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ABSTRACT: The main goal of this paper is to present a unifying theory to describe
the pure rolling motions of Riemannian symmetric spaces. We make a clear con-
nection between the structure of the kinematic equations of rolling and the natural
decomposition of the Lie algebra associated to the symmetric space. This empha-
sizes the relevance of Lie theory in the geometry of rolling manifolds. It becomes
clear why many particular examples scattered through the existing literature always
show a common pattern.

1. Introduction

Riemannian symmetric spaces play an important role in many areas that
are interrelated to information geometry, such as image processing, machine
learning and data analysis.

Examples of symmetric spaces that became popular in these areas are, for
instance: the Graimann manifold, each point of which is associated to a set of
images; the Essential manifold, which parameterizes the epipolar constraint
encoding the relation between correspondences across two images of the same
scene taken from two different locations; the manifold of special orthogonal
matrices which plays an important role in biomedical applications, ranging
from feature and object detection tasks to image enhancement and image
restoration techniques.

Image interpolation is one of the most elementary image processing tasks.
Many image interpolation techniques have been proposed in the literature.
When the data is represented on some manifold, one approach that is quite
effective is based on the rolling motions of a manifold over another, subject
to nonholonomic constraints of “no-slip” and “no-twist”. The main idea
behind these algorithms is to use rolling motions to project the data from
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the manifold to a simpler space. Then classical methods can be applied and
thereafter one rolls back the solution in order to solve the initial problem on
the manifold.

In this paper, we concentrate on rolling motions of symmetric homogeneous
spaces over the affine tangent space at a point. Our main goal is to find
a unifying theory that incorporates all the existing scattered results and
explains the common pattern that is observed in the kinematic equations of
many rolling motions. A preliminary and shorter study of this subject is
presented in [9].

The structure of the paper is the following. Section 2 introduces the neces-
sary background, including the definition of rolling subject to the constraints
of “no-slip” and “no-twist”, and the fundamentals of homogeneous symme-
tric spaces. Our results are given in Section 3. The main result is stated
in Theorem 6, where a strong relationship between rolling maps and the
structure of the Lie algebra associated to the symmetric space is revealed.
Theorem 7 shows how to generate left-invariant parallel vector fields on sym-
metric spaces from rolling maps. These results are illustrated by several ex-
amples. The first three examples concern manifolds embedded in Euclidean
space. Example 1 shows how the Lie algebra forces the structure of the kine-
matic equations for the rolling sphere and this is also illustrated with the
Graffmann manifold in Example 2 and the Essential manifold in Example 3.
The next two examples deal with non-Euclidean manifolds of co-dimension
one, namely the Lorentzian sphere, which is a pseudo-Riemannian mani-
fold, and the ellipsoid equipped with a left-invariant metric. Finally, the
last Example 6 contains the pseudo-orthogonal groups and shows that the
theory developed in this paper can be extended to manifolds that are not
sub-manifolds of Euclidean space neither have co-dimension one. We finish
with a few concluding remarks.

2. Preliminaries

__We are interested in submanifolds of a Riemannian manifold M. Typically,
M will be the Euclidean space R™.

2.1. Rolling Maps. In this section we introduce a rolling map of subma-
nifolds isometrically embedded in a Riemannian manifold. The definition of
rolling is a generalization of that given in [12, Appendix B] applicable to a
general situation, where the embedding space R™ is replaced by an orientable
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Riemannian manifold M, cf. [5]. We assume here and in the remainder of
this paper that all mamfolds are connected and orientable.

Let M be a Riemannian complete m-dimensional manifold and let ® be
the group of isometries on M. Let I C R be a closed interval. From now on,

we closely follow the notations used in [5].

Definition 1. Let M and My be two n-manifolds isometrically embedded
in an m-dimensional Riemannian manifold M. Then a rolling of M on
My without slipping or twisting is a map x: I — & satisfying the following
conditions.

Rolling: There is a piecewise smooth rolling curve on M given by o: I —

M such that:

(a) x(t) - o(t) € My, and

(b) Tx(t).g(t)(x(t) (M)) = T\ (t).0(r)Mo, forallt e 1.
These properties imply that at each point of contact, both manifolds,
My and x(t)(M), have the same tangent space. This is identified as a
subspace of the tangent space of M at the considered point. The curve
oo: I — My defined by oo(t) = x(t) - o(t) is called the development
curve of o.

