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ABSTRACT: We study fully nonlinear singularly perturbed parabolic equations and
their limits. We show that solutions are uniformly Lipschitz continuous in space
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1. Introduction

In this paper we study the following singular perturbation problem for a
fully nonlinear parabolic equation

{F(I,t,D2UE>—atu5 = 55(“’5)+f€ in QT

U = on 0ylr, ()

where F'(x,t, M) is a fully nonlinear uniformly elliptic operator, the Dirichlet
data ¢ is nonnegative and the singularly perturbed potential 5.(-) is a suit-
able approximation of a multiple of the Dirac mass dy. The problem appears,
for example, in combustion theory and describes the propagation of curved,
premixed deflagration flames. It is derived (cf. [3]) in the framework of the
theory of equidiffusional premixed flames, analysed in the relevant limit of
right activation energy for Lewis number equal to one, and the unknown u°
represents the normalised temperature of the mixture.
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The study of the limit as ¢ — 0 in (£.]) (the high activation energy analysis)
leads to a free boundary problem, and often provides an alternative way of
approaching questions related to the existence and the regularity of solutions
and the free boundary. For example, the one-phase elliptic problem

{ Au = 0 in {u>0}
|

(1.1)
Vul = C on 0{u > 0},

studied by Alt and Caffarelli in [I], can be approached by taking ¢ — 0 in
Au. = B-(ue).

In [I], it is shown that any minimiser u of the problem

/Q ‘VUP + X{v>0} — min

is Lipschitz continuous and solves with a nonnegative Dirichlet bound-
ary condition. Alt and Caffarelli also proved that the free boundary condition
holds in a weak sense, and that the free boundary 0{u > 0} is a C* surface
except at a set of zero surface measure.

The idea of passing to the limit in a singular perturbation problem had
been proposed in [21] but would only be treated rigorously in [2], in the one-
phase case (that is, with w > 0), for general linear operators. The results
in [2] include the Lipschitz continuity of the limit, the fact that it solves
the free boundary problem in a weak sense and some geometric measure
properties of particular level sets. The topic would become the object of
intense research and we highlight the contributions of [5, 6, O 12 14 [15],
where, in particular, the two-phase problem (allowing u to change sign) was
treated. The parabolic case

AUE - atua = 6&(“5)

was studied in [7] for one phase and in [4] [5, 6] for the two-phase problem.
This alternative approach opens an avenue leading also to non-variational
free boundary problems. Recently, the singular perturbation problem

F(x, DQUE) = Be(u.),

which is the elliptic counterpart of (£.)), was studied in [16]; the authors
obtain Lipschitz estimates and study the limiting free boundary problem.
Our aim in this paper is to extend these results to the parabolic case. We
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consider a family of solutions of problem (E.) and show that, under suitable
assumptions, the limit function u is a solution to the free boundary problem

{ F(z,t,D*u) — 0w = f in {u>0} (1.2)

u = @ on O,

where f = lim f.. We do not impose a free boundary condition and thus the
limiting problem is not understood as overdetermined.

Unlike the elliptic case (see, for example, [16]), one can not apply the
Harnack inequality in order to prove the (uniform) regularity of solutions.
The reason is that we can only compare functions on parabolic boundaries,
not on the top of a cylinder; we are thus unable to pass from one level to
another. We overcome this difficulty by using a Bernstein type argument
(see the proof of Proposition [4.1]). For the same reason, the study of the free
boundary of the limiting problem requires a totally different approach: in
the elliptic case, using a covering argument, one can prove the finiteness of
the (n — 1)-dimensional Hausdorff measure of the free boundary (see [16]).
In the parabolic case, what we are able to prove is that, at each time level,
the n-dimensional Lebesgue measure of the free boundary is zero because
it is porous. We prove this by obtaining a non-degeneracy result and by
controlling the growth rate of the solution near the free boundary.

The paper is organised as follows. We first prove the existence of solutions
to using Perron’s method. We also show in Section [3| that solutions
are uniformly bounded (Theorem [3.2)). In Section [4] using a Bernstein type
argument, we obtain a uniform gradient estimate for solutions (Proposition
, which implies the uniform Holder continuity in time with exponent 1/2
(Proposition [4.2)), just as in the classical case of the heat equation. In Section
Bl we pass to the limit in as € — 0. Invoking stability arguments,
we show that the limit function is a solution of a free boundary problem
(Theorem[5.1)). The regularity of the free boundary is then studied in Section
B we first prove the non-degeneracy of the solution of the limiting free
boundary problem (Lemma and next establish the growth rate of the
solution near the free boundary (Lemma[6.3)). These two results lead to the
porosity of the free boundary at each time level (Theorem [6.1]).
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2. Mathematical set-up

Given a bounded domain €2 C R", with a smooth boundary 0f2, we define,
for T > 0, Qr = Q x (0,77, its lateral boundary 3 = 992 x (0,7") and its
parabolic boundary 0,07 = X U (2 x {0}).

