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CANONICAL FORMS
FOR SIMULTANEOUS SIMILARITY
OF PAIRS OF INVOLUTIONS

EDUARDO MARQUES DE SA

ABSTRACT: In this paper we determine complete canonical forms for the action
of simultaneous similarity on pairs of involutions. This is done in the context of
linear operators of a finite dimensional vector space over an arbitrary field. In some
pinpointed cases, the field is supposed to have characteristic # 2. The determination
of a canonical form in the simultaneous similarity orbit of a pair (L, R) of involutions
uses as ingredient the similarity class of LR, a conspicuous simultaneous similarity
invariant; in the course of proof we get, for a given square matrix A, a detailed
description of the set J4 of involutions L such that A = LR for some involution R;
canonical forms are obtained for the action of G4 (the group of invertible matrices
commuting with A) acting by similarity on the set J4. The set of pairs (L, R) of
involutions such that LR lies in a fixed similarity class is a union of a finite number
of simultaneous similarity orbits; we determine that number, as well as the number
of such orbits assuming the similarity classes of L, R and LR are kept fixed.
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1. Introduction

The general problem of classifying the orbits of m-tuples of n x n complex
matrices under simultaneous similarity is solved in S. Friedland’s renowned
paper [9]; in that paper, a set of explicit invariants is given which charac-
terize the orbits, but no canonical form is obtained. Another interesting
work on simultaneous similarity is [6] where the more general concept of
PS-equivalence is proposed, and a near canonical form is proved for the new
equivalence. I wasn’t able to use that near canonical form to shorten the ar-
gument producing the canonical forms in the particular case treated in this

paper.
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The determination of canonical forms for the general problem of simultaneous
similarity is considered hopeless in the sense of an effective determination
of such forms. In the hierarchy of matrix problems, which goes back to
the 1970’s (as presented in, e.g., [3]), the general simultaneous similarity
problem serves as a milestone to the complexity of such problems; it is said
to be wild, to express its high degree of complexity. The determination of
canonical forms for that general problem has been the object of an interesting
algorithm due to G.R.Belitskii [2, 20], which, in a restricted sense to be
discussed later on, may be viewed as an archetypal model to the methods
used below.

If the simultaneous similarity action of GL,, is restricted to a subset of pairs
(or k-tuples) of m-square matrices, we may have the chance of getting a
feasible solution to the canonical form problem. For example, for pairs of
matrices (A, B) such that AB = BA = 0, canonical forms have been given
in [4]. On the other hand, I.M. Gelfand and V.A.Ponomarev proved that
the subproblem with pairs (A, B) such that AB = BA is equivalent to the
general problem of simultaneous similarity for k-tuples of matrices [11].

In the present paper we consider pairs of involutions, and give canonical
forms for such pairs. In sections 2-3, using a simple localization technique,
we split the problem into several easier subproblems, studying pairs (L, R) of
involutions such that LR has a characteristic polynomial of simple structure.
In section 4 an easy solution is got in case LR has no eigenvalue £1; in
this case we show GL,, acts transitively on the set of pairs such that LR lies
in a fixed similarity orbit. In section 5, by far the lengthier, we treat the
case when the characteristic polynomial of LR is a power of z — 1, or x + 1;
then a block diagonal canonical form is obtained, each block being a pair of
special involutions called Pascal matrices; we also give a canonical form of
companion type. For LR in a fixed similarity class, the pairs (L, R) fill in
a finite number of simultaneous similarity orbits; in section 6 we determine

that number, as well as the number of such orbits assuming the similarity
classes of L, R and LR are kept fixed.

Some of our concepts may be given in a semigroup S with a bilateral identity
I. Suppose an element A € § is the product of two involutions, say A = LR,
with L? = R* = I. Then RL is the (bilateral) inverse of A, and the equalities
A~l = LAL = RAR show that A is similar to its inverse by an involution



PAIRS OF INVOLUTIONS 3

(L or R); conversely, if A is similar to its inverse by an involution, then A
is the product of two involutions. All this is easy to check, but in our main
object of study, the semigroup 91,, of the n-square matrices over a field, it is
nontrivial and well-known that the similarity of A to A~! implies similarity
by an involution. Note that the left involution L in a factorization A = LR
also occurs as right factor in another factorization of A into two involutory
factors, because LRL is an involution and A = (LRL)L.

The following sets will play an important role in the sequel:
Py={X: AXA =X}, Chr={X: AX = XA},
J4 = {involutions of P}, G4 = {units of €4}.

Note that J4 is the set of all involutions L [R] which occur in a factorization
A = LR. From such a factorization we may obtain other factorizations of

the same kind: A = (TLT 1) (TRT™'), for T € Ga. So G4 acts on T4 by
similarity. In our concrete setting, the purpose is

To determine canonical forms for the action of G4 on J4.

As Ppap1 =T P47, the displayed problem is closely related to determin-
ing canonical forms for simultaneous similarity of pairs of involutions of S.
A moments thought shows that a solution to one of these problems implies
a solution to the other. The reader may enjoy proving the following trivial
exercises, for any A € S:

1) P4P4C Ca.

2) CaPy= PyCs= Pa.

) If P e P4, where P and A are units, then &y = P€y = €4 P.

) For units of S, we have (X,Y) =~ (X" Y') iff (XY,Y) = (XY Y),

where ~ means simultaneous similarity.

3
4

The last exercise shows the way followed below to get a canonical form for
a pair (L, R): apply the natural procedure to (LR, R), namely, reduce LR
to a similarity normal form, call it NV, and then act with Gy on the second
term of the pair for a final reduction.

General notations. Flx] denotes the ring of polynomials over an arbitrary
field F, M, = 9, (F) the algebra of n-square matrices over F, and GL,, the
group of units of 9M,,; .7, is the group of permutations of {1,...,n}; [X| is
the cardinality of a set X; f[X] denotes {f(x) : x € X'}; I, or just I, is
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the n x n identity matrix; 5, is the n X n skew-identity, resulting from I,
by reversing the rows’ order; y 4 denotes the characteristic polynomial of A;
the transpose of A is denoted A’; similarity of matrices and simultaneous
similarity of matrix pairs will be denoted by A~ B and (A1, As) = (B, Bs),
respectively.

2. Split forms

Let ¢ be a monic polynomial of positive degree. A pair (G,F) € M2 of
the form (G @ Gy, F1 @ F) is called a @-split form if G; and Fy are square
matrices of the same order, ¢ is the characteristic polynomial of GG1 F7, and the
characteristic polynomial of G5 F, has positive degree and is relatively prime
with . We say that (L, R) € 92 has a @-splitting if it is simultaneously
similar to a p-split form. A pair of the kind (G7 ® G, F1 @ F») will also be
denoted by

(G1, F1) @ (G, F>).

