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ABSTRACT: The aim of this paper is to estimate the probability distribution of
power TGARCH processes by establishing bounds for their finite dimensional laws.
These bounds only depend on the parameters of the model and on the distribu-
tion function of its independent generating process. The application of this study
to some particular models allows us to conjecture that this procedure is an ade-
quate alternative to the corresponding estimation using the empirical distribution
functions, particularly useful in the development of control charts for this kind of
models.
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1. Introduction

The knowledge of the true theoretical law of conditional heteroskedastic
models remains an open question to which it seems difficult to answer. The
most part of the analysis undertaken for these models is dedicated to the
study of properties or probabilistic summaries of those laws. But the use of
these models, for instance within the quality control theory, needs the assess-
ment of the probability of certain regions depending on the process. In order
to answer this problem, Pawlak and Schmid [8], Gongalves and Mendes-Lopes
[6] and Gongalves, Leite and Mendes-Lopes [4] developed studies to find
bounds for the finite dimensional laws of certain transformations of ARCH
and TGARCH processes. These authors showed for some particular situa-
tions the usefulness of this methodology in the evaluation of control charts
for conditional heteroskedastic models.

For a real stochastic process X = (X;,t € 7Z) let us define X," = max(X;,0),
X; = max(—X¢,0) and X, the sigma field generated by X;, X; 1, ...

The process X follows a power ¢ generalized threshold autoregressive condi-
tionally heteroskedastic model with orders p and ¢, denoted §-TGARCH(p, q),
if for real constants ag > 0, a; >0, 5; >0,v;, >0, (i =1,...,p,j =1,...,q)
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and a sequence of independent and identically distributed real random vari-
ables, (Z;,t € Z), with zero mean, unit variance and Z; independent of X,
we have, for every t € Z,

Xt = 01y

p q
o0 = a0+ 2 [aa(X,5)° + Fi(X, )]+ ver
1= j=

with 0 # 0, provided the following convention is considered for § < 0 :
(X;)? =0if X; <0and (X;)° =0if X; > 0. The process Z = (Z;, t € 7Z)
is called the generating process of X. If v; =0, j = 1,...,¢q, we say that X
follows a 0-TARCH(p) model.

This class of models includes the more significant and useful conditional
heteroskedastic models present in literature like GARCH and GTARCH
(Gongalves, Leite and Mendes-Lopes [3] and Pan, Wang and Tong [7]).

We consider in the following that i v; < 1 which is a necessary condition
=1
of strict and weak stationary of Xj and also to its stationarity up to the
d-order ([3]). Moreover, under this condition oy is X, ;-measurable.

The main characteristic of threshold conditionally heteroskedastic models
is the fact that they allow to take into account different reactions in the
volatility according to the sign of the process values even for values with the
same absolute size. So, these models capture the so-called leverage effect very
common in financial time series of daily returns (Francq and Zakoian [2]).
The introduction of the exponent allows to take into account long memory
in the shocks of the conditional variance (Ding, Granger and Engle [1]). A
not so very common, but yet still present characteristic in some daily returns
series is skewness, positive in some cases and negative in others (Taylor [10]).
We note that X has a symmetric marginal distribution (relatively to the
origin) if and only if the same happens to its generating process Z.

We point out this relation between the symmetry of the marginal distri-
bution of a -TGARCH process and the symmetry of its generating process
to stress the importance of studying the distributions of the )-TGARCH
process and not only the distributions of some transformations of these pro-
cesses as Pawlak and Schmid [8] did for the squared of a GARCH process.
The transformation considered by these authors for the GARCH process only
produces conclusions for the process itself if the marginal distribution of the
generating process is symmetric.
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In this paper we propose bounds for the finite dimension laws of the process
X following a 6-TGARCH(p, ¢) model with 6 > 0 and, whenever possible,
with < 0. These bounds are expressed in terms of the distribution function
of the independent generating process, Z, and it becomes clear that the
marginal law of X is, in certain regions, strongly controlled by that of the
process Z. This fact is rather relevant as we know that these laws have in
general quite different characteristics; for example, the marginal law of X is
leptokurtic even if it doesn’t happen with that of the independent generating
process.

We remark that the regions where the bounds are valid seem to be larger
than those theoretically stated, as suggested by the simulation studies done
to evaluate the quality of those bounds.

So far as we know, the study here developed strongly enlarges the results
on the subject present on literature. In fact we consider a wide class of
general conditionally heteroskedastic models and we establish bounds for the
distribution of the finite dimensional laws of the process X.

In Section 2 we study the marginal distribution of X. Section 3 begins
with a preliminary bound for the distribution function of the 2n-dimensional
vector (XfL,Xl_, ...,X;,Xn_), which reveals useful in the bounding of the
joint marginal distributions of X established in the last part of this Section.
In Section 4 we illustrate the overall good quality of the theoretical bounds
obtained by means of a simulation study with n = 2.

2. Bounds for the marginal laws

Let X = (Xy, t € Z) be a -TGARCH(p, q) process, § # 0, and let us
denote by Fl, the distribution function of X; and by Fj the distribution
function of Z;.