An operator F': Qp x R x Sym(n) — R is uniformly elliptic if there exist
two positive constants A < A (the ellipticity constants) such that, for any
M € Sym(n) and (x,t) € Qr,

MP|| < Fx,t, M+ P)— F(x,t, M) < Al|P| (2.1)
for every non-negative definite symmetric matrix P. Here, Sym(n) is the
space of real n x n symmetric matrices and || P|| equals the maximum eigen-
value of P.

We let Py a and P;FA denote the minimal and maximal Pucci extremal
operators corresponding to A, A, that is, for M € Sym(n)

7),\/\ —AZ@H—AZ@Z and PAA AZ@Z—F)\ZQ,
e;>0 e;<0 e;>0 e;<0
where {e; = ¢;(M),1 < i < n} is the set of eigenvalues of M. We recall also
that

Py(M)= inf tr(AM) and Py,(M)= sup tr(AM),
’ AEA)\7A ’ AGA)\,A

where Ay, = {A € Sym(n) : M\¢|? < 4;;6& < Al€]?, VE € R"}. Note that
uniform ellipticity implies that, for A, B € Sym(n),

Py (A—=DB) < F(x,t,A) = F(z,t,B) <Py, (A - B). (2.2)
Any operator F' which satisfies condition (2.1)) will be referred to as a (A, A)-
elliptic operator.

We now define, following [10, [18], the notion of viscosity solution for a fully
nonlinear parabolic equation.

Definition 2.1. A function v € C(Qr) is a viscosity sub-solution (resp.
super-solution) of

F(x,t,D*u) — O = g(x, t,u) in Qp

if, whenever ¢ € C*(Qr) and u — ¢ has a local maximum (resp. minimum,)
at (xg,tg) € Qr, there holds

F(zo,t0, D*¢(0,t0)) — 0ip(wo, to) > g(wo, to, d(0,t0)). (resp. <)
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A function u is a viscosity solution if it is both a viscosity sub-solution and
a viscosity super-solution.

We also define the class of functions, that will be useful in the sequel,
SO A, ) =8\ A, f) NS\ A, f).
where
SAA, f):={ueCQr): P (D’u) —Quu < f in Qr}
SA, f):={ueCQr): P (D’u) —u> finQr},

the inequalities taken in the viscosity sense.

We need to clarify what is a Lipschitz function defined in a space-time
domain.

Definition 2.2. Let D C R" x R. We say that v € Lip,,.(1,1/2)(D) if, for
every compact K € D, there exists a constant C = C(K) such that

ol 1) = v(y, ) < C (o =yl + [t = sl

for every (x,t), (y,s) € K. If the constant C' does not depend on the set K
we say v € Lip(1,1/2)(D).

We also define the Lip(1,1/2)(D) seminorm in D

[Wltip ) = sup vz, t) — v(y 5|
o () (9)ep |7 =yl + [t = 572

and the Lip(1,1/2)(D) norm in D

[vllLip1/2)0) = [vllze) + [V]Lip1,1/2)(D)-

For future reference and further clarity, we gather next the set of assump-
tions concerning the data in (£).

Assumptions on the data for (E]).

(A1): F = F(x,t, M) is uniformly elliptic, concave and of class C1“ in
M and of class C1% in (,t), for some a > 0, and F(-,-,0) = 0.

loc
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(A2): The singular reaction term 5. : Ry — R, satisfies

1
0< B(s) < EX(O,E>(8)7 Vs eR,.

For example, it can be built as an approximation of unity

5.() =26 (2),

where [ is a nonnegative smooth real function with supp g = [0, 1],
such that

18]l <1 and /Rﬁ(s) ds < 0.

Such a sequence of potentials converges, in the distributional sense,
to [ B times the Dirac measure dy.
(A3): f.(x,t) € CY*(Qr), is non-increasing in ¢ and satisfies

0<cy < foz,t) <cp<oo in Qp

and

IV fello < C.