Lemma 2.1. Let (G1, F1) & (Ga, I3) and (G1, F) & (Gy, Fy) be two o-split

~

forms of (L, R). Then (Gy, F}) = (G1, F}) and (Gs, ) ~ (Ga, F5).

Proof. There exists a nonsingular matrix 7" such that T(Gy & G2) = (?1 ®
GQ)T and T(Fl@Fg) (Fl@FQ)T Then T(GlFl@GQFQ) (GlFl@GQFQ)T
Partition 1" accordingly: T' = (13;), ;_; ,- Then we have

T12GoFy = GiF\ Ty and Ty GiFy, = GyFyTy).

The characteristic polynomials of G1F; and GyF, are pairwise relatlvely
prime, and are respectively equal to the characteristic polynomials of G1F1
and Go . By [10, pp. 215-l], the displayed condltlons imply Th9 = 0, T5; = 0;
therefore T' = T1; & Thy, and we get F T“FT and G = T,G, T for

A

1 = 1,2, as required. O

While this lemma cares for uniqueness of the direct summands of a -
splitting, the next one deals with existence.

Lemma 2.2. Assume that (L,R) € IM? satisfies LR = P, ® Py, where
the Py, P> are nonempty and have relatively prime characteristic polynomaials
©1,p2. Then (L, R) has a yp1-splitting iff (L, R) is already a p1-split form.
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Proof. There exist L, R1, Lo, Ry of appropriate sizes, such that

(L, L™(Py & P2)) = (L1, R1) ® (Lg, Ry)),
LlRl ~ P1 and LQRQ ~ PQ.

Let T be a nonsingular matrix such that
L=T(Li®L)T  ,and LY P ®PR)=T(R @ Ry)T "

We get (P @ P)T =T(L1Ry ® LyR»), and the argument used in the proof
of lemma 2.1 shows that T = T} & T5s. Therefore

(L,R) = (T\ L\ T, Ty RiTY) @ (TaoLoToyt, Too Ry Toyt).
]

Of course a pair (L, R) € 9M? may have no ¢-splitting, for any ¢. A trivial
case occurs when LR has an irreducible characteristic polynomial. For a less
trivial example, take for L a matrix with an irreducible pattern of zeroes, and
let D be a diagonal matrix with simple spectrum. By lemma 2.2, (L, L71D)
has no ¢-splitting, for any ¢.

3. Products of two involutions

It is well-known that an invertible matrix A € 9, is the product of two
involutions of M, iff A is similar to A~!; and this holds iff any similarity
invariant factor of A is self-reciprocal. These results have been proved and
improved in several directions, e.g., [21, 7, 12, 1]. The reader may also find
in [21, 8, 14, 15] modified results of the same kind, in some cases worked
out in the context of orthogonal and symplectic geometry. For the theory of
invariant factors and elementary divisors check, e.g., [10, 13].

For f € F[z] of degree m such that f(0) # 0, define the reciprocal of f,
denoted f*, as follows: f*(z) = 2™ f(1/x)/f(0) (check [22, p.38]). Note that
f* is always a monic polynomial; and f** = f if f is monic. In case f* =
f, we say f is self-reciprocal. The reciprocal operation preserves products,
(fg)* = f*g*, and this entails: f is irreducible iff f* is irreducible. So, if
1 is an irreducible factor of a self-reciprocal polynomial y, and if ¢ is not
self-reciprocal, then 9* is also an irreducible factor of y; moreover, ¥ divides

x if and only if (@b*)k divides y; so in the primary factorization of y, ¢ and
Y* occur with the same power. (Cf. [18] for a generalization.) In the sequel
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we shall consider two kinds of companion matrices of a monic polynomial
f(z) =a" — c,a™ ! — - — cox — ¢1, namely

1 Cp -+ C3 Cy|C1

C(f) = and  C(f) = (1)
1 1
cilcy ¢c3 -+ Cp 1

where non-specified entries are 0. We now give a trimmed proof of the main
result of [21, 7, 12].

Theorem 3.1. For A € 9, the following are pairwise equivalent:

(a) A is the product of two involutions of M,,;

(b) A is similar to its inverse by an involution of IM,,;

(c) A is similar to its inverse;

(d) The similarity invariant polynomials of A are self-reciprocal.

Proof. (a) = (b) and (b) = (c) are obvious.
(¢) = (d). If fi|f2|...|fs are the similarity invariant polynomials of A then
TS5 .. | fF are the similarity invariant polynomials of A~ (¢f. [10, p. 153]).

Therefore (¢) implies (fi1,..., fs) = (ff, ..., f2).

(d) = (a). Clearly we only have to consider the case when A is non-
derogatory. Without loss of generality we assume A = C(f). Some simple
computations show that C(f)™' = C(f*) and C(f) = S,C(f)S,, where

S, is the n x n skew-identity. As .5, is an involution and we are assuming

f=f* we get C(f) as a product of two involutions (cf. [12]). O
A palindrome is a polynomial g(z) = >, c;z’ such that (co,...,cp) =
(Cmy - -+, c0). It is easy to show that

Lemma 3.2. With the exception of x +1 and x — 1, all irreducible self-
reciprocal polynomials are palindromes of even degrees. O

The cyclotomic polynomials are remarkable examples of palindromes; they
are irreducible over the field of rational numbers, and their irreducibility for
other fields is a well-studied matter in Galois Theory [17].
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Now suppose that (L, R) € M2 is a pair of involutions, and y 4 is the char-
acteristic polynomial of A = LR. We may factorize x4 as

Xa=py Py (mm) - ()™ (2)

where the e;,¢; are positive integers, the p; are the distinct self-reciprocal
prime factors of x4, and the 2s polynomials 7;, 7} are the distinct non-self-
reciprocal prime monic factors of xy 4. Now let 1 be a divisor of x4 such that
@1 and @9 := x/¢1 are non-unit, relatively prime and self-reciprocal; then
A =TW(A; ® Ay)WL for some W € GL,, where x4, = ;. We may write
A; = L;R;, where L;, R; are involutions; we get a ¢q-splitting

(L, R) =~ (L1, 1) © (L2, Ra)

with the bonus attribute that the four factors on the right are involutions.
Then J4 and G4 also split accordingly. More precisely:

Lemma 3.3. T4 =W (T4, ®T,)W ! and G4 =W(Gy, ®Gy,) WL

Proof. We may assume W = I. M € J4iff M? = I and AM A = A. Partition
M as (Mij)ijzl according to the split form. Then we get A;M;;A; = M;j;
as the characteristic polynomials of A; and A, are relatively prime and self-
reciprocal, M5 = 0 and Ms; = 0; the desired splitting of J 4 follows at once.

