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ON THE EXPONENTIAL DECAY OF WAVES WITH
MEMORY

J. A. FERREIRA, P. DE OLIVEIRA AND G. PENA

ABSTRACT: In this paper we consider general linear damped wave equations with
memory. We establish energy estimates that under the assumption of exponentially
bounded kernels, induce exponential decaying solutions. Numerical waves that mimic
their continuous counterpart are also introduced using a finite element approach.
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1. Introduction

This paper is concerned with the study of the decay of the solutions of the
following damped wave equation with memory

u"(t) 4+ cu'(t) + Au(t) = /Ot Ker (t — s;7)Bu(s)ds + f(t), t e R, (1)

where u(t), for t € Rt denotes a function defined from 2 C R" into R, ¢ is
a function depending only on spatial variables and accounts for the damping
of the wave, Ker denotes a function, called the memory kernel, that depends
on a parameter 7 > 0, f denotes a source term and A and B are second order
differential operators. Equation (1) is completed with homogeneous Dirichlet
boundary conditions and the following initial conditions

u(0) = uy,

u'(0) = uy. 2)

This type of differential problem arises in many contexts, such as modelling
the displacement of viscoelastic materials. Indeed, let u denote the displacement
of the material, f an external force being applied to the material and 7 the
stress tensor associated. Newton’s second law states that

pU//:V'T+f, (3>
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where p is the density of the material. Usually, the relation considered between
the stress tensor 7 and the strain tensor € is

T(t) = De(t) (4)
where D is an elastic tensor. Assuming that the components of the strain and
the displacement satisfy

e(t) = % (Vu(t) + Vu(t)!)

relation (4) accounts for a fickian type effect. However, if we assume that
the material has some viscoelastic properties modelled by a Maxwell-Wiechert
model and assume the following constitutive equation

T(t)=F /—Et—sDe()d

where

N
= Fy+ Z Eie_ait,
1=1

and Ejy is the Young modulus of the spring arm, E;, « = 1,..., N, are the Young
modulus of the Maxwell arms and o; = %, t=1,...,N,being ;1 =1,..., N,
their associated viscosities, then from (3), we obtain for the displacement the
following second order integro-differential equation

1

pu” —V - <§E(0)D(Vu(t) + Vu(t)t)> =

_ /0 Ker (t — s)V - (D(Vu(s) + Vu(s)")) ds + f,

with Ker (t) = %Zfil Eaue ' t > 0.

Equations of type (1) have already been introduced in the literature, see
5, 13, 15], to model viscoelastic physical phenomena. Without being exhaustive,
we mention [1, 4, 3, 8, 12, 14, 16, 18] for the study of qualitative properties of
partial differential problems defined by equations of type of (1). However, these
works deal essentially with energy estimates for the cases when A and B represent
the Laplace operator, combined with exponential or polynomial decaying kernels.
For example, in [3], the authors study the energy decay for a wave equation
with nonlinear boundary damping. Also, in [14], acoustic boundary conditions
were considered and the authors established energy decrease results when the
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kernel function does not necessarily decay exponentially. Similar results were
obtained in [18] considering homogeneous Dirichlet boundary conditions but
imposing weak assumptions on the memory kernel. The study of the decay of
the solution of systems of wave equations has also been addressed in |1, 16].
In [1]| the authors establish energy decreasing results for systems of two linear
wave equations with memory with homogeneous Dirichlet boundary conditions
with kernels exponentially dominated.

Energy decreasing results for quasilinear wave equations with memory were
consider in [4, 12]. In the first paper the authors consider a nonlinear reaction
term and a wave equation where the coefficient of the second derivative depends
on the solution was introduced in the second paper. Wave equations with
memory as singular perturbations of nonfickian diffusion equations with memory
have also been studied. Without being exhaustive we mention [2, 9, 10, 11].

This work aims at establishing energy estimates (and show their exponential
decay) for several variants of equation (1). This shall be accomplished in the
case A and B represent the Laplace operator, but also in the more general
setting as presented by (1), always under the assumption that the memory
kernel decays exponentially.

The paper is organized as follows: we start, in section 2 by introducing the
functional context necessary for the development of the energy estimates, as
well as some properties of the kernels. In section 3 we start by considering the
wave equation with no memory (A = B = —A) and review classical estimates
for this case. In section 4, we explore the case where the coefficient of the second
time derivative vanishes, that is, the wave equation with memory is replaced
by the diffusion equation with memory that is usually used to model diffusion
phenomena (characterized by a nonfickian behaviour). We show that under
suitable assumptions on the parameters of the equation, exponential decay of the
waves is obtained. The full damped wave equation with memory is the object
of study of section 5. In this section we introduce a new energy functional that
is obtained from the classical one adding a new term induced by its memory
character. We establish conditions that lead to the exponential decreasing
of such energy functional. To measures the deviation of the gradient of the
solution and its evolution in time, a new term is added to the energy functional
under analysis. For this new energy functional we prove also its exponential
decreasing. The techniques used to obtain these estimates (as well as the
estimates themselves) are the motivation of a new energy functional definition
for the first equation to be explored in the coming section. Indeed, similar
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results are established in section 6 for more general problems. Numerical wave
equations that mimic their continuous counterpart are introduced in section
7 and their behaviour is explored in section 8. Finally in we summarize some
conclusions in section 9.