No-slip: d¢(t) = x(t)s - 6(t), for almost all t € I. This condition ex-
presses the fact that the two curves have the same velocity at the point
of contact.

No-twist: the two complementary conditions:

tangential: (X(t) x(t)7").(TsynyMo) C T )Mo, and
normal: (X(t) x(t)").(T, ;,Mo) C ToyyMo, for almost allt € 1.

Figure 1 illustrates the rolling motion of S upon another two dimensional
manifold along development curve oy.

We conclude this part by a crucial observation about the operator (x x 1),
made by Sharpe in [12, page 379], when M is the Euclidean space, and in B
in a more general setting. If x is a rolling map of M upon My, then in suitable
coordinates in a neighbourhood of p € My we may choose orthonormal basis
in T,M =T, My® T;MO so that the operator (y x '), has the matrix form
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FIGURE 1. A sphere M is rolling upon M along the develop-
ment curve oy without slipping or twisting

(m=n+r)

(1)

In essence, our main result, Theorem 6 captures the structure of (y X_l)*
expressed in (1), that is carried from the Lie algebra of the symmetry acting
transitively on M.

2.2. Symmetric Riemannian Homogeneous Spaces. This section gives
a very brief introduction to symmetric Riemannian homogeneous spaces. For
more details we refer to [4].

Let & be a connected Lie group with Lie algebra g. Suppose & acts transi-
tively on a Riemannian manifold M, i.e., there is a smooth map & xM — M,
denoted by (a,p) — a - p, such that, for any p € M: a- (b-p) = (ab) - p, for
any a,b € &; e-p = p, where e is the identity element of &; for any ¢ € M
there exists an element a € & such that ¢ = a - p. For an arbitrary fixed
point py € M the closed subgroup

H={ae® : a-py=p}

is an isotropy group of & at py. Then M is diffeomorphic to the space
&/H of left cosets aH, with p — aH, where a € & is such that p = a -
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po. Let the metric on M be invariant under &, i.e., for any x € & the
mapping 7(x): aH — xzaH of &/H onto & /H is an isometry. We will assume
further that the homogeneous space &/H is reductive, i.e., there exists a
decomposition g = h @ p, invariant under Ad(H). The natural projection
m: ® — M = 6/H induces the linear surjection m,: T.® — T,,M and we
have the following isomorphisms

T, M=T.6/kerm, = g/h = p.

The space M = &/ H is called a symmetric Riemannian homogeneous space
(symmetric space for short) if the above vector subspace p satisfies [p, p] C b.
For such spaces we have the following relations

g=bop, [p,p]ChH [p,b]Cp and [h,h] CHh (2)

This decomposition is also known as a Cartan type decomposition.

3. Rolling Riemannian Symmetric Spaces

In the remainder of this paper we assume that a manifold M, isometrically
embedded in the ambient space M, is rolling upon its affine tangent space at
a point py. Let & = & x V' be the group of isometries preserving orientation
of M. For instance, if the ambient space is R, its isometry group is the
special Euclidean group SE(m) = SO(m) x R™. The affine tangent space to
M at a point p € M is defined as

T2"M = p+ T, M, (3)

which makes sense if the ambient space is Euclidean. In a more general
settings we regard the plus sign in (3) to be the action of an element (e, s) € &
on p under identification of the tangent space T,M with a subspace of the
abelian group V.

If x = (g,s) is a rolling map then y acts as follows

IxM —% M (t:p) —— g(t) - p+s(t)
[ xT,M > T, M V) = g(t).-V

We shall assume that M is the symmetric space &/H, that is M = &/H, so

that the subgroup & C & acts transitively on M and H is the isotropy group
of pg € M. We identify elements of Lie algebra g of & with the vector space
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of linear maps from Tpoﬁ to itself. Let p denote the group action on M
then the above relationships can be illustrated with the following diagrams.

&xM L5 M (9.p) —— g-p
exp T exp T exp exp T exp T exp
gx T,M -5 T, M (x,v) 2= x.v

Proposition 2. Let ) be the Lie algebra of the isotropy group H of py € M.
Then h(T,,M) C T, M and h(TZfOM) C TjOM.