. 5
Defining 8 = |ay 1+1% > , where v, = max~;, we have
I j=1 1<j=<q

o, >0,if 6 >0, and o, <0, if 6 < 0.
In consequence, and taking into account that Fy, (z) = FE {F 7 (%)] , the
following bounds are easily obtained:

a) for z > 0, we have
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-if 6> 0, Fy, (r) < Fz (2);if 6 < 0, Fy, (z) > Fz (%);

b) for x < 0,
-if§ >0, Fx, (z) > Fz (£),if 6 <0, Fy, (z) < Fz (%).

To complete the bounding of F'x, we must consider some additional as-
sumptions. Namely, we suppose that the generator process is d-integrable,

that is F <|ZOI6> < 400, and

p q
Sy =Y (udrs+ Bidas) + Y 7 <1,
i=1 1=1
where £ |(Z/)"| = 615 and B |(2,)"] = 61

Under these assumptions, X is strict and weakly stationary of order ¢ ([3]);
moreover, F (af) is finite, independent of ¢t and equal to

Qo
E (o)) = .
() =175,
In addition, we suppose that (Z;) are absolutely continuous random vari-
ables with a differentiable probability density f.
The following result may then be established.

Theorem 1. Supposing X a §-TGARCH(p, ¢) under the previous assump-
tions and, considering the function
x
fz <—1> :
y6

| =

hs (z) = (14 6) f (3) +

yE

Sl

Yy
where y € [ag, +00[, we have

a) if r >0,

@U%@>QW€MﬁM—H%@>&< w>;

@%%@SQWGMﬁM—H%@S&< x>;
b) if z < 0,
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SO

(b]') h5 (I’) Z O,Vy S [a07 +OO[ = FXt (x) S FZ <[E<$6)] )7

(b2) hs () < 0,Vy € [ag, +oo] = Fx, () = Fz ([E(ﬂ)]%).

Proof. We restrict ourselves to the proof of the conditions in a) as those

referred in b) are analogously obtained.
Fy (( ) )] Forx € R
o}

1
3
arbitrarily fixed, let us consider the function Rs : [, +00] — [0, 1] such

that Rs (y) = Fy <i> for which we have

For t € Z and x € R, we may write Fy, (z) = F

1
Yo

dRs
dy (y) = 5y6+1fz (yé)

d2R5 (1—|—5) x
i (y) = §2yi+2 fZ <y5> 52y 5+2fZ <y5> 52y 6+2h5(:z:).

As referred above, under the previous hypotheses, F (O't) exists and is
independent of t. As for z > 0 and hy(z) > 0, Rs is a convex function,

Jensen’s inequality allows to write
- (L) |
[ (7)]

)
(0f)°

Similarly, as Ry is a concave function when x > 0 and hs () < 0, we have

()< (i)

From the previous results we conclude that to bound Fly, we have to discuss
the sign of the function

and

FXt (I) =F

|

FXt (IU) =F

hs (x) = (1+0) fz (wy‘ﬁ) + 2y [ (xy‘ﬁ) Yy € Jag, +00f;
namely, we are interested in hy < 0, when 6 < 0, and hy > 0, when 6 > 0.
In the following we illustrate this discussion for some distributions of the
generator process Z and some values of 0.
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Example 1. Let us consider Z; following a standard normal distribution.

For y € [ag, +00[, we have
2
hs (z) = fz <£> (1+6) — (ﬁ) ]  z€eR.
ye Yo

So, it is obvious that Vx € R, hs (z) < 0if § < —1.
Let us consider now —1 < § < 0. As hy(z) < 0 < |z| > ysv/1+0
1

and y7 < a), we may assure that hs(z) < 0 at least for
7 € |—00, g VTF 8] U [ad VI T3, 400

Analogously we conclude that, if § > 0, hs(z) > 0 at least for
xr € {—aé V149, oc§ \/m} , taking into account that, in this case, y% > ozé.

Taking into consideration these results, we present in Figure 1 the bounds
of the distribution function of a -TGARCH(1,1), with oy = 10, a; = 0.3,
B1 = 0.5, 77 = 0.2 and a standard Gaussian generator process, for o equal
to —%, —%, %, 1,1% and 2, representing, in each case, the bounds Fy (%) and
Fy (:C |E (0?)]5) and the empirical estimation of F'y, (x). This empirical
distribution was obtained by a simulation study considering a sample of
10000 observations of the -TGARCH(1, 1) process X.
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FIGURE 1. Plots of F (%) (red), Fy (x |E (af)}_}s> (blue) and

the estimate of FY, (z) (green), for X ~ 0-TGARCH(1,1) and
Z, ~ N (0,1)
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According with the previous study these bounds are theoretically validated
1

for x between the lines © = +aj+v/1+ 0, when 6§ > 0, and outside of these
lines, when 0 < 0. Nevertheless, the previous plots lead us to conjecture that
these bounds are still valid for x outside those intervals, which is understand-
able since our results only establish sufficient conditions for the validity of
these bounding; moreover, the quality of the bounds seems to be strongly
related to the corresponding value of Ss (for the chosen increasing values of 9,
Sy is approximately equal to 0.888,0.739,0.529,0.520,0.544 and 0.6, respec-
tively). In what concerns the bounding accuracy, we stress the high quality

of the bounds related to the function Fy (:c [E (05 )} é) that depends on all

the model parameters.

