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ABSTRACT: For matrices A and B, what can we say about the invariant factors of
AB in terms of those of A and B? For matrices over principal ideal domains, the
complete answer is known. In the present paper we consider the same problem for
matrices over the larger class of elementary divisor domains.
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1. Introduction

In this paper we are interested in describing the invariant factors of the
product of two matrices over the most general class of integral domains for
which the question makes sense. The problem has been completely solved for
matrices over principal ideal domains (PIDs) and we begin in that setting.
There is no loss of generality in restricting our study to square nonsingular
matrices [14].

Let R be a PID and A an n xn nonsingular matrix over R. It is well known
that A is equivalent to its Smith normal form, that is, there exist U and V
unimodular (i.e. invertible over R) such that

a, 0 - 0
0 a, ; -~ 0
UAV = : " : 1 .. Sl
0 0 - a
where a,, | a,_1 | -+ | a1 are the invariant factors of A.
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The invariant factors are uniquely determined by A, as follows from the
characterization
di(A)
— s 5 k — 1, ey ,
Ap—k+1 dr1(A) n
where, for each k, di(A), the so-called kth determinantal divisor of A, is
the ged of all k x k minors of A, dy = 1. (This definition can of course be
presented also for non-square matrices.) By the Cauchy-Binet theorem for
determinants, the dj are invariant under equivalence. That dj_1(A) divides
di(A) follows from Laplace’s theorem.
The problem we are interested in is the following: What are the possible

invariant factors ¢, | --- | ¢1 of a product AB, if A and B are n X n non-
singular matrices over R with invariant factors a, | --- | a; and b, | --- | by,
respectively?

For matrices over a PID, this problem has been solved with a variety of
approaches, starting with its p-module version in [10], where p is a prime
in R. Indeed, all approaches start by localizing the problem at an arbitrary
prime p, working in that context, and then recovering the global solution.

To describe the solution in [10] we need some notation. For each fixed
prime p € R, we restrict our attention to matrices over the local ring 2,
that is, we just work with powers of p: a; — p®, b; — p%, ¢; — p", where
ap > >, > > By, > -+ > 7, are nonnegative integers.

Denote by IF(«a, ) the set of possible v in the invariant factor product
problem. Introduce the notation A, = {a = (a1,...,ap) € Z" : a1 >

- > a,, > 0}. What was proved in [10] was that [F(«, ) = LR(a, f),
where the latter is the set of v € A,, which can be obtained from « and (8
using the combinatorial Littlewood-Richardson rule (for the description of
the rule see e.g. [5]). Thus the invariant factor product problem, in its local
“primary” version, has a complete and interesting solution, although not a
clearly explicit one, via the Littlewood-Richardson rule. In particular, this
solution is not given as a family of divisibility relations.

For each natural number r between 1 and n, denote by @),, the set of
strictly increasing sequences with r elements taken from {1,2,...,n}. For
many years, R. C. Thompson, who was aware of Klein’s work, believed there
should be a solution to the invariant factor product problem given by a family
of divisibility relations of the type

ChiChy * " Ck, | @3 @iy -+ bj by, - by (1)
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where I = (i1,...,4),J = (J1,.- -, Jr), K = (k1,..., k) € Q. His main
work on the subject, going a long way in that purpose, is the paper [16].

At the end of the 1990s, as a by-product to the solution of another well-
known matrix problem — the description of the relations between the eigen-
values of two Hermitian matrices and those of their sum — a complete solution
to the invariant factor problem in terms of divisibility relations of the type
(1) was found. The reader interested in the details and in the connection
between the two problems may consult the excellent survey [6], and also
[11], [15]. Using the notation in [6], for I = (iy,...,i,) € @y, we define a
decreasing r-sequence A(I) by

)\(I) - (ir—rair—l_ (T_1)7"'7i2_272'1_1)'

Then elements ¢, | -+ | ¢; occur as the invariant factors of a product AB
where A and B have invariant factors a, | --- | a1 and b, | --- | by, respec-
tively, if and only if ¢;---¢, = ay---apby---b, and the relations (1) hold
whenever A(K) € LR(A(I),A(J)) for all » < n. The proof is dependent on
the localization argument mentioned above. The result also means that the
valid divisibility relations are exactly those whose indices appear in the in-

equalities solving the Hermitian sum problem, the so-called Horn inequalities
[6].

