Pré-Publicagoes do Departamento de Matemdtica
Universidade de Coimbra
Preprint Number 16-14

NEARLY SASAKIAN AND NEARLY COSYMPLECTIC
MANIFOLDS

ANTONIO DE NICOLA, GIULIA DILEO AND IVAN YUDIN

ABSTRACT: We prove that every nearly Sasakian manifold of dimension greater
than five is Sasakian. This provides a new criterion for an almost contact metric
manifold to be Sasakian. Moreover, we classify nearly cosymplectic manifolds of
dimension greater than five.

KEYWORDS: nearly Sasakian, nearly cosymplectic, Sasakian, contact manifold.
AMS SUBJECT CLASSIFICATION (2000): Primary 53C25, 53D35.

1. Introduction

One of the most successful attempts to relax the definition of a Kahler man-
ifold is provided by the notion of a nearly Kéahler manifold. Namely, nearly
Kéhler manifolds are defined as almost Hermitian manifolds (M, J, g) such
that the covariant derivative of the almost complex structure with respect to
the Levi-Civita connection is skew-symmetric, that is

(VxJ)X =0,

for every vector field X on M. Thus, only the symmetric part of V.J vanishes,
in contrast to the Kéahler case where VJ = 0. Nearly Sasakian and nearly
cosymplectic manifolds were defined in the same spirit starting from Sasakian
and coKéhler (sometimes also called cosymplectic) manifolds, respectively.

A smooth manifold M endowed with an almost contact metric structure
(p,&,m, g) is said to be nearly Sasakian if

(Vx¢9)X = g(X, X)§ —n(X)X, (1)
for every vector field X on M. Similarly, the condition for M to be nearly
cosymplectic is given by

(Vx¢)X =0, (2)
for every vector field X on M.
The notion of a nearly Sasakian manifold was introduced by Blair and

his collaborators in [4], while nearly cosymplectic manifolds were studied by
Blair and Showers in [1, 3]. In the subsequent literature on the topic, quite
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important were the papers of Olszak [14, 15] for nearly Sasakian manifolds
and those of Endo [9, 10] on nearly cosymplectic manifolds. Later on, these
two classes have played a role in the Chinea-Gonzalez’s classification of almost
contact metric manifolds ([8]). They also appeared in the study of harmonic
almost contact structures (cf. [11], [16]). In [13], Loubeau and Vergara-Diaz
proved that a nearly cosymplectic structure, once identified with a section of
a twistor bundle, always defines a harmonic map.

Recently, a systematic study of nearly Sasakian and nearly cosymplectic
manifolds was carried forward in [7]. In that paper, the authors proved that
any nearly Sasakian manifold is a contact manifold. In the 5-dimensional
case, they showed that any nearly Sasakian manifold admits a nearly hypo
SU (2)-structure that can be deformed to give a Sasaki-Einstein structure.
Moreover, they proved that any nearly Sasakian manifold of dimension 5
has an associated nearly cosymplectic structure, thereby showing the close
relation between these two notions. For 5-dimensional nearly cosymplectic
manifolds, they proved that any such manifold is Einstein with positive scalar
curvature. It is also worth remarking that (1-parameter families of ) examples
of both nearly Sasakian and nearly cosymplectic structures are provided by
every Sasaki-Einstein 5-dimensional manifold.

While Sasakian manifolds are characterized by the equality

(Vxo)Y = g(X,Y)§ —n(Y)X,

the defining condition (1) of a nearly Sasakian manifold gives a constraint
only on the symmetric part of V¢. In this paper we show that, surprisingly,
in dimension higher than five, condition (1) is enough for the manifold to be
Sasakian.

Concerning nearly cosymplectic manifolds, we prove that a nearly cosym-
plectic non coKahler manifold M of dimension 2n+1 > 5 is locally isometric
to one of the following Riemannian products:

R % ]\/'2717 M5 % ]\/'271747
where N?" is a nearly Kéhler non Kahler manifold, N2~ is a nearly Kahler

manifold, and M? is a nearly cosymplectic non coKihler manifold.

