space.

By an embedding we will mean a topological embedding, in the usual sense:
a continuous function that is an homeomorphism onto its image, where the
latter is equipped with the subspace topology.

The filter 2-monad F was shown to be lax idempotent in [9], where it is
also proved that a continuous function f between T0 spaces is an embedding
if and only if Ff is the left adjoint in a coretract adjunction.

Recall that given a continuous map f : X Ñ Y the inverse image morphism
f´1 : OpY q Ñ OpXq is a left adjoint of f˚ given by f˚pUq “ YtV P OpY q :
f´1pV q Ď Uu. The unit V Ď f˚f

´1pV q is the inclusion of V into YtW P

OpY q : f´1pW q Ď f´1pV qu. The map Ff has always a right adjoint r given
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by
rpψq “ tU P OpXq : f˚pUq P ψu. (12.2)

The unit of Ff % r is given by

rpFfpφqq “ tU P OpXq : f˚pUq P Ffpφqu “ tU P OpXq : f´1f˚pUq P φu Ď φ

where the inclusion is induced by f´1f˚pUq Ď U . The counit

Ff ¨ rpψq “ tV P OpY q : f˚f
´1
pV q P ψu Ě ψ

is induced by V Ď f˚f
´1pV q.

Example 12.1. For instance piXq˚ “ p´q# : OpXq Ñ OpFXq. To see this,
recall that tU# : U P OpXqu form a basis of open sets of FX, hence
YtV P OpFXq : i´1

X pV q Ď Uu is equal to the union of those W# satisfy-
ing i´1

X pW
#q Ď U ; but this means W Ď U , so the union is U .

The assignment X ÞÑ OpXq can be extended into a pair of 2-functors
Topcoop

Ñ Poset and Top Ñ Poset into the 2-category of posets. The
first of these is defined on morphisms by f ÞÑ f´1. It is not hard to show
that if f ď g in Top then f´1pV q Ě g´1pV q for all V P OpY q. The second
2-functor is given on morphisms by f ÞÑ f˚. Taking mates, one deduces that
f˚pUq Ď g˚pUq for all U P OpXq when f ď g.

Lemma 12.2. For a morphism f in Top, the following conditions are equiv-
alent. (1) f˚ is full – equivalently, f´1f˚ “ 1. (2) Ff is the left adjoint in
a coretract adjunction in the 2-category Top. (3) Ff is the left adjoint in a
coretract adjunction in the 2-category F-Algs. Furthermore, if any of these
conditions hold, f is a full morphism between the underlying preorders. If f
is a morphism in Top0, (1)–(3) are equivalent to f being an embedding.

Proof : We start by showing that for any space X, the unit iX satisfies (1). In
Example 12.1 we saw that piXq˚ “ p´q

#, and i´1
X pU

#q “ U is easily verified.
As for any adjunction with invertible counit, the right adjoint is full.

Given f : X Ñ Y in Top, consider the naturality of i, and apply the
2-functor p´q˚.

iY ¨ f “ Ff ¨ iX piY q˚f˚ “ pFfq˚piXq˚ (12.3)

As piY q˚ is full – and faithful – we have that f˚ is full if and only if pFfq˚piXq˚
is full. It is clear that (1) implies that Ff is full and faithful, so the unit of
Ff % r must be an identity, which is the statement (2).
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A

λf %%

f

""

iA

((
Ff Ó iB //

ρf
��

ě

FA
Ff
��

B
iB

// FB

Figure 8. Factorisation of a continuous map.

Now assume (2), ie that the unit of Ff % r is an identity, so the same is
true of pFfq˚ % r˚. By a standard argument, this implies that the counit of
pFfq´1 % pFfq˚ is an identity, so the counit of i´1

X pFfq
´1 % pFfq˚piXq˚ is an

identity too. Equivalently, the counit of f´1i´1
Y % piY q˚f˚ is an identity, but

this counit is f´1i´1
Y piY q˚f˚ “ f´1f˚ ď 1, just the counit of f´1 % f , which

therefore must be an identity, completing the proof of (2)ñ(1).
It remains to prove the equivalence between (3) and (2), of which the

direct direction is trivial. We only have to prove the converse, for which it
is enough to prove that r is a morphism of F-algebras, since the forgetful
2-functor F-Algs Ñ Top is locally fully faithful. We need to prove, thus,
that r preserves arbitrary suprema – intersections of filters, since we are
working with the opposite of the inclusion order. But this is readily verified
by using (12.2).

Next we show that (2) implies that f is full on the underlying preorders.
The unit iZ is full and faithful for any Z – this is precisely the way in which
the order on Z is defined. Then, (12.3) shows that f is full if Ff is so, but
this is precisely what (2) guarantees.

Finally, if X is a T0 space, its underlying preorder is a poset. In this case,
f is injective, as fpxq “ fpyq implies both x ď y and y ď x in the X, so
x “ y. Together with f´1f˚ “ 1, we have that f is an embedding.

We shall show that F is simple by verifying the hypotheses of Theorem
10.4, but first we summarise the consequences of this fact. There is a lax
orthogonal AWFS on Top that factors a morphism f as f “ ρf ¨ λf , as
depicted in Figure 8. We can now employ Theorem 11.7 to recover one of
the WFSs considered in [3].

Proposition 12.3. The underlying WFS of the lax orthogonal AWFS pL,Rq
on Top transferred from the coreflection–opfibration AWFS on F-Algs has the
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following properties. (1) L consists of those maps that satisfy the equivalent
conditions of Lemma 12.2. (2) Maps in R are not just injective but also
algebraically KZ injective with respect to each map in L. If we restrict to T0
spaces, L is the class of topological embeddings.

Theorem 12.4. The 2-monad F is simple.

