Pré-Publicacoes do Departamento de Matemética
Universidade de Coimbra
Preprint Number 16-11

A NEW MULTICOMPONENT POINCARE-BECKNER
INEQUALITY

STANISLAV KONDRATYEV, LEONARD MONSAINGEON AND DMITRY VOROTNIKOV

ABSTRACT: We prove a new vectorial functional inequality of Poincaré-Beckner
type. The inequality may be interpreted as an entropy-entropy production one
for a gradient flow in the metric space of Radon measures. The proof uses subtle
analysis of combinations of related super- and sub-level sets employing the coarea
formula and the relative isoperimetric inequality.
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1. Introduction

Let 2 C R? be a bounded, connected, open domain. Fix a vector function
m € C*(Q; RY) and a matrix function A € C*(Q; My(R)). In this paper, we
contemplate the inequality

N N
/E]mwxgc/§)mmw+wmwm, 1)
=1 =1

where u € WZ}(Q;RN ) is a vector function with non-negative components
u; >0, and f = f(u) = m — Au.

A quick glimpse suggests that (1) is trivial when all components of u
are bounded away from zero. On the other hand, given an index set I C

{1,..., N} and a solution u to the linear system
w=0 (iel
. 2
L5 20 Gen 2

inequality (1) is clearly violated unless I = @. Under suitable structural
assumptions on A and m (roughly speaking, we need that (2) has a unique
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non-negative solution u; for any I), we will show that it is enough for a
function u to stay away from the solutions to (2) with [ # @ in order to
comply with inequality (1). The only solution of (2) compatible with the
inequality is thus

u® :=uy = A 'm.

In the case N = 1 the only solution of (2) with [ # @ is u = 0, thus
C' in (1) is expected to blow up only as u = u; approaches zero in some
sense. Indeed, we have recently proved in [8] that C' can be chosen in the
form 1/®( [, u1), where ® is a strictly increasing continuous function with
®(0) = 0 (provided N =1, m = my(z) > 0 and A = 1). The proof in [§]
uses a generalized Beckner inequality [1, Lemma 4], that is why we refer to
(1) as Poincaré-Beckner inequality. However, that proof completely fails in
the multicomponent case due to implicit cross-diffusion effects.

Our interest to (1) comes from the fact that in the case of symmetric
positive-definite matrix A(x) and p = 2 inequality (1) is equivalent to an
entropy-entropy production inequality corresponding to the gradient flow of
the geodesically non-convex entropy functional

E(u) = E/QA(U —u™) - (u—u*) (3)

on the space of N-dimensional non-negative Radon measures on 2 equipped
with the unbalanced optimal transport distance and induced Riemannian
structure as recently introduced in [8] (see also [9, 3, 10, 2, 6]). This gradi-
ent flow coincides with a fitness-driven PDE system of population dynamics
involving degenerate cross-diffusion. Inequality (1) implies exponential con-
vergence of the trajectories of this gradient flow to the coexistence steady-
state u> which corresponds to the so-called ideal free distribution [5, 4] of
the populations. We refer to our companion paper [7] for the details of this
interpretation of (1) and its implications.

The proof of (1) which we carry out in this paper is non-standard, be-
ing based on a subtle analysis of suitable unions of super-level sets of the
components of f employing the coarea formula and the relative isoperimetric
inequality. Assuming that there exists a sequence violating the inequality,
either we conclude that it converges one of the degenerate states uj;, or we
can detect a drop of f; that can be exploited to estimate the total variation
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of f; by means of the coarea formula. To apply this consideration to the term

N
Q=

we must consider the variation of f; over the region where u; is not small.
However, due to the hidden cross-diffusion nature of the problem, this pro-
duces “holes” in the level sets of f;, and we cannot use the relative isoperi-
metric inequality to estimate the perimeter of the super-level sets. We patch
the holes by merging certain super- and sub-level sets of different f;. Since
we argue by contradiction, we are not able to quantify the constant C'in (1).

The paper is organized as follows. In Section 2, we give our structural
conditions on A and m, and present the main results. In Section 3, we
state some algebraic and analytical properties of f(u) and related nonlinear
functions whose proofs may be found in the Appendix. In Section 4.1, we
derive the main estimates for the sequences allegedly violating (1). In Section
4.2, we identify three possible scenarios which are determined by behavior of
suitable combinations of super- and sub-level sets of f;. The first alternative
leads to the convergence to u; (Section 4.3). The second and the third are

the most involved ones, and employ the geometric ideas described above, see
Sections 4.4 and 4.5.

2. The main results

Let Q C R? be a bounded, connected, open domain. We assume that it
admits the relative isoperimetric inequality, cf. [11, Remark 12.39]:

d—1 1
P(4:9) > col AT, ACO, [A] <0l (4)

Here P(A;(2) denotes the relative perimeter of a Lebesgue measurable A of
locally finite perimeter with respect to €.