Proof: Let g: (—e,e) — H be a differentiable curve in the isotropy group

H such that ¢(0) is the identity. Moreover, let v: (—=6,6) — M be a dif-
ferentiable curve in the ambient manifold, with v(0) = py. Then c(t,s) =

—

g(t)-~(s) is a smooth map from (—¢, ) x (=9, 9) to M such that ¢(t,0) = po,
for all t € (—¢,¢). The derivative of ¢ with respect to s is

asc(tv O) - g(t>* : ;7(0)7

therefore ¢(t). is a map from T poﬁ to itself. Since H is also a subgroup
of a Lie group &, that acts transitively on M, then, by restricting v to M,
0sc(t,0) = g(t).-V, where V € T, )M, is a curve in the tangent space T, M.
Similarly ¢g(¢). - A, where A € T]fol\/[ is a curve in the normal space TIfOM,
because H is an isometry. Taking derivative with respect to ¢, noting that
g(0) = e, yields ¢(0), - 7(0) = 9;05¢(0,0), where ¢(0), € h. The proof is now
complete. m

The fact that ¢(0).: Tp,M — T, M can be also seen from the Lie algebra
decomposition (2), namely from [p, h] C p. From the proof of Proposition 2
we can draw yet another conclusion.

Remark 3. If M s of co-dimension one, i.e., m = n+1, then h maps T;OM

to zero (in TPOM). This eastily follows from the fact that since Tzfol\/[ 1S one
dimensional and H is an isometry preserving orientation then g(t).-V =V,
for any V € Tlfo M. Therefore its derivative with respect to t is zero.

Proposition 4. Assume that M is Buclidean and let p = g/b, where b is
the Lie algebra of the isotropy group H of po € M. Then p(T, M) C T;OM
and p(T; M) C T,,M.
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Proof: We will show first that p(T, M) C T;O M. For any vector V €
T),M and X € p the curve y(t) = 7o exp(tX) is a geodesic in M. Define
V(t) := y(t)« - Vi, then V is a parallel vector field along v, cf. [4, page 208].
Therefore its covariant derivative D;V is zero, i.e., the tangent component
of its t derivative vanishes. Hence V(0) = X -V, € T 5 M. The second claim
that p(T) M) C T,,M has been proved in [2]. ]

Remark 5. We are strongly convinced that Proposition / is true for general
Riemannian manifolds, although we have not been able to produce a com-
plete proof yet. Our believe is based on all the cases that we have analyzed
including some of the examples that appear later. The inclusion p(Ty M) C

Tﬁ)M holds whenever M is a Riemannian manifold. The second inclusion
p(T}fOM) C T,,M is trivially true in co-dimension one. This is because the
holonomy group of normal vectors is Zo = { —1,1}, if M is simply connected.

Differentiable field of unit normal vectors along paths in M C M gives a field
of vectors that does not depend on the choice of curves, cf. [T, p. 5].

Theorem 6. Let p be as in Proposition 4 and x be a rolling map of a sym-
metric space M = &/H embedded in Euclidean space. Then (x x~ '), is an
element of p.

Proof: Denote (x x7'), by u € g. Let u = uy + u, be a decomposition of u
into components in h and p, respectively. For any vector V' € T, M there is

w-V=(uy+up) - V=uy - V+u-V,

where uy-V € T), M and u,-V € T;O M, by Propositions 2 and 4, respectively.
From the tangential part of the “no-twist” conditions u -V € Tzﬁo M then it
follows that uy - V' is zero, for all V' € T, M. By a similar reasoning with
the normal part of the “no-twist” conditions one shows that also uy -V = 0,
for all V e T]fo M. Therefore uy = 0 and u = u, € p. This completes the
proof. |

If x = (g,s) is a rolling map of M upon its affine tangent space at po,
then o(t) = g~ 1(t) - po is the rolling curve. To see this it is enough to check
that y with o conform to the conditions of Definition 1. We start with the
rolling conditions. The development curve is oyp = py + s hence the first
rolling condition o¢p € T ffl\/[ requires that s € T, M. The second rolling
condition requires that Ty, (x(M)) = T\,T3. Since 0 = g~' - py then
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T,M = g, '(T,,M) and the left hand side of the above equality is equal to
Txo(X(M)) = x«(T-M) = g. (g*_l(TpoM)) = T),M.