Proof : The proof uses Proposition 10.2. Let h : A Ñ B Ð C : g be two
continuous maps, and h Ó g its comma object in Top, with first and second
projections denoted d0 and d1. The comparison morphism k : F ph Ó gq Ñ
Fh Ó Fg Ă FAˆ FB sends a filter ϕ on h Ó g to the pair of filters pψ0, ψ1q:
ψ0 “ tU P OpAq : d´1

0 pUq P ϕu, ψ1 “ tV P OpBq : d´1
1 pV q P ϕu. Given

pa, bq P h Ó g, recall that its image under the unit is ihÓgpa, bq “ tW P Oph Ó
gq : pa, bq P W u. We have pFd0qihÓgpa, bq “ iAd0pa, bq “ iApaq, and similarly,
pFd1qihÓgpa, bq “ iBpbq.

We claim that given ϕ P F ph Ó gq, pa, bq P h Ó g as above, if ψ1 ď iApaq
and ψ2 ď iBpbq then ϕ ď ihÓgpa, bq. In other words, we shall show that if the
following two inclusions hold

tU P OpAq : d´1
0 pUq P ϕu Ě tU P OpAq : a P Uu

tV P OpBq : d´1
1 pV q P ϕu Ě tV P OpBq : b P V u

then ϕ Ě tW P Oph Ó gq : pa, bq P W u. Given a P U P OpAq, b P V P OpBq,
then

pU ˆ V q X ph Ó gq “ d´1
0 pUq X d

´1
1 pV q P ϕ.

But any neighbourhoodW of pa, bq contains another of the form pUˆV qXph Ó
gq, so W P ϕ, completing the proof of the claim.

The fibrant replacement 2-monad on Top of this AWFS is F, as a conse-
quence of Corollary 9.3. To prove this, first observe that the topological space
F1 of filters of open sets of 1 is tt1u, tH, 1uu, where K :“ tH, 1u is an open
point, and J :“ t1u is not. So F1 is the Sierpinski space, and K ď J with
our choice of (the opposite of the specialisation) order. The unit 1 Ñ F1 is
the continuous function that picks out J P F1, and hence a right adjoint to
F1 Ñ 1.

Example 12.5. Let P be the 2-monad on Top that assigns to each space the
space PX of upper closed subsets of OpXq, with topology generated by the
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subsets U# “ tϕ P PX : U P ϕu. This 2-monad is lax idempotent by the
same considerations that apply to the filter monad.

One can prove that, for a map f : X Ñ Y , f˚ : OpXq Ñ OpY q is full
if and only if Pf is a left adjoint coretract; an identical proof to the case
of the filter monad works just as well. This implies that P is not simple.
If it were, we would have an induced lax idempotent AWFS on Top, with
fibrant replacement 2-monad isomorphic to P, by the same arguments given
in the paragraph immediately previous to the present example. Whence, P-
algebras would be those spaces injective with respect to full maps, which are
the F-algebras, yielding the contradiction that F is isomorphic to P.

13. Example: completion of V-categories under a class
of colimits

This section is divided in three parts. In the first we prove that the 2-
monad whose algebras are V-categories with chosen colimits of a class is
simple, therefore inducing a lax orthogonal AWFS pL,Rq on V-Cat. The
middle part shows that the algebras for R are, at least when V “ Set,
split opfibrations whose fibres are equipped with chosen colimits and whose
push forward functors strictly preserve them. Intuitively, this type of split
opfibration should coincide with the R-algebras, but in general they do not,
and this is the subject of the last part of the section.

13.1. Simplicity of completion under a class colimits. Let Φ be a
small class of colimits, and TΦ the 2-monad on V-Cat whose algebras are
small V-categories with chosen colimits of the class Φ. This 2-monad, whose
existence was proven in [15], is lax idempotent. Earlier, less general, versions
of this monad appeared, for example, in [16]. In this section we prove:

Theorem 13.1. The 2-monads TΦ are simple – in the sense of Section 10 –
therefore inducing a lax orthogonal AWFS pLΦ,RΦq on V-Cat.

Because an explicit description of TΦA is only possible in particular in-
stances, we will use the usual presheaf pseudomonad and its relationship to
TΦ. The free completion of a V-category C under small colimits can be con-
structed as the V-category PC with objects small presheaves – ie V-functors
Cop Ñ V that are a left Kan extension of its own restriction to a small sub-
category of Cop – and enriched homs given by PCpφ, ψq “

ş

crφc, ψcs. This
extends to a pseudomonad on V-Cat, whose unit has components the Yoneda
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embedding yC : C Ñ PC, and whose multiplication we denote by mΦ. A
number of properties of PC, in particular its completeness, are studied in
[7].

The free completion of C under colimits of the class Φ – or Φ-colimits –
can be constructed as the smallest full sub-V-category of PC that is closed
under Φ-colimits and contains the representable presheaves. One obtains a
pseudomonad Φ together with a pseudomonad morphism Φ Ñ P that has
fully faithful components.

Lemma 13.2. Given a V-functor f : C Ñ D between small V-categories, the
following statements are equivalent. (1) Φf : ΦC Ñ ΦD has a right adjoint.
(2) Whenever ψ P ΦD, ψf op : Cop Ñ V belongs to ΦC. (3) Dpf´, dq P ΦC
for all d P D.

Before we prove the theorem, it is convenient to recall some useful aspects
of the construction of TΦ [15]. Part of this construction is an equivalence
tA : TΦ Ñ ΦA for each V-category A, which form a pseudonatural transfor-
mation TÑ Φ, and moreover, a pseudomonad morphism.