2. Elementary divisor domains

Invariant factors may be defined for matrices over more general rings. The
more natural rings in this context are the elementary divisor domains (EDDs)
introduced by Kaplansky in [9]. These are precisely the integral domains R
where every matrix over R is equivalent to a Smith normal form exactly
as above (Kaplansky allows zero divisors). One example of an elementary
divisor domain which is not a principal ideal domain is the non Noetherian
ring H(2) of all complex functions holomorphic in an open connected set
(2 C C [8]. Another example, relevant to Control Theory, can be found in
[7]. So EDDs are a strictly larger class of rings than PIDs. Arguments using
reduction to the primary case do not work here, as EDDs are not in general
unique factorization domains.

As before, the determinantal divisors (and hence also the invariant factors)
are invariant under equivalence, so two matrices over an EDD are equivalent
if and only if they have the same invariant factors.
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Kaplansky makes the interesting observation that for R to be an EDD it is
enough to require that 2 x 2 matrices are equivalent to a diagonal. This allows
him to give a characterization of EDDs with a simple algebraic condition:
they are the domains where all finitely generated ideals are principal and
whenever ged(a, b, ¢) = 1 there exist p and ¢ such that ged(pa, pb + qc) = 1.

The question naturally arises: what can we say about properties of invari-
ant, factors of matrices over EDDs? Of course, results established using only
the Smith normal form, without reduction to the primary case, immediately
carry over to EDDs. Some examples can be found in [12]. But what about
the huge family of divisibility relations, mentioned in the previous section,
valid for invariant factors of products of matrices over PIDs? Extending those
results to EDDs presents an interesting challenge, necessitating a change in
the proofs.

We shall prove in Section 5 that all divisibility relations valid for invariant
factors of products of matrices over PIDs (which give the complete answer to
the product problem in that setting) remain valid for matrices over an EDD
R. Our strategy — inspired by the Hermitian sum spectral problem [6] and
the corresponding one for singular values of products [17]— is to establish
extremal characterizations (for the divisibility order) for scattered products
aj, a;i, - - - a; of invariant factors. The extremes will be taken over analogues
of Schubert varieties of submodules of R". We do this in Section 4. For it to
work over EDDs, we must restrict ourselves to the class of pure submodules.

We dedicate the next section to the properties of these submodules that we
shall need.

3. Pure submodules

Let R be an elementary divisor domain.

Definition. Let M be an R-module and W a submodule of M. We say that
W is a pure submodule of M if, for all a € R, we have W NaM = aW.

Remarks.

1. For modules over an integral domain the definition of pure submodule
is usually presented in another form. For modules over an EDD the two
definitions are equivalent [4, 13].

2. Every direct summand of a module M is a pure submodule of M.

3. Over an EDD, if both the module and the submodule are free with finite
rank then W is pure in M if and only if W is a direct summand of M.
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We begin this section with the generalization of the last remark to sub-
modules, not necessarily free, of R".

Denote by K the quotient field of R. If F'is a submodule of R" then KF
is a subspace of K"”. Write rank(F) := dimg (KF'). (If F' is a free submodule
of R" then rank(F') = dimg(F'), the usual rank of F).

The intersection of any non-empty family of pure submodules of R" is a
pure submodule of R". If F'is a submodule of R", we denote by F' the pure
closure of F', that is, the intersection of all pure submodules of R" containing
F.

In the next Lemma we collect some straightforward results on these notions.
For modules over a PID, results 2 to 5 can be found in [3].