2. Notations and preliminaries

We introduce now the functional context needed in the following sections. Let
L), L>(Q) and H}(Q) be the usual Sobolev spaces. In L?(Q) we consider
the usual inner product (-,-) and the norm induced by this inner product is
denoted by ||-|] In H}(2) we consider the usual norm ||-||,. Let L*(R*, H}())
be the space of functions v : RY — H}(Q) such that

T
| letoy e < 0,97 > 0.
0

Let H(RT, H}(Q)) be the subspace of L*(R™, H}(2)) of all functions v such
that its weak derivative v : RT — H}(€Q) belongs to L*(R", H}(Q)). By
L>®(R*, L?(Q)) we represent the space of all functions v : RT — L?(2) such
that

esssup ||v(t)]] < oo, VT > 0.
te[0,77]

We finally introduce C"™(R™, V), m € N (where V = L*(Q) or V = H}(Q)),
as the space of functions v : Rf — V with continuous derivatives v¥/) : Rf —
V,for j=0,...,m.

We start by proving the following auxiliar lemmas for the kernel function.

Lemma 1. Let Ker € L2(RT). If there exist constants K, > 0, such that
|Ker (s)] < Ke™®, s e R{ (5)

then

K K
|Ker||;. < — and |[Ker|;. < ——.
a

V2a

Let v be a nonnegative real and let us denote Ker,, the function defined by
Ker, (s) =€ Ker(s), s € Ry.

For this function, the following result holds, which generalizes Lemma 1.
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Lemma 2. If Ker satisfies the hypothesis of Lemma 1 and v < « then

K
|Kerslly = 5= and[Ken |l = —mm—
Moreover, if Ker € HY(RT) and Ker' satisfies (5) then
K(1+7) K(1+7)
HKer'/YuLl S Q{——’y Clnd HKGT{YHLQ S m

3. Damped wave equation with no memory

We consider in this section the following (simpler) version of equation (1),
t
pu” (t) + cu'(t) — D1Au(t) = —Dg/ Ker (t — s;7)Au(s)ds, t € RT, (6)
0

as well as its weak form counterpart: let u € H'(R', H}(Q)) be such that
u" € L*(RT, L*(Q)) and, for all T > 0, holds the following

([ (pu(t) + e/ (1), w) + Dy(Vu(t), Vw) = D, fot Ker (t —s)(Vu(s), Vw) ds,

X a. e. in (0,7), Yw € Hy(£),
uw'(0) = uyq,
| u(0) = up.

where 7 is a parameter. If we assume that the kernel function Ker, when 7 — 0,
is such that the integral term in equation (6) formally reduces to —DyAu(t),
then equation (6) is replaced by the wave equation

pu”(t) + cu'(t) — (D1 — D2)Au(t) =0, t € RT. (7)

We remark that this is the case for exponential kernels of the type Ker (s) =
%e‘? Indeed, the wave equation with memory is reduced to the classical wave
equation.

Figure 1 illustrates the evolution of the solution of the IBVP defined by (6)
with 0 = [—1, 1], with homogeneous Dirichlet boundary conditions, a gaussian
profile as initial data and Ker (s;7) = 7 le =, p = ¢ = 1 for different values
of 7 at t = 4. When the memory parameter 7 decreases, we observe that
the corresponding solution approximates the case with no memory and wave
coeflicient (Dy — D).

We recall that for the solution of the IBVP involving equation (7), the energy

p 2 D
E, (1) = 5 [ ()" + 5 IVu(t)|*, t € R{,
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FIGURE 1. Restriction of solution at [—1, 1] x {0} for ¢ = 0.25 and

two choices of Ds.

where D = Dy — D», satisfies the following:
(1) when the damping effect is null (¢ = 0),

E, (t) =E.(0), t € Ry; (8)
(2) if ¢ # 0, then
E, (1) + co|lu/(8)|| ds < E, (0) (9)

and the energy has an upper bound.

The proofs of (8) and (9) are classical and omitted here. However, the decay of
£, which is not guaranteed in the previous cases, can be established in present
of an added term m?u, that is, if we consider instead

pu” (t) + e/ (t) — (D — Do) Au(t) + m*u(t) =0, t € RT. (10)
In this case it can be even shown a stronger result that states that
|/ @) + u(@®)][f — 0, t = oo,

exponentially (see [7] and the references cited in this paper). Indeed, considering
the new variable u,(t) = eu(t), the wave equation for u, and the energy
method, it can be shown that there exists a class of wave problems (10) and a
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corresponding constant v > 0 such that
/() + Ju)F < Ce* (Ju@)F + [4/O)%) , t € RS, (11)

where C' > 0 denotes a constant that depends on the coefficients of the wave
equation (10) and on . Estimate (11) leads to exponential decreasing of [,
when t — 0.

4. Damped wave and diffusion equations with memory

Let us consider now in equation (6) the damping factor ¢ = 1 and p — 0.
Formally, we obtain the following diffusion equation with memory

u'(t) — D1Au(t) = —Ds /1t Ker (t — s)Au(s)ds, t € R™. (12)

Figure 2 illustrates the evolution of the solution of the IBVP defined by (6) with
2 = [—1, 1], with homogeneous Dirichlet boundary conditions, a gaussian profile
as initial data and Ker (s) =7 'e™7, c =1, D; = 0.1, Dy = 0.01, 7 = 0.001
for different values of p. When p decreases we observe that for two different
time instances, that solution of the wave problem approaches the one of the
diffusion equation.