Lemma 13.3. Denote by Φ a small class of V-enriched colimits and the
associated pseudomonad on V-Cat. Let f : AÑ B be a V-functor into a Φ-
cocomplete V-category, and denote by f̃ : ΦpAq Ñ B a left Kan extension of
f along the corestricted Yoneda embedding yA. Then the morphisms induced
by f̃

ΦpAqpφ, yApaqq ÝÑ Bpf̃pφq, fpaqq (13.1)

are isomorphisms for all φ P ΦpAq and a P A.

Proof : The morphism (13.1) can be written as the composition of ΦpAqpφ, fq
from ΦpAqpφ, yApaqq to ΦpAqpφ,Bpf´, fpaqqq and the isomorphism between
the latter and Bpcolpφ, fq, fpaqq. The result is an isomorphism since f is full
and faithful.

Proof of Theorem 13.1: Let the 2-monad T in Corollary 10.3 be the 2-monad
on V-Cat whose algebras are V-categories with chosen Φ-colimits. Assume
we are given morphisms f and g as in the statement of the said corollary.
The V-category Tf Ó Tg is Φ-cocomplete, as the forgetful 2-functor from T-
algebras creates comma objects. The comparison morphism of the corollary
is the left Kan extension of the V-functor h : f Ó g Ñ Tf Ó Tg induced by iA
and iB. Since h is full and faithful, then k is full and faithful on homs of the
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form T pf Ó gqpu, ifÓgpvqq by Lemma 13.3, so we have indeed the bijection of
2-cells required in Corollary 10.3.

13.2. Monadicity of split opfibrations with fibrewise chosen Φ-
colimits. Given a small class of Set-colimits Φ, denote by OpFibs-Φ-Colims

the 2-category with objects split opfibrations in Cat whose fibres are small
categories with chosen colimits of the class Φ and whose push-forward func-
tors strictly preserve these. Morphisms from p : E Ñ B to p1 : E 1 Ñ B1 are
strict morphisms ph, kq : pÑ p1 of split fibrations such that the restriction of
h to fibres strictly preserves the chosen Φ-colimits, while 2-cells are those of
Cat2.

The codomain functor OpFibs-Φ-Colims Ñ Cat is a fibration and the
forgetful 2-functor OpFibs-Φ-Colims ÝÑ Cat2 is strictly cartesian. This
means that given a split opfibration A Ñ B whose fibres have chosen Φ-
colimits and the push-forward functors strictly preserve them, its pullback
along any functor B1 Ñ B carries the same structure. The fibration of 2-
categories OpFibs-Φ-Colims Ñ Cat is equivalent to that whose fibre over
B is rBop,Φ-Colimss and whose pullback along f : B1 Ñ B is given by
precomposition.

Lemma 13.4. The forgetful 2-functor U : OpFibs-Φ-Colims Ñ Cat2 is
monadic.

Proof : We first show that the strictly cartesian functor U has a fibred left
adjoint. One can write U as the composition of the forgetful 2-functors
V from OpFib-Φ-Colims to OpFibs and OpFibs Ñ Cat2, and since the
latter is monadic, it will suffice to show that V has a left adjoint. Observe that
V is a strictly cartesian 2-functor between fibrations over Cat, so it suffices to
prove that each restriction V B to the fibre over B P Cat has a left adjoint,
say FB, and that for any functor f : B1 Ñ B, the natural transformation
FB1f ˚ ñ f ˚FB is invertible. This is a version for 2-categories fibred over a 2-
category of the corresponding classical result for fibred categories, but there
is no real difference in the proof. The 2-functor V B is equivalently described
as rB,Φ-Colimss Ñ rB,Cats given by composing with the right adjoint
forgetful 2-functor UΦ : Φ-Colims Ñ Cat. Therefore, V B has a left adjoint,
given by composing with the left adjoint, say FΦ, of UΦ. Given a functor f as
above, the Beck-Chevalley condition says that, given φ : B Ñ Cat, we need
the following transformation to be invertible, FΦ ¨φ ¨f ñ FΦ ¨UΦ ¨FΦ ¨φ ¨f ñ
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FΦ ¨ φ ¨ f , where the arrows are induced, respectively, by the unit and counit
of FΦ % UΦ. This is obviously true, so we obtain a left adjoint F % V .

In order to show that U is monadic it remains to show that it creates
coequalisers of U -split pairs. Suppose pu0, u1q, pv0, v1q : k Ñ h are a parallel
pair and pq0, q1q : h Ñ g a morphism in OpFib-Φ-Colims, with a splitting
in OpFibs given by ps0, s1q : g Ñ h and pt0, t1q : h Ñ k. This means q ¨ s “
1, u ¨ t “ 1 and v ¨ t “ s ¨ q. We have to show that fibres of g can be
equipped with chosen Φ-colimits in a way that the restriction of q to fibres
strictly preserves them, and the push-forward functors of the split opfibration
g strictly preserves them too.

C

k
��

u0 //v0 //oo
t0

E

h
��

q0 //oo
s0

A

g
��

D
u1 //v1 //oo
t1

F
q1 //oo
s1

B

Given b P B, the top row of the diagram restricts to the fibres Ct1s1pbq, Es1pbq

and Ab, yielding a split diagram of categories. The first two categories are
equipped with chosen Φ-colimits, and the parallel pair between them strictly
preserve them, so we have that Ab has a unique choice of Φ-colimits that
make q : Es1pbq Ñ Ab strictly preserve them, by monadicity of categories with
chosen colimits [15]. It remains to prove that each q0 : Ef Ñ Aq1pfq strictly
preserves Φ-colimits, for any f P F . Since u0 exhibits Ef as a retract of Ct1pfq,
it suffices to prove that q0 ¨ u0 : Ct1pfq Ñ Aq1pfq strictly preserves Φ-colimits,
as any such colimit in Ef is the image under u0 of another in Ct1pfq. Thus,
we need to prove that q0 ¨ v0 : Ct1pfq Ñ Aq1pfq strictly preserves these colimits.
Note that v0 sends the fibre over t1pfq to the fibre over v1t1pfq “ s1q1pfq, so
it suffices to know that q0 restricted to Es1q1pfq strictly preserves Φ-colimits,
which is the case by construction of the colimits on the fibres of A.