Lemma 3.1. Let F' and G be submodules of R". We have
K(FNG)=(KF)N((KG);

If F C G, F is pure in R" and rank(F) = rank(G), then F = G;
F={veR":3a€ R\ {0} st av e F};

FNG=FnNG;

rank(F') = rank(F)).

Crds Lo o~

Next we prove that every pure submodule of R" is the pure closure of a
free submodule with finite basis and we use that result to generalize, for pure
submodules of R", the basis extension theorem for finite dimension vector
spaces.

Theorem 3.2. Let L be a pure submodule of R" with rank(L)=r. Then there
exist x1,...,x, € L, linearly independent, such that L = spang{xy,...,x,}.

Proof. Let {vi,vs,...,v,} be a basis of KL. For j = 1,....7, v; = a;z;
with a; € K\ {0} and x; € L. Clearly xy,...,x, are linearly independent.
Put F = spang{x1,...,2,}. Since L is pure and F' C L we have F' C L. On
the other hand, rank(F) = rank(F) = r = rank(L), whence F=L.®

Theorem 3.3. Let W C M be pure submodules of R" with rank(W) =
r, rank(M) = k and W = spanp{xy,..., .}, where xy,...,x, are linearly
independent. Then there exist x,41,...,x, € M such that xq,...,x) are
linearly independent and M = spanp{xy,...,x;}.
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Proof. Let yy,...,yx € M be linearly independent and such that M =
spanp{y1,...,yr}. Since x1,...,x, € M are linearly independent, there exist
bi,...,b, € R\ {0}, such that byxy,...,b.x, are linearly independent in
spanp{y1,...,yr}. Then there exist unimodular matrices U and V' of orders
k and r, respectively, and nonzero ay | as | - - - | a, such that

aq 0

bizy - boa,] = [y - -
(b1 x| = [y1--yp)U 0 "

0

where we use the notation [y; - - - yx] for the matrix with columns y1, ..., yy.

Let Z = [z1---2k] = [y1---yx]U. Since U is unimodular, zi,...,z; are
linearly independent and spang{zi,...,2x} = spanp{yi,...,yr}. Therefore
M = spangp{y1,...,yx} = spanp{z1, ..., 21}

On the other hand, from [ai21---a,2,] = [b1xy--- bz, ]V ™1 we get that
ajzy € WNaM =a;W,for j=1,...,7. So z1,...,2 € W and are linearly
independent. Therefore, as W is pure, spang{zi,..., 2.} € W. Equality
holds as the two submodules are pure and have the same rank.

We claim that M = spangp{z1,..., 2, 2p11, ..., 2k}

Let v € M = spang{z1,...,2r}. There exist a,cq,...,c; € R, with a # 0,
such that av = Zle cizi. Since y = > ¢z € W = spanp{x1,...,2,},
there exist b, dy, ...,d, € R, with b # 0, such that by = > _|_; d;z; and

r k
abv = Z d;x; + Z be;z; .
i=1

i=r+1

As ab € R\ {0}, we get that v € spanp{x1,..., 2, 2741, .., 2k}. Therefore,
M C spang{xi,...,%, Zr41,...,2k}. The other inclusion follows from the
fact that M is pure and contains x1,..., Ty, Zr11, ..., 2k

That x4, ..., 2%, 2-41, ..., 2 are linearly independent follows promptly from
W = spangp{z1,..., 2}, and the fact that both zy,..., 2, and xy,...,x, are
linearly independent. W

We now define the analogue of the usual Schubert varieties.

Definition. Let P = (P, Py, ..., P,), with P, C P, C -+ C P,, be a
chain of pure submodules of R" such that rank(P;) =i, i = 1,2,...,n. For
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I = (i1,...,%) € Qrn, we denote by Qr(P) the set of pure submodules L of
R™ with rank r and such that, for j =1,...,r, rank(L N F;;) > j.