Example 2. Let us consider random variables Z; following a centered and

reduced distribution based on the Student law with parameter n, n > 2,
_ngl

ntl 2 2
that is, with density fz (z) = 7 L > Fr((i)) (1 —I—%) , x € R. So,
n—2)m 5

fy(x) = -2 £, (2), x €R.

As, for y € [ag, +o0[, hs (x) = f2 (il) (H‘s)(’;_?)y“(&_"w, x € R, we have
Yo yd (n—2)+z2

the following discussion:
i) hs () <0,Vr € R, if 6 < —1;

ii) hs(z) < 0, Vxe}—oo,—ozg %}U[@S %,4‘0@[, if
—1<6<0;
iii) hs (z) >0, Vo € |—ag /2= o0 %],1f0<5<n;

n—=o )

iv) hs (z) > 0,Vo € R, if 6 > n.

As in the Example 1, a simulation study was developed considering four ¢-
TGARCH models with generator process following the previous distribution
with n = 6, parameters 6 = 1, ag = 10, a1 = 0.3, f; = 0.5 and v; = 0.2
and orders (1,1), (2,1), (1,2) and (2,2). We note that the values of Ss are,
respectively, 0.5, 0.688, 0.75 and 0.938. The bounds obtained in each one of
these cases are plotted in Figure 2.
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FIGURE 2. Plots of F (%) (red), Fy (x |E (O’?)}}S> (blue) and
the estimate of Fl, () (green), for X ~ 1-TGARCH(p,q) and
Zy = AW, with W ~ t;

Despite being in a very different situation, the behaviour of these bounds
are similar to those of the previous example; in particular, we highlight that
the bounding accuracy seems also to be dependent on the S5 value.

Example 3. Let us consider a mixture of two Gaussian distributions (not
necessarily symmetric), that is

[z (x) = pifi (x;my,81) + pafo (x; me, 59),

where py, po € 10, 1] with p; + p2 = 1, and where f; (+; my, 55) is the Gaussian
probability density with mean m;, and variance s2.
In order to obtain a centered and reduced generator process, we have the
2
1—pi (mi+s3)—(1—p1) (4121 )
1—p1 )
To analyze the sign of the functlon h5 we restrict ourselves to the case

0 =1.
As fi (zymy, 8) = fi (23 my, 55) <—(x;—2m’“>) , we have, for x € R,
k

hl(w):2f2(5)+y () Zpkfk< mk,5k> 2_@5—;]“)3

and so hy(z) > 0 if, at least, ¥ € ﬂ {mk v m’“+85’“ Ty m’“+85"“'] , that is

. my—+/mi+8s7 . Mptq/m2+8s7
2 € [l1,ly], with [; = max —Y—+—* and l, = min —Y+—*,
Y ke{1,2} ke{1,2}

following relations po = 1—p, my = p L o, and vy =
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As this theoretical study leads us only to a sufficient condition for the
positivity of hy, we may improve this study using numerical and graphical
methods.

So, let (p1,mys;) = (0.65,—0.15,0.4) and (p1,mys1) = (0.6,0.3,0.4) be
two different set of parameters, denoted A and B respectively, associated
to the distribution considered above. In Figure 3 we plot the function A
corresponding to each one of these cases.

15¢ 15}
A B

1 10f

o5} og}
4 2V 2 4 4 2 V2 4

FIGURE 3. Function h; when Z; follows a mixture of Gaussian
distributions with parameters A, (p1,mys1) = (0.65,—0.15,0.4)
and B, (pl,ml,sl) = (06, 03, 04)

Analyzing these plots and using numerical methods we conclude, in case A,
that hy(z) = 0, Vy € [ag, oo, if ¢ € [-0.714,2.353] and also if
x € [—0.7140y,2.353aq]. Similarly, in case B, we have the same result if
5 €[—2.198,0.788], and also if = € [~2.198ay, 0.7880y).

A simulation study is developed for this kind of generator process dis-
tribution, considering the laws associated to the cases of parameter sets
A and B. Unlike the previous examples we take now skewed distribu-
tions for Z;. Namely, in cases denoted Al e A2, we choose (pi,m;51) =
(0.65,—0.15,0.4) (positive skewness); in cases denoted Bl e B2, we take
(p1,my61) = (0.6,0.3,0.4) (negative skewness). Regarding the §-TGARCH
process we consider in all the cases 6 = 1, ag = 10, ay = 0.15, 5; = 0.5 and,
in Al and B1, 74 = 0.2; in A2 and B2 we take v; = 0.6. So, the values for Sj
are equal to 0.416, 0.816, 0.430 and 0.830 in the cases Al, A2, B1 and B2,
respectively. The corresponding plots are presented in Figure 4.

Also in this asymmetrical case, the conclusions are similar to the previous
ones. Moreover, this example reinforces the conjecture that the bounding
accuracy is better for smaller values of Sj.
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FIGURE 4. Plots of F (%) (red), Fy (x |E (Uf)}_‘15> (blue) and

the estimate of Fy, (z) (green), for X ~ 1-TGARCH(1,1) and
Z, ~ NM

3. Bounds for the finite dimensional laws

In this section we concentrate our study on 0-TGARCH processes with
positive power 6 and generator process with diffuse distribution. To develop
bounds for the distribution function of the finite dimensional laws of the

process, we begin by an auxiliary study on the bounding of the distribution
function of (X7, X7, ..., X,;|, X,,).