It is easy to see that for any morphism β : bÑ b1 the push-forward functor
Aβ : Ab Ñ Ab1 strictly preserves the chosen colimits, since β˚ ¨ q0 : Eb Ñ Ab Ñ

Ab1 equals q0 ¨ β˚ : Eb Ñ Eb1 Ñ Ab1.

For later use, we record the following observations, which hold not only in
the case of ordinary categories but also in that of categories enriched in a
suitable monoidal category whose unit object is terminal.
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Remark 13.5. Let C be a category with Φ-colimits, H : C Ñ E a Φ-cocontinuous
functor, e an object of E and Q : H{e Ñ C the projection. For any functor
D : J Ñ H{e and any colimiting cylinder η : φ ñ CpQD´, cq with φ P Φ
there exists a unique ε : Hc Ñ e in E and a unique colimiting cylinder
ν : φñ H{epD´, pc, εqq such that Qpνq “ η.

Moreover, if C is equipped with chosen Φ-colimits, then there exists a
unique choice of Φ-colimits on H{e that is strictly preserved by Q.

Suppose S : A Ñ H{e is a functor, where A has chosen Φ-colimits. Then
S strictly preserves Φ-colimits if and only if QS : AÑ C does so.

Theorem 13.6. Given a small class of Set-colimits Φ, there exists a 2-
functor

R-Algs ÝÑ OpFib-Φ-Colims (13.2)

that commutes with the forgetful functors into Cat2, where R is the right part
of the AWFS on Cat induced by Φ.

Proof : We shall denote the 2-category OpFib-Φ-Colims by F in order to
save space. We are to prove that each R-algebra A Ñ B is a split opfi-
bration whose fibres are equipped with chosen Φ-colimits and whose push-
forward functors strictly preserve these. The first assertion follows from
Theorem 8.10, so we only need to concern ourselves with the chosen colimits.
The rest of the proof is divided in a series of steps: (a) define on Rg a struc-
ture of an object of F , for all g P Cat2; (b) any morphism of R-algebras is
a morphism in F , so we have a 2-functor KlpRq Ñ F over Cat2; (c) the
image of any parallel pair of morphisms in KlpRq under the 2-functor of (b)
has a coequaliser in F , provided that its image under KlpRq Ñ Cat2 has an
absolute coequaliser in Cat2; (d) this means that we can left Kan extend it
to a 2-functor (13.2).

We start by proving (a). The fibres of any R-algebra are categories with
chosen Φ-colimits: any such fibre is an R-algebra over 1, by Corollary 2.16,
and the restriction of R to Cat{1 is isomorphic to T, by Corollary 9.3; note
that the unit i1 : 1 Ñ T1 is always a right adjoint. It remains to prove
that for any morphism β : b Ñ b1 in B the push-forward functor Ab Ñ Ab1

preserves the chosen colimits. We claim that it is enough to prove it for free
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R-algebras, since there will be a split coequaliser in Cat{B

Kρg

πg
//

Kpp,1q
//

oo
λρg

Kg
p
//oo

λg

A

– where p denotes the R-algebra structure of g – which then lifts to a (non-
split) coequaliser in the 2-category of split opfibrations. Taking the fibre over
b P B of this split coequaliser, we obtain a coequaliser in T-Algs that splits
in Cat. In particular, for any functor d into A

colpφ, dq “ pbpcolpφ, pλgqb ¨ dqq

because p strictly preserves the chosen colimits. Taking fibres over b and b1,
we have a commutative square in Cat where all the categories have chosen
Φ-colimits and the horizontal functors strictly preserve them.

pKgqb
pb //

β˚ ��

Ab

β˚��

pKgqb1
pb1 // Ab

Therefore, if the push-forward functors of Rg preserve the chosen Φ-colimits,
then so does the ones of g: by commutativity of the square, β˚ ¨ pb strictly
preserves Φ-colimits, and

β˚pcolpφ, dqq “ β˚pbpcolpφ, pλgqb ¨ dqq “ colpφ, β˚ ¨ pb ¨ pλgqb ¨ dq “ colpφ, β˚ ¨ dq.

Now we prove that the push-forward functors of a free R-algebra Rg strictly
preserve chosen Φ-colimits. By the description of Kg as a comma object
(10.4), its objects are triples px, b, ξq where x P TA, b P B and ξ : pTgqpxq Ñ
iBpbq is a morphism in TB. If we denote by zb : pKgqb Ñ Kg the inclusion
of the fibre over b P B and tg : Kg Ñ TA the projection of the comma
object, we showed in Lemma 9.4 that tg ¨ zb : pKgqb Ñ TA strictly preserves
Φ-colimits. It is clear that the triangle on the left hand side commutes, since
β˚px, b, ξq “ px, b

1, iBpβq ¨ ξq.

pKgqb
β˚ ��

tg¨zb
// TA

pKgqb1
tg¨zg1

88 Tg{iBpbq
prb //

β˚ ��

TA

Tg{iBpb
1q

prb1

77
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But pKgqb is the slice category Tg{iBpbq, and tg ¨zb is the projection into TA,
so we have a commutative triangle as in the right hand side. We can now
apply the observations of Remark 13.5 to deduce that, since prb1 ¨ β˚ strictly
preserve Φ-colimits, so does β˚. This completes the proof of (a).

The next step in the proof is to verify (b), which is easy. Let g : A Ñ B
and g : A1 Ñ B1 be R-algebras, ph, kq : g Ñ g1 a morphism of R-algebras, and
b P B. Taking fibres over b and kpbq we obtain a commutative square in Cat2

displayed on the left, where the solid arrows are in F and the dotted arrow
is the restriction of h to fibres.