(A4): The Dirichlet data 0 < ¢(z,t) € C1*(9,7), is non-decreasing
in ¢ and satisfies p(x,0) = 0.

Finally, we introduce some further notation.

Notation. For zj € R", t5 € R and 7 > 0, we denote
B:(z9) = {z €R": |z — x| <7},
Q+(zo,to) = Br(xo) x (to — 72,19 + 77,
Q; (x(), to) = BT(.ZQ) X (to — 7'2, t()],
and, for a set K C R"! and 7 > 0,

NT(K) = U QT(xO;tO) and N;(K) = U Q;(xo,to).

(ivo,to)EK ($0,t0)EK
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3. Existence of viscosity solutions

Our first goal is to show that has at least one viscosity solution.
Because of the lack of monotonicity of equation (£ with respect to the
variable u, the classical Perron’s method can not be applied directly. The
following result is a suitable adaptation, stated in a more general form, since
we feel it may be of independent interest.

Theorem 3.1. Let F satisfy (Al), g € CYY(R) N L®(R), f € C(Qr) and
© € C(0,0r). If ux, u* are, correspondingly, a viscosity sub-solution and a
wiscosity super-solution of

F(x,t,D*u) — O = g(u) + f in Qr, (3.1)
with u, = u* = ¢ on 0,Qr, then
u = inf v
veS

is a wviscosity solution of (3.1), where
S :={veCQr); u, <v<u* and v is a super-solution of (3.1)}.

Proof: Let 1 > 0 be such that |¢'| < ;1/2 and let h(z) := pz — g(2), which is
then increasing. For ¢ € C%(Qr) we define the following (uniformly elliptic)
operator

Gylu] :== Gy(z,t,u, D*u) := F(z,t, D*u) — pu — f + 1.
Next, set ug := u, and let w1 be a solution of

{ka[u]—&fu =0 in Qp

u = ¢ on 0, (3-2)

where ¢, = h(ug). The existence of a solution to (3.2)) is assured by the clas-
sical Perron’s method (see [8, [11]), since Gy (z,t,r, M) is now non-increasing
in 7. We claim that

Uy =g < up <o Ly Kupyg < oo <t in Q. (3.3)

Indeed, since wuq is a viscosity sub-solution of (3.1)) and u;y solves (3.2)) with
k = 0, we have

G% [ul] — @ul =0 S G% [UO] — atu()
in the viscosity sense. Moreover, u; = ug = ¢ on 9,{2r, so the comparison
principle (see [10]) gives uy < wuy in Qp. Assume inductively that we have
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verified that ui_1 < wy in Qp. Since h is increasing, having in mind the
inductive assumption and the fact that w1 is a solution of ([3.2]), we conclude

ka [Uk+1] — Oup1 =0 < ka [Uk] — Oy,

in the viscosity sense. Also ui11 = ur = ¢ on 0,{ly. Applying once more
the comparison principle, we get u; < ur,1. Analogously, one can also show
that u, < u*, Vk > 0.

Using (3.3)), we define the pointwise limit

w = lim wuy.
k—o0

For any () € Qr, there exists a constant C' (depending only on p, [lu||z=(q),
|2*|| (@) and || f||z=(q)) such that

|F(z,t, D*uy) — Qpug| < C in Q

in the viscosity sense, Vk > 0. Therefore, u; is locally uniformly Holder
continuous (see [10]). By the Arzela—Ascoli Theorem, it converges, up to
a subsequence, locally uniformly in Q7. Invoking stability arguments (see
[10, 19]) and passing to the limit as k — oo, we conclude that u is a viscosity
solution of

F(x,t, D*u) — Ou = g(u) + f.
To conclude the proof, it remains to check that u = in£ v. Obviously,
ve
u€S. Let v e€S; since
Gy [up+1] — O = 0 > Gy, [v] — O

in the viscosity sense, arguing as above, we get v > up.1, Vk > 0. Passing to

the limit as £ — oo we conclude that v = in£ . ]
ve

As a consequence of this result, we get the existence of solutions of (E.)).
The Alexandrov-Bakelman-Pucci (ABP) estimate then implies their uniform
boundedness.