Suppose we are given a vector function m = (mg,...,my) €
CY(Q;RY) and a matrix function A = (a;;) € C1(Q; My(R)). We assume
that there exists x > 0 independent of z € Q such that

Assumption 1. We have pointuise

1 _
|aij|§; (i,j=1,...,N; x €Q), (5)

1
m;<— (1=1,...,N; z €Q). (6)
K
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Assumption 2. For any I = {iy,...,4,} C {1,....N}, iy < -+ < i, we
have
Qiyiy  * 0 Qi
> K. (7)
Qjiy = g,
Assumption 3. For any I = {iy,...,5,} C{1,...,N}, iy < -+ < i, and
j & I we have

Qjyiy =0 Qg My

> K. (8)
Aiip - Qg My,
Ajiy - g, My

Remark 1. Letting I = @ in (8), we see that all the functions m; are neces-
sarily positive.

Remark 2. Assumptions 2 and 3 allow for a geometrical interpretation, see
Section 3.

Remark 3. For a symmetric matrix A, Assumption 2 is equivalent to uni-
form positive definiteness. However, we do not assume A to be necessarily
symmetric.

Given a vector function u = (uq,...,uy): Q — RV set
N
fi = m; —Zaijuj: Q — R.
i=1
Theorem 1. Suppose that A and m satisfy Assumptions 1-8 and let p > 1
and U C W} (;RY) be a set of functions such that
(i) u >0 for any u € U;
(ii) no bounded with respect to the LP norm sequence {u,} C U admits a
nonempty index set I C {1,..., N} so that

Uiy —— 0 (i € 1) in measure (9)
n—oo

fin —— 0 (k€& 1) in measure (10)
n—o0

Then there exists C' > 0 such that

N N
/Z|fi\pdx§C/Zui(|fi\p+!Vfi|p)dx mev). (1)
Q1 Qi
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Remark 4. The integrand in the right-hand side of (11) is nonnegative, and
the integral may be infinite.

Remark 5. For p > 1, by Vitali’s theorem, the convergence in measure in (9),
(10) can be replaced by the convergence in L4, 1 < g < p.

Condition (ii) of Theorem 1 means that the set U must be separated from
a finite number of specific points in the topology of convergence in measure.
Specifically, it follows from Assumption 2 that given I C {1,..., N}, the

linear system
R (12

has a unique solution u; € C*(;RY). It is easy to see that (9) and (10) are
equivalent to

u, —>u; (n— o0) in measure. (13)

Theorem 1 admits the following stronger formulation.

Solving (12) by Cramer’s rule and recalling the assumptions, we see that
all the functions u; = (uy,...,us,) are bounded by a constant depending
only on k. Let M = M (k) be an arbitrary number such that

M > sup{up: I C{l,...,N};ie{l,...,N}}. (14)

Theorem 2. Let p > 1, the set A C CHQ; My(R) x RY), and the set
U C W, (% RY) be such that

(i) any (A,m) € A satisfies Assumptions 1-3 with a constant k = k(A);

(1) u > 0 for any u € U;

(11i) one cannot choose sequences {u,} C U and {(A,,m,)} C A such that
{u,} is bounded in LP, and (9) and (10) hold for an I # @.

Then there exists C (), p,k, A, U) > 0 such that

N N
[ lp e <c@prd) [ S alfP+ 196 13
2= 25

for alluw = (uq,...,uy) € U and (A,m) € A, where

Ui () = min(ug, (), M). (16)
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3. Auxiliary functions

In this section we collect a few auxiliary results concerning systems of affine
functions on RY
N

fi(ul,...,uN)zmi—Zaijuj (i=1,...,N) (17)
j=1

with scalar coefficients. The proofs of the statements can be found in the
Appendix.

We say that the coefficients in (17) are admissible, if they satisfy Assump-
tions 1, 2, and 3 with a fixed k > 0.

Given I = {iy,...,5,} C {l,...,N}, i1 < --- < i, and j € {1,...,N},
denote the determinants in the right-hand sides of (7) and (8) by

Qiyiy 00 Qigi, My
Qiyiy = iy, . . . ' .
Ap=1| : e I A[J’ = .
a/iril e airir mlr
Qipiy 7 Qi . g ,
A jiy i, T

Remark 6. If the determinants A; are nonzero, the systems (12) are exactly
determined. Denoting the solution of (12) by u; = (uyy,...,usy) as before,
for any I we have

A o A7
ucri = 2{;}71, filucr) = A—Ij’ (18)
where C/ = {1,..., N} \ I. Thus, in the case of admissible coefficients the
values of ur and of f;(ur) are nonnegative and bounded by a constant de-
pending only on s, but not on the particular choice of coefficients. Moreover,
if j ¢ I, then uy; are bounded away from zero by a constant depending on

Kk, but not on the coefficients. If i € I, the same is true for f;(uy).

We want to geometrically interprete the positivity of Ay and Ay, involved
in Assumptions 2 and 3. To this end, consider the system of linear inequalities

in RV: ; ( )
>0 (i=1,...,N),
{uiZO (i=1...N) (19)
Proposition 1. Suppose that Ay # 0 for any I C {1,...,N}. Then A; >0
and Arj >0 for any I C {1,...,N} and j ¢ I if and only if the solution
set of (19) is a polytope with vertices {us: I C {1,...,N}} combinatorially
1somorphic to a cube.
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One corollary of Proposition 1 is that in the case of admissible coefficients
no vertex (and hence, no point whatsoever) of the polytope (19) satisfies any
of the the equations u; = 0 = f;. A strengthened version of this observation
stated in the following lemma plays a crucial role in our proof.