Ab

��

// A1kpbq

��

g
ph,kq

// g1

1
b ��

1
kpbq��

B
k // B1

The codomain part of this diagram is displayed on the right hand side. We
deduce that the dotted functor is a morphism in F from the fact that the
codomain functor R-Algs Ñ Cat is a fibration – Corollary 2.16 – and the
vertical morphisms, as pullback squares, are cartesian.

From (a) and (b) together we deduce that there is a 2-functor KlpRq Ñ F
that commutes with the canonical 2-functors into K 2. If a pair of morphisms
between free R-algebras has an absolute coequaliser in Cat2, they form a
parallel pair of morphisms in F with an absolute coequaliser in Cat2. By
monadicity of F – Lemma 13.4 – their coequaliser exists in F , and it is
preserved by the forgetful 2-functor into Cat2. This proves (c).

Finally, (d) is the general observation that, for any 2-monad S on a 2-
category A , the 2-functor KlpSq Ñ S-Algs is dense with a density presenta-
tion given by coequalisers of those pairs whose image under KlpSq Ñ A have
absolute coequalisers in A . Therefore the left Kan extension of KlpRq Ñ
F to a 2-functor (13.2) exists. For background on density presentations
see [13, 14, Ch 5].

In many instances, the 2-functor of the theorem is an isomorphism. For
example, it is not hard to verify this when Φ is the class for initial objects
tH Ñ Setu.

13.3. Split opfibrations with fibrewise chosen colimits are not al-
ways R-algebras. In this example we show that for a certain, very simple
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class of colimits, the 2-functor of Theorem 13.6 is not an isomorphism. De-
note by R the 2-monad of the lax orthogonal AWFS induced by a class of col-
imits Φ, and by S the 2-monad whose 2-category of algebras is
OpFib-Φ-Colims – Lemma 13.4. In fact, we prove that the restriction of
the 2-monad morphism S Ñ R given by Theorem 13.6 to Cat{1 ` 1 is not
an isomorphism.

Let R1`1 and S1`1 be the restrictions to Cat{1`1. The latter was described
in the course of the proof of Theorem 13.6, and sends g : A Ñ 1 ` 1 to the
split opfibration – just a functor over 1 ` 1 – with fibres T pA0q and T pA1q

over 0 and 1 respectively. Here we are writing 0, 1 for the two objects
of the discrete category 1 ` 1. The 2-monad morphism S1`1 Ñ R1`1 of
Theorem 13.6 has component at g a functor that on the fibres over 0 is
the unique T pA0q Ñ pKgq0 that composed with the inclusion pKgq0 ãÑ Kg
corresponds to

TA0

��

Tz0 //

T ! ((

�

TA

Tg
��

T1
T0
))

1
0
// 1` 1

i1`1

// T p1` 1q

where the unlabelled natural transformation is the unique that yields the
identity transformation when precomposed with iA0

. Note that we used that
T is lax-idempotent.

Below we shall exhibit an example where the functor T pA0q Ñ pKgq0 is
not an isomorphism, and therefore neither is S1`1 Ñ R1`1.

Consider the class of colimits Φ “ t∆H : 1 Ñ Setu. The colimit of a
functor v : 1 Ñ Set that picks out a set v, weighted by ∆H – the tensor
product of v by H – is colp∆H, vq “ H. The completion of a small category
A under these colimits consists of the full subcategory ΦA Ď rAop,Sets
consisting of the representables together with the initial object: the presheaf
constant at H. A category A has chosen Φ-colimits if there is an assignment
of an initial object 0paq P A for each object a P A.

We can explicitly describe the 2-monad T associated to Φ. Let p|A| ˆNqch
be the codiscrete, chaotic or indiscrete category with objects |A| ˆ N, and
N : AÑ p|A|ˆNqch the unique functor that on objects is given by a ÞÑ pa, 0q.
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Define TA as the oplax colimit in Cat depicted below.

p|A| ˆ Nqch
j ((

+3

A

iA
{{

Noo

TA

(13.3)

Then TA has objects of the form either a P A or pa, nq P |A|ˆN, the functors
j and iA are fully faithful and TAppa, nq, a1q “ 1, TApa, pa1, nqq “ H. In
particular, all the objects of the form pa, nq are initial in TA. We can equip
TA with chosen Φ-colimits by defining 0paq “ pa, 0q and 0ppa, nqq “ pa, n`1q
for n P N.

We next show that iA : AÑ TA is the free category with chosen Φ-colimits
on A. Suppose f : A Ñ B is a functor and that B has chosen Φ-colimits, ie
a choice of an initial object 0pbq for each b P B. By the universal property of

the colimit (13.3), to give a functor f̂ : TAÑ B is equivalent to giving a pair
of functors h : A Ñ B and k : pA ˆ Nqch Ñ B with a natural transformation

α : h ñ k ¨ N . To say that f̂ preserves the chosen initial objects means
that kpa, 0q “ f̂ jpa, 0q “ 0pfpaqq and kpa, nq “ f̂ jpa, nq “ 0pf̂pa, n´ 1qq

for n ě 1. Therefore, k is determined, and h “ f if we require f̂ ¨ iA “ f .
Finally, a natural transformation α will have initial objects as the domain
of its components, so it clearly exists and it is unique. This completes the
proof of the existence and uniqueness of f̂ , and TA is the free category with
chosen Φ-colimits on A.