Theorem 3.4. Let P = (P, P,,..., P,) with P, C P, C--- C P, be a chain
of pure submodules of R" such that rank(P;) =i,i=1,2,...,n, and let I =
(i1, ... ,0p) € Qpp. A submodule L of R™ belongs to Q1 (P) if and only if there
exist linearly independent xq,...,x, € L such that L = spanp{xy,...,x.}
and xj € Py, for j=1,...,r.

Proof. Let L € Q;(P). Since rank(L N P;) > 1 there exists 1 € L N P,
with 1 # 0. W = spang{z;} is a pure submodule of R" and is con-
tained in the pure submodule L N P;,. There exist uy, ..., u; € LN P, (with
t = rank(L N P;,) > 2) such that 1, us,...,u; are linearly independent and
LN P, =spanp{xy,ug,...,u}. Take x9 = ug. Repeating the process we get
that there exist linearly independent x1,...,x, € L such that z; € F;; for

j=1,...,rand spanp{zy,...,2,} = LN P, C L. As spang{xy,...,x,} and
L are both pure and have the same rank, we get that spanp{zy,...,z,.} = L.

Theorem 3.5. Let r € Ny. The mapping that to each pure submodule L of
R™ with rank r assigns KL 1s a bijection between the set of pure submodules
of R™ with rank r and the set of r-dimensional subspaces of K".

Proof. Given a subspace E of K" with dimension 7, the set L =
{z € R": 3a€K\{0} s.t. ax € E} is a pure submodule of R" with KL = F.

Let now Wi, W5 be pure submodules of R" such that KWW, = KW, =: E.
Consider L = {z € R": da € K\ {0} s.t. ax € E}. Clearly W; C L.
Let x € L. There exist a,b € R\ {0} such that 2 € E = KW;. Then
gr = Sy, with ¢,d € R\ {0} and y € Wi. We get adr = bey € Wi, whence
x € W, = W,. Therefore L C W;. Similarly, L = W,. R

Theorem 3.6. Let L be a pure submodule of R". Then, for every I € Q,,,
L e QP) < KL € Q;(KP),
where KP = (KP,KP,, ..., KP,).

Proof. This follows immediately from the fact that, for a submodule L of R",
one has dimg (KLNKP;,) = dimg K(LNP;,) = rank(LNF;,), j=1,...,r. B
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4. Extremal characterizations

Our main inspiration in this section is [17].

Recall that d,.(A) is the ged of all 7 x r minors of A. If M is an m X n matrix
and w and 7 are strictly increasing sequences of elements of {1,...,m} and
{1,...,n}, respectively, M|[w|n| denotes the submatrix of M built with the
rows and columns indexed by w and 7, respectively.

Theorem 4.1. Let A € R™*", L a pure submodule of R" and x1,...,x, € L
linearly independent such that L = spanp{xy,...,z.}. Put X = [z1---x,].
Then

1 dy(X) | d,(AX);

2. If y1,...,yr € L are linearly independent such that L = spang{y1,..., 9.},
and Y = [y1---y,], then

d.(AX)  d,(AY)
d(X)  d(Y)

Proof. 1.

d,(AX) = ged det (AX[w]l,...,7])

UJEQT n

= ged Y det(Aw|y]) det(X[y[L,...,7]).

2. Since z1, ..., z, belong to L = spanp{y,...,y.} and are linearly indepen-
dent, there exist ay,...,a, € R\ {0} and S € R™" nonsingular such that
Xdiag(ay,...,a,) =YS. We then have

d,(AX)  d.(AXdiag(ay,...,a,))  d.(AYS)
d.(X) d.(Xdiag(ai,...,a;))  d.(YS)
_ dy(AY)det(S)  d.(AY) .
A (Y)det(S) 4 (Y)

It follows from item 2 in the theorem that (A ) does not depend on the

choice of X, but only on the submodule L. We use this to present the
definition of a kind of “Rayleigh functional” for A and L.
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Definition. Let L be a pure submodule of R", with rank(L) = r. For A
n X n, we write

4,(AX)
A =
where x1, . ..,x, € L are linearly independent such that L = spang{z1,...,2,}

and X is the n X r matriz [x1 - - - z,].