Lemma 1. There exists 0 = o(k) such that if for some admissible coeffi-
cients, some index j, and some u = (uy,...,uy) > 0 we have u; < o and
fi(a) <o, then

min f;(u) < —o. (20)
Now we introduce a few auxiliary functions. Fix p > 1 and set
N
g:::ZE:‘fﬂpv
i=1
_ §Z§Lui\filp if g#0
whatever between min; u; and max; uv; if g = 0.
Observe that g and v are nonnegative on Rf and
g=0&fi=0(=1,..,N) & u=uyg, (21)
v=0cu=u; (I#9). (22)
Also note the identity
N
vg = uilfilf (23)
i=1
and the inequality
min u; < v < maxu;. (24)

Developing observation (22), the following lemma and its corollaries state
that v(u) is small only in the neighbourhood of the set {u;: I # @}. This
allows to use the function v to prove convergence of the form (13) and (9)-
(10).

Lemma 2. We have
li I — =0 25
oo B 1~ =0 29)

N
ueRy

where the limit is uniform with respect to admissible coefficients.



8 S. KONDRATYEV, L. MONSAINGEON AND D. VOROTNIKOV

Corollary 1. There exists o > 0 such that for any € > 0 there exists 0 =
d(e, k) > 0 such that if u > 0 and v(u) < § for some admissible coefficients,
then there exists I # & such that

Z%‘FZU} )| <e, (26)

i€l Jj¢I
filu) >0 (i€l). (27)
Corollary 2. We have

hm min Z w; + Z 1fil] =0, (28)

u)—0 [#2
uERN J¢l

where the limit is uniform with respect to admissible coefficients.

As v vanishes only at the points u; (I # @), it follows from Remark 6 that
v = 0 implies f; > 0 for some i. The following corollary of Lemma 2 extends
this observation to the case of small v.

Corollary 3. There exist g > 0 and o > 0 depending on k, but not on
admissible coefficients, such that if v(u) < eg, there exists i such that f;(u) >
o

4. Proof of the theorems

4.1. Preliminaries. We prove Theorem 2, and Theorem 1 follows.

Assume that the theorem is not true and there exist a sequence {e,}, se-
quences of coefficients {4,} ¢ C*(Q; My(R)) and {m,} c C*(Q;RY) satis-
fying Assumptions 1-3 with some x > 0 and a sequence {(u1p, . .., un,)} C U
such that ¢, — 0 and

N N
[ Sl + 1Vt de <22 [ S| fup e (29)
Q=1 Q=1

where f;, corresponds to A, and m,,.

We claim that without loss of generality the functions {u,} can be assumed
to be smooth. Indeed, we always can assume that U is open in the relative
topology of the cone of nonnegative functions in Wpl, otherwise we can re-
place it by a small enlargement of U without affecting the hypothesis of the
theorem. Then by Meyers-Serrin theorem we can approximate u,, by smooth
functions from U such that (29) holds with &2 replaced by 2¢2.
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Denote

v (aj) = {!Jn#(l’) ZZ 1um( )‘fm( )|p if gn(m) #0
: on(7) if g,(x) = 0.

It is obvious that
Uin(x) < e, if and only if ,(z) < &,.

It follows from Lemma 2 and (14) that there exists 6 > 0 independent of
n and z such that if v,(z) < §, then for any i we have u;,(z) < M and,
consequently, u;,(x) = U, (z) and v,(x) = 9(x). In particular, there is no
loss of generality in assuming that

vp(z) <, if and only if o,(z) <e,.

Write (29) in the form

N
Q Q i—=1 Q

whence
[vn<en] [V >€0]

Sei (/ gnd:ch/ gndaz>.
[V <en] [Un>€y]

Dropping a nonnegative term on the left-hand side and dividing both sides
by €,, we obtain

1 N
=[S avldr -5
En JO 5T

[vn>en

godr + ¢, / gndz.  (30)
} [vn<5n]

Lemma 2 implies that if v is bounded, so is u, so there exists M > 0 such
that ¢ < M whenever v < 1. Without loss of generality, €, < 1, so from (30)
we conclude

N
1
5_/ ZﬂMme\pdx < Mey|[v, < & (31)
nIR
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Moreover, it follows from (30) that the integral

/ gn dx
[vn>en]

is bounded uniformly with respect to n. Hence the sequence {g,} is bounded
in L' and {u,} is bounded in L”. It remains to show that {u,} satisfies (9)
and (10) for some nonempty [ in order to obtain a contradiction.