Given a functor g : A Ñ 1 ` 1, consider ρg : Kg Ñ 1 ` 1. Its fibre pKgq0
over 0 has objects pairs x P TA, pTgqx Ñ i1`1p0q in T p1 ` 1q. For any
a P A, iApaq is an object of pKgq0 precisely when a P A0, since pTgqipaq “
i1`1pgaq Ñ i1`1p0q exists – and is the identity – when ga “ 0 in 1 ` 1. On
the other hand, any of the chosen initial objects pa, nq P TA will be objects
of pKgq0. Indeed, pTgqpa, nq is initial in T p1 ` 1q, and thus it has a unique
morphism into i1`1p0q. Therefore, the objects of pKgq0 can be described as
|pKgq0| – |A0| ` tpa, nq : a P A, n ě 0u. On the other hand, the objects
of T pA0q can be described as |T pA0q| – |A0| ` p|A0| ˆ Nq. The comparison
functor TA0 Ñ pKgq0 sends a P A0 to a as an object of pKgq0; it sends pa, nq,
where a P A0 and n ě 0 to pa, nq, now thought as an object of pKgq0. It is
clear that if a P A1, then pa, 0q does not belong to the image of TA0 Ñ pKgq0,
and this functor cannot be an isomorphism.
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14. Example: Lawvere’s generalised metric spaces
This section studies the example of the 2-category of Lawvere’s generalised

metric spaces and a lax idempotent AWFS that arises from the Cauchy com-
pletion construction. The left and right part of the AWFS, and its under-
lying WFS, can be described in terms of Cauchy sequences. For instance,
the AWFS factorises a distance-decreasing function f between (usual) metric
spaces as a dense isometry λf followed by a distance-decreasing function ρf
with the property that any Cauchy sequence in its domain converges when-
ever its image under ρf converges.

The lax idempotent AWFS described in this section is related but not a
particular instance of the one of Section 13. The difference resides in that
the 2-monad that induces the AWFS in the named section is that for chosen
colimits, while in the present section it will be the 2-monad that freely adds
absolute colimits, not chosen ones.

Let R̄` be Lawvere’s symmetric monoidal closed category of non-negative
real numbers [18, 19]. It has objects non-negative real numbers together with
an extra object 8, and a unique morphism α Ñ β if α ě β. This category
is complete and cocomplete, with limit and colimit of a functor f : J Ñ R̄`
given by colpfq “ inftfpjq : j P Ju and limpfq “ suptfpjq : j P Ju. These
inf and sup are defined in the usual way, with the obvious extension to allow
for 8.

The tensor product of the monoidal structure is given by addition, with
α`8 “ 8`α “ 8, and unit object 0. The internal hom rα, βs is β´α if this
real number is non-negative, and 0 otherwise; rα,8s “ 8 and r8, αs “ 0 for
α ‰ 8, and r8,8s “ 0. Observe that the unit object 0 P R̄` is a terminal
object.

Categories enriched in R̄` are Lawvere’s generalised metric spaces, which
we will refer to simply as spaces when no confusion is possible. These struc-
tures are just as metric spaces, with the difference that the distance function
is not symmetric and it can take 8 as a value. A generalised metric space X
is symmetric if Xpx, yq “ Xpy, xq for all x, y P X. A symmetric space is the
same as a pseudometric space, only that the distance can attain the value
8. Equivalently, it is the same as a family of pseudometric spaces. Functors
enriched in R̄` are distance-decreasing functions.
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The functor R̄`p0,´q : R̄` Ñ Set takes only two values, 1 on 0 P R̄` and
H everywhere else. It can therefore be considered as a functor R̄` Ñ 2,
which has a left adjoint 2 Ñ R̄` given by K ÞÑ 8 and J ÞÑ 0.

The underlying category 2-functor can be regarded as a 2-functor R̄`-Cat Ñ
Preord, where a ď a1 when the distance from a to a1 is zero. It has a left
adjoint that sends a poset X to the generalised metric space with points X
and Xpx, x1q “ 0 if x ď x1 and 8 otherwise.

The completion of a space A under colimits is the space PA “ rAop, R̄`s
of distance-decreasing R̄`-valued functions on Aop.

Let f : A Ñ B be a distance-decreasing function. The R̄`-functor Pf is
explicitly given by Pfpφqpbq “ infaPABpb, fpaqq ` φpaq and it has a right
adjoint r given by rpψq “ ψpf´q. The adjunction Pf % r is a coretract
adjunction, ie the unit is an identity, precisely when Pf if full and faithful,
equivalently, when f is so, which is to say, f is an isometry.

The 2-functor from R̄`-Cat to Preord that sends a space to its underlying
preorder is a 2-monad morphism between the respective free split opfibra-
tion 2-monads. This is so because these 2-monads are given by taking a
comma object along an identity morphism, and the 2-functor, as a right ad-
joint, preserves limits. In particular, a split opfibration in R̄`-Cat is a split
opfibration in Preord.

Definition 14.1. A sequence of points pxnq in a metric space X is Cauchy
when it satisfies the usual definition of a Cauchy sequence. Two Cauchy
sequences in X are equivalent when they are equivalent in the usual sense.

Every Cauchy sequence in R̄` converges. If the sequence takes the value
8 only finitely many times, this is the completeness of R`. Otherwise, we
know that there exists n0 such that for all n ě n0 both r8, xns ă 1 and
rxn,8s ă 1. Of these two conditions, the first is trivial, as it amounts to
0 ă 1, while the second means 8 ă 1 if xn ‰ 8, which is a contradiction. It
follows that xn “ 8 for all n ě n0, and pxnq converges.