The case of G4 may be done in the same manner. O

The previous arguments (with the help of lemma 2.1 for uniqueness) allow a
simple induction to get

Theorem 3.4. If A= LR, where L, R are involutions, then
(L7 R) ~ (Lh Rl) DD (Lw+57 Rw+s)7 (3)

where all terms Ly, Ry, are involutions and L; R; has characteristic polynomial
equal to the i-th power of the factorization (2). Moreover, the direct summand
pairs (L;, R;) are unique up to simultaneous similarity. If W € GL,, provides
the simultaneous similarity (3), then we have 34 = W (@D, Ir.r)W ™" and
GA:W(@iGLiRi)W_l- ]

This theorem suggests to divide the determination of orbits and canonical
forms into cases according to the factorization of x 4.
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4. A has no eigenvalues +1

In this section we prove the following theorem and then discuss some available
canonical forms. In this section, n is necessarily an even number.

Theorem 4.1. Let L and R be involutions such that 1 and —1 are not eigen-
values of A = LR. Then G4 acts transitively on J4; that is, (L, R) ~ (L', R)
is equivalent to LR ~ L'R’, for any involutions L', R'. All elements of Ja
are similar to S, the n-th order skew identity.

Proof. The argument is split into several cases.

CASE 1: x4 has no self-reciprocal prime factors. This corresponds to w = 0
in (2). It is easy to check that an elementary divisor canonical form of A may
be organized to show that A ~ B @ B!, where B and B~! have relatively
prime characteristic polynomials. Choose any such B, and let ¥ = B® B~ 1.
The general forms of the elements in Gy and Jy, are

C 0 0 B! ~
[O D]EGE and [E 0 ]EJZ,

with C, D, E € Gpg. Thus the (similarity) action of Gy on Jy is transitive,
and so is the action of G4 on J4. As [9]] lies in Jy, and this matrix is
permutationally similar to S,,, all elements of J4 are similar to S,,.

CASE 2: x4 1S a power of a self-reciprocal monic prime p of degree > 1.
Denote by K the splitting field of p. Over K, x4 has no self-reciprocal prime
factors. In the extended field we fall under the jurisdiction of Case 1; thus
in the present case our theorem holds over K. According to Theorem 1 of
[16], if two pairs of F-matrices are simultaneously similar over an extension
K of ¥, then they are simultaneously similar over IF as well. So, in Case 2,
our theorem holds over F.

The general case follows from appropriate application of theorem 3.4. O

The transitivity assures that any pair of simple structure in the orbit of (L, R)
may serve as canonical form. We go back to the proof of theorem 3.1, and
denote by aq]...|a, the similarity invariant polynomials of LR. Each C(«;)
is the product of the two involutions, S,, and S,,C(«;), where a; denotes
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deg «y;. This gives rise to the first proposed canonical form
(L, R) %(Sa1 @B S,,,59,Clay) - & S%C(ozu)) =
(Sa17 Sa10(a1)) DD (Sdu? SauC(Oéu)) (4)

Using the factorization (2), split A = LR as A ~ A" @ A®?)| where each
elementary divisors of AWM is a power of a self-reciprocal prime polynomial p;,
and each elementary divisor of A is a power of a non-self-reciprocal prime
polynomial in the set II = {my,7},..., 75, 7f}. Then

(L,R) ~ (LW, RW) @ (L®, R®), (5)

where L, RU are involutions, and LWR"Y = A®. In (5) the (L%, R™)
may be replaced by a canonical form of the kind (4); we may also replace
(LW, RM) by a form as (4) with the a; denoting the elementary divisors of
AW: and we may replace (L®), R®)) by a canonical form of a different kind
that we shall describe under (6).

Choose one element in each element of {{m,7{},...,{ms, i}}, and call @
the set of chosen elements. Clearly {®,®*} is a partition of II. Let Bg be
any matrix whose elementary divisors are those of A which are powers of
elements of @. Obviously A® ~ By@® By ~ By D Bq?)l. Let (1, ..., (r be the

elementary divisors of Bg. Then we get a canonical form

= ([73] g o T @]) ©

5.x4 is a power of x — 1, or = + 1

So we are left with the prime factors x + 1, the exceptions of lemma 3.2.
Firstly we treat the case when y4(z) = (z — 1)".

Let Hj, be the £ x k nilpotent Jordan matrix: h;; = 1if j =41, and h;; =0
otherwise. Take the Jordan k£ x k£ matrix with eigenvalue 1, J, := I, — Hy.
If A has characteristic polynomial (z — 1), then A is similar to

M=J,® & Jy, (7)
where (n1,n9,...) is an integer partition of n, with w positive parts; we are
assuming ny = no = ..., and ny + -+ +ny, = n. Let €y = {X € M, :

XM = MX?}, and
Py ={X eM,: MXM = X}.
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The set €y is a well-known sub-algebra of M, and &), is a subspace of
9N, satisfying some useful, elementary properties like:

@M—lzgzj\/[, and M@M:@MM:@M;

moreover, if X € ), is nonsingular, then X! € 2,,. We know M = LR,
with L and R involutions. Our aim is to find all involutions of &Z,,.

We say that a k x r matrix Y = (y;;) is a Pascal matriz if J,YJ, =Y
the set of such matrices is denoted by Z,. Clearly Y € &, ifft H.Y H, =
HkY + YHT Note that [HkY]Zj = Yi+1,5, [YHT]U = Yij-1, and [HkYHT]Zj =
Yit+1,-1, with the convention y,, = 0if u=k+1lorv=0. SoY € &, iff
Yit1,j—1 = Yi+1,j+Vij—1, a rule similar to Pascal’s for the binomial coefficients,
namely: two diagonally adjacent entries «, 8 of Y, as in the diagram

(07 3

S 8 ~S=a+f (8)

determine the value a + S for the entry S just bellow «a. It is easy to
see, using (8), that Y is an upper triangle, more precisely y;; = 0, for j <
i +max{0,r — k}. Note that an upper triangle has one of the following two
patterns

® * *x - *
* k- *
® *x x - * * *
* k- * .
* - *
. or * (9)
*

according to k < r or k > r, respectively, with zeroes in non specified entries.
Let m := min{k,r}. Let ¢,..., ¢, be the nonzero entries of a generic Y's
first row (c¢1 is the entry marked as ®). Applying the rule (8) we get the
entries ¢y, —cy, c1, —cq, ... down the longest diagonal of Y; and all other *’s
are uniquely determined as well. So dim &y, = min{k, r}.