Lemma 3. Given a > 0,

lim |[v, > &,] N [g, > a]| = 0. (32)

n—oo

Proof: We have:

1 1
o0 > el nlon > all < 7 [ mir<s [ gdn (@
a ['Un>5n}ﬂ[gn>a] a ['Un>€n]

Inequality (30) implies

_(1—5n)/ gndx+5n/ gndz >0,
[U7L>5n] [’Unﬁé“n}

so we can estimate the last integral in (33) and obtain
En
Up > En| N gn > a S—/ gpdz
I Nl I A=) Joee
Mey|[v, < &4l
— a(l—egy)
and (32) is proved. _

—0 (n— )

Lemma 4. Given a, there exists C, such that for large n,
lgn > a]| < Callvn < &4]. (34)
Proof: Using the estimate

Me,|[v, < &,
a(l —ey,)

[vn > €n] N [gn > a]| <
obtained in the proof of Lemma 3, we get

lgn > a]| < |[vn < ]| + |[vn > 0] N [gn > ]

gg+aﬁﬁjym§%m
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and the lemma follows. ]

4.2. Limit behaviour of the sequences. Now we are ready to consider
the dynamics of u,, in detail.

We choose and fix gy € (0,1) and o > 0 satisfying Corollary 3 and Lemma 1.
As those numbers do not depend on admissible coefficients, they satisfy

Condition 1. Ifv,(z) < eq, there exists i such that | fi,(x)| > o.

Condition 2. If f;,(z) < 0 and u;,(x) < o, then there exists j # i such that
fi < —o.

Given I C {1,..., N}, define

A (1) = (ﬂ[fm > a]) N ['fﬂ'n‘ < %]

iel J¢I

Lemma 5. We have

lim " |4,(1)] = 9. (35)

Proof: We prove the lemma by showing the inclusion

(v, < e Ulgn < a] C UAn(]> (36)
1

with suitable a and evoking Lemma 3.
Take a = (0/2)?, then the inequality g, < a clearly implies |f;| < o/2 for
any %, so

N
o
90 < a) € () [Ifinl £ 5| = Au(@). (37)
i=1
Now suppose that v,(x) < g, for some x. Applying Corollary 1 with

e =0/2, we find I # @ such that
fin(x) >0 (i€l

o
S )] <
i¢l
whenever g, < ¢ for some § > 0 independent of n and x. Consequently,
x e A,(I)

and
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and we have the inclusion
[on < en) C | AnlD). (38)
142
Combining (37) and (38), we obtain (36).

By Lemma 3, the measure of the left-hand side of inclusion (36) converges
to [€2], and (35) follows. m

We can assume that the limits
lim A, (])

k—o00
exist. In view of Lemma 5 we face three logical possibilities:

(1) lim,, 00 An(1) = || for some I # &;

(ii) limy, 00 An(2) = |

(iil) limy 00 An(Ls) > 0 (s = 1,2) with [; # L.

We conclude the proof of Theorem 2 by examining the alternatives (i)—
(iii). It is fairly straightforward to demonstrate that (i) implies (9) and
(10). A more subtle analysis based on the coarea formula and the relative
isoperimetric inequality shows that (ii) and (iii) are in fact impossible.

Recall that the relative perimeter of a Lebesgue measurable set A of (lo-
cally) finite perimeter is defined as

P(A; Q) = pa(9),

where 14 is the total variation of the Gauss—Green measure of A (see [11]).
We need the following properties of the perimeters:

Lemma 6 ([11], Proposition 12.19 and Lemma 12.22). If A is a set of locally
finite perimeter in R?, then

supp pa C 0A;

if A and B are sets of (locally) finite perimeter in R?, then AU B is a set of
(locally) finite perimeter in RY, and, for Q C R open,

P(AUB;Q) < P(A;Q) + P(B;Q).

4.3. Convergence in case (i). Assume that (i) holds. We claim that (9)
and (10) are valid, i. e. for any € > 0,

lim | [ wi+ > |fil = || =0. (39)

k—o0 -
jel i¢I
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By assumption, I # &, so for any x € A,(I) we have f;,(x) > o for at
least one ¢ and thus g, (z) > of. It follows from Lemma 3 that

lim |A,(I) N v, > &,]] = 0
k—o00

and consequently
klim |An(D) N o, <& =19 (40)
—00

Take x € A, (I)N[v, < &,]. By Corollary 1, there exists 6 > 0 independent
of k and z such that for some I}, , we have

D wi(@) + ) | finl2)] < e, (41)

jejk,;c 7f¢]k,r
fjn(x) >0 (] € Ik,x)a (42)

provided that v,(x) < d, which holds without loss of generality. However,
(41) and (42) are only compatible with the definition of A, (I) in the case
Iy, = I. Thus,

D@ + Y @)l <e (@€ Ay(D) N oy < ),
Jjel i¢l

or, equivalently,

A (D) Nv, <g,] C Zum-l-2|fm| <e

jel i¢l

Consequently,

jel i¢l

and by (40), the limit (39) holds.

4.4. Impossibility of case (ii). We argue by contradiction that case (ii) is
impossible. Thus, we assume that

N

ﬂ {|fln| < %}

1=1

T}l_)l’lé.lo = |Q]. (43)
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Given t € (0/2,0) define the set
N

Au(t) = Il finl > 1.
i=1
For fixed n, A, (t) decreases with respect to t. We need to establish several
properties of these sets.