On the other hand, for the affine tangent space TXUT;OHM = T),M hence
the equality of the tangent spaces at the contact point holds. The “no-slip”
condition implies that

(Xx Doo=xXx"xo=Xo=xg " po=g9 " -po+5=0,

giving a differential equation for s. A solution exists for s in T, M because
g9~ maps M to TM. The two “no-twist” conditions now read as

(9971).(TpM) C T,M and (g9~ '),(T,,M) C T, M.
They are both satisfied because x = (g, s) is a rolling map.

Theorem 7. Let x = (g, s) be a rolling map of a symmetric space M = & /H
and o(t) = g~ 1(t) - po be the corresponding rolling curve. For any Vi € T, M
define a vector field along o by

V(t) =g (t). - Vb
Then V is a left-invariant parallel vector field along o.

Proof: Clearly V (t) € T, M. We show first that V' is left-invariant. Let L,
denote the left translation by a € & then V' = (L,-1), - Vj and

V(fo Lg) = ((Lg—l)* : Vb) (fo Lg) =W(fo Lgo Lg‘l) = Vo(f),
for any differentiable f on M. Hence (L,).V = Vi = V(0) and V is left

invariant. B

The rolling map x generates vector field V' along development curve oy(t) =
x(t) - o(t) and since rolling maps preserve covariant differentiation, cf. [5],
then D,V = BtvL where Et is the covariant derivative on the affine tangent
space. Because V(t) = x(t). - V(t) = (g(t)« g 1(t)s) - Vo = Vp is constant
therefore D;V = 0, what was to show. |

3.1. Examples. Here we give a few examples of rolling symmetric spaces
on their respective affine tangent spaces. These examples illustrate the main
ideas behind the structure of the rolling maps and decomposition of a Lie al-
gebra. In all the cases considered here the manifolds are normal homogeneous
with respect to their metric, i.e., p = h*.



THE SIGNIFICANCE OF LIE THEORY IN THE GEOMETRY OF ROLLING MOTIONS 9

OX0) MO

FIGURE 2. A sphere S? is rolling upon M along the development
curve oy without slipping or twisting; the infinitesimal action
(x x71), is orthogonal to the Lie algebra of the isotropy group

Example 1 (the sphere). Consider the well studied problem of rolling the
sphere S™ on its affine tangent space. Since S" = SO(n + 1)/SO(n) is
homogeneous space, take any py € S™, then H = SO(n) is an isotropy group
leaving py fized.

To be more precise, choose py = (0, ..., 0, —1) to be the “south pole” of S™.
The Lie algebra g = so(n + 1) splits into the direct sum p @ b, where

b:{x€5o(n+1) L= [13 8] and Aego(n)}

and p = bt is given by

p= {x cso(n+1) : z= [_ng 73] and mER”Xl} = T,S".

It is easy to see that p - py = T,,S™ and b - py = 0. Note that span(py) =
1LQn ; _ . -1

T, S". Let x be the rolling map and let u = (x x ), then u € g and

<u - (p -po),p0> = —<p - Do, U - p0>. From the tangential part of the “no-twist”

condition it follows that u € .

Figure 2 illustrates this situation for the two dimensional sphere.
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Example 2 (the GraBmann manifold). We now look at the Graffmann man-
ifold rolling on its affine tangent space, cf. [6]. The Grafimann manifold % n
is defined by %cn == { P €s(n) : P>= P and rank(P) =k} and consid-
ered embedded in s(n), where s(n) is the set of n X n symmetric matrices.
Group & = SO(n) acts transitively on G n by (X, P) — X -P-XT. This
action induces Lie algebra action (a, V) —a-V +V-al. Take

1, 0
Py = lok o]

and let H C & be the isotropy group leaving Py fixed. Then

H:{[}él }32] . H, € SO(k) and ngsom—k)}.

Then Lie algebra b of the group H 1s

b:{[ig }?J . hy €so(k) and h2€5o(n—k)}.