In Section 2.2 we have recalled the definition of Set-module or profunctor
and in Section 5.1 that of Cat-module. An R̄`-module φ : X Û Y , between
spaces X and Y , is a matrix φpy, xq P R̄`, x P X, y P Y , satisfying the
inequality Y py1, yq ` φpy, xq `Xpx, x1q ě φpy1, x1q. An R̄`-module from the
trivial R̄`-category φ : I Û X is given simply by φpxq P R̄` for each x P X,
such that Xpx1, xq ` φpxq ě φpx1q. R̄`-categories and R̄`-modules form a
2-category with the obvious composition: if φ : X Û Y and ψ : Y Û Z
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are R̄`-modules, then pψ ¨ φqpz, xq “ infy ψpz, xq ` φpy, xq. Left adjoint
morphisms in this 2-category are called Cauchy modules. An R̄`-module φ
as before is convergent when it is representable by a morphism f : X Ñ Y ;
ie if φpy, xq “ Y py, fpxqq.

Lemma 14.2 (Lawvere). Let X be a generalised metric space. There is a
bijection between the set of Cauchy modules I Û X and the set of equivalence
classes of Cauchy sequences in X. Furthermore, this bijection sends a Cauchy
module φ to the equivalence class of Cauchy sequences pxnq such that φpxnq ă
1{n and φ˚pxnq ă 1{n, and conversely a Cauchy sequence pxnq to the module
given by y ÞÑ limnXpy, xnq.

Proposition 14.3. The generalised metric space QA is isomorphic to the
space with points equivalence classes of Cauchy sequences in A and distance

QAprxns, rynsq “ lim
n
Apxn, ynq.

A priori, the assignment A ÞÑ QA is the object part of a pseudomonad on
R̄`-Cat. Next we see that this pseudomonad is in fact a 2-monad. We call
a generalised metric space X posetal if its underlying preorder is a poset, ie
if Xpx, yq “ 0 “ Xpy, xq implies x “ y.

Lemma 14.4. (1) The underlying preorder of PX is a poset – it satisfies the
antisymmetry condition – and the same holds for QX. (2) Both P and Q
are 2-monads. Their multiplications are characterised by being left adjoints
to the respective units. (3) Any normal pseudo-Q-algebra, and in particular
any strict Q-algebra, is a poset.

Proof : Note that PX is a poset since R̄` is one. Therefore, P is a 2-
functor, since the pseudofunctor constraints Pg ¨Pf – Ppg ¨ fq and 1 –
P1 have components in a poset, therefore they are identities. Furthermore,
P is a 2-monad since both the associativity and unit constraints of the
pseudomonad P are isomorphisms between morphisms into P, and PX is
a poset. The same holds for Q, as there exists a pseudomonad morphism QÑ
P whose components, the inclusions of the categories of Cauchy modules into
all modules, reflect identities.

By the considerations above, both P and Q restrict to the full subcategory
of R̄`-Cat consisting of the posetal spaces, which we denote by R̄`-Catsep.
This is a locally posetal 2-category, and the multiplication of any lax idem-
potent 2-monad on such a 2-category is characterised by being left adjoint
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retract to the unit. In particular, mX : P2X Ñ PX is characterised by
being a left adjoint retract of the Yoneda embedding yPX : PX Ñ P2X.
However, the retract condition is automatically satisfied: yPX is full and
faithful, so mX ¨ yPX – 1, but this isomorphism must be an identity since
PX is a poset. The same arguments apply to Q instead of P.

It is very easy to verify that posets are closed under retracts in the category
of preorders. Then, any normal pseudo-Q-algebra X, as a retract of QX, is
a poset.

Lemma 14.5. Let g : AÑ B be a distance-decreasing function between gen-
eralised metric spaces. If a Cauchy sequence pxnq in A has associated Cauchy
module φ P QA, then gpxnq has associated Cauchy module pQgqpφq P QB.

Definition 14.6. A Cauchy sequence pxnq in a generalised metric space X
source converges to x if limnXpxn, xq “ 0; we say that x is a source limit of
pxnq.

Observe that limnXpxn, xq “ 0 alone need not imply that pxnq is a Cauchy
sequence, by the lack of symmetry on distance of X.

Let φ P QX be the Cauchy module associated to a Cauchy sequence pxnq
in X. It is obvious from the definition that x is a source limit of pxnq if and
only if φ˚pxq “ 0.

Lemma 14.7. Let pxnq be a Cauchy sequence in the generalised metric space
X. Its associated module is represented by x if and only if pxnq converges to
x. In this case, if pxnq source converges to y, then Xpx, yq “ 0.

The lemma above says that a limit of a convergent sequence is initial – in
the underlying preorder – amongst the source limits of the sequence.

Proposition 14.8. The 2-monads on R̄`-Cat given by completion under a
class of colimits are simple. In particular, P and Q are simple.

Proof : Lemma 13.3 ensures that the hypotheses of Corollary 10.3 are satis-
fied.

Observe that the proposition above is not a particular instance of Theo-
rem 13.1, since the 2-monad Φ on R̄`-Cat, where ΦX Ă PX is the com-
pletion of X under colimits of a class, may be different from the 2-monad
TΦ whose algebras are R̄`-categories with chosen colimits of that class; eg
one can build an example with the non-posetal space X “ t0, 1u, where
Xp0, 1q “ 0 “ Xp1, 0q.
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Proposition 14.9. The following conditions on a distance-decreasing func-
tion f : AÑ B between generalised metric spaces are equivalent.
(1) Qf : QAÑ QB has a right adjoint retract.
(2) f is an isometry and for each b P B there exists a Cauchy sequence pxnq

in A such that Bpf´, bq “ limnAp´, xnq.

Proof : Lemma 13.2 says thatQf has a right adjoint precisely whenBpf´, bq P
PA belongs to QA, which is equivalent to the existence of a Cauchy sequence
as in (2). The unit of this adjunction is an identity if and only if f is full
and faithful: an isometry.

Corollary 14.10. The equivalent conditions in Proposition 14.9 are further
equivalent to requiring that f be a dense isometry if the space B is symmetric.