Let A be an n x n matrix over R. There exist unimodular U,V such that
UAV = diag(aq,...,a,), with a, | a,—1 | --- | a1. Denote by vy,...,v, the
columns of V', which form a basis of R". Consider the pure submodules of R"
defined by V; = spang{vy,...,v;},i=1,...,n, and write V = (V1,...,V,).

For I = (i1,...,%) € Qpn, we have that Q;(V) is nonempty, since
spanp{v;,, vi,,...,v; } € Qr(V).

Our first extremal characterization is the following.

Theorem 4.2. For every I = (i1,...,i;) € Qr, we have

iy Qiy - - @, = ged 1 (A|L) :
LEQ](V)

Proof. Let L € Q;(V), and let x1,...,x, € L be linearly independent such
that L=spang{wi,...,2,} and z; € V;, for all j.

Let B be the n x r matrix such that X = [z;-- -2, = VB and D =
diag(aq, ..., ay,). Then

d.(AX)=d.(UAVB)=d,(DB) = ged det(DB[w|1,...,r]).

weQr,n
Since x; € V;, = spang{vi,..., v}, in column j of DB the entries below
row i; are zero, for j = 1,...,r. Therefore, if w(j) > i; for some j, then

det(DB[w|1,...,r]) = 0. Hence

d(AX) = ged  det(Blwll,...,r]) [ ] awy)-

()i =1
Similarly,
d.(X)=4d.(VB)=d,(B) = gcd det(Blw|l,...,7]).

wSQrn
w(j)<i;,Vj
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For w € Q,, such that w(j) < 4; for all j, let ¢, € R be such that
det(Blw|l,...,r]) = cud, (X).
Then we have

d.(AX) :
A — — w I I w(j
¢( ‘L) dT(X) w%gfln ¢ : a (])
wi)<igvg 97

and, since w(j) < @5 = a;; | ay(;), we get that a; a;, - --a; | P(AlL).
Therefore, a;a;,---a; is a common divisor of the elements of the set
{v(AlL) : L e u(V)}.
On the other hand, a;a;,---a; belongs to that set because F =
spanp{vi,, vi,, ..., v;. } € Q(V), v;; € V;, for all j, and
dr(Alvi, ---vi,]) _ dr(Dlei, ---¢i,])
YA e ) T

where {ey,...,e,} is the canonical basis of R". B

The argument for the second extremal characterization is similar. We intro-
duce a new notation. For i = 1,...,n write V; = spang{v,_it1,...,v,}, and
Vi=WV/,..., V). If I' = (n—i,+1,...,n—i;+1), then spanp{v;,...,v; } €
Qp (V7.

Theorem 4.3. For every I = (i1,...,i;) € Qr, we have

Capea = Ar)
iy iy @;, LES%ZII/I(lV’) 1/) ( \L)
Proof. Let L € Qp(V’), and let xy, ...,z € L be linearly independent such
that L=spang{z1,...,2,} and 2; € V_; ., for all j.

Let B be the n x r matrix such that X = [z;---2,] = VB and D =
diag(aq, ..., a,). We have

r

d(AX) = ged  det(Bwll,....7]) [ ] aug
wEQr,n

AN =1
W(])le7VJ J

and similarly
d(X)= ged det(Blwl|l,...,7]).

wEQrn
W(J)le 7v]

For w € Q,, such that w(j) > i; for all j, let ¢, € R be such that
det(Blwl|1,...,r]) = cud (X).
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Then we have

d,(AX) -

A = = d w w(j
Y(AlL) 0.(X) ged e Ha ()
w()>ivg 7L

and, since w(j) > i; = ay(j) | a;,, we get that ¥ (A|r) divides

ged  cpagaq, - -a; = (a;a;,---a;) ged ¢, =a,a;, - a; .
wEQRrn wEQrn
w(j)>i;,9j w(j)>i;,Vj

Therefore, a;,a;,---a; is a common multiple of the elements of the set
{v(Alr) : L € Qp(V}.