---p=20.5 p=20.1 ---p=0.>5 p=0.1
_____ p=005——p=0 -—-p=0.05——p=0

FIGURE 2. Restriction of solution at [—1,1] x {0} for ¢ =1 and
two values of ¢.
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We present now two different estimates for the energy
t
2 2
B, () = [lu(t) |2 + / [Vu(s)|?ds, t € Ry

of the solution of the IBVP defined by (12) with homogeneous Dirichlet boundary
conditions. The first one is obtained using the energy method and the second
one is similar to the one established for instance in [6].

Proposition 1. Let Ker € LY(R") be a kernel satisfying (5). If the weak
solution v € L*(R™, H}(Q)) N HY(RY, L3(Q)) then there exist € # 0, v < «
and Cy,Cy > 0 such that

t
lu(®)]* + 01/0 IVu(s) 1 ds < [Ju(0)]I*, (13)
and
t
lu(®)I* + Cz/ e || V() )* < e u(0)]* (14)
0
where
D3K? D3K? (14 (a—~)?
_o(p, _2_*2 _ 2 B
C ( 1—€ 4€2a2> , Co=C1+ SR ( (@—7)? > 7Cq,

and Cq is the constant from the Friedrichs-Poincaré inequality.

Proof: We start by proving (13). Using the energy method, it can be shown
that

1d

5% ||w(t )H + Dy ||Vu(t )H = (Dg/ Ker (t — s)Vu(s)ds, Vu(t )) ,

which leads to

()P +2(Dy ) [Vu(t)|* < 22 (/0 |Ker(t—8)|!|vu(3)”d5> .
(15)

As

( / \Ker(t—s>\|\w<s>||ds) < [Kerls [ Jicer (= 9] [Vu(s)|ds,
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Using Lemma 1, from (15) we obtain

)
I\U(t)\!2+2(D1—62)/ IVu(t)|* ds

_DiK
- 262

B[ wer =l 9ol dus + o).

Moreover, as

t S t
/0 / Ker (s — )] [Va(u)| duds < || Ker|,» / IVu(s)|? ds,

|
we conclude (13).
To prove estimate (14), we use the technique presented in [17]. Let v > 0 be
a fixed constant and let u.(t) = e"u(t), t € RT for v < a. Then, we have

1d

57 T O =y OIF + Dy [V (5]

= <D2 /0 t Ker. (t — s)Vu,(s) ds, VUV(”) -

Considering that Huv(t)\|2 < Cq HVuv(t)H2 and using Lemma 2, the analysis
presented before allow to conclude that

t
luy (D1 + Cz/ IV (9)]* ds < [lu(0)], (16)
where Cy = 2 (D1 — > — Cqy — D2 37 K2)2>. Inequality (16) leads to (14). m

For the energy E, we conclude its boundedness in bounded time intervals.
Moreover, from (14) we can establish conditions on the coefficients such that
|u(t)]| decreases exponentially.

Corollary 1. Under the assumption of Proposition 1, if
DyK
Q

D — >0, (17)

then there exist constants C' > and 0 < v < «a such that

t
lu(®)]? + / e 209 | u(s)|Pds < Ce 2 Ju(O)|2, t € RS, (18)
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Proof: From Proposition 1 we have (14), that is,

t
lu()]” + g(v)/o e 1) | Vu(s) [P ds < e [lu(0)].

with g(vy) = 2 (D1 — e —Coy — %—(aKi)z) . Taking €* = %Qf, as ¢g(0) =

Dy — € — %g—;, it follows from (17) that ¢g(0) > 0. Therefore, there exists

0 < v < a such that (18) holds.
m

Corollary 1 establishes sufficient conditions that lead to the exponential
decreasing of

t
lu(®)]? + / e 2109 [ Tu(s) |2 ds.

We remark that condition (17) means that the fickian character of the diffusion
process dominates the nonfickian counterpart.

5. Wave equation with memory

We consider in what follows the IBVP defined by the following damped wave
equation with memory

pu"(t) + et (t) — Dy Au(t) + mPu(t)
=—D, /t Ker (t — s)Au(s)ds, t € R*, (19)
0

with homogeneous Dirichlet boundary conditions.
We start by establishing a stability result, under a general assumption on the
kernel function Ker, for the energy

t
2 — —s
Euq (t) = [/ @) +Hu(t)\|f+/0 e | Vu(s)|*ds, t € R, (20)

where v > is a constant. The last term in the definition of K, , is motivated
by the energy functional for the diffusion equation with memory. If the kernel
Ker is dominated by a negative exponential, then we show that [E, , decreases
to zero exponentially. We observe that the energy functional introduced here
incorporates more terms that those considered in the literature. It should be
pointed out that other versions of the last energy functional were also studied in
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the literature. For instance, in [3] and [18], the authors considered the classical
energy functional

E, (t) = [lu(t)];

while in [14] a term induced by the boundary conditions was added to the last
energy functional. In [4], for a quasilinear problem, a term related with the
reaction term was also added. The energy functional

B (0) = 5 IO+ 5 (1 [ Ker = s)ds ) [ 7))
+ /0 Ker (t — s) ||Vu(t) — Vu(s)||* ds,

was studied in [16]|. A similar definition was analyzed in [18§].
A modification of the functional energy (20) will be introduced in this work
adding the term

For this new functional energy we also prove its exponential decay.