Theorem 3.2. If (A1)-(A4) hold, then the problem has a solution and
0<u.<7YT in Qp, (3.4)
where T = T (A, A, n, ||©]|00, C0)-
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Proof: The existence of a solution follows from Theorem [3.1, with ¢ = £,
f = f-. To prove (3.4), let v. := u. — ||¢]|oc. Note that v. <0 on 9,Qr and
from (2.2)) one has

PIA(D%g) — Ow. > F(x,t,D*v.) — 0w, = F(x,t, D*u.) — Oyu. > cp.

This means that v. € 8(2, A, ¢y). The ABP estimate ([18, Theorem 3.14])
then implies
Su-p(v&‘)Jr < C()\7 Aa n, CO)'
Qr
Thus, u: < ||¢]|lo + C(A, Ayn,co) =: 1.
In order to prove the nonnegativity of u. we assume the contrary, i.e. that
A = {(z,t) € Qp s u(x,t) <0} # (. Since S- is supported in [0, €], then

PQA(D%E) — Qe < F(z,t, D*u.) — O, = f. < ¢ in A,

which means that u. € g(%, A, c¢1). Another application of the ABP estimate
provides that u. > 0 in A., which is a contradiction. |

4. Uniform Lipschitz regularity in space-time

In this section we show that the family {u.}.~¢ of solutions of is
locally uniformly bounded in the Lip,.(1,1/2)-norm. As a consequence, we

show that the limit function u is a solution of the free boundary problem
(1.2). The main result of this section is the following theorem.

Theorem 4.1. Let {u.}o~0 be a family of solutions of (E]). Let K C Qp be
compact and T > 0 be such that N, (K) C Qr. If (A1)-(A4) hold, then there
exists a constant L = L(T,||¢||s) such that

el Lip(1,1/2) () < L

Theorem 4.1/ will be an immediate consequence of the following two results.
First, using a Bernstein type argument, we obtain the uniform boundedness
of the gradients of solutions (Proposition [4.1). Next, we show that uniform
spatial Lipschitz continuity implies uniform Holder continuity in time with

exponent 1/2 (Proposition [4.2).

4.1. Uniform spatial regularity. We start with the uniform Lipschitz
regularity in the spatial variables.
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Proposition 4.1. If {u.}.~o is a family of solutions of (E), and (A1)-(A4)
hold, then there exists a constant L > 0, independent of € € (0,1), such that

\Vue(x,t)| < L, ¥(x,t) € Qr.

Proof: Note that the regularity assumptions on F', f. and ¢ guarantee that
solutions are locally of class C® ([20, Theorem 2]).

Now, since f. = 0 in {u. > ¢}, we conclude from up to the boundary
parabolic regularity theory (see [I8, Theorem 4.19] and [19, Theorem 2.5])
that

Vu| < C(||uclloo + [[ fellnr1 + [[lloo),

in this region, where C' does not depend on €. The result then follows from
(A3) and (3.4) with L = L(Y, ¢, C).
To prove the uniform Lipschitz regularity in {u. < €}, it is enough to show

that at the maximum point of
1 2, I
Ve = §‘VU5| + gug,

where I' > 0 is a constant (independent of €) to be chosen later, |Vu.| can
be controlled by a universal constant C since then one can write

Vu|? <20, < C*+ T =: L~

Let (zg,ty) be a maximum point of v. in {u. < €}. From the uniform gradient
estimate in {u. > €}, we may assume that it is an interior point. We drop
the subscript ¢ in v., u. and f. for convenience. Direct computation shows
that

Dy = Z DiuDju + Fs‘zuDiu,
k

Dijjv = Y (DpjuDpu+ DyuDyjpu) + Te *(DuDju + uDjju),
k

v = Z DyuDy0yu + De2udyu,
k
where Dyu = Ou/Oxy. Differentiating in the k-th direction one gets

Z Eyj(x,t, D*u) Dijzu — DyOyu = €2 Dyu + Dy f, (4.1)

]
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where Fj;(-, M) := 0F/0m;;, M = (m;;). The uniform ellipticity of F' implies
that A;; := Fyj(zo, to, D*u(zg, t0)) is a positive matrix, therefore at (zg,to)
we have

0 Z Z AijDijU — 8151) = tl"(D2u(AijD2u))
Y]
+ Z Diu (Z AZ]Dwku> + Te? Z AiiDiuDju
1,) i,J

+ Te 2y Z AijDiju — Z DyuDowu — Te 2udyu,
irj

which, together with ( -, provides

0 > tr(D*u(A;D*u)) +ZDku (Z AZ]DUW>

+ F€_2 Z AZJDZUDJU + FE_ U Z Az]Dz]u
] ]