2. Definitions and known results

An almost contact metric manifold is a differentiable manifold M of odd
dimension 2n + 1, endowed with a structure (¢,&,n,¢g), given by a tensor
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field ¢ of type (1,1), a vector field £, a 1-form 1 and a Riemannian metric g
satisfying

¢ = —I+ne& nE) =1 g(6X,0Y)=g(X,Y)—nX)n(Y)
for every vector fields X, Y on M (see [2, 5] for further details). From the
definition it follows that ¢¢ = 0 and no¢ = 0. Moreover ¢ is skew-symmetric
with respect to g, so that the bilinear form ® := g(—, ¢—) defines a 2-form
on M, called fundamental 2-form. An almost contact metric manifold such
that dn = 2® is called a contact metric manifold. In this case 1 is a contact
form, i.e. n A (dn)" # 0 everywhere on M.

A Sasakian manifold is defined as a contact metric manifold such that the
tensor field Ny := [¢, ¢] + dn ® & vanishes identically. It is well known that
an almost contact metric manifold is Sasakian if and only if the Levi-Civita
connection satisfies:

(Vx9)Y = g(X,Y)E —n(Y)X. (3)
A nearly Sasakian manifold is an almost contact metric manifold (M, ¢, &, 7, g)
such that
(Vx@)Y + (Vyo)X = 29(X,Y)E — n(X)Y —n(Y)X (4)

for every vector fields X,Y on M, or, equivalently, (1) is satisfied.

We recall some basic facts about nearly Sasakian manifolds. We refer to
[4, 14, 15, 7] for the details.

In any nearly Sasakian manifold (M, ¢,&,n,g), the characteristic vector
field ¢ is Killing and the Levi-Civita connection satisfies V£ = 0 and V¢n =
0. One can define a tensor field h of type (1,1) by putting

Vxé = —¢X + hX. (5)
The operator h is skew-symmetric and anticommutes with ¢. It satisfies
hé =0,no0h =0 and
1
Veh = Vb = oh = Lo,

where L¢ denotes the Lie derivative with respect to {. The vanishing of h
provides a necessary and sufficient condition for a nearly Sasakian manifold
to be Sasakian ([15]). In [14] the following formulas are proved:

9(Vx@)Y,hZ) = n(Y)g(h*X,¢Z) — n(X)g(h’Y,¢6Z) + n(Y)g(hX, Z), (6)
(Vxh*)Y =n(Y) (¢ — W)X + g((¢ — W)X, Y)E, (7)
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R(§, X)Y = (Vx¢)Y — (Vxh)Y = g(X — F*X,Y)¢ = n(Y)(X — h*X), (8)
where R is the Riemannian curvature of g.

A central role in the study of nearly Sasakian geometry is played by the
symmetric operator h?. We recall the fundamental result due to Olszak [14]:

Theorem 2.1. If a nearly Sasakian non Sasakian manifold (M, $,&,n,g)
satisfies the condition

W=\ -1®¢)
for some real number X\, then dim(M) = 5.

In [15] Olszak also proved that any 5-dimensional nearly Sasakian non
Sasakian manifold is Einstein with scalar curvature > 20. In [7] it is proved
that the eigenvalues of h? are constant. Being h skew-symmetric, the non-
vanishing eigenvalues of h? are negative, so that the spectrum of h? is of
type

Spec(h?) = {0, =A%, ..., =A%},

A\ # 0 and \; # \; for i # j. Further, if X is an eigenvector of h* with eigen-
value —\?, then X, ¢X, hX, h¢X are orthogonal eigenvectors of h? with
eigenvalue —)\?. Hence the minimum dimension for a nearly Sasakian non
Sasakian manifold is 5. In the following we denote by [¢] the 1-dimensional
distribution generated by &, and by D(0) and D(—\?) the distributions of
the eigenvectors 0 and —\? respectively. We shall also denote by D the dis-
tribution [£] ®D(=MN}) @+ --®D(—A?), and by Dy the distribution orthogonal
to D, so that D(0) = [¢] @ Dy.