2

/Ot Ker (t — s)Vu(s)ds — Vu(t)

Proposition 2. Let u € L*(R*, H}(Q)) N H*(R*, L*(Q)) be the weak solution
of the IBVP defined by (19) with homogeneous Dirichlet boundary conditions.
If Ker € HY(R™) is a kernel such that Ker and Ker' satisfies (5), then the
following estimate holds

p Il @)+ 260/0 [/ ()I” ds + (Dy = ) [|Vu()|* +m® ut)||”

+2D, (Ker (0) — (lﬁf + 1) g) /Ot IVu(s)|* ds

< p [ O)IF + Dy [Vu()[* + m? [fu()|*. (21)

where € # 0.
Proof: Let

I(t) = /0 Ker (t — s)Vu(s)ds and [I4(t) = /0 Ker' (t — s)Vu(s)ds.
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for t > 0. Using the energy method it can be shown that

O LD + eo ol ()] + 2 2 7P
+ % lu()|| < Dy (I(t), V' (t)) .
As
(101), Vu(t)) = Ker (0) [Vu(t)| + (1(t), Vu(t)) + (1(2), Vo' (1))
we obtain

P 2 b e D, 2
5”“@)” + o i [’ (s) ] d8+7|\vu(t)\|

+ Dofer 0) [ 1) ds + % ()]
< D2 (10, 5ult) ~ Dy [ (1(5), Vats) s
2O + 2 VuO)? + 2 u(@) (22)
We remark that, for € £ 0, holds the following
2D 110 Vu(t) < 5 [Kerll, [ IFu(o) +E I9uto),

and t t
2 / (1a(s), Vu(s)) ds < 2 | Ker'|| / [Vu(s)|*ds,
0 0

Taking the last estimates in (22) we obtain
t
2 2
pllu' @O + 200/0 [/ ()" ds + (D1 — €) | Vu(t)||”

Dy 2 ! 2 2
205 (Ker (0) = 22 [Kerlf— el ) [ 1) s+ o)

< Il (0)” + Dy [[Va(0)|* + m? fu(t)|*. (23)
Using Lemma 2 (with v = 0), from (23) we obtain (21).
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Corollary 2. Under the assumptions of Proposition 2 and if

K
Ker(O)—E>O (24)
and
Dy K
22 4% (K =2 2
D, Kz( er (0) a)>0 (25)

then there exists a constant C' > 0 such that

E.o(f) + / /()| ds < € (Il @)1 + [u(0)]F) , £ € R*.

Corollary 2 establishes that E, (), t € Ry, is bounded. In what follows we
establish conditions that allow us to conclude that the energy decreases to zero
exponentially.

Theorem 1. Let u € L*(R*, H{(Q)) N H*(RY, L*()) be the weak solution
of the IBVP defined by (19) with homogeneous Dirichlet boundary conditions.
If Ker € HY(R™) is a kernel such that Ker and Ker' satisfies (5), then for
0 < v < a, there exists a constant C' > such that

g|\u'(t);|2+(pl—62)uvu()H +2(co — 2p7)e / o, (5)||" ds

+ (2 = ell.o) W) +2Dag()e 2" / HOIRE
goe—zvt(uu;<o>|\2+uw< I+ [u(O)]?) , ¢ € RS, (26)

where u.(t) = e"u(t),

DoK(1+7) K
=K — 1 27
o) = Ker (0) - (PET 1) 27
and € # 0.
Proof: Lets consider v > 0 and define u.(t) = e"*u(t), t > 0. It can be shown
that, for u,, we have

t
) +(c=2yp)uly— Dy Ay () +(py—ey+m*)u, = =Dy / Ker, (t — 5)Au,(s).
0
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Following the analysis presented in Proposition 2, it can be shown there exist
e and 7, arbitrary nonzero constants, and v < « such that

ol @I+ 260 ~230) [ o) o
+ (D1 — &) [Vu,(0)]1F + (077 = llell o v + m?) Juq (8]
+ 2D, (Ker (0) — (D2K4(€12+”) )a_ )/ IV, (5)]2 ds

< [l O + Dy Ve O)F + (07 =3 llell o+ 107) s (). (28)

We compute now a lower bound for Hu’%t) H2 Since, for 6 # 0, we have

01 = (=) )+ (1= 52 ) s 0

1
we deduce, for 2 = 2

e I = 5 Nl O =+ s 1) (29)

Considering (29) in (28) we obtain
t
p 2 2
2O + (D= ) 9+ 2 = 20) [ (5) s

+ (m? = [lello) s (D)1 + Dag() /0 IV, (5)| ds

2
< p [ O)]]7 + Di Vs (0)I° + (07 = 7 llell oo +m) Il (D)1
where g(7y) is defined by (27). This inequality leads immediately to (26). m

Corollary 3. Under the assumptions of Theorem 1 and if (2) and (25) hold,
then there exist constants C,~v > 0 such that, for all t € R{

Bu (0)+ ¢ [ o) as < 0 (@) + Jul0)17) . (30)

Proof: By (24) and (25) and choosing a suitable value for ¢,

9(0) = (Ker (0) — (zg( N 1) g)
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is positive. Then there exists v € (O, min {a S0 m—2}> such that, from (26),

7207 [lefl
we obtain (30).
m

From Corollary 3 we conclude that

lim (EW (t) + e 2 /O t }|u;(s)||2ds> =0

exponentially. We observe that condition (25) imposed to guarantee the bound-
edness of E, o () is sufficient to prove the existence of v > 0 such that E, ., (¢)
decreases exponentially.