On the other hand, aj;a;,---a; belongs to that set because F =
spanp{viy, Viy, ..., v, } € Qp(V'), v, € Vi, . 4y for all j, and

dy(Alvi, ---vi,]) _ dir(Dlei, -~ -¢i,])
dy([vi, -+ v, ]) 1

Y(Alr) =

5. Schubert intersections and divisibility relations

The basic result which allows us to prove our divisibility relations is the
following.

Theorem 5.1. Let A, B € R™™" and L,M be pure submodules of R" such
that rank(M) = rank(L) and M contains BL :== {Bv :v € L}. Then

Y (ABj) =4 (Au) ¥ (Bir) -

Proof. Let r = rank(L) = rank(M) and consider X = [z;---z,], with

x1,...,%, € L linearly independent and such that L = spang{zy,...,z,}.
Put Y = [y;---y,], with y1, ...y, € M linearly independent such that M =

spang{yi,...,y-}. Since BL C M, there exist ¢1,...,¢, € R\ {0} and
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Z € R™" such that BXdiag(cy,...,c¢,) =Y Z. Therefore

_ d,(ABX) d.(ABXdiag(cy,...,c,))
V(ABlL) = d.(X) o d.(X)er--- ¢

d.(AYZ)  d,(AY)det(Z)
d(X)er---¢,  dp(X)er---c

_ di(AY)d(Y) det(Z) _ d(AY)  dy(YZ)

d,(V)d (X)c1 ¢, d(Y) d(X)er---cr
d,(BXdiag(cy, ..., c))
d.(X)er- ¢

4,(BX)
4,(X)

= Y(Alu)

= (Alum) = Y(Alm)Y(B|L) .

Lemma 5.2. Let B € R™™"™ be nonsingular and L and S submodules of R",

with S pure. Then BLN S = B(L N adj(B)S).

Proof. Let x € BLNS. Then x = By with y € L. Hence det(B)y =

adj(B)x and so y € adj(B)S. Therefore y € L Nadj(B)S and x = By €
B(L Nnadj(B)S). So we have proved that BLN S C B(LNadj(B)S). Thus

BLNS=DBLNS C B(LNadj(B)S).

Let now z € B(L Nadj(B)S). There exist a € R\ {0} and y € LNadj(B)S
such that az = By. Also, there exist b € R\ {0} and 2z € S such that
by = adj(B) z. So abx = Bby = det(B)z and, therefore, z € S = S. On the
other hand, ax = By € BL,sox € BL. &

Theorem 5.3. Let S = (Sy,...,S5,) where Sy C --- C S, are pure sub-
modules of R" such that rank(Sy) = k, for k =1,...,n. Let B € R™" be

nonsingular and, for k =1,...,n, put T, = adj(B)Sk. Then Ty C --- C T,
are pure submodules of R" such that rank(Ty) = k, k = 1,...,n. Addi-
tionally, if T = (T1,...,T,) and I = (i1,...,i;) € Qrn, and L is a pure

submodule of R", we have

LeQ(T) < BL e Q(9).
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Proof. For k=1,...,n— 1, we have
Sk C Sk+1 = adj(B)Sy, C adj(B)Sk+1 = Tk € Thy1 -
On the other hand, for all &,
rank(7}) =rank(adj(B)Sy) =dimg K(adj(B)Sk) =dimg (KS;) =rank(S;) = k.