Lemma 7. For fized t,

lim_ | A, (1) = 0.
Proof: We have:
N o X o
An(t) C U {‘fm’ > 5} = Q\ﬂ ['fm < —} )
i=1 =1
SO
N
4] <192 = |(finl S 0]| =0 (n = o0)
i=1
according to (43). u

Lemma 8. The following inclusion holds:
N
O An(t) C [ [win > €n). (44)
i=1

Proof: We take an x € (2 such that wu;,(z) < ¢, for some j and show that z
is an interior point of A, (t). There are two possibilities: either f;,(z) >t or
fin(x) <t. In the former case we see immediately that x is an interior point
of A,(t). In the latter case we have fj,(x) < o, and applying Condition 2
we find f;, such that fi,(z) < —o < —t. But then |fi,(z)| > ¢, and again
is an interior point of A, (t). |

Lemma 9. If n is sufficiently large, the following inclusion holds:
A,(t) D v, <&y (45)

Proof: By Condition 1, for large n we have
N

[on < n) C | Jllfinl > 0] € An(2).

1=1
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It follows from Lemma 7 that we can write the isoperimetric inequality
1

P(An(t)-Q) > col| A ()T . (46)
Estimate the left-hand side of (

N
1
n Q i=1 ; n>

(;)”
! ~1/p ’
> T |medx>
en|lgn > (5)"]] 2:1: (/[w(%) "
1 . ~1/p ’
> T ; me|dx>
enNP7 | [gn > (%) ]| (Zl/[ >(5)]

p
> V finld )
2 T @ (Z/ e )

Apply the coarea formula [11, Theorem 13.1, formula (13.10)] and Lemma 6:

1 N
En JQ i—1

1 Noopo P
T (S L (P e Hp” > )
v 2 (1 <t o> (2)] m[wgn]))dt)
1
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(Z / Vfinl > 1 [0 > (3)'] 1w > 20]) dt)p

_ 1
N [gn > ()11

(3 [ (o> (3]l )

Observe that for t € (¢/2,0) by Lemma 6 we have

SUpD (|1, >4 € Ol fin] > t] C [|fin] = t] C {gn > (%)p} ,

so we can proceed as follows:

1 N
En Qi:l
1
2 p—1 o\p1P—1
Nv=t[gn > (5)"]]

(Z /0 1] fon >4 (Wi > 6n])dt>
1 N P
> Np—1|[gn> (2) p 1 (Z/ H| fin|>1] ( 1um>sn]> dt)

2 1=

1 N p
= Np-1 ‘ [gn > % ’p 1 (Z/{; ) ( fm‘ > t], (Q[Uzn > 8n]>) dt)
= 1 1 ( ) P (An(t); <N [win > 5n]>> dt>p,
Ne-H g > (5)"]7 /a/z Q

Now (44) implies that

supp fra, 1y N Q C (\[tin > €,
=1
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SO we can Write
=/ z : ” p
]V finl? dz > ( / P(A(1):) dt> |
o\P1|P—1 !
- N e > (3)7]] o/2
Employlng the isoperimetric inequality (46) to get

/ Zumm\p > 1|[gncg 7 ( / ;|An<t>|dd1 dt>p.

Estimate |A ()| using the inclusion (45) and Lemma 4:

2\p < p(1-1/d)
_/ Zum‘vfmlpd ( / ) HIZ_JZL > 5n]| —
(0/2 » NP |[U’I’L S 871”‘”

— 9(0/2>p [U <e ”
Cloppp NP1

Combining obtained estimate with (31), we get:

o/2y
Clojap NP1

-2

[V < &0 < Mey|[on < &5,

whence
cplo/2)”

C( /2)pN p—1 =
contrary to the fact that the left-hand side is a positive constant independent
of n.

This contradiction means that at least assumption (43) is impossible.

< Mey|[vn < &,]|4 =0 (n— o0),

4.5. Impossibility of case (iii). We complete the proof of Theorem 1 by
demonstrating that the case (iii) is also impossible. We argue by contradic-
tion. We assume that there exist I1 # I such that

An(L)] > s >0 (s=1,2). (47)

Without loss of generality, 1 € I1 \ I.
Given t € (0/2,0), define the set

Ap(t) = [fin > t]U <U[fm < t]) . (48)

1=1

If n is fixed, the sets A, (t) decrease with respect to t.
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Lemma 10. The relative perimeter of A,(t) can be estimated as
P(A;(t);€2) > po, (49)
where py > 0 s independent of t and n.

Proof: First of all, observe the inclusions
An(fh) C Ap(t) C QN An(12). (50)

Indeed, if x € A, ([1), then fi,(z) > o, so x belongs to the first set in the
right-hand side of (48), and the first inclusion in (50) holds. On the other
hand, if € A,,(t), then either fi,(z) >t > 0/2 or fi,(v) < —t < —0 /2 for
some . As 1 ¢ I, it is clear that in both cases © ¢ A,([3), so the second
inclusion in (50) is also valid.