The orthogonal complement p = b is therefore

_ 0 m| kx (n—k)
([0 1] e,

The tangent and normal spaces at Py are given by

_ 0 Z-
Tpogk,n — { ZT 0

(S1 0
Tp %cn = { 01 s S1€s(k), Soes(n—k) } :

A= ka(”_k)} and

According to the developments in [0], if x = (R, s) is a rolling map of %n
upon its affine tangent space at Py and A € s(n), we have

(xx "), A=R'RA— ARTR = [Q, A],

where Q@ = R'R € so(n). Partitioning Q as

mq mo
Q= T . where my=—m; and m3= —ms3,
—my M3
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and taking A = [Sl 02 po%{ n, the normal part of the “no-twist” condi-

5] €
Q,A] € Tp,%n. That is

ma mo + mrlf —1m9
—mér 0 SQ 0 SQ 2 m3T

_ [mb 51] mg - Sy — 51 - My
—m;r . S1 + Sg . mQT [mg, Sg}

0
tions implies that [

yields [ml,Sl] =0 and [mg,Sg] =0, for any symmetric S1 and Sy. This is
only possible when my = 0 and mz = 0, hence (x x~ '), € p, as expected.

Example 3 (the Essential manifold). The essential manifold is defined as
& = %3 x SO(3). We consider this a manifold embedded in 5(3) x R3*3
equipped with the Fuclidean (Frobenius) norm. Points in & are represented
by pairs (UEOUT,R), where U, R € SO(3) and Ey = [102 8]. At the point
Py = (Eo, 1) the tangent and normal space to & at Py are given by

TPO£:{</8T /3]’0> : A e R¥™ and 0650(3)};

T}%@@:{(:lg 2]5) . Bes(2), bER and 565(3)}.

Rolling maps for the essential manifold have been studied in [11]. We refer
to this paper for details.

The action of the Lie group & = SO(3) x SO(3) x SO(3) on &, defined by
(U, V,W) - (P,R) := (UPUY, VRW?Y), is transitive. The isotropy subgroup
of & that leaves Py = (Fy, 1) invariant is the set

— { (U,V,V) : VeSO(3) and U= [SOO(2) 8] }
The Lie algebra of &, g = s0(3) @ s0(3) @ s0(3), decomposes as g = p O b,
where

h::{(ﬂ,g,g) c ) = [g 8], B € 50(2), CEﬁo(S)}

and
0 0 mq
p=1q (0,¢,—¢) : 9= 0 0 ma|, Ce€so(3)p=h"

—1mq1 —Moy 0
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It is easy to check that [p, p} C b, and [f), p] C p. Therefore & is a symmetric
Riemannian homogeneous space, cf. [3].

Let x be the rolling map of & on its affine tangent space at Py and (U, V,W) €
& be the first component of x. Then, according to the developments in [11],
if (A,C) is a vector in the embedding space, we have

(v x L), - (A,0) = (UTUA +AUTU, VTV O + CWTW>,
or, defining skew-symmetric matrices y = UTU, Qp = VTV and Qy =
WTw,
(X X—1>* ’ (A7 C) - ([QUJ A]u QVC - CQW)
Since the tangential “no-twist” condition requires that
(Xx™). (A,C) e Tpé&, for (A,C)€Tpé,

we can do some computations to conclude thatu = (x x 1), = (Qu, Q, —Qw),

0 0 mi
where Qy 1s of the form LO 0 mz} and Qy = Q. So,

U = (X X_l)* = (QU7 QV) _QV) € p

Example 4 (the Lorentzian sphere). We now look at the pseudo-Riemannian
case, cf. [8]. The embedding space is R endowed with the Minkowski metric
with the signature (n, 1), denoted by J. Let S™! be the surface defined by

gl ::{xER”H ; <:c,x>J:1}.

Surface S™ is called the Lorentzian sphere also known as de Sitter space.
The symmetry group acting transitively on S™ is SO(n, 1) defined as

SO(n,1) = {X e ROTDX+D) o XTrx — ] and  det X =1 } ,
with its Lie algebra
so(n, 1) = { Q € RV T = —jo ).

It is known that S™' = SO(n,1)/SO(n —1,1) is a symmetric space. Choose
Py = (1, 0,..., O) and n > 1 then the isotropy group becomes

H:{XESO(n,l) X = [(1) SO(nO—l,l)] }
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Its Lie algebra is therefore

h:{xeﬁo(n,l) LT = [8 so(ngl,l)]}

and its orthogonal complement is

P={x€50(n,1) ; a;:].[

This is consistent with the results in |8].