Remark 1. If we consider a wave propagation m viscoelastic material following
by a Mazwell-Wiechert model, then Ker (s) = 13" | Eie”®* where a; = 5
In this case we can take

min;—y__, b;

o= .
maxXi—=1,..n Hi

To guarantee condition (25) we need to assume that the Young models E;, 1 =
1,...,n, are significantly larger than the viscosities pu;, i = 1,...,n.

We establish in what follows an estimate for the energy functional

2

E,v~(t) =E, (t)+ /0 Ker (t — s)Vu(s)ds — Vu(t) (31)

for ¢ > 0, where u is a solution of (42). Under suitable regularity conditions
and using the energy method, it is straightforward to show the following result.

Theorem 2. Let u € L*(RY, H}(Q)) N H*(RY, L*(2)) be the weak solution
of the IBVP defined by (19) with homogeneous Dirichlet boundary conditions.
If Ker € HYR") is a kernel such that Ker and Ker' satisfies (5), then for
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0 < v < a, there exists C' > 0 such that

21 @I + (m* = v llello) eI + (Dy = Do) [ Vu()

1 9(co — 207)e /Hu ()| ds
2

+ Dy /t Ker (t — s)Vu(s)ds — Vu(t)
0

t
+ Dag(7) / B | Vu(s)| ds < Ce ([ (O)1 + lu(0)[}) . t € Ry,

(32)
where € # 0, u,(t) = e"u(t) and g(v) is defined by
g(v) = Ker (0) —K(ilf—'_j) (1—I—Ker (O)—l—@) : (33)

Proof: Let v > 0 be a real such that v < a and let
/ Ker, (t — s)Vu,(s)ds and I4(t) / Ker! (t —s)Vu,(s)ds.

for ¢ > 0. It can be shown that u.(t) satisfies the following relation

d d
P [, (0)]]° + (07* = 7 llell + m2)d—

+D1 [V (2 t)|I° < 2D, (Ly(t), Vi, (t)) . (34)

lus ()] + 2(co — 207) | ()|

It follows that

1d

(1), V() = =52 1) = Vu, ()] — Ker (0) |V, (t)[°

i l_ -1V (0 + Eer (0) (1(1), Ve, (1))

—( ( ); V(1)) 4 (1(2), 1a(t)) ,
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and together with (34) we obtain

ol @O + (072 = 7 llell +m2) lus (O] + 2(eo — 207) / it (5)| ds
+ (D1 = D) [|Vuy () + D2 [ 1(t) = Vus (1)

+ 2Dy Ker (0) /O IV, (s)]|> ds < 2Dy Ker (0) /O (I(s), Vu,(s)) ds

9, /0 (Tu(s), Vs (5)) ds + 2D /0 (I(s), Lu(s)) ds
4O + (72 =7 el + ) 1, (O)1P + Dy [V, (0)]P. (35

It can be shown the following

/(I(s),VuV(s))dsgHK67“7’|L1/ IV, (s)] ds, (36)
0 0

t t
_/0 (Za(s), Vu,(s)) ds < HKGT/VHD/O \|Vu7(s)\|2ds,
and
t t
/0([(s),[d(s))dsgHKemHE HKer;HLlfo IV (s)[2ds.  (37)

Using Lemma 2 and (36)-(37), from (35) we get

p @) + (07 = 7 llelloe +m2) llus ()] + 2(co — 2p7) / [t ()| ds
+ (D) — Do) [V, (8)]]* + Da || 1(t) — Vius (1)

+ 2D, (Ker (0) — K{E%FJ) (1 + Ker (0) + @)) /Ot [V (s)||” ds

2
< [l O + (0% 5 llll e +172) [l )2 + (Dy — Do) [V (0) .

Considering that

' 7! (8)||” = 42 [lus (£)]|2,
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we obtain
P 2 2 2 ! 2
t
L1l O + (= v ell) O + 200 = 20) [ [ (5) s

2
+ (D1 = Dy) [V, (8)|* + D

/Ot Ker, (t — s)Vu,(s)ds — Vu, (1)

t
+2Du9(3) [ [ 5)|P ds
0

2
< p [ O + (272 = ¥ el + %) 1 (0) |2 + (D1 = Do) [V, (0)],

(38)
where g(7) is given by (33). Inequality (32) is easily obtained from (38).
|
Corollary 4. Under the assumption of Theorem 2, if
KK+«
— K
O<aK—a< er (0) (39)
and
Dy — Do > 0, (40)
then there exist constants C,vy > 0 such that
Busal) + e [ Jud )] ds < 0 (IO + TOE) v € B,
(41)

where u(t) = eTu(t).

Proof: From (39) it follows that g(0) > 0. Then there exists v € (O min{a, 32, el })
and C' > 0 such that

O + @+ [ 5] s

+IVu@)|? + /0 Ker (t — $)Vu(s)ds — Vu(t)

| Ivul s < ce (1) + [uOR)

and this inequality leads to (41) .
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From the last result we conclude

t
lim (]Eu,v,y(t) + 6_277"/ "u;(s)“2d3> =0,
o 0

t—

exponentially, and consequently E, v ~(t) decreases exponentially.