We frequently refer to matrices X € 9, related to the direct sum (7); then
we shall always assume X partitioned as

X =(X,r). where X, is ny, X n, (10)

o,r=1"
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and refer to the X, as the standard blocks of X. For example, we may express
the condition Y € &), (in terms of Y’s standard blocks) as follows J, Y, J. =
Y, .. Therefore, the arguments above lead to the following theorem.

Theorem 5.1. Y € &), if and only if all standard blocks of Y are Pascal
matrices. The dimension of Py is Y, . min{ng, n.}. O

The condition X € %)y, is equivalent to J, X, = X,-J,_; and this in turn
is equivalent to H, X, = X, H, . The set € is completely determined
in [10, pp. 220-ff]; the result is expressed here in terms of Toeplitz matrices
(those satisfying z;; = xi1,41): X € G if and only if all standard blocks
X, are upper triangular Toeplitz matrices. €y has the same dimension as
Py So the generic Y € &y and X € %) have the same pattern of zeroes.

5.1. Partitioned matrices with upper triangular blocks. The algebra
% and the vector space &), are contained in the algebra 73, of all ma-
trices having a partition (10) with upper triangular standard blocks. This
algebra may be reduced to a block-upper triangular form by means of a per-
mutational similarity, the permutation being the same which transforms the
Jordan canonical form M into its Weyr canonical form (cf. [19, 2, 3]). This
permutational reduction is the same as done in [20] for the algebra €),. Later
on we use a refined notation. Let 1, > no > --- > 1, be the distinct positive
parts of the partition (nj,ng,...), and denote by m; the multiplicity of 7,
fori=1,...,v. Clearly n = mym + --- +myn,. Let X; be the submatrix of
X made up of the square standard blocks X, of size n; X 1;; note that X is
a principal square submatrix of X, of order m;n;, composed by m? standard
blocks of X. Then

X]_ >|< P >|<
* X o o e >|<

X: . :2 .. : ) (11)
I . &

where each * represents a composite of non-square standard blocks X, of
X, and any square block of X is a block of some Xj. For £ =1,..., v, select
in each block X,, of X} the first entry of the main diagonal of X,,; the
selected entries form an m; X my principal submatrix of X; that we denote
by Z(X), and often shorten to Zj. The following lemma is proved by simple
combinatorics based on the fact that any standard block X, below the X;’s
n (11) has a zero first column (check (9)), and if X, is a block of some Xj,
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the only nonzero entry of the first column of X, is its top-left entry (which
is an entry of Zj).

Lemma 5.2. There exists a permutation matriz P, which satisfies

i
Ly ...
PXP' = EUURE R (12)
/A
! t(X) |
for any X € F;, where t(X) is the matriz obtained by deleting all rows and
columns of X corresponding to Z1, ..., Z,. O

Clearly, as X runs over &y [Guyl, Z1 @ - - - @ Z, fills completely the algebra
M, & dM,, [resp., the group GL,, ®--- & GL,, ]. For any X,Y € ),
TeJandie€{l,...,v}, we have

Zi(XY)=Z(X)Z;(Y), and Z;(TXT ') = Z(T)Z;(X)Z;(T)™".
This implies the following

Lemma 5.3. The similarity classes of Z1(X),..., Z,(X) are invariant for
the action of T3y on Ty Suppose X € Ty [X € Pyl. For any W, similar
to Z;(X), i =1,...,w, there exists Y in the T;-orbit [resp., Gy -orbit] of
X that satisfies W1 & --- @ W, =2Z1(Y) & --- ® Z,(Y). O

Lemma 5.4. Let Z; be the my-square submatrix of X made up of the d-th
entry of the main diagonal of each block X,, of Xi. Then

v Mk
det X = HHdet de.
k=1 d=1
Proof. The matrix v(X) of (11) has a partition (X7 )y, _;, where X/ _is

upper triangular of size (ny, — 1) x (n; —1). So the triangular reduction (12)
may be inductively refined by a permutational similarity performed on the
rows and columns of t(X'). We convention that matrices of one non-positive

size is empty; so some of the X/ _may be empty. Note that Zj; is the previous
Zy,. Therefore, from (12),

det X = (H det ZM) det t(X),

k=1
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and we get the lemma’s formula by induction. O

Corollary 5.5. In the notation of lemma 5.4, det X = [[,_, det Xy and, if
the X, are Toeplitz upper triangular standard blocks,

det X = H (det Zkl)m". O
k=1

Restriction homomorphisms. The method used to get t(X) in lemma
5.2 may be slightly extended. For a fixed e € N, eliminate in each block X,
the first e rows and the first e columns; let t(X,,) be the resulting restricted
standard blocks, and t(X) the resulting restricted matrix. As t(X,,) is upper
triangular, v(X) lies in Z(as). Note that if e > ny, then all standard blocks
X,, are empty for min{co, 7} > k. It is clear that

where F,, is an e-square upper triangular matrix; as e does not depend on
0,7, ¢( X7 Xry) = ¢(Xor)v(X7y). Therefore ¢(XY) = ¢(X)v(Y) for X, Y €
. So the restriction mapping v @ Jy — Jyar) is an algebra homomor-
phism, which obviously preserves the Toeplitz property and the Pascal rule
(8). From corollary 5.5, if X € %) is nonsingular, then v(X) is nonsingular
as well (this follows from the fact that Zy, = Zy1 or Zy, = &). According to
this we have three restrictions of t:

TGy — %(M); T Py — ‘@t(M) and Ty Gy — Gt(M) .

Lemma 5.6. t., v, and t, are epimorphisms of, respectively, algebras, vector
spaces and groups. O

The simple proof is omitted. An example shows the way to do it. In the
following diagram, a south-east standard block of size 7 x 11, of Pascal [or
Toeplitz] type, whose nonzero entries are denoted by #’s, is shown in the
process of extension to a matrix of the same type (Pascal or Toeplitz), by
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adding e rows on top and e columns on the left, with e = 6:

COIOCOOOO =+ v e
& o .

¥IOOOOQO

KOOSO

¥R KIOCOOO -

K HKKOOO -+ -

KK HXKOO
XX N R XXO
R A

(13)

The ¢’s represent the entries of the extension which are uniquely determined
by the top row of x’s, and by the type of extension, namely, by the Pascal
rule (8) [or the Toeplitz rule]. The entries denoted by -’s may be filled in
with some flexibility: we may choose arbitrarily the first row of dots, the
remaining dots being uniquely determined by that choice; the dotted entries
contribute to the kernel of ¢, for x = ¢, p, g (note, en passant, that kerv, is
an affine variety of 73, with dimension ) {min{e,n;,n;}: 1 <1i,j < w}).