3.1. Bounds for the distribution of (X;", X|,... X, , X,).

Let X = (Xy, t € Z) be a -TGARCH(p, q) process, 6 > 0, for which

the law of Z; is diffuse.
As in Gongalves, Leite and Mendes-Lopes [4], it is easy to establish the
following upper bound for the distribution function of (X DXL X X ) ;

V(x1, 2%, ..z, 2k € (]R+) ,neN,

n

* * Lt L
F(Xf,X;,...,XJ,X;) (@1, 27, ooy Ty ) < tll [FZ (g) Fy ( et)] :

In fact, taking into account the definitions of X,” and X, and the positivity
of o4, we have

*
T T
* * t t
Fxy xrxhxq) (T1, @1, -y T, @) = P (——0 <Zi < —,t=1, n) .
t Ot
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So, as 0, > 6 and Z; are i.i.d. and diffuse random variables, the announced
result follows from the inequality

P(_ﬁSZtéﬂ’t:]_”n) < P(—%thS%,tzl,,n>

n

-1 () -7 (-5)]

t=1

We note that, when 9§ is negative, a reversed inequality is obtained using
the same technique.

As previously, the methodology used to obtain the other bound is more
refined and leads us to a precise approximation of the distribution function
under study. However, it is only valid for positive 9.

Let us begin by considering the following result.

Lemma 1. Under the previous conditions, we have

PV, <Z <Wit=1,..k) = [ E[Fz (W) - Fz (V)]

t=1

where V; and Wy, such that V; < W, are X, - measurable random variables,
te{l,... k}

Proof. Using expectation and conditional expectation properties and tak-
ing into account that 71, ..., Z; are i.i.d. diffuse random variables and also
that they are independent from X, it is easy to conclude that

PV, <Z <Wyt=1,....k) = E[E (L, wix.xwim (Z1, - Z1)| Xo)]

k
= [[EF: (W) - Fz (V)] O

t=1

In the next theorem we present the required lower bound. For simplicity,
we restrict the presentation of this study to -TARCH(p) (that is, 1 = ... =
v, = 0) and 6-TGARCH(1, 1) models; more general cases use the same
procedure with a more complicated framework.
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Theorem 2. Let X be a -TGARCH(p, q) process, § > 0, such that
E (|Z0\5> < 400 and S5 < 1. Supposing Z; absolutely continuous with a
differentiable density f7, let us define, for each y € [ag, +00], the function

hs (x) = (1+90) fz <11> + 57 (il) :
yo yo yo
For (zq,x7,...,xp, 7)) € (Rar)% such that

xy hs (zy) + xf hs (—x}) > 0,Vy € [ag, +00[,

where t = Loy min {p, n} Zf ¢=0 , we have:
]_,...,’n,7 qu:l
a) if ¢ =0 and
(al) 1<p<n,
F(Xf' X1 s X;r X_) (x17x>{7 .,l’n,I':;) >

n
F(Xj,X; ..... XX ) (@1, 27,y 0y 1) > H {FZ (ul;é) — 1tz (_u”‘s)} ’

t=1
t— t—1
where w; = Z:j [ai (xt_i)5 + 5; (ZCIZ)(;} + F (af) [1 — Z:l (i1 + 5i¢2,§)]

p
and v, = ap + Z [Ozi (l’t—i)é + i (ﬁ%)ﬂ 3
i=1

b) if p=1and ¢ =1,

n
F(Xfr,Xf ..... X,T,X;) ($17$>1k) ...,ﬂfn,LU:) Z H [FZ (wzit/é

)= F2 ()]
t—1

-1
i " Y _
where w; = ag S v/ + Zlfy{ ! {041 (z—;)° + B (27 ;) } + 9 E (0]).
j:

J=1
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Proof. Let (z1,x%,...,z,,2}) € (]R*) . We introduce the random vari-
~ i—1 P
ables Uy = ap+ 3 | (2’ + 5; (27, } + > [%‘ (X;rl) + 6; (X; 1)5} :
i=1 i=t
te{l,...,n}.
(al) Let us begin by considering ¢ =0 and 1 < p < n.
As ¢ >0,if X;" <xyand X; < a},t € {l,....n}, we have
-ift € {2,...,p},

t—1 p

0f = g+ Z [Ozi (X;L_Z‘)(S + B; (Xt__i)d} + Z {ozi (X;L_i)é + i (Xt__i)ﬂ
i=1 i=t
S [7757
as for i € {1,...,t — 1}, 1<t—i<p—1<nandfori€{t,...,p},t—igO;

-ift =1, o) —040—|—Z [&Z (Xfr Z) + 5; (Xl__i)é},thus 012171;
-and, ift e {p+1,..,n},

P
0? = oo+ Z (% (X;ii)é + B (Xt_i)d}
i=1

P
< o+ Z Q (93t—z')5 + G (93?—1')5} = U,

as, fori € {1,...,p}, 1 <t—i<n-—1
Using the definitions of X, and X, , the previous bounds and lemma, and

taking into consideration that Ut‘s, t=1,...,p, and vt ,t=p+1,...,n, are
X-measurable, we are able to write