6. Continuous energy estimates for general operators

In this section we extend the results presented before for the wave equation

to general integro-differential equation (1) where the operators A and B are
defined by

"9 ov "0
.AU = — i]EZI aSCZ (aij 856]) + E: a—xi(aiv) + agv,
Bv:—gn i E bv ~+ bov,

ij=1
where a;;, 05, 4,7 = 1,...,n and a;,0;, ¢ = 0,...,n are functions whose
regularity shall be specified later and v € C?(Q).
Let us introduce the weak form of the IBVP (1)-(2). Let u € HY(R™, H}(Q2))
be such that u” € L®(R™, L*(Q)) and, for all T' > 0, holds the following

(pu"(t) + e/ (t), w) + a(u(t),w) = /0 Ker (t — s)b(u(s),w)ds + (f(t),w),
) a. c. in (0,T), Vw € HL(Q),

u'(0) =
u(0) = uo,

\

where, for v,w € H}(Q),

n ov Ow “ ow
a(v,w) = Z (aija_xja (9_xl> — Z (aﬂ}, 8_:5,) + (apv, w),

1,j=1 1=

& ov Ow & ow
b(v,w) = ”221 (bija_xj’ 6—(@) ZZ (b v, (‘9@) + (bov, w).
We assume that a;;,b;; € L*(Q), 4,5 =1,...,n, a;,b; € L®(Q),i=1...,n
and ag, by, c € L>(€2) and these coefficients satisfy the following conditions:

H1. There exists ¢y > 0 such that ¢ > ¢y in .
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H2. a(-,-) is symmetric, continuous and elliptic, ie,
a(u,v) = a(v,u), Yu,v € H}(Q),
and there exist a., a. > 0 such that
la(u, )] < acllully vlly » Yu, v € Hy(Q),
and
a(u,u) 2 a, Jull?, Vu € H(®)
H3. b(-,) is continuous and elliptic, ie, there exist b., b. > 0 such that
[b(u, 0)| < be [l [Jvlly , Y, v € Hy(Q),
and
by ) = b Jull?, Vu € HY(Q)

Let E, , (t) be defined by (20). In the first result we establish an estimate for
the usual energy for the wave equation

t
s [ st e vy,
0

where u is a solution of (42), that leads to the boundedness of E,, ¢ (¢) in bounded
time intervals.

Theorem 3. Let u € H*(R™, L*(Q)) (N L*(R*, H}(Q)) be a solution of (42).
If hypothesis A1-A3 hold, Ker € HY(R) and Ker and Ker' satisfy (5), then
for n,e # 0 we have

I + (o = &) )} + (=) [ Il ds

i (2o o~ (45 ) KbC) [t as

< p [ O)I + ac [[u(0)]F + /Hf I* ds, t € Ry (43)

Proof: Considering in (42) w = u'(t) we obtain
(w”(t), w'(1)) + (cu'(t), w'(t)) + a (u(t), u'(t))
= /0 Ker (t — s)b(u(s),u'(t)) ds + (f(t),u'(t)),
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which can be rewritten in the following equivalent form
d 9 o2 d
p IO+ 20 [ (1) + -au(e), u)
t
<9 / Ker (t — $)b(u(s), o/ (£)) ds + 2 (£(£), /(1)) . (44)
0

It can be shown that holds the following

/0 Ker (1 — s)b(u(s), /(1)) ds = & / Ker (t — s)b(u(s), u(t)) ds
— Ker (0)b(u /Ker (t — s)b(u(s),u(t))ds. (45)

Considering the representation (45) in (44) we further deduce that for all  # 0,

d ., .2 o2 o d
P I @17+ 2o O + —alu(t), u(t)) + 2Ker (0)b(u(t), u(t))

< 2% /O Ker (t — s)b(u(s), u(t)) ds — 2 /0 Ker' (t — $)b(u(s), u(t)) ds
S LI+ )1
Integrating over [0, ] and using A3 leads to
p @ +atut), () + =) [ I ds2bicer (0) [ u(s)] ds
< 2/0 Ker (t — s)b(u(s), u(t)) ds + 2/0 /0 Ker' (s — p)b(u(p), u(s)) duds

I 5
w5 [ WO s+ p 1O + au(0).u(0). (46)
Using Lemma 1 it can be shown that

t b2 KQ 5
2/0 Ker (t — s)b(u(s),u(t)) ds < 2—62—/ [u(s)[[] ds + € Ju(t)|],

2 [ wer s = pbtati), u(e)) duds < bl [ o)l ds

Considering the last two inequalities in (46) we obtain (43). _
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Corollary 5. Under the assumptions of Theorem 3, if €,&,m # 0, are such that

a, — €2 >0, (47)
2co —n° > 0, (48)
bK .\ Kb,
2Ker (0)b, — [ ox — 2 0 19
er (o~ (5 -2) "t > (19

there exists a constant C' > 0 such that
! / 2 / 2 2 ! 2 +
Buo (0+ | W) ds < € (nu O + )+ [ 15651 ds) LERY,
(50)

From the upper bound (50) we conclude that, for an isolated system (f = 0),
E.o (t) is bounded by the the energy of the system at ¢t = 0.