The similarity actions of Gy and Gy are also well related, in the sense
that the following diagram

GMXQQ[ ——+¢@M

s | K (14)

Genry X Py —— Pe(mn)
is commutative, where the horizontal arrows denote the group actions.

The whole thing here may be done with the restriction defined as the elimi-
nation, in each block X, ., of the last e rows and columns.

5.2. The case of a single Jordan block with eigenvalue 1. We now
settle the case when M has only one Jordan block, namely M = J,; we
denote H,, and J, simply by H and J. Then % is F[J] = F[H]; it is the
set of upper-triangular Toeplitz matrices, the sub-algebra of 9, generated
by H (and by J). The elements of 7 may be presented as g(H), where
g € Fl[[z]], the ring of formal power series, because g(x) will be ultimately
chopped off modulo 2". For example, the inverse of 1 —x is {(x) = ), zk:
so J~! = ((H), the upper triangle of all 1’s. Note that &2; = £,,,, the set
of the n-square Pascal matrices.
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Lemma 5.7. Let Y € &5 and f € Fl[z]]. Define {(x) = -%. We have

E(H) = — Yoy HY, Y f(H) = f(E(H))Y and f(H)Y =Y f(£(H)).

Proof. The formula for £(H) is obvious. It is easy to check that YH =
Y -YJ=(I-JYY =§¢H)Y; so the second formula holds for f(z) = z,
and the general case is obtained by induction. The third formula follows
from the second one, because &(&(x)) = x. O

As explained above, for any v = (71,...,7,) € F" there exists one and only
one n-square Pascal matrix with v as first row; this matrix will be denoted
P(v1,...,7). We single out two special Pascal matrices

A=P(1,0,...,0) and I'=P(1,1,...,1), (15)

also denoted A,, and I, if needed. Computing the entries I}; of‘F by the
rule (8) is like building a Pascal triangle; we get [;; = (—1)"_1(‘2:%), with
the convention (g) = 0 if j < 7. Note that any leading or trailing principal

submatrix of a Pascal matrix is again Pascal, and that the second row of A
is (0,—1,...,—1); therefore A, =16& (—1}-1).

Lemma 5.8. A and I' are involutions, and J = I' A.

Proof. For {(z) = (1 — )7}, the first row of £(H) is (1,1,...,1), the same as
the first row of J=1; thus I' = AJ™ Y. As A,, [, € #,, and A, = I,J, we
get: A, is an involution iff I, is an involution. The fact that I = A% = I,
follows by a simple induction using A, =1 & (—1,_1). O

Remarks on characteristic 2. The case when [F has characteristic 2 is
going to be left out by the following main reasons. Firstly, in characteristic
# 2, an involution is similar to one of the n 4+ 1 matrices — I} & I,,_j, while in
characteristic 2 the Jordan form of an involution is a direct sum of blocks of
two types: Jo = [§1] and J; = [1]. As a second fact, to find all involutions
of &; amounts to finding all power series f(x) such that f(H)Af(H) = A;
from lemma 5.7, this means to characterize those f’s which satisfy

f@)f(E(x)) = 1.
Introducing the expressions f(z) = >, ™ and £(z) = =3, «*, we get

_} —~1. (16)

2
(co +cix + CQZU2 + ... ) [co —C1 Zk>1 ok + Co (Zk>1 i‘k)
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This gives rise to an infinite sequence of equations involving the ¢;’s. The
first equation is ¢3 = 1 and, when we equate to 0 the coefficient of 22* of the
left hand side of (16), 2¢ocor comes out as a quadratic expression in the ¢;’s
for ©+ < 2k. So the case of characteristic 2 raises problems of a very different
nature from those treated below. O

From now on we assume
F has characteristic # 2

Lemma 5.9. Assume Y € Z; is nonsingular. There exists one and only
one polynomial g(x) of the form

glx)= [ @ -0ua") (17)

odd w<n

(a product of | %] factors) such that the matriz Y* = g(H) 'Y g(H) has first
row with entries yj; = 0 for all even 1.

Proof. For upper triangular matrices Y consider the similarity transformation
Y — Y* = (I —0HY)"'Y(I — 0H"). Let e; be the k-th row of I, and
Y :=e;Y. Using e; H* = ej,41, compute the first row of Y*:

elY* =e (I —0H") 'Y (I —0H"Y)
=e1 Y OH"Y(I—60H") =Y 6Yiun(l—0H")

10 120

= <Y1 + 0Y1 + Z eiYin) (I —0H")

122

=i = 0(ViH"Y = Yor) + | D 0w — )07 Y HY | (18)

i>2 i>1

As Y is upper triangular, the first w4+ k — 1 entries of Y, H" are 0; therefore,
the row in (18) between brackets has its first 2w entries 0. Thus we have:
the transformation Y — Y™ does not change the elements y;; for 1 <7 < w,
and yiwﬂ = Y1w+1 — O(Y11 — Yuwr1,w+1)-

For Y € £;, the diagonal elements of Y are y; = (—1)""lyjy; therefore,
if w is odd, then yy. 11 = Yuw+11 — 20y11, and we may zero out y,, ., by
appropriate choice of 8, without changing the elements of the first row of Y
on the left of y; 441. Taking w = 1,3,5,... we may successively eliminate
all entries of the first row of Y in even positions.
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To show the uniqueness of g note that in (17) there is no repeated exponent
w. So we may order the factors (1 — 6,z") by strictly increasing values of w
from left to right. We act on Y by similarity with matrices (I — 61H), (I —
O3H?), ..., in this order; to zero out successively s, 14, ...; in each step,
each 01,05, ... is uniquely determined. O

Lemma 5.10. Let P € & be an involution. The involutions of &2; are
the matrices +f(H)Pf(H)™', for f € Flz], f(0) # 0. For an involution
X € Y5, r11 = £1 and the sign of x11 is a complete invariant for the
G j-stmilarity action on Jj.

Proof. Clearly the matrices £ f(H)Af(H)™! are involutions. Conversely let
us pick any involution Y € &;. Then Y has diagonal (£1,F1,+1,F1,...).
The matrix Y* of lemma 5.9 is also an involution; therefore, for £ > 2,
the product of the k-th column of Y* by the first row is zero; reading this
condition entry-wise for successively increasing odd values of k, we get yj,, = 0
for all odd k # 1. Therefore, the first row of Y* is (£1,0,...,0), in other
words, Y* = +A. We thus have Y = +¢g(H)Ag(H)™'. The value range and

invariance of xy; are obvious. O

Therefore, we have two G -orbits in J;, that we denote by I+ and J;
jJ:{XEJJ:.Tfll:l} and j}:{X€jJ1$11:—1}.
Theorem 5.11. Suppose C ~ J, say C = TJT~ . Clearly Jo = TJI;T~'.