Let L be a pure submodule of R". Since B is nonsingular, we have that
rank(BL) = rank(BL) = dimg K(BL) = dimg KL = rank(L). On the the
other hand, for j =1,...,r,

rank(BL N S;;) = rank(B(L Nadj(B)S;,))

=rank(B(LN1T;,)) = rank(B(L NTj,)) = rank(L NT;,),
and we get the result. W

Let A, V, V" and a, | a,—1 | -+ - | a1 as before.
Let B € R"™" C = AB, with invariant factors b, | b,—1 | -+ | by and ¢, |
Cn_1 | -+ | c1, respectively. Let W, W’ and P, P’ be chains of pure submodules

of R™ defined from the columns of unimodular matrices V;, V5 such that
U BV = diag(by,...,b,) and UsCV, = diag(cy, ..., c,), respectively (with
Uy, Uy unimodular). Let I = (iy,...,4.), J = (j1,---,Jr), K = (k1,..., k) €
Qv

When is a intersection of the type Qx (KP)NQ (KV")NQ » (KW’) nonempty?
In a recent paper [1] it is proved that this happens when A(K) can be obtained

from \(/) and A(J) in only one way using the Littlewood-Richardson rule, or,

in the language of Littlewood-Richardson coefficients [6], when ciggl( =1L

We then have:

Theorem 5.4. If A\(K) can be obtained from \(I) and \(J) in only one way
using the Littlewood-Richardson rule then

Ck10k2 s Ckr CLZ'16L732 s airbjlbh s bj .

Proof. For i =1,...,n write T; = adj(B)V/ and consider T' = (11,...,T,).
Under the hypothesis we have
Qx(KP)NQp(KT) N Qp(KW') #£ &

whence
Q(PYNQp(T)NQp(W') #£ &
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Let L € QK(P) M Q[/(T) M QJ/(W,). Then E € QI/(V,) and

ChyChy *** Cy = 5%0% V(ABs) | Y(AB|r) = ¥ (Apr)Y(B)L)
ellk
1 Ag Bis) = aiai, - aibyby,---b;, .
sl VA8 g f Ty Bls) = it aibibiy b

In the general case when A(K') can be obtained from A(I) and A(J) in one
Or more ways, or cj\\gi( J) > 1, the intersection of the Schubert varieties may
be empty but the corresponding divisibility relation follows from those in
the theorem (see [6] and its references). So we get that all “Horn relations”,
i.e. those whose indices appear in the inequalities solving the Hermitian sum

problem, remain valid in our setting.

6. Extension to GCD domains

The above proof of divisibility relations for matrices over EDDs allows a
further extension to a even larger class of rings. We briefly describe this
technique, already used by Kaplansky in [9].

An integral domain is a wvaluation domain if, up to products by units,
divisibility is a total order.

If R is an integral domain, we say R is integrally closed if it contains the
roots of monic polynomials over R. A result by Krull states that such an R is
equal to the intersection of all valuation domains that contain it. Therefore, a
divisibility relation holds in R if and only if it holds in every valuation domain
containing R. Trivially valuation domains are EDDs. Hence divisibility
relations proved for arbitrary EDDs may be used to obtain statements valid
for integrally closed domains.

We are interested in the class of GCD domains, defined by the condition
that every finite set of elements has a gcd in the ring. This class contains
EDDs (or, more generally, Bézout domains, i.e. domains in which every
finitely generated ideal is principal) and also unique factorization domains.
GCD domains are easily seen to be integrally closed.

For a matrix over a GCD domain we can define invariant factors as quo-
tients of determinantal divisors as in the Introduction. The very fact that
the invariant factors form a divisibility chain is an example of a divisibility
relation that extends from EDDs to GCD domains using the argument above
(we don’t know a direct proof of that).
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We can now present the desired extension.