F(XfL,Xf,...,XﬁL,X;) (xh xik? ooy Ly ZU:;) >
L Ty x} ;
> P _N_lSZt<~_lat:17 ,p,——%SZtS—%’t:I)_}_l’ N
t(s t§ /Ut 'Ut
p T o n -
¢ t
- HE FZ 1 _FZ _~tl H FZ - _FZ ——i
=1 ; U ) 1 t=pt1 vy v}
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For a; and ay arbitrarily fixed in Rj and R, respectively, let us consider
the function Ry : [a, +00] — [—1, 1] defined by

It is easy to show that

d*Rs 1
0 (y) = 5217 a1 hs (a1) — az hs (a2)] .
So, considering for each t, t € {1,...,p}, a1 = x; and ay = —xzf, we have

the convexity of Ry if x; hs < > + z} hs (—%’f) > 0. Thus, applying Jensen

inequality, we obtain

(e re () - ()] 1L [ () - ()]
- H [F ([E(%J ) o ( [Eé)ﬁ)] H () - (-3)]

As, under the hypotheses, F <(7t> exists and is equal to

<
[ST (SN
Vv

S

—1 t—1
= Z [Oél Ti— z) + 62 (»Tt Z) ] + E O't [ Z az¢175 + 6i¢2,6)] )
i=1 =1

the inequality presented in point (al) is then established.

(a2) The inequality corresponding to ¢ = 0 and p > n > 1 is analogously
obtained.
In fact, as 6 > 0, if X;" <z, and X; <z}, t € {1,...,n}, we obtain

-ift € {2,.. n}0<Ut,as forie {1,...,t—1}, 1 <t—7<n-—1and,
forie{t,..,p} t—1i<0;

-ift = 1, 0'(1S = g+ i |:Oéi (Xf__z)é —|—62 (Xl__z)é:| X and so 01 = (71.
1=1
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In consequence, we have the inequality

*

Flxy xpoxi xn) (1,27, s Tpy ) 2 P (‘g < Z; < gat =1, >”> )
t t

from which the referred condition is similarly deduced.

b) The proof of this last inequality is also analogous to the previous ones.
In fact, if X;" <@y, and X; < a7}, t € {1,...,n}, and introducing
t—1 t—1
— i i 5 . \0 _
We=ao > o+ ol o (wy) + 81 (o) +21 7o,
j=1 j=1
we may write:
. 0 x \0 7
-ift € {2,...,n}, 0 <ag+ay (ze1)° + Bi (w7 )° + o) < Wi

-if t =1, we have 0 = Wl, and so

Ty Ty
Flxy xpoxit xo) (z1,2%, ..., 20, 2,,) > P <_W§ < 7 < W}S’t =1, m) 7
t t

—~1
with W X -measurable (¢t = 1,...,n). Following the same steps the inequal-
ity in b) is obtained. [

3.2. Bounds for the distribution function of (X, ..., X,,).

We present now bounds for the distribution function of (Xi,...,X,)
considering the three following regions for (z1,...,z,) € R": [0,+oo[",
]—00,0]"\ {0, ...,0} and R™\ (]—o0,0]" U [0, +o0[") .

3.2.1. Region [0, +ool".

Let X be a o-TGARCH(p,q) process with 6 > 0. Then, for every
(21, ..., 1) € [0, +00[", n € N, it is easily concluded that

i i
F(le“'aXn) (x17 ey xn) S H FZ (ﬁ) .
t=1

For the lower bound, we begin by writing the distribution function as a
sum of probabilities of sets where the variables are bounded, up or above, by
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zero like, for n = 2,
F(X17X2) (.CCl,xg) = P(Xl < O,XQ < 0) + P(Xl < 0,0 < X2 < Qfg) +

+P(O§X1le,X2<O)+P(0§X1le,OSXQS.IQ)

In order to facilitate the reading, we introduce some notation and illustrate
its use in the case n = 3. As |—o0, 2¢] = ]—00,0[U [0, 2], let us denote these

intervals as C't(_l) = ]—00,0[ and C’t(H) = [0, 2;]. We note that the exponent
used in this notation is also used as a number, that is, Ct(_l) = C’t(ﬂ) and

3
C't(_l) = C’t(_l), for example. In this way, we have

3 3
[1-o0.z] = TT (¢ uet?)

t=1 t=1
= o x i xoft u ot x et <oy u
U Cfﬂ) X Cé_l) X C§+1> U Cl(H) X 02(_1) X Cé_l) U
U Cf_l) X C’éﬂ) X C?(,H) U Cfl) X CZ(H) X C?E_l) U
U Cffl) X C’éfl) X C?()H) U Cffl) X 02(*1) X 03(:1).
This Cartesian product is written as the union of 23 Cartesian products,

where the exponents are the arrangements with replacement of the num-
bers (+1) and (-1), three to three. For the condensed representation of this

union, we consider the triplet ((—1) 5] ,(—1) 5] ,(—1) 5] ), where | x|
denotes the integer part of number . With this triplet and with k£ ranging

from 1 to 23, we recover the arrangements with replacement of the numbers
(+1) and (-1), three to three, in the same order as that displayed. So,

3 23 k-1 k-1 k1
[-seosd = U (e g e )

t=1 k=1
(1 ol
- o\ hE .
U (M)

The result concerning the lower bound can then be stated.
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Theorem 3. Let X be a -TGARCH(p, q) process such that Z; are diffuse
variables. For every (1, ...,2,) € [0, +oo[", n € N, we have

.....