The action of Go on Jo has two orbits, ’Jg = T’J}rT—1 and Jo = T’J}T‘l.
The orbit I} consists of the matrices Y € I such that (I-Y)(I-C)"! = O.

Proof. The last assertion is the only one deserving some attention. X € J7
iff the first column of I — X is zero; and this holds iff (I — X)(I —J)* 1 = O,
e, (I —TXT 1) —C)"' = O. The theorem follows from Y € T} iff
Y =TXT !, with X € J7. O

Corollary 5.12. We have (I},, A,) ~ (S, SpC((x —1)")), where C(f) is the

companion matriz in (1), and S, is the skew-identity.

Proof. We let C' := C((x — 1)")), and apply theorem (5.11). Note that
I, € ’Jj. So we only need to prove that S, € ’Jg (because TI'T! € ’Jé, and
all matrices in J5 are Ge-similar). So we have to show that

(I—-S,)(I-C)y"t=o0. (19)
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Note that I — C is nilpotent, non-derogatory and, therefore, (I — C')"~! has
rank one. The sum of the last row of C(f)is 1— f(1); in case f(x) = (x—1)"
that sum is 1. Hence C is row stochastic, and therefore each row of I —C has
sum 0; so u = [1,1,...,1]" is an eigenvector of I — C' corresponding to the
eigenvalue 0. It is easy to check that, if e; = [1,0,...,0]!, then the vectors

€1, (I - C)ela (I - 0)2617 oy (I - C)n_lel

are linearly independent, i.e., they form a Jordan chain for I — C. As a
consequence, (I — C')"le; is proportional to u (in fact, it equals «). This
implies that all rows of (I —C)"! are equal; thus S, (I —C)"t = (I - C)" 1,
and (19) holds, as desired. O

5.3. Back to a direct sum of Jordan blocks with eigenvalue 1. For
any involution K, we denote by p(K) the multiplicity of 1 as an eigenvalue
of K. The signature of an involution L of &), is the v-tuple

sg(L) = (u(Zu(L)); -, m(Zu(L)))- (20)

The signature™ of a pair of involutions, (L, R), such that LR ~ M, is defined
as the signature of any L' € &), similar to L; the notation is sg™(L, R), or
just sg(L, R). In the definition of sg(L, R) we used lemma 5.3. The invariance
of sg(R) [sg™(L, R)] for Gjps-similarity [resp., simultaneous similarity] also
follows easily.

For each w-tuple of signs, € = (e1,...,€,) € {1,—1}", let L. and R, be the
matrices

Li=el,, & - - ®e,l,, and R.=ed, & e,y (21)

Clearly M = L.R,. for any €. For k € {1,...,v}, let Uy be the set of those i €
{1,...,w} such that n; = nx; we know |Ug| = my. So Uy, ..., U, are disjoint
consecutive intervals which cover {1,..., w}. Any permutation o € .#,,, such
that o[Uy] = Uy (for all k) will transform € into € = (€51, .- -, €5(w)); then
(L, Re) = (Le, Re) by an obvious permutational simultaneous similarity. As
I, ~ A, then L. and R, are similar, i.e., u(L.) = p(R.).

We say that € is adjusted if each section (¢; : i € Uy) is a non-increasing

my-tuple, 1.e.,

(:ie€Uy)=(1,1,...,1,-1,-1,...,-1),
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where 0 < pp < my. If € is not adjusted, then we may reorder each section
(€; : i € Ug) in non-increasing order; the w-tuple ¢ obtained in this way is
called the adjusted of e. We thus have proven

Lemma 5.13. Two pairs (L, R.) and (L., R;) are simultaneously similar if
and only if they have the same signature. O

Theorem 5.14. For an involution ¥ € PPy, there exists a unique adjusted
sign tuple € such that ¥ is Gyr-similar to L.

Proof. Partition ¥ as (¥,s);,_;, where each ¥, is a Pascal matrix of size
n, X ns. We keep the notation related to the partition (11), namely n;, ny, my,
and the meaning of Z; = Z;(¥) and v(¥) of (12). In the current case, the
diagonal blocks Z1,...,Z,,t(¥) are involutions. By induction, there exists
W € Gy such that

Wr@ )W 'l=A0 @A,

where each A, is a Pascal involution of order n, — 1 for 1 < r < w (the last
my A;’s are empty if n,, = 1). As v, is surjective (lemma 5.6) choose U € Gy
such that v(U) = W, and define 2 := U¥U~!. The commutativity of (14)
implies
t(2) =4 B Ay

In case ng > 1, t({2,) is an involution of &, 1, _1; so the diagonal entries
of 25 € P, are alternately £1. Each off-diagonal block (2, satisfies
t(f2,5) = 0, in other words: all entries of (2,5 are zero except, possibly, those
in ker t-positions (check the comments following (13)), in this case the entry
in the top-right position of (2,,. Let w;; be the entries of 2,1 < ¢,j < n. For
1 <r<w,let o, 5, € {1,...,n} be defined by the conditions:

Wa,a, 1S the first diagonal entry of (2,

wp,p, 1is the last diagonal entry of (2,,.
So the top-right entry of (2,5 is w,,5,. Note that o, = 3, iff n, = 1. Clearly
(2 has a partition like (12), with t(¥) replaced by t({2).
Case n, = 1. In this case, (2,, the matrix consisting of the 1-by-1 standard
blocks (2,5, is nothing but Z,; thus it is an involution of 9, , and it may be
any such involution. Partition {2 as

Q:[gg] (22)
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The pattern of zeros of K and C' are as follows: all rows of K [columns of
C] are zero except (possibly) those of indices «;, [resp., (,], for r such that
n, > 1.

For any Q € GL,,,, the matrix Q = I,,_,,, ® Q lies in Gj;. Choose @ such
that Q£2,Q ' is a diagonal involution; when we transform {2 into Q22Q 1,
the matrix 2/ and the patterns of K and C' do not change, and (2, becomes
a diagonal involution. So we shall assume that (2, is a diagonal involution.
Therefore the diagonal entries of (2 are +1.

Let E,, be the n, x n, matrix with all entries 0 except the top-right entry
which is 1; and let Tp,(x) = I, + £ E,,. Clearly T,,(x) € Gy and T, (z)" ! =
Tp,(—x). We shall zero out all off diagonal standard blocks (2,5 using a
sequence of similarity transformations by matrices T,,(z). Let

2 = Ty () QT ()"
This is the similarity which transforms (2 into 2’ in two steps:

Step 1: add to row oy, the row B, multiplied by x, followed by
Step 2: add to column (,, the column oy, multiplied by —z.