Proof : If the conditions of Proposition 14.9 hold, we obtain limnBpfpxnq, bq “
0 for all b P B and some Cauchy sequence pxnq, and f is dense. To prove the
converse, given b P B, there is a Cauchy sequence pxnq in X such that both
limnBpfpxnq, bq and limnBpb, fpxnqq equal 0. Therefore,

Bpfpaq, bq “ lim
n
Bpfpaq, fpxnqq “ lim

n
Apa, xnq

which is one of the equivalent conditions in Proposition 14.9.

Remark 14.11. For a distance-decreasing function g : A Ñ B, the space Kg
– the comma object Qg Ó yB – has points pφ, bq such that pQgqpφq ě Bp´, bq
in QB. Equivalently, pQgpφqq˚pbq “ 0. By Lemma 14.5, this is equivalent to
limnBpgpxnq, bq “ 0 where pxnq is any Cauchy sequence of the equivalence
class x associated to φ. The distance of Kg is given by the formula

Kgppx, bq, px1, b1qq “ maxtlim
n
Apxn, x

1
nq, Bpb, b

1
qu.

The R̄`-functor λg : AÑ Kg sends a to pca, gpaqq, where ca is the equivalence
class of Cauchy sequences that converge to a; ie the equivalence class of the
Cauchy sequence that is constant on a. We know from the general theory,
but it is also readily verified, that λg is an isometry.

Proposition 14.12. A distance-decreasing function g : C Ñ D is an R-
algebra if and only if for each equivalence class x “ rxns of Cauchy sequences
and each source limit b P B of gpxnq there is an element ppx, bq P A over b
such that for all a P A

Apppx, bq, aq “ maxtlim
n
Apxn, aq, Bpb, gpaqqu P R̄`. (14.1)
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Proof : One implication is clear, since an R-algebra structure provides the
choice of elements. For the converse, suppose that a choice ppx, bq P A exists.
First observe that there is a choice of elements p1px, bq that satisfy the same
properties and in addition p1pca, gpaqq “ a, where ca is the sequence constant
at a P A. To see this, define p1px, bq “ ppx, bq unless px, bq “ pca, gpaqq in
which case set p1pca, gpaqq “ a. To verify that p1 satisfies (14.1), observe
that limnAppcāqn, aq “ Apā, aq ě Bpgpāq, gpaqq. The equality (14.1) says
precisely that the chosen elements can be extended to a left adjoint enriched
functor p1 % λg. Furthermore, p1pλgpaqq “ a by definition, so the inequality
Apa, āq ě App1λgpaq, p

1λgpāqq is an equality; in other words, p1 ¨ λg “ 1 as
R̄`-functors. The fact that gp1px, bq “ b means that pp1, 1q is a morphism
Rg Ñ g. In order to have a retract adjunction pp1, 1q % pλg, 1q, which is, by
Lemma 11.5, to say that pp1, 1q is an R-algebra structure, it remains to prove
that the unit of p1 % λg is sent to the identity by ρg, but this is immediate
from ρgpx, bq “ b “ ρgpλgpp

1px, bqqq.

Corollary 14.13. A distance-decreasing function g : A Ñ B into a sym-
metric generalised metric space B is an R-algebra if and only if for each
equivalence class x “ rxns of Cauchy sequences and each limit b P B of gpxnq
there is an object ppx, bq P A over b such that pxnq converges to ppx, bq.

Proof : Observe that a Cauchy sequence pxnq converges to p precisely when
App, aq “ limnApxn, aq for all a P A. One way of seeing this is by applying
Lemma 14.7. Together with the fact that the maximum in Proposition 14.12
equals limnApxn, aq as a consequence of the symmetry of B, we obtain the
result.

If in the corollary above the spaces A and B are metric spaces, g is an
R-algebra if the convergent Cauchy sequences in A are precisely those for
which their image under g converges in B. This is so since limn xn in A
always satisfy gplimn xnq “ limn gpxnq.

Theorem 14.14. There is a lax idempotent AWFS pL,Rq on the 2-category of
generalised metric spaces, with underlying WFS pL,Rq, that satisfies: (1) A
morphism f is an L-coalgebra, equivalently f P L, if and only if f is as in
Proposition 14.9. (2) A morphism g is an R-algebra, equivalently g P R, if
and only if it is as in Proposition 14.12. (3) The fibrant replacement 2-monad
is Q, so the fibrant objects are the Cauchy complete generalised metric spaces.
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Proof : The categories R̄`-CatpX,QY q are posets sinceQY is a poset. There-
fore, the statements (1) and (2) follow from Theorem 11.7. The statement (3)
is a consequence of Corollary 9.3.

Finally, the AWFS of the previous theorem restricts to the 2-category of
metric spaces. The associated WFS on metric spaces has been considered
in [23, Examples 4.18] while studying Lawvere completeness as outlined in [5].

Corollary 14.15. The AWFS of Theorem 14.14 restricts to the 2-category
of symmetric generalised metric spaces – pseudometric spaces. The left class
consists of dense isometries. The right class consists of those g : A Ñ B
satisfying the following condition: for all Cauchy sequence pxnq in A such
that pgpxnqq converges to b, there exists a limit of pxnq that lies over b. The
AWFS also restricts to the 2-category of metric spaces, where it becomes an
orthogonal factorisation system.

Proof : If A is symmetric so it is QA, by, for example, Proposition 14.3. For
the same reason, QA is metric when A is so; QA is the classical Cauchy
completion of A. Then, Kg is symmetric for any g : C Ñ D between sym-
metric spaces; see Remark 14.11. Therefore, the factorisation of a morphism
between symmetric spaces is through a symmetric space. Corollaries 14.10
and 14.13, together with the fact that the underlying preorder of a metric
space is discrete, conclude the proof.
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