> [Fz(0)]" + Foxr x- . xrx- (21,0, ..., 11,0) [Fy (0)]”*k+
(1 1 k k)

k=1
2n
F * *
+ (X X7 e X X ) \ O L Q1 ees Qs Qe )
k42091 on
. Ty, if |S=| is even 0, if |Z=| is even
with ar; = b b tJ and aj , = ’ b tJ , and
’ 0, otherwise ) y:, otherwise

y; arbitrarily fixed in [0, +o00].

Proof. Let (1,...,x,) € [0,400[". Using the procedure previously re-
ferred, the following equality holds for the set H |—o0, 2] :

ﬁ]—oo,xt] :ﬁ(oﬁ”uq“”) G(HC )

for ki, ke € {1,...,2"} such that k; # ky. So,

Fix,...x,) (21, - ZP(Xl,... eHC )

k—1
oan—t

Let us evaluate now P ((Xl, X0 €Tl o1 J), for k = 2"/, with
=1

j ranging from 0 to n.
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n A1 n
Taking into account that for k = 2° we have t]:ll Ct(_l) = tl:ll C’,S(Jrl :
obtain

P ((Xl, ,Xn) € HCt(H)) = P(O S Xt S xt,t = 1, ,n)

t=1

= P(X) <z, X, <0,t=1,...n)

— F(Xf_,Xl_ ..... XJ,X{) (xl,O,...,xn,O).
n bl e
Taking k = 2", we have [] C, = ][ C; 7/, and so
t=1 t=1

P(Xl,... eHC ) = P(X;<0,t=1,..,n)

= P(Z<0,t=1,..,n)
= [Fz(0)]",

since oy > 0, for t € {1, ...,n}, and Z1, ..., Z, are i.i.d. diffuse variables.

Fmally, let us analyze the case k = 2"~ 9, with j € {1,...,n — 1}. In this

b’“n ltJ

case H Ct = H C'tJrl X H C’,f ) and so
=1 =1 t=j+1
J n
P ((Xl,...,Xn) e[ = I] C,f”) _
=1 t=j+1

:P(O SXt SZI}t,t: ]_,...7j,Xt < O,t:j—f—l,,n)
— F(XT,XL.. XFX7) (21,0, ...,24,0) X [Fz (0)]71—3"

taking into account that Z; is independent of X, ;.

For the remaining values of k, that is, for £k € {1,...,2"} such that
k # 2"J with j ranging from 0 to n, we obtain now a lower bound for

P((Xl,... .)€ HC ylacr )

Let us fix arb1trar11y (Y1, ...y Yn) i ]0, +o00[".
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For t = 1,...,n, we have [—y;, 0] C Ct(_l). Denoting Dg_l) = [—y, 0] and
D,EH) = C't(H) we get

P(Xl,... eHC >>P<X1,... eHD )

Considering now

xy, if u‘cn__ltJ is even N 0, if Lfn__ltJ is even
Akt = : and a;, = :
’ 0, otherwise ’ Yy, otherwise

Y

we obtain, if b 1J is even, [ a,*;,t,am] = [0,2¢) = Dt(ﬂ) and, if [QZ‘_H is odd,

[_akﬂa’k t:l [ yt70] t )U {0} SO,

P(Xl,... GHD 21”) P<X1,--- Gﬁ akta%t)

=P(X)" < apy, X/ §ak’t,t:1,..., n)

— (XX X;,X;)(ak,l,az,p---,ak,ma?;,n),

as (Z;), and consequently (X;), are diffuse random variables.

The conclusions obtained for all the values of k from 1 to 2", give the stated
lower bound.[]

We note that this theorem is valid for any value of §, positive or negative.

3.2.2. Region ]—o0,0]" \ {(0,...,0)}.

In the region |—o0,0]" \ {(0, ...,0)}, the lower bound is also a natural gen-
eralization of the theorem related to the marginal distribution, that is,

x
Fix,..x,) (@1, ...,2 >HFZ< t>

In what concerns the upper bound for the distribution function in this
region, the following result is stated using again the distribution function of
(Xf“,Xl_, ...,XJ,X;) and it does not depend on the sign of 9.

Theorem 4. Let X be a 6-TGARCH(p, q) process such that (Z;) are
diffuse variables. For every (x1,...,x,) € ]|—00,0]" \ {(0,...,0)}, n € N,
F(Xl Xn) (561, ceny C[Jn) S [FZ (O)]n — F(Xf,Xf,...7X,,T,X5) (O, —T1y.eny 0, —:Cn) .