In what follows we prove, for a class of differential operators A, B and kernels
Ker, that there exists a constant v > 0 such that

t
Eo. (t) + ¢ / ()| ds,t € RS,

decays to zero when t — oco. We start by establishing and upper bound for

Theorem 4. Under the assumptions of Theorem 3, fore,n # 0 and 0 < v < «,
we have

LI + (ae = lell) Nu®)I + (a. = &) [ Vu()]?
t 5 t
=@ =209) =) [ (6)|Pds ) [ Ius) s
<=/ 9 | f(5) P ds + 6, (WO + a(OI) s t € R, (5)

where ¢, = max{p, v, py* — vllcll ,ac}, uy = eu(t), t € Ry and

b-K(1+7) 2) K (14 7)b,

52
2¢? a—y (52)

g(7) = 2Ker ()b, — (
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Proof: Let u,(t) = e"u(t). This function satisfies

p (50, 0) + o= 20) (5200 ) + (%= el (D) )+l 0),0)

/Ker (t = s)b(uy (s), w) ds + (£,(£), w),

for w € HY(S), where Ker (s;v) = Ker (s)e”®. Following the proof of Theo-
rem 3, it can be shown the following

——lu _ _ _
2dt

that leads to
2
o[ (8)][2 + (72 = 7 lell) s DI + a sy (1)
t t
+2Ker (O)be/ Hu,y(s)H?ds + 2(co — 2vp — n2)/ Hu%(s)Hst
0 0
t S
<o [ [ K (s = ) a0l o (5)) duds
t 1 t 5
2 [ Ker, (= 5) s o) e Ol ds + 505 [ ()1 ds

2 2 2
+p [ (0[] + (07" = ve) 1uy (0117, +ac [lu, (0l

where 1 # 0.
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As before, for 0 < v < a, we also have
p @ + (07* = 7 llelle + ae) [y (D]° + (ac — €) [|Vus ()]
+ (2 —29) - /\w )| ds + () (/Hwy\|w

1 t
< =5 [ 1RGP s+ ol + (077 = lell) s (O + s O]

where € # 0, that implies
2 DI + (o~ llell) s (DI + (e — ) [ Vo, 1)
+ (2(co — 27p) — / i, (s H ds + g(v / | (s)|7 ds
1 2 /
< & [ 156 ds +o |t )

+ (07" = 7 lelloe) Il ()17 + ac [lus (017, (53)

where g(7) is defined by (52). Finally, (51) is immediately from (53).
m

Corollary 6. Under the assumptions of Theorem 4, if the parameters €,m % 0

satisfy the inequalities (47), (48) and (49), then there exist constants C,~y > 0
such that

t
E,~(t)+ 62%/0 Hufy(s)H2 ds

t
< e ([ LI ds+ WO + O] ¢ €7
0
where u,(t) = eu(t).

Corollary 6 allows to conclude that in a isolated system, that is, with f =0,

we have
tligl()( +e /H7 }ds)-O

exponentially and consequently E, () decreases to zero with the same rate.
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7. Decay of numerical waves with memory

In this section we establish that numerical approximations for the solution of
the IBVP (1)-(2) with homogeneous Dirichlet boundary conditions present the
same qualitative behaviour of the solution of this problem. Let Q C R? be a
bounded polygonal domain and let A > 0 be a fixed parameter and let 7Tj be
an admissible triangulation of 2 with diameter A, that is,

h = max diam(K),
KeTy

where diam (/') denotes the diameter of the element K Let V, be the space of
piecewise polynomials of degree m defined in 7y, that is

Vi={vel(Q):v=00n00 v=p, n K, KT},

where p,,, denotes a polynomial of degree at most m. By Pyq and Pq we represent
the set of nodes of T, on 02 and €2, respectively. Let {¢p, P € Pq} be a basis
of Vj,. The finite element approximation for the solution of the IBVP (1), (2)
with homogeneous Dirichlet boundary conditions is up(x,t) = Z ap(t)pp(x)

PePqg
that satisfies the following

[ (up(t), wn) + (tcuk(t), wp) + a(un(t), w)
= /0 Ker (t — s)b(up(s),wy) ds + (f(t), wp),

a. e. in R, Ywy, € Vy, (54)

uy (0) = uy p,
L uh(O) = Ug,h-

In (54) uq 5 and g, are approximations of uy and ug in V. To compute uy,(t) we
need to solve the following system of second order integro-differential equations

¢
My (t) + Cra/(t) + Apa(t) = / Ker (t — s)Bpa(s)ds + Fy(t), t € R,
0

O/(O) = ul,h)
Oé(O) = Z/{o,h,
(55)
where a(t) = [(ap(t))pep,], Uin,i = 0,1, are the vectors whose components
are the coordinates of u;p,7 = 0,1, with respect to the basis {¢p, P € Pq},
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and
My, = [((¢r; 9Q)) Pqeral »
Ch = [((cop, ¢q))Pger,) »
Ay, = [(a(ép, Q) Pepal ;
Bh = [(b(ﬁbP, $Q))PQepa)

Q
S
~
-
\./(Q
5
O
m
wl

Introducing the new variable Z( ) (z1(1), 22(t)) where z1(t) = a(t), z2(t) =
a/(t), then the initial value problem (55) of second order is equivalent to

Z'(t) = ApZ(t) + /t Ker (t — 8)ByZ(s)ds + Fp(t), t € RT,
Z(0) = U, 0

(56)

0 I

—M; A, —MCy |
[ o0 _ | Uon

fh(t)_[Mh_th:|7uh_ [Ul,h:|.