The isoperimetric inequality for A, (t) reads

d—1
P(A,(t);9) > co( min(|4,(8)], 12\ Au(1)]))
Estimating by means of (50), we have:

P(An(t)7 Q) > CQ(min(,ul, 1 — MZ))d%.ll

and (49) follows. _
Lemma 11. The following inclusions hold:
OaAn(t) N O fin > t] C w1, > &) (51)
0o A, (t) N O[fin < —t] C [uin > &4 (52)

Proof: If uy,(z) < e, and = € O[f1, > t], then fi,(x) =t < o. If uj(z) <e,
and © € J[fi;, < —t], then f;,(x) = —t < o. In both cases by Condition 2
there exists j such that f;,(z) < —o < —t, so x belongs to the interior of
A, (t) and the lemma follows. m

Estimate the left-hand side of (31):

[tin>€n]

p
’U,zn > &p |p 1 (/[um>5n] | f | x)

N

_/ Zum’vfm|pdx > Z |me’pd37
v
“ 2
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p
- Np 1|Q|p Np-1Qlp—1 (Z/um>€n me|dx> :

Now we apply the coarea formula:

1 [
Z N 1|Q\p I <Z/ ([fin > t]; [win > €5)) dt
+ Z/ fm < t Um > EnDdt)p

> L
W

X (/0< ([f1n > t]; [urn > €4)) +ZP [fin < —t]; [um>5n])> dt)

2

N p
1 (o2
= W (/7 (N[f1n>t]([uln > &) + Z:U’[fm<—t]([uin > 5n])> dt) ~

1=1

Using (51) and (52), we obtain

1 N 1
_ =~ . |P -
[ iV A ar 2 g

N p
+ Z ,U[fm<_t](8QAn(t) N 5’[on < —t])) dt> .
=1

g

(u[fm>ﬂ<aaAn<t> A Ol fun > 1]

Using the inclusions

SUpP fi(f,, > C O[f1n > 1]

supp fiff,, <) C 9 fin < —t],
Supp fea, ) N C IaA,(t),

we get

19
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N
1 /
N

p
1 g
R ( / (M[f1n,>t](aQAn(t)) + Zﬂ[fm<t](aﬂAn(t))> dt)

_ W(/; <P([f1nz> t]; 0 An(t))

+2_ P((fu < —1) 5QAn(t))>dt>p

1 p

> ( / P(An(t);ﬁgAn(t))dt>

1 g
= NI ( / P(An(t),Q)dt> .

Estimating the relative perimeter by Lemma 10, we conclude that

N
1 - 1 oPpo\P
o o g PVl s (5

Now from (31) we get

1 0po>p
< Me,||vn, < €,
Nr=1|Q|p—1 ( 2 - [lon < enl]
where the left-hand side is a positive constant, and the right-hand side goes
to 0 as n — 00, a contradiction.

Appendix

Proof of Proposition 1: Denote the solution set of (19) by P.

Step 1. Basis of the induction. We use induction over N. A direct verifi-
cation shows that the statement is true for N = 1.

Step 2. Positivity of the determinants Aj implies that P is bounded. 1t is
well-known that the polyhedron P is bounded if and only if the homogeneous
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system
anuy + - +ayuy <0,

aniuy + - - - +anyuny <0,

Uy Z 07 <53)

L un Z 07
admits only the trivial solution. Assume that contrary to the claim, sys-
tem (53) has a nontrivial solution. As the system has rank N, it has a
nontrivial solution b = (by,...,by) satisfying exactly N — 1 independent

inequalities with equality. If
by =0=an1b1 + -+ annbn,

then (by,...,bx_1) is a nontrivial solution of

)
anug + - +ayojun—1 <0,

an—1,1u; + - +ay-_1n—1un—1 <0,
Ul Z 0, ’

UN-1 2 07

\

which contradicts the induction assumption. More generally, for no ¢ can we
have

bi =0= ailbl + "'-I-CLZ'NbN.

Thus, without loss of generality we can assume that b,,; = --- = by = 0,
b, = 1, while by, ..., b._1 are positive, solve
apuy + -+ app—1Up—1 = —aiy,
(54)
Ar-1,1U1 + -+ Q1 p—1UN—1 = —CQp_1,p,

and satisfy
arby + -+ am_le_l + aq < 0. (55)

Using Cramer’s rule to solve (54), we see that

b,;% (i=1,...,r—1), (56)
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where A; is the r, i-cofactor of the matrix

air ... Qip

Ar1 ... Qpp

fori =1,...,r. Plugging the representation (56) into (55) and applying the
Laplace formula, we obtain

air ... Qip
Ar1 ... Qpp
<0,
ayip ... Q11
Qr-11 --- Gr_1r-1

which contradicts the positivity of all A;. Thus, P is bounded.