Theorem 6.1. Let A, B be nonsingular n x n matrices over a GCD domain
and let ap | -+ | ay, by | -+ | by and ¢, | -+ | 1 be the invariant factors of
A, B and AB. For anyr <n and I,J, K € Qy,, if \(K) € LR(A(I),\(J))
then

Aj Ay * * airbjlb]é cee bj .

r

Cklck'g e Ckr

7. Final remarks

A literature search shows that ideas similar to those in this paper appear
in two papers separated by 30 years. In [3], which deals with many other
subjects, different extremal characterizations for products of invariant factors
of matrices over a PID are presented but not used to obtain divisibility
relations. In the very recent paper [2], the Horn relations for invariant factors
are proved for modules over a PID using the intersection of Schubert varieties,
a different technique from that presented in [6], where the main connection
was via representation theory.

It is natural to ask if the relations presented in Theorem 5.4, together with
the equality for r = n, constitute the complete answer for the invariant factor
problem for EDDs (as they are for PIDs), i.e. if they are sufficient for the
existence of matrices A and B such that the given elements are the invariant
factors of A, B and AB.

References

[1] H. Bercovici, B. Collins, K. Dykema, W. S. Li and D. Timotin, Intersections of Schubert
varieties and eigenvalue inequalities in an arbitrary finite factor, Journal of Functional Analysis
258 (2010), 1579-1627.

[2] H. Bercovici, K. Dykema and W. S. Li, The Horn inequalities for submodules, Acta Sci. Math.
(Szeged) 79 (2013), 17-30.

[3] D. Carlson and E. Marques de S4, Generalized Minimax and Interlacing Theorems, Linear
and Multilinear Algebra, 15 (1984), 77-103.

[4] C. Faith, Algebra II: Ring Theory, Berlin, Springer, 1976.

[5] W. Fulton and J. Harris, Representation Theory, New York, Springer, 1991.

6] W. Fulton, Eigenvalues, invariant factors, highest weights, and Schubert calculus, Bulletin

AMS 37 (2000), 209-249.

[7] H. Gliising-Liierssen, A behavioral approach to delay-differential systems, SIAM J. Control
Optim. 35 (1997), 480-499.

[8] O. Helmer, The elementary divisor theorem for certain rings without chain condition, Bulletin
AMS 49 (1943), 225-236.

[9] 1. Kaplansky, Elementary divisors and modules, Transactions AMS 66 (1949), 464-491.



16 CRISTINA CALDEIRA AND JOAO FILIPE QUEIRO

[10] T. Klein, The multiplication of Schur functions and extensions of p-modules, J. London Math.
Soc. 43 (1968), 280-284.

[11] A. Knutson, The symplectic and algebraic geometry of Horn’s problem, Linear Algebra Appl.,
319 (2000), 61-81.

[12] J. F. Queir6, Invariant factors as approximation numbers, Linear Algebra Appl. 49 (1983),
131-136.

[13] J. J. Rotman, An Introduction to Homological Algebra, Acad. Press, 1979.

[14] E. Marques de S&, Interlacing Problems for Invariant Factors, University of Coimbra, Textos
de Matemaética no. 2 (1998).

[15] A. P. Santana, J. F. Queir6 and E. Marques de S&, Group representations and matrix spectral
problems, Linear and Multilinear Algebra 46 (1999), 1-23.

[16] R. C. Thompson, Smith invariants of a product of integral matrices, in Linear Algebra and Its
Role in Systems Theory, Contemp. Math. 47, AMS (1985), 401-435.

[17] R. C. Thompson and S. Therianos, On the singular values of matrix products - I, Scripta
Mathematica 29 (1973), 99-110.

CRISTINA CALDEIRA
CMUC, DEPARTMENT OF MATHEMATICS, UNIVERSITY OF COIMBRA
P-3001 454 COIMBRA, PORTUGAL

E-mail address: caldeira@mat.uc.pt

JoAo FILIPE QUEIRO
CMUC, DEPARTMENT OF MATHEMATICS, UNIVERSITY OF COIMBRA
P-3001 454 COIMBRA, PORTUGAL

E-mail address: jfqueiro@mat.uc.pt