— Z DyuDipowu — Te2udu

vV

> Dyu (Didpu + £ 28D+ Dy f) + Te A Vul’

— Z DyuDy0yu + Te™2u (Z AiiDjju — &gu)

Y]

> 5—25 Vul> + ) " DyuDyf +Te A Vul* = Mule %3
k

= ¢ 2 (B |Vul’ = £|Vu||V f] + TA|Vu|* — Te'A|ulB) .
Therefore,
(8 /(u/€) +IN)|Vul? = %[ Vul[Vf] < TAJule™ B(u/e). (4.2)
By choosing I' := £ max |#'|, from (4.2)) we get
01]Vu|2 — Coe?|Vu| < Cilule ' B(u/e) < C1Cs,
with C; = max ||, C2 = ||V f]|~ and C3 = max ||, which leads to
|Vu(z, ty)| < C,
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where C' depends only on dimension, ellipticity, ||8]|cr and ||V f]|s, thus

being independent of €. ]

As an immediate consequence we have the following result.

Corollary 4.1. Let {uc}.~0 be a family of solutions of (EJ). Let K C Qr be
a compact set and T > 0 be such that N (K) C Qr. If (A1)-(A4) hold, then
there exists a constant L = L(T) such that

\Vu.(z,t)| <L, V(z,t)e K.

Proof: For (z¢,ty) € K, consider the function

1

W (1,1) == ~u(wg + 1T, t0 + T°1).

r

For r € (0,7) we have that w., is a solution of
Fr(xa L, D2w€,7“) - 8tws,r = ﬁe/r(ws,r) + Tfe = ga(% t)

in By x (—1,0), where F,(z,t, M): =rF (xo +rx, to + r’t, %M) The result
now follows from Proposition [4.1] n

4.2. Uniform regularity in time. Next, as was mentioned above, using
the uniform Lipschitz continuity in the space variables, we obtain the uniform
Holder continuity in time. First, we need the following lemma.

Lemma 4.1. Let u € C(B1(0) x [0,1/(4n + My)]) be such that
|F(x,t, D*u) — 0| < My in {u> 1},

for some My > 0, and |Vu| < L, for some L > 0. Then there exists a
constant C' = C(L) such that

0,t) —u(0,0)| < C f 0<t< ———.
u(0.) = u(0.0| SC, i 0<t<

Proof: Without loss of generality we may assume that L > 1. We divide the
proof into two steps.
Step 1. First we claim that, if

= B1(0 to. 1 > 1 f t —tg < —m—
Qtoty 1(0) x (to,t1) C {u } for O_4n+Mo’
then

|u(0,t1) - ’UJ(O,tQ)‘ < 2L.
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In fact, let
+ 2L,
h*(x,t) == u(0,t)) £ L £ Tm + (4nL 4+ My)(t — to).
By (2.2) one has
Oih* — F(x,t,D*h*) > 0h* — P (D*h7)

— 8th+— (AZ@Z—I—%Z&)

e; >0 e;<0
= (AnL + M) — AMTR = My,
and
Oh™ — F(x,t,D*h™) < 0h~ — P%‘,A(D%‘)
= §h — (52@ +AZei>
n e; >0 e;<0
= —(4nL + My) — A_iLn = —M
Set

ty := sup {t: |u(0,t) —u(0,to)| < 2L, Vi <t <t}

to<t<ty
So tg < ty <ty is such that

|u(0,t) —u(0,t9)| < 2L, for te [ty,t2).
Moreover, from the Lipschitz continuity in space, one has
h™<u<h®™ on 0,Q1,
On the other hand,

Oh™ — F(x,t,D*h™) < —M, < 0 — F(x,t, D*u)
< My < Oht — F(x,t, D*h™).
Therefore,
h™<u<h™ in Qi
In particular, since ty — ty < t; — ty < ——+ and L > 1 one has

4n+MO
(0, t5) — u(0, t)] < 2L.