Pick any nonzero entry of C, say wq,g,, such that wq o,ws s = —1. Note
that n, > n, = 1. In step 1, the row 8, has a sole nonzero entry, namely
wp,s, = *1; so this step only changes the chosen entry w,,g,; and adds to
it wwg,g,- In step 2, some of the top-right entries of the standard blocks
of ' may change, but all the rest of J' remains intact; moreover, as (2, is
diagonal, the only element of C' which is changed is the chosen entry wq g,
which transforms, after the two steps are made, into

w/apﬂq - wo‘Pﬂq + x(wﬁqﬁq o w%)ap)

So, as wg, 3, — Waya, = T2, we may zero out w’ap 3, by appropriate choice of x.

Now we treat the case wq a,wg,s, = 1. The assumption (2> = [, when read
in terms of standard blocks, implies

Z 2,82 =0, for p#q. (23)
k=1

In our case (n, = 1), {202, is the last row of (2, multiplied by w, g,; this
is a zero row if (ny > 1 Aq# k) or (ny =1 Ap # k); (the last term of this
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disjunction follows from the fact that (2, is diagonal). So (23) reduces to:
ppS2pg A $2pg 244 = 0.

As (2, = Waya, and $2,,82,, s the last row of (2, multiplied by wg,g,, we
have wq,a,Wa, 8, T Wa,s,ws,8, = 0, that is wa, 5, = 0.

We have proven the existence of a similarity action of Gj; that zeroes out
the matrix C'in (22). Of course the same procedure applies to K with minor
changes, with similarity transformations that do not change the null matrix
C, and zero out K. The conclusion of case n, = 1 is that we may assume
that (2 splits as 2 = X & (2,. We shall assume, without loss of generality,
that n, > 2.

Case n, > 2. The elimination of an entry w,g,, with p # ¢, for which
Waya,wp,6, = —1 is done as before, using an elementary matrix 7},,(x); things
are easier because the acting row «;, and column 3, each have a sole nonzero
entry, namely wq o, and wg, g,. The proof that wg g wa,q, = 1 implies wg o, =
0 is done as before using the equation (23).

We have proven that ¥ is G/-similar to a direct sum ¢, & --- @ &,,, where
each @, is an involution of &2, ,, . By lemma 5.10, &, is G, -similar to €,1, ,
where €, is the first diagonal entry of @,. So ¥ is Gjs-similar to L.. By
permuting the order of the diagonal blocks, if necessary, we may assume € is
adjusted. The Gjs-invariance of the signature proves uniqueness. O

The work done so far is enough to present a canonical form:

Theorem 5.15. For any pair of involutions, (L, R), such that LR ~ M,
there exists a unique adjusted sign tuple € such that (L, R) ~ (L, R.). O

5.4. Direct sum of Jordan blocks with eigenvalue —1. The whole
theory developed for the eigenvalue 1 may be repeated for —1 with minor
changes. One way of doing this is to replace M with —M; as &2_y; = Py,
C_ v = 6y and G_j; = Gy, the action of G_j; on J_j, is the same as we
have seen above.

For simultaneous similarity, we have (L, R) = (X,Y) iff (L,—R) ~ (X, -Y)
[iff (=L, R) =~ (—X,Y)]. So theorem 5.15 has the obvious consequence

Corollary 5.16. For any pair of involutions, (L, R), such that LR ~ —M,
there exist unique adjusted sign tuples € and T, such that (L, R) =~ (L, —R,)
and (L, R) ~ (—L,, R,). O
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Note that in this corollary 7 [€] is the adjusted of —e [resp., —7].

Review of the main results of this section

For the action of G,; on J,/, the signature is a complete invariant, and the
L. for adjusted €’s form a set of canonical forms.

For the simultaneous similarity action of GL,, on pairs of involutions (L, R)
such that xpg = (z — \)", A = +1, the Segre characteristic (ni,...,ny,)
of LR and the signature™ form a complete system of invariants. The Segre
characteristic produces the v-tuple of multiplicities, (m,...,m,), and the
concept of adjusted €. In case A = 1 [\ = —1], the pairs (L, R.) [resp.,
(Le, —R,)], for adjusted €’s form a set of canonical forms.

In the case A = 1, we may present the canonical form (L, R) as
(LeaRe) :el(FnlgAnl)EB"'EBEw(an;Anw)- (24)

Let us define V. by
Vk = SkC'((x - 1)k)

According to corollary 5.12, we have (I}, Ag) =~ (Sk, Vi). In this way, we
may replace the canonical pair (L, R¢) by a sparser one, (S, V;), defined by

(567 Ve) = 61(57117 Vm) DD ew(Snwa vnw) (25)

In the case A = —1, one has the sparser canonical form (S¢, —V;).

The following picture shows the matrix L, = I7® 1P I 1PI5D 15D 1, where
e =(1,1,1,1,1,1); the block diagonal and the Pascal structure of each block
are well visible. On the right we show PL.P!, where P is the permutation
matrix that transforms the Jordan form M = J;, & Js & J, & J3 B Jo B Jq,
into the corresponding Weyr normal form [19]. Although the right hand side
matrix shows some regularity in the distribution of the binomial coefficients,
the new pattern is a lot scattered and difficult to decipher. This matrix P has
been used by G. R. Belitskii to reduce the algebra %), (in fact a generalized
form of it) to a block triangular form [2, 20]; this has a great advantage in
working in Belitskii’s much more general framework; in the present reduced
case, the option for a Jordan normal form M offers nicer pattern readability
of canonical forms like (24).
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1111111 1 1 1 1 1 1 1
-1-2-3-4-5-6 1 1 1 1 1 1
13 61015 1 1 1 1
-1 -4-10-20 1 1 1
1515 1 1
-1-6 1
1 -1 -2 -3 -4 -5 -6
111111 -1 -2 -3 -4 -5
-1-2-3-4-5 -1 -2 -3
13 610 -1 -2
-1-410 -1
15 1 3 6 10 15
-1 1 3 6 10
111 1 3
-1-2- 1
-1 -4 -10 -20
-1 -1 -4 -10
11 -1
-1-2 1 5 15
1 1 5
11 -1 -6
-1 -1
1 1

6. Concluding remarks

6.1. General canonical forms. We may use theorem 3.4 to glue together,
as a direct sum, the canonical forms obtained in sections 4 and 5, namely
those in (4)-(5)-(6) and (24)-(25). For a given pair (L, R) of involutions, the
similarity class of A = LR is a simultaneous similarity invariant. Decompose
the characteristic polynomial of A as

Xa =i pe (mm)T e (wm) T (= ) (e 4+ 1) (26)
where the p; are the distinct self-reciprocal prime factors of x4, degp; > 2,
and the 2s polynomials 7;, 77 are the distinct non-self-reciprocal prime monic
factors of x4; and n™ [n~] is the algebraic multiplicity of 1 [resp., —1] as an
eigenvalue of LR. We let ny > -+ > ny, [y > -+ = Tig| be the sizes of the
Jordan blocks of A with eigenvalue 1 [resp., —1]; clearly ny+- - -+n,, = n* and
T+ - -+7y = n7; we assume there are v [7] distinct n;’s [resp., 7;’s], and the
corresponding multiplicities are denoted by my, ..., m, [resp., Ty, ..., Ty

Then we have canonical forms expressed as

(L,R) ~(LW, RY) & (L R @ (L., R.) ® (Ls, —Ry) (27)
(1) (2) + -

~(LW, RYY @ (L, R @ (S.,V.) @ (S5, —Vj).