0

T
m] and mER”Xl}.
m 0

Example 5 (the ellipsoid). Consider the rolling ellipsoid E" isometrically

embedded in the Riemannian structure M = (R”H, D_2) induced by a posi-
tive definite matriz D = diag(dy, ds, ..., dp11) = 0, cf. [10]. Then

e ={peM : lplp==1}.

Here, the group acting on E" is & = D-SO(n+1)-D~'. Since R— D RD™!
is the group isomorphism SO(n + 1) = &, this ezample is similar to the
rolling sphere covered in Example 1. However, the metric considered here is
left-invariant.

Let py = (O, 0, —d, v 1) —De,q1 be the “south pole” of £". The
subgroup H = D - SO( ) - D71 is an isotropy group leaving py fived. The Lie
algebra g = D - so(n + 1) - D™1 splits into the direct sum p ® b, where

f):{ng cx=D [61 8] D' and AEso(n)}

and p = bt is given by

0 m| - nx
p:{xEQ:x:D[_mT 0]D1 and m € R 1}.
Clearly T,,E" = p because

bep=—b [73] =TpE" and b-py=0.

Let x be the rolling map and let u = (x x~'),. The “no-twist” conditions
become

u- (Tp&") CTpE" and w- (T, E") C Tpy&"
By the same reasoning as in the spherical case we reach the conclusion that
u € p which in an agreement with results in [10].
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Example 6 (pseudo-orthogonal groups). Let J = diag(1,...,1,—1,...,—1)
be the diagonal matriz with k ones and (n — k) minus ones. For any matrix
A e R™"™ define

AT = JtAY T
Then R™™ may be endowed with the indefinite inner product
(U, V>J = trace(U7V). (4)

To each J one may associate a matriz Lie group which is the connected
component containing the identity of

SO(k,n—k):={XeR™ : X' JX=J and detX =1}
with its Lie algebra
so(k,n—k):={QeR™ : Q'J=-JQ}.

For simplicity, from now on we also use the notation SO(k,n — k) for the
connected component containing the identity. Let

s(k,n—k) = {QeR™ : Q'J=JQ}
then the tangent and normal space to SO(k,n—k) at a point Py are given by
TpSO(k,n—k)={FPQ : Qe€solk,n—Fk)} and
T]%OSO(k,n— k)={PRQ : Qesk,n—Fk)}.
Rolling maps for the pseudo-orthogonal groups have been studied in [1]. We
refer to this paper for details.
Let & = SO(k,n—k)xSO(k,n—k) then & acts transitively on SO(k,n—k)

by
(X,)Y),R)—» X -R-Y .

Take any Py € SO(k,n — k) and let H C & be the isotropy group leaving Py,
fixed. Then

H={(X,Y)e® : X-B- Y '=Ph}.
For the point Py = 1 the Lie algebra of H is
h={(z,z) € so(k,n—k) x so(k,n—k)}

and its orthogonal complement p = b+ with respect to the product metric
induced by (4) is

p={(z,—x) €so(k,n—k) xso(k,n—k)}.
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By the normal part of the “no-twist” conditions there must be
u-Qeso(k,n—k), forany Qe€s(k,n—k).
Let u= (my,ms) € so(k,n — k) x so(k,n — k) then
(ml,mg) - Q=mQ — Qmy € so(k,n — k).
Hence
(m1Q — ng)TJ = —J(mlﬁ — sz) (5)

where the left hand side of the above equality is equal to

Q'mlJ —mi QYT = —QVJm; — m3 JQ = —JQm; + JmQ
therefore the above condition (5) now reads

—J(Qm1 - JmQQ) = —J(mlﬂ — ng)

which is equivalent to

[m1, Q] + [ma, Q] = [my +me, Q], forall Qes(k,n—k).

Then my 4+ msy = 0 hence u € p as desired.
When J =1 we are reduced to the special orthogonal group SO(n).

4. Final Remarks

We have proven that the natural decomposition of the Lie algebra asso-
ciated to a symmetric space embedded in a Euclidean space or of co-dimension
one provides the structure for the kinematic equations that describe the
rolling motion of that space upon its affine tangent space at a point. Several
examples have been provided to illustrate the results. Based on the analysis
of several examples, one of which is included at the end of the last section,
we strongly believe that the theory developed here is more general.
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