13
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Because of the strict inequality above, we may take t5 = t; and therefore the
claim is proved.
Step 2. Let us consider now the cylinder Qo; with 0 <t <

If Qo: C {u> 1}, we apply Step 1 to get
|u(0,t) —u(0,0)| < 2L.
If Qo+ & {u>1},1let 0 <t <ty <tandzy,zs € B1(0) be such that
0 <wu(xy,t1) <1, 0<wu(xsty) <1

1
4TL+M0 '

and
(B1(0) x (0,1)) U (B1(0) x (t2,1)) C {u > 1}.
Then, Step 1 and the Lipschitz continuity in space provide
[u(0,%) —u(0,0)] < [u(0,) —u(0,22)] + [u(0,t2) — u(w2, t2)| + |u(z2,t2)]
4+ Ju(zr, t1)| + [u(zr, t1) — w(0, 1) + |u(0, 1) — w(0,0)]
< 202L+ L+1),

which completes the proof. |

We are now ready to prove uniform Holder continuity of solutions in time.

Proposition 4.2. Let {u:}.~o be a family of solutions of (EJ). Let K C Qr
be compact and T > 0 be such that Nor(K) C Qp. If (A1)-(A4) hold, then
there exists a constant C' > 0, independent of €, such that

ua(x, t + At) —u(z, )| < C|AHY?,  for (z,1), (x,t + At) € K.

Proof: Let r € (0,7), (z9,t9) € K and w,,(z,t), g-(x,t) be as in the proof
of Corollary [4.1] From (A2) and (A3) we get, in the set {w., > 1},

0<g(z,t) <(1+7rc1) <(1+71¢1) =: Ch.

Also |Vw.,(z,t)] < L. Therefore, we may apply Lemma [4.1], with M, = C,,
to obtain

‘wé‘,’/’(o)t) - ws,r(07 0)' < C’ for 0<¢< 4n + C*,

or in other terms

|uz (o, to + 7“215) — u(x, to)| < Cr, for 0 <t <

dn + C,
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In particular, for r € (0,7), one has

ot —" (20, to)
Ue | Xo, T~ | — U\ Xo,
oot e 0, Lo
Now if (zg,t0 + At) € K and 0 < At < 4 +C , taking r = At'2\/dn + C, in
([1.3)) leads to

|us(z0, tg + At) — ug(xo, to)] < C'v/4n + C.AtY/2.
On the order hand, if At > from (3.4) we get

< Cr. (4.3)

4+C’

27
lue (o, to + At) — u-(xo, to)| < 2T < —/4dn + C*Atl/Q,
T

which completes the proof. |

5. The limiting free boundary problem

We start this section by letting e — 0 in (£%)). Recalling Theorem [£.1], we
know that up to a subsequence, there exists a limiting function u, obtained

as the uniform limit of u. as ¢ — 0. We now show that u is a viscosity
solution of (1.2), where f is the uniform limit of f..

Theorem 5.1. Let {u.}.~o be a family of solution of (EJ). If (Al)-(A4)
hold then, up to a subsequence,

(1) ue = u locally uniformly in Qr and u € Lip,,.(1,1/2)(Qr);

(2) w is a solution of (1.2), where f is the uniform limit of f.;

(3) the function t — u(x,t) is non-decreasing in time.

Proof: Parts (1) and (2) follow from Theorem and the Arzela—Ascoli
Theorem. In fact, since u. € Lipy.(1,1/2)(2r), with a uniform estimate, we
can pass to the limit (up to a subsequence) and obtain a function

u(z,t) = llir(l) us(z,1),

with the convergence being uniform on compact subsets of Q7. Hence, u €
Lipje(1,1/2)(2r). Moreover, u is a viscosity solution of (1.2)). Indeed, if
u(xg,tg) = ¢ > 0, then using the uniform convergence u. — w and the
equicontinuity of u., we conclude that for every small £ one has, in a small
neighbourhood of (x,t), that u. > § > €. So B.(u.) = 0. Smce fe— 7,
invoking stability arguments ([10, 19]) and passing to the limit in (£.)), we
conclude that u is a solution of ([L.2)).



16 RICARTE, TEYMURAZYAN AND URBANO
In order to check (3), we define, for t > 0 and h > 0,

uh('vt) ‘= U(',t—Fh); fh('at) = f('>t+h); Wh('?t) = QO('?t_Fh)

and Fy(-,t,-) :== F(-,t 4+ h,-). Set also pp(z,0) := p(x,0) = 0. Since u is
a solution of , then wuy, is a solution of the same problem with F' = Fj,
f = fnand ¢ = ¢;,. From (A4) we know that ¢ is non-decreasing in ¢
and ¢(z,0) = 0, therefore u;, > u on 9,2pr. Observe that (A3) provides
fu(z,t) < f(x,t). Since also u > 0, we can apply a comparison argument to
verify that u;, > u in Qg, so the function t — u(x,t) is non-decreasing. =

6. Porosity of the free boundary

In this section we establish the exact growth of the solution near the free
boundary, from which we deduce the porosity of its time level sets.