As the unique solution of the IVP (56) is smooth enough, then for the unique
solution up(t) € V, of (54) it can be shown the following result.

|

Proposition 3. Let us suppose that the assumptions of Theorem 3 hold for
the finite element solution wy,. If (47), (48) and (49) also hold then there ezist
constants C,~v > 0 such that

t
Buwr 0+ [, ()] ds

t
SCeWQAwmmfw+wmmﬁ+wmmﬁ)weRa

where up(t) = Mup(t).
For f =0 we have

t
tliglo <]Euh,~y (t) + e”t/o Huﬁw(s)H2 ds> =0,

exponentially.
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For the particular case A = B = —A the previous result can be improved. In
fact the following result can be stated for the energy E,, v -.

Proposition 4. Let us suppose that the assumptions of Theorem 1 are valid
for the finite element solution uy,. If the conditions (39) and (40) also hold then
there exist constants C,~v > 0 such that

t
Buywat) 42 [ (5] s

t
SC%Z”t<l:Hf@ﬂfck-FH%A®H2+HUM0Hﬁ)7tEERS-

For f =0 we have

11m (]Euhv’7 +e 27’5/ | wnq(s)]| ds) =0,

8. Numerical results

exponentially.

In this section we illustrate the qualitative behaviour of numerical solutions
of (55) for the equation studied in section 6, a particular choice of kernel and a
set of associated parameters. The choice of kernel is motivated by the example
given and its frequent reference in literature.

Let us introduce the specifics of our test problem. Let Q = (—1,1)2. In this
setup, consider the following differential problem:

e

u"(t) + cu(t) — D1 Au(t)

¢
—Dg/ Ker (t — s)Au(s)ds, t € (0,T),
0

< (SL’ yao) _6_077 9
u'(z,y,0) =0, (z,y) € Q
u(z,y,t) =0, (z,y) € 00t € [0,T],

where T" > 0 and ¢, Dy, Dy, 7 > 0 are constants In this equation we take
exponential kernels of the form Ker (t) = 7~ 'e”=, t € R.

Following the spatial discretisation in (54), we 1ntroduce the time step At
and a uniform partition ¢; = jAt,j =0,1,2,...,N = [A%] Applying standard
centered finite differences schemes in time and the composite trapezoidal rule
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to the formulation (55), the following second order in time method is obtained:

n+1 n n—1 n+1 n—1
w, " — 2uy +uy Uy " — Uy n+1
< A U | +c SA7 , U (Vu VU)

_ DoAt Zn: (e e Vaul ™+ S Vuh,Vv> (57)

21 4
j=0
where uh is an approximation for u(¢;), 7 =0,1,..., N.
Let
DgAt - n+1 tit1 n+1 —t;
7=0

It is easy to show that I, satisfies

¢ Dy At

Iy = e_ATIn + 22— ( T Vuh + Vu”“) , n>1
T
Dy At

L= (vl + Vi)

2T
With this new notation, method (57) can be rewritten as

1 Dy At
<<A_tz + 2_At) UZ—H, ) + <D1 — ;T ) (VUZ—H,VU)

2 c 1 e A
Remark 2. The integral term in (42), discretized in (57), should be imple-
mented following (58).

Let the fully discretisation of E,, v - (31) be defined by
2
n 2 n 2
+ luplly + | In — Vur|l", n > 2.

n—2
uh uh

2At

The behaviour of Ky ,, is clearly illustrated in Figure 3, for different values of
Dy and 7. It can be observed that the larger the damping factor c is, the faster
the discrete energy approximates zero.

A similar result is observed when analysing the numerical solution at the
central point (0, 0) of the square [—1, 1]?. As expected from the previous results,
the solution at this point approximates zero. In Figure 4 we plot the numerical
solution at this point, for the same profiles as in Figure 3.

Eh,n -
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109 - -
L O I S B S
0 2 4 6 8 10
(A) ¢=0.25,D9 = 0.1
—T= ---r=10"
------- T=10"7"---7=10"
101 B \ \ \ T E B N
10° - ; é
10_1 ; é i E
10—2 \ | \ | 10 B | | | | g
0 2 4 6 8 10 0 2 4 6 8 10
(¢) ¢ =10.25,Dy = 0.01 (D) ¢ =1, Dy = 0.01

FIGURE 3. Plot of discrete energy for different damping factors
and coefficients Do, 7 (D7 = 1).

9. Conclusions

Wave equations with memory, can be reduced in certain scenarios, to a
classical wave equation or to the diffusion equation with memory that is often
used to model diffusion processes characterized by fickian and nonfickian mass
fluxes. Based in these two facts, a new energy functional for the wave equation
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—7r=1 - r=10"

~--r=10""

0 2 4 6 8 10 0 2 4 6 8 10
(c) ¢=0.25,Dy = 0.01 (D) ¢ =1, Dy = 0.01

FIGURE 4. Discrete solution at point (0,0) for different damping
factors and coefficients Do, 7.

with memory is introduced in this paper. Using the energy method, upper
bounds for this new energy functional are established. Such upper bounds are
then used to establish sufficient conditions for its exponential decay. We remark
that exponential decay of other energy functionals were proved in the literature
and some of them can be obtained from the results presented here. The results
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obtained for the wave equation were generalized for a more general class of
problems.

To simulate the energy behaviour we introduce a fully discrete model based
on finite element approach. We showed that the semi-discrete counterpart of
the equation (obtained by discretisation in space with finite elements) inherits
the same property. The numerical waves defined using the exponential kernel
Ker (s) = 77'e™ 7, also exhibit the same qualitative behaviour.
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