Step 3. Positivity of the determinants implies that the set of vertices of
P is{u;: I C {1,...,N}}. According to Remark 6, each u; solves (19).
Moreover, u; satisfies with equality the subsystem

{szo (J ¢ 1),

of (19) of rank N. Consequently, each u; is a vertex of P. We must prove
that P has no other vertices.
In the hyperplane uy = 0 consider the polyhedron P’ being the solution

set of ~
fiz0 (i=1,...,N—1),
{uiZO (t=1,...,N—1), (57)

where ﬁ is the restriction of f; to the hyperplane. By the induction assump-
tion, P" is an (N — 1)-dimensional polytope with vertices {u;: I 3 N}. We
claim that it is a facet of P. Indeed, let P be the face of P on the hyperplane
{uny = 0}. On this hyperplane P is given by

fi>0 (i=1,...,N),
{mzo (i=1,...,N—1), (58)

and the inclusion P C P is immediate. On the other hand, by the induction
assumption, any vertex of P’ is one of the points u; lying in the hyperplane,
so it is a vertex of P and also of P. Consequently, P’ C P. Thus, we have
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P' = P, and P’ is an (N — 1)-dimensional face of P. The vertex uy of P
does not belong to the hyperplane {uy = 0}, so P has dimension N, and P’
is its facet.

Likewise, the interection of P with any hyperplane u; = 0 is a facet of P
having the vertices {u;: I 3 1i}.

Let v = (v1,...,vy) be a vertex of P. Then v satisfies with equalities a
subsystem of (19) of rank N consisting of N inequalities. If this subsystem
is f; >0 (i =1,...,N), then v = ug. Otherwise, we have v; = 0 for some

t, so v lies in the hyperplane u; = 0 and by the above, coincides with one of
u;. Thus, the set of vertices of P is exactly {u;: I C {1,...,N}}.

Step 4. Positivity of the determinants implies that the facets of P are the
intersections of P with the hyperplanesu; =0 and f; =0,1=1,...,N. As P
is given by (19), each facet of P is the intersection of P with a hyperplane of
the form u; = 0 or f; = 0. Conversely, each intersection of this form is a facet
of P. Indeed, we have already checked this in the case of the hyperplanes
u; = 0. Now let P = PN {f; =0}. The face P’ contains, among others, the
vertices uy, where I Z 1 and I > N. By the induction assumption, these are
precisely the vertices of an (N — 2)-dimensional facet of P” = PN {uy = 0}.
Thus, dim P" > N — 2. On the other hand, P’ contains ug, which is affinely
independent of {u;: I 5 N}, so actually dim P = N — 1, as claimed.

Step 5. Positivity of the determinants implies that P is combinatorially
1somorphic to a cube. Indeed, considering the cube as the solution set of

1—u120 (Zzl,,N),
w>0 (i=1,...,N), )

we see that the mapping u; — (a1, ..., ay), where

0, ifiel,
o = :
1  otherwise,

preserves facets.

Step 6. The geometric properties of P imply the positivity of the determi-
nants. Conversely, assume that solution set of (19) is a polytope with vertices
{us: I C {1,...,N}} combinatorially isomorphic to a cube. Observe that
given 7, the set of vertices of the facet P N {u; = 0} is {u;: I 2 i}. Conse-
quently, if ¢+ € I, the vertex uc; does not belong to this facet, so ucy > 0
whenever ¢ € I. Likewise, fj(uc;) > 0 whenever j ¢ I. Now it follows
from (18) that all the determinants A; and Ay ; have the same sign. As the
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facet P' = PN{uy = 0} enjoys analogous geometric properties, by induction
we see that the determinants are actually positive. ]

Proof of Lemma 1: We fix an admissible set of coefficients and j and prove
that

sup{min f;(u): u = (u1,...,un) > 0,u; <o, fij(u) <o} < —0 (59)

with some ¢ independent of the coefficients. For definiteness, assume that
j=N.

As above, denote the polytope given by (19) by P.

It follows from Remark 6 that there exists ¢ > 0 independent of the coeffi-
cients such that P has no vertices in the open slab {0 < uy < 2¢}. In other
words, all the vertices of the polytope P, := PN {0 < uy < 2¢} lie on the
hyperplanes uy = 0 and uy = 2¢. It is easy to check that any point of P,
belonging to the hyperplane uy = c is the midpoint of a line segment with
the endpoints on the facets Py, = Po. N {uy = 0} and Pj. = Py, N{un = 2¢}
of P, the former being also a facet of P.

By Remark 6, there exists ¢ > 0 independent of the coefficients such that
fn > 2 on each vertex of the facet P N {uy = 0} = P, so fy > 2¢ on
Pj.. Also fy > 0 on P,. C P. Consequently, fy > ¢ on P,. N {uy = c} =
Pn{uy =c}.

By the above, all the vertices of the polytope P. = PN{0 < uy < ¢} lie in
the halfspace fy > ¢, therefore so does the polytope itself. In other words,
the polytope P. is the solution set of

fi>0 (t=1,...,N—1),
w>0 (i=1,...,N)
UN§C7

and this system implies the inequality fy —¢ > 0. By the Minkowski-Farkas
theorem, there exist nonnegative «;, 5;, 7, and ¢ such that

N-1 N

fn—d = Zoéif¢+25iui+7(c—uN)+5- (60)
1=1 =1
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Generally speaking, representation (60) is not unique, but we claim that
possible values of «; are uniformly bounded with respect to admissible coef-
ficients. Indeed, plugging the zero vertex into (60), we get

N-1
0)—c = Zaiﬁ(0)+'yc+5,
i=1

whence
N-1

S @ifi(0) < fu(0) — .