Definition 6.1. A set E C R" is called porous with porosity 6 > 0, if there
exists R > 0 such that

Vee E, Vr e (0,R), Jy € R" such that Bs.(y) C B.(z) \ E.

A porous set of porosity ¢ has Hausdorff dimension not exceeding n — ¢d",
where ¢ = ¢(n) > 0 is a constant depending only on n. In particular, a
porous set has Lebesgue measure zero.

The following theorem is the main result of this section.

Theorem 6.1. Let u be a solution of (1.2)). If (A1) holds and f satisfies
(A3) then, for every compact set K C Qr and every ty € (0,7T), the set

Hu>0}NKnN{t=rty}
is porous in R", with porosity depending only on T and dist(K, 0,{)r).
To prove the theorem we need to prove some auxiliary results.

6.1. Non-degeneracy. We start by proving a non-degeneracy result. Let
us remark that, without loss of generality, we may consider in what follows

the domain @ = Q1(0,0) instead of Q1(z, s).
Lemma 6.1. Let u € C(Q1) be a solution of
F(x,t,D*u) — 0= f in {u>0},
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with f satisfying the lower bound in (A3). Then for every (z,s) € {u > 0}
and r > 0 with Q,(z,s) C Q1 we have

ap ulmd) > por+ uzs),
(x,t)€0,Qr (2,5)

where (1p = min (%0, 4;1_0/\)

Proof: Suppose that (z,s) € {u > 0}, and, for small § > 0, set
co

g(t—s).

ws(z,t) == u(z,t) — (1 —du(z,s) and ¢¥(x,t) := Z;L—OA‘x — 2’2 —

Since Djjp = 500 then, from ((2.2]), one has

F(x,t, D*)p) — 0pp < Pg’A(D%b) — O

A Co
Azei+ﬁzei+§

e; >0 e; <0
ncy Co

= A— —|— _ = CO
2nN 2

< f(z,t) = F(z,t, D*u) — dyu
= F(x,t, D*ws) — Oyws.
Moreover, ws < 1 on 9{u > 0} N Q, (2, s). Note that we can not have
ws <P on 0,Q, (z,5) N {u> 0},
because otherwise we could apply the comparison principle to obtain
ws <Y in Q,(z,5)N{u >0},

which contradicts the fact that ws(z,s) = du(z,s) > 0 = 1¥(z,s). Hence, for
(y,7) € 0,Q; (%, s) we must have

ws(y, 7) > WUy, 1) = Lor.

Letting 6 — 0 in the last inequality we conclude the proof. ]

6.2. A class of functions in the unit cylinder. Next, we establish the
growth rate of the solution near the free boundary, which is known for p-
parabolic variational problems (see [I7]) but is new in the fully nonlinear
framework. We start by introducing a class of functions.
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Definition 6.2. We say that a function u € C(Q1) is in the class © if
0<u<1inQ, [|[F(z,t,D*u) — Oul|lec < 1 in Q1, in the viscosity sense
and, moreover, yu > 0 and u(0,0) = 0.

Note that the last two conditions make sense due to the regularity of u
guaranteed by the first two ([I8, [19]).
In order to proceed, we need to introduce some notation. Set

S(r,u,z,s) := sup u.
Qr (2,5)

For u € ©, we define
H(u,z,8):={j e NU{0}: S(277,u,z,8) < MS(27 " u,z3s)},

where M := 4max(1, i), with o as in Lemma|6.1,. When (z, s) is the origin,
we suppress the point dependence.
The following lemma is the main step towards the growth control of the

solution near the free boundary.

Lemma 6.2. If u € O, then there is a constant Cy = Ci(n,cy) > 0 such that
S(Q*jfl,u) <C27%, Vje H(u).