.....
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Proof. The beginning of the proof is analogous to that of theorem 3,
starting with the set |—o0, 0]".
Let (z1,...,x,) € |—00,0]" \ {(0, ...,0)}. Since

* (ol
o fifeoe) - 1)
t=1 k=1 \t=1
where, for t = 1,....n, Ct(_l) = |—o00, 2y and Ct(H) = [x4,0], and so

Ct(+1) A Ct<_1) = @, then, Fix, . x,)(0,...,0) = [Fz (0)]" is also equal to

2n n L"f;_lt
F(Xl """ Xn) (077()) :ZP <(X177Xn) € Hct(_l) 2 ) .
k=1 t=1

k—1 n
Lot = I Ct(_D, the last term of this sum is

As for k = 2n, T[TV

t=1 t=1

Fix,,..x,0,..,0) = [Fz (0)]".

Moreover, the first one, corresponding to k& = 1, is such that
n L n
11 Ct(_l) o =11 Ct<+1), and so
t=1 t=1

P ((Xl, X)) € Hct(“)) = P2, <X, <0,t=1,...,n)
t=1
- F(Xl 7X;a Xn 7Xr?) <0’ .CE]_, ’O’ xn) ’
Consequently,

......

Fixyex) (@100 20) = [FZ(O)]n_F(XfL,X‘ X Xn) (0, =@1,...,0, =) +

2n—1 n k1
-Np ((Xl, uX,) € Hcﬁ”b"tj> ,
k=2 t=1

from which we conclude. [J

3.2.3. Region R™\ (]—00,0]" U [0, +o0o[").

In the region R™\ (J]—o0,0]" U0, +o00["), with n € N\ {1}, we consider
only the -TGARCH model with positive power. We use the following sets
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of indices:
It ={te{l,...,n} x>0}, withn=minZ" and #Z+ = k;
I-={te{l,...,n}: 2 <0}, with ) = minZ~;
It ={teI" :t >} such that #77* = k*;
I ={teZ :t>n}such that #77* = k"

The following theorem states an upper bound for the distribution function
in study.

Theorem 5. Let X be a -TGARCH(p, q) process such that § > 0. Let
(x1, ..., ) be any element of R™\ (]—o00,0]" U [0, +00["), for n € N\ {1}, with
k positive coordinates, for 1 < k£ < n. Then,

(a) if 21 <0, we have

F(Xl,...,Xn) (xla ceey xn) <

(b) if 1 > 0, we have

F(Xl,...,Xn) (xla ey xn) <

Proof. We present only the proof of part (a), as the other is analogous.

Let (z1,...,2,) € R™\ (]—00,0]" U [0, +00["), with n fixed in N\ {1}, such
that k of its coordinates are positive, with 1 < k < n.

If 1 <0, we get

F(X X,) (xl, ,$n) == P(X1 S Ty, ...,Xﬁ_l S I‘ﬁ_l,Xﬁ S ZL‘ﬁ, ,Xn S I‘n)

Lyeens
Ty Ty
=P X1 < Iy, ...,Xﬁ_l < acﬁ_l,Z;] < i ,Zn < —
Oy Onp,
with 7> 2. So, for 1 <t <n—1, 2, <0 and, for t =n, x; > 0.
For 1 <t < n, we upper-bound each coordinate in the following way:

i) if z; <0, then, as ; > 0, we have % < 0 and so {Zt < %} C{Z; <0};
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13 3 X X X X
ii) if 2 > 0, asatZQ,thena—ISjandso, {Ztgg—:} Q{Ztgj .

Consequently

0, if Tt S 0 v .
where u; = %’7 if 2, >0 for t = 1,...,n, is non random. As Zj,...,Z,

are independent variables and independent of X;_;, then

P(X1 S Xy, ...,Xﬁ_l S Iﬁ_l, Zﬁ S Uﬁ, ceey Zn S un)

= F(Xl,...,Xﬁ,l) (.’L‘l, ...,:Uﬁ_l) X FZ (Uﬁ) X ... X FZ (un)

Taking into account the wu; definition, we conclude that
F(le---7Xn) (x17 A x’I’L) S

x e (o
< F(X1,~-~,XT7—1) (xl, ---755'77—1) H FZ (gt) % [FZ (0)] k—(7 1). ]
teZ+

We point out that, in case (a), the dependence of the upper bound on
the distribution function of (X1, ..., X;), with t <7 — 1, is addressed taking
into consideration the previous studies since all the components of the point
(21, ..., x7—1) where this function is evaluated are non positives which enables
the use of the results stated for the region |—o0, 0]" \ {(0, ...,0)} . In case (b),
an analogous situation occurs with points belonging now to [0, +ool[" .

In the next theorem we complete the bound of the distribution function.
The proof is omitted due to its similarity with that of the previous one.

Theorem 6. Let X be a -TGARCH(p, q) process such that § > 0. Let
(x1, ..., 2,) be any point in R™\ (]—o0,0]" U [0, +00["), for n € N\ {1}, with
k negative coordinates, for 1 < x < n. Then,

(a) if 21 <0, we have

F(Xla"'aXn) (x17 ) xn) Z
T

Z F(le"'vXﬁ—l) ('CU17 (D) xﬁ_l) H FZ ( 9 ) X [FZ (O)]niﬁ*i(ﬁfl) 7
tel—*

(b) if 23 > 0, we have



DISTRIBUTION ESTIMATION OF POWER TGARCH PROCESSES 23

4. Simulation study

The theoretical bounds for the finite dimensional distributions of a pro-
cess X following a 0-TGARCH model are now evaluated by means of a sim-
ulation study. This study is devoted to the bounds obtained for Fix, x,) as
in this case we are able to graphically compare the results, like we have done
in the marginal distributions.