i=1
By Remark 6, the right-hand side is bounded, and the values of f;(0) in the

left-hand side are bounded away from 0. Consequently, there exists C' > 0
independent of admissible coefficients such that

OZZSC

for any possible choice of «;, as claimed.
Now write (60) in the form

N-1
Z%’fz‘— ——+ (fN—_> Zﬁzuz— (c—upy) —0
i=1

and observe that whenever uy < ¢ and fy < /2, we have

whence

There are at most N summands in the left-hand side, so for any u satisfying
said requirements there exists f; such that f;(u) < —¢/(2CN). Thus, (59)
is valid with ¢ = min{c, ¢/2,¢/(2CN)}, which is clearly independent of
particular choice of admissible coefficients. |

The following lemma is the first step towards proving Lemma 2. It ensures
that v does not vanish at infinity.
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Lemma 12.
lim v = oo (61)

|u|—o0
ueRY

untformly with respect to admaissible coefficients.

Proof: Assume the contrary: there exist C' > 0, a sequence of admissible
sets of coefficients {(A4,, m,)} and a sequence {u,} C RY such that u, > 0,
u, — 00, and 0 < v,(u,) < C, where v, is corresponding to the coefficients
(An, mn). By fin denote the affine functions corresponding to (A, m,), and
by fI , associated linear functionals.

By Assumption 1, the sequence {(A,, m,)} is bounded. Without loss of
generality, (A,, m,) — (A, m,), the limiting coefficients also being admissi-
ble. Let fix be the corresponding affine functions, and f], be the associated
linear functions.

Without loss of generality,

Uin, = biTy + 0(Tn), (62)
where b; > 0 is finite, b = (by,...,by) # 0, 7, = 00. We have:
fin(Wn) = min + fiy (W) = min + f7,(b) 7 + 0(7) = fi,(b)7 + 0(7)
As fI — fI. and the sequences {m;,} are bounded, we obtain
fin(un) = fi(0)70 + o(70). (63)
Plugging representations (62) and (63) into the right-hand side of (23), we

obtain:
Zumifm (u,)]” = (Zb | fi.(b >rp“ +o(rith).

Here the leadmg coefficient does not vanish. If it did, we would have b;|f,| =
0 for any ¢, so b would solve the linear system

{ i(b)=0 (1€,
bi=0 (i¢l)

for some I C {1,..., N}. But due to Assumption 2 this system only has the
trivial solution.

Thus, the right-hand side of (23) grows as 771, On the other hand, a trivial
verification shows that the left-hand side of (23) is O(7?), a contradiction. =
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Proof of Lemma 2: Suppose, contrary to our claim, that there exist ¢ > 0,
a sequence {(A,,m,)} of admissible coefficients, and a sequence {u, =
(Win, -« -, uny)} C Ry such that

vp(a,) — 0

and
w, —umn| >e (I #9), (64)

where v,, and uy, corresponds to the coefficients (A4,, m). Due to Assump-
tions 1-3 (see also Remark 6) there is no loss of generality in assuming that
(A, m) — (A, m,), where the limit is also admissible, and u;, — uy. for
each I # @, where the limit satisfies (12). Thus, if v, corresponds to the
limiting coefficients, we have v,(u) = 0 if and only if u = uy, for some I # &.

Due to Lemma 12, {u,} is bounded, and we can assume that u, — u, =
(U, - - ., uns) € RY. Passing to the limit in (64), we get

lu, —upn| >e (I #9). (65)

By (24),

min u;, = lim minw;, < lim v,(u,) =0,
7 n—oo 1 n—00

so U, # uy (Remark 6). Thus, g.(u.) # 0 and we can pass to the limit:

vy () = 7}1_)1{.10 vp(uy,) = 0.

This and the fact that u, is nonnegative implies u, = uy, for some I, which
contradicts (65). u

Proof of Corollary 1. Given I # &, consider the norm

ulr =) lul + ) 1w,

iel J¢l
which implicitly depends on the choice admissible coefficients. Observe that

Cilu| < |ufr < Calul, (66)
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where C7 and C5 depend on s but not on admissible coefficients. Indeed,

letting for simplicity I = {1,...,r}, we have |u|; = |A;u|, where
g )
0
1
Ar =
—Qr41p41 --- —arN
0 : . :
i —AaNy+1 .- TONN|

and it follows from Assumptions 1 and 2 that the norms || A;|| and ||A; | are
bounded uniformly with respect to admissible coefficients.

By Assumption 1, there exits C' depending on « such that for any admissible
coefficients || f/|| < C for any ¢, where || - || is the norm of a linear functional
on RV,

Take ¢ > 0. By Lemma 2 there exists 6 > 0 independent of admissible
coefficients such that whenever v(u) < §, we have

. 13
m u—u < —.
min fu — | < m e
Take I # @ such that
g
u—ujy| < —,
| 1 C + C,

then (26) holds.
By Remark 6, for any ¢ € [ we have f;(u;) > ¢ with ¢ independent of
admissible coefficients, so

fi(w) = fi(u;) + filu—u;) >c—e.
Without loss of generality, € < ¢/2, so (27) holds with o = ¢/2. u
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