Under the braces, the orders of the pairs are shown, with notations referring
to (5) and (26), in particular n") and n(® are the degrees of p* - - - p¢ and
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(mjmy)®t -« (whimg)®s, respectively. We have several choices for the canonical
summands (L), R®) as described in section 4, namely (4) and (6). The
third summand (L., R,) in (27) is like (24). The summand (Ls, —Rs) in (27)

is a direct sum
(L(57 _Ré) - 51(Fﬁ17 _Aﬁl) b---D 6@<Fﬁm7 _Aﬁw)7

where ¢ is a sign w-tuple, adjusted with respect to my, ..., ms.

6.2. Orbit counting. Fix a matrix A as in the previous subsection. The
simultaneous similarity orbit of a pair of involutions (L, R) such that LR ~ A
depends only on the choice of the sign tuples € and ¢ in the canonical form
(27). The number of distinct choices of adjusted € and 9 is

v

[ +m)

i=1 j=1

(1 + ;).

-

Therefore, this is the number of simultaneous similarity orbits whose union is
[generated by] the set of pairs of involutions (L, R) such that LR ~ A [resp.,
such that LR = A].

If two wnvolutions L, R € M, are not similar, then —1 is an eigenvalue of
LR. This follows easily from the fact that the eigenspace corresponding to
the eigenvalue 1 of one of the involutions has a nontrivial intersection with the
eigenspace corresponding to —1 of the other involution. The canonical form
developed above yields a much stronger result: a complete characterization
of the possible similarity classes of involutions L and R, such that LR € A
(or LR = A).

Theorem 6.1. The locus of (u(L), u(R)) for pairs of involutions (L, R) such
that LR = A (or LR ~ A), is given by

(L) + p(R) —n| <ng, (L) — p(R)
p(L) + w(R) —n=2n,,  p(L)—p(R)

where =9 denotes congruence modulo 2.

I\
S 3

Q

(28)

Il
[\

Proof. Let fi(L) be the multiplicity of —1 as eigenvalue of L. Clearly u(L)+
(L) = n. According to theorem 4.1, and using the notation of (27), we have
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p(L®Y — (LW = p(R®) — (R®) =0, k = 1,2. Tt is easily seen that
_ 0 if n; is even
at) - mar) =

¢; 1f n; is odd.
0 if n; is even

03 ;) = (0 ;) = { 5, if 7, is odd,

for 1 <7< wandl1l<j<w, and the same is true with I" replaced by A.
Define E =) {¢; : odd n;} and D =) {0, : odd m;}. The possible values for
E and D are characterized by

‘E| < No, E =2 Ny, |D| < ﬁo; D =2 No. (29)

From (27) we get

Eliminating 7i( L) and i(R), et u(L)+u(R)—n = E and u(L)—pu(R) = D;
these conditions together wit acterize the locus of (u(L), u(R)), and
are equivalent to (28). O

=
—
o)
~—
o
=
&
’—g

For the next counting, the v-tuple of multiplicities m = (mq, ..., m,) will be
split into two, according to the parities of the sizes of the Jordan blocks. We
let m, = (Mo1,...,Mey,) and me = (Mey, ..., Mgy, ), where m, [mg] is the
sub-tuple of m of the multiplicities of Jordan blocks of A with eigenvalue 1,
of odd [resp., even] orders. The T-tuple of multiplicities T = (71, . .., My)
(corresponding to Jordan blocks of A with eigenvalue —1) is split according to
the same criteria into two: m, = (M1, . .., Mey,) and M, = (Me1, . . ., Mep, ) -
Clearly mo; + -+ - + Mgy, = np and My + - -+ + My, = M.

For any r-tuple ¢ = (q1,...,¢;), and any nonnegative integer S, define
N(q,S) as the number of nonnegative integer solutions to the equation
1+ -+ x, = 8, subject to the restrictions x; < ¢;, for ¢ = 1,...,r.
It is not difficult to prove the following closed formula for this number:

a r+S—q,— - —q,—k—1
UOE ST DI o ). @
k=0 1< << <

To get this one may use the inclusion-exclusion principle, as in [5, p. 138], or
traditional generating functions techniques.
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Theorem 6.2. We are given a pair of integers, (¢,1) in the locus determined
by theorem 6.1. The set of all pairs of involutions (L, R) such that LR ~ A,
u(L) =€ and u(R) = r is a union of

simultaneous stmilarity orbits.

Proof. The conditions (28) imply that the numbers

_ l+r—n+n, = _ {—r+n,
p=—"=5"" and p=—5"

are integers such that 0 < p < n, and 0 < p < 7,. A closer look at the proof
of theorem 6.1 shows that £ =p — (n, —p) and D =p — (1, — p); therefore,
to get u(L) = ¢ and u(R) = r, it is necessary and sufficient that p [p] be the
number of positive ¢;’s [resp., §;’s| among the n, [resp., I,| Jordan blocks of
odd sizes with eigenvalue 1 [resp., —1].

To get all distinct (non simultaneously similar) canonical forms (27) under
inspection, we are supposed

a) To assign plus signs to exactly p [p] among the n, [resp., ,] Jordan
blocks of odd sizes with eigenvalue 1 [resp., —1], in all possible adjusted
ways. The number of ways of doing this is N (m,, p) [resp., N (7,,D)].

b) To assign any signs to the Jordan blocks of even sizes with eigenvalue
1 or —1, in all possible adjusted ways. The number of distinct ways
of doing this is [[;<, (1 + me;) [ T3, (1 + 7))

Therefore, as these assignments are independent of each other, the number
of simultaneous similarity classes described in the theorem is the product of
the numbers in a)-b) above. Thus we get the formula (31). O
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