We consider the -TGARCH(1, 1) model and we firstly resume the expres-
sions of the bounds obtained for n = 2. So, for each (z1,x5), we have
an upper and a lower bound for F(x, x,)(z1,72), denoted by LS (z1,22)
and LI (x1,z5), respectively. In order to facilitate the presentation, we
consider R? divided in its four quadrants, including the points (0, z2) and
(21,0) in the adequate odd quadrant. Denoting Fz (0) by a and considering

1/6
0 = (12_071> , W1 = [E (0‘?)}1/5’ ) (x) = [O‘O+&1$5+%E (0?)]1/5 and

ws (r) = [ao + B2’ + E (0?)]1/6 with y; chosen as the greatest positive
real such that hs (—y;) > 0, we get

(Fz (F) Fz (%) (21,22) € 1.°Q
21 o (1, x2) € 2.°Q) such that
tz (E) 2 (%) hs(x1) >0

LS(xhxz) = < a? — {G—FZ ﬂ)} X
(x1,9) € 3.°Q) such that

x[a—F}( ml)y hs(—a1) > 0 and hs(—a) > 0

| Fz (%) a, (21, 22) € 4.°Q
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and L](:El,ajg

Pz (%) ot
i {FZ (w_11> - a} [FZ (wjél)) - a} N (x1,29) € 1.°Q) such that
4+ [G_FZ (_ﬂ)} {FZ< 7 ) —a} . hs(x1) =20and hs(z2) =0

— w1 Ws(yl)
FZ (%) a, (l.l) .TQ) S 2'OQ
Fz (%) Fy (%), (z1,72) € 3.°Q
. . x1,x9) € 4.°Q) such that
Fz (w_ll) Fz (%), (hal(l’f))z 0

\

In the sequel of the simulation study done for the marginal distribution
of X when the marginal distribution of the generator process is Gaussian
we consider the -TGARCH(1, 1) model, with oy = 10, ay = 0.3, 51 = 0.5,
71 = 0.2, and 6 equal to 3 (Figure 5) and 2 (Figure 6). In each figure, the
same graphic is presented under four perspectives, with LS (z1, x9) in orange,
LI(xy,22) in blue and, in green, the empirical estimate of Fix, x,) (z1,72),
calculated from 10000 realizations of the X process For readability, we only

present the region (z1,z5) € [—040 V1+96 048 V1+ 5} , where it is assured

that hs (x1) > 0 and hs (x2) > 0. Nevertheless, we point out that the theo-
retical bounds for Fix, x,) (v1,72) by means of LS (21, z2) and LI (xq,3) are
valid im1 a larger region, as we easily see from their expressions. We considered
v = agV1+0.

From Figures 5 and 6 we note that:

- in the first quadrant, the lower bound presents, in both cases, good qual-
ity, contrary to the upper bound that seems to be better with the increase
of 9;

- in the second quadrant, we observe a clear increase in the quality with
the increase of ¢, especially in what concerns the upper bound;

- in the third and fourth quadrants, the quality of the lower bound increases
with §, but it does not happen for the upper bound.
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FIGURE 5. Graphical representation of LS (x1,z5) (orange),
LI (z1,72) (blue) and estimate of F{x, x,) (v1,72) (green), with
X ~ 3-TGARCH(1,1) and Z; ~ N (0,1).

FIGURE 6. Graphical representation of LS (x1,z5) (orange),
LI (xy,22) (blue) and estimate of Fx, x,) (%1, 22) (green), with
X ~ 2TGARCH(1,1) and Z, ~ N (0, 1).

It will be interesting to analyze if the quality of the bounds is related with ¢
or, alternatively, with other parameters associated to the d order stationarity,
as Sy, for example, which is equal, in this study, to 0.529, when ¢ = %, and
0.6, when 0=2.

We point out that, by enlarging the region plotted, the bounds seem to be
still valid, as happened in the study of the marginal distribution.



26 E. GONCALVES, J. LEITE AND N. MENDES LOPES

The bounds obtained for Fix, x,) (z1,72) reveal a very good quality, the
upper bound in the third and fourth quadrants needing eventually additional
attention.

5. Conclusion

In this paper we estimate the probability distribution of a power TGARCH
process, X = (Xy,t € Z), by establishing bounds for their finite dimensional
laws.

These bounds for the distribution function are expressed in terms of the
distribution function of its generating process and of the parameters of the
model. For n > 2, they are established by means of a preliminary bound for
the 2n-dimensional vector (Xfr, D, CHRD. G Xg).

The overall good quality of these theoretical bounds is illustrated by a
simulation study with n =1 and n = 2.

The examples presented show that the procedure here proposed is an alter-
native to the classical estimation of the finite dimensional laws of a process
by the empirical distribution functions.

We point out that this probabilistic methodology will be useful, in partic-
ular, to evaluate control charts with symmetric or asymmetric bounds for
the general class of conditional heteroskedastic processes considered in this
study. For some particular models of this wide class and in the context of
symmetrical control charts we have shown in [5] the interest and quality of
this methodology.
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