Proof: First, note that H(u) # () because 0 € H(u). Indeed, using Lemma
6.1], we have

1 1

S(lu)<1=4 (-) o272 < 4 (-) S22 hu) < MS27 u).
Ho Ho

Next, suppose the conclusion of the lemma fails. Then, for every k € N,

there is u, € © and j; € H(ug) such that
S(27 1 ) > k27,

Define v : Q1 — R by

w(2 kg, 272kt)

vg(x,t) == ST

One easily verifies that

c
0<wu <1 Qi [ Fult, DPor) — Bl < 7
sup v, = 1; vr(0,0) = 0; O, >0 in Q7
Q12
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where
22k , , 5’(2*‘7"6*1 uk)
- —J —Jk\2 J
Fi(z,t, M) = S(Q_jk_l,Uk)F (2 b, (277%)%t, T M

is a uniform (A, A)-elliptic operator. Using compactness arguments (see [18],
19]), we infer that there is a subsequence of v converging locally uniformly
in ()7 to a function v. Moreover,

F(z,t,D*v) — 0w =0, v(0,00=0, v>0, dwv>0

in Q] for some (A, A)-elliptic operator F. The strong maximum principle
(see [13]) then implies that v = 0, which contradicts the fact that

supv = 1.
Q1
|

We are now ready to prove the growth control of the solution near the free
boundary.

Lemma 6.3. If u € O, then there is a constant Cy = Cy(n, L,c1) > 0 such
that
[u(z, t)] < Co(d(x,1))?, ¥ (2,t) € Qupa

where

0, otherwise.

A1) = {sup {r:Q.(z,t) C {u>0}}, if(x,t) € {u>0}

Proof: It suffices to show that
S(277,u) <4C127%, Vj € N. (6.1)

In fact, for a fixed r € (0,1), by choosing j € N such that 27771 < r <277,
one has
sup u < supu < 4C;27% = 160,27¥72 < 160,72 (6.2)
Q00 Q.

In order to prove (6.1]), let us take the first j for which it fails (if there is no
such j, we are done). Then

S(27UY ) <4027207Y < 48277 u) < MS(277, ),
so j —1 € H(u), and we can apply Lemma [6.2] to reach the contradiction
S(277 u) < 127D = 40,27V,
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To obtain a similar estimate for u over the whole cylinder (and not only
over its lower half) we use a barrier from above. Set

w(z,t) = Ay|z|* + Ast,
where Ay = 2AnA; and A; > 0. Then in Qf = B1(0) x (0,1) one gets from
(2.2)) that

F(z,t,D’w) — 0w < Pg’A(D%)) — Ow

= AZGH-%ZG@'—/E

e;>0 e;<0
= 2nAA; — Ay =0 < F(x,t, D2u) — Osu.
If A; is large enough, then w > w on 9,Q7F, where for the estimate on {t = 0}

we used S(r,u) < 16C1r? from (6.2)). Hence, by the comparison principle one
has w > w in Q7. Therefore

sup u < Cyr?,
Q-(0,0)

for a constant Cy > 0. |

6.3. Porosity of the free boundary in time levels. We close the paper
by proving Theorem [6.1]

Proof : Without loss of generality, we assume that K is the closed unit cylin-
der ), and @y C Qp. For (z,t) € {u > 0} N Qy, let d(x,t) be as in Lemma

6.3 and take (z¢,t9) € 9{u > 0} N Q; to be the point where the distance is

attained. Define
v(y,s) :=u(xog+y,to+s), for (y,s) € Q.
We have
|F(z,t, D*v) — Ol <1, 0<v <Y, 0(0,0)=0,
hence, if K = max{1, ¢;, T}, then (1/k)v(y, s) € ©. Lemmal6.3 then provides
u(z,t) = v(z — x0,t — t9) < KCo(d(x,1))% (6.3)

Now if (z,7) € d{u > 0} N Q;, then for r € (0,1), using Lemma [6.1}, and the
fact that dyu > 0 in @y, one concludes that there exists 1 € 0B,(z), such
that

U’(‘Tlv 7-) > MOTQ-
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Together with (6.3]), we have
por? < u(xy, 1) < kCold(z1, 7)),

d(x1,7) > or, 5:1/:—60,0

Bgr(xl) C Bd(zlﬂ-)(xl) C {u > 0}
Note that 6 < 1. We claim now that there is a ball

Bs,(y) C Bsi(21) N By (2) C By(2) \ 0{u > 0}, (6.4)

which implies that

and hence

which means that the set 9{u > 0} N {t = 7} N By is porous with porosity
constant §/2.

To check we choose y € [z, x1] such that |y — z1| = dr/2. For each
§ € Bs,(y) one has

1) 1)
|€—x1|§!€—y|+|y—x1!§§r+§7°=5r

and, since z1 € B,(z), also

) )
€=z < ‘g_y‘+|z_371|—\y—fl?1|§§T+T—§r=r,
and therefore ([6.4) is true. =
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