In [7] the following results are proved, concerning nearly Sasakian manifolds
of dimension > 5.

Theorem 2.2. Let M be a nearly Sasakian manifold with structure (¢,&,n, g)
and let Spec(h?) = {0, =\, ..., =2} be the spectrum of h*>. Then the distri-
butions D(0) and [£] ® D(—A?) are integrable with totally geodesic leaves. In
particular,

a) the eigenvalue 0 has multiplicity 2p+ 1, p > 0. If p > 0, the leaves of
D(0) are (2p + 1)-dimensional Sasakian manifolds;

b) each negative eigenvalue —\? has multiplicity 4 and the leaves of the
distribution [£]®D(—A?) are 5-dimensional nearly Sasakian (non Sasakian)
manzifolds.

c¢) If p > 0, the distribution D = [£]®D(—=I}) - - -®D(—?2) is integrable
and defines a transversely Kdhler foliation with totally geodesic leaves.
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Theorem 2.3. For a nearly Sasakian manifold (M, ¢,&,1n,q) of dimension
2n+ 1 > 5 the 1-form n is a contact form.

Before listing some known results on nearly cosymplectic manifolds, we
recall that an almost contact metric manifold (M, ¢,&,n,¢g) is said to be
a coKahler manifold if dnp = 0, d® = 0 and Ny = 0. Equivalently, one
can require V¢ = 0. It is known that a coKahler manifold is locally the
Riemannian product of the real line and a Kahler manifold, which is an
integral submanifold of the distribution D = Ker(n). Note that some authors
call cosymplectic the class of manifold that we denominate coKéhler (see [6]
for details).

A nearly cosymplectic manifold is an almost contact metric manifold (M, ¢, &, 1, g)
such that

(Vx@)Y + (Vyg)X =0 (9)
for every vector fields X,Y . Clearly, this condition is equivalent to (2). It
is known that in a nearly cosymplectic manifold the Reeb vector field £ is
Killing and satisfies V& = 0 and Ven = 0. The tensor field & of type (1,1)
defined by

Vx¢é=hX (10)
is skew-symmetric and anticommutes with ¢. It satisfies hé = 0, noh = 0
and

1
Vep = oh = §£5¢'
The following formulas hold ([9, 10]):

9(Vxd)Y,hZ) = n(Y)g(h*X,¢Z) — n(X)g(h’Y,¢Z), (11)
(Vxh)Y = g(B*X, V)¢ — (Y)W’ X, (12)
tr(h*) = constant. (13)

3. Nearly Sasakian manifolds

Proposition 3.1. Let (M, ¢,&,n, g) be a nearly Sasakian manifold of dimen-
ston 2n+1 > 5. Then for all vector fields X, Y on M one has

(Vx9)Y =n(X)ohY —n(Y)(X + ¢hX) + g(X + ¢hX,Y)E, (14)
(Vxh)Y =n(X)phY —n(Y)(R’X + ¢hX) + g(h*X 4+ ¢hX,Y)E,  (15)

(Vxgh)Y = g(¢h>X — hX,Y)é +n(X)($hY — hY) — n(¥)($h*X — hf()d
16
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Proof: From (6), for every vector fields X, Y, Z we have
which is coherent with (14). On the other hand,

9((Vxd)Y.€) = —g(Y. (Vx¢)§) = g(Y, ¢V xE) = g(Y, 9" X + ¢hX)
= 9(X + ¢hX,Y) = n(X)n(Y).
Now, assume that Spec(h?) = {0, =}, ..., —A?} and consider the distribu-

tion D = [£] @ D(=A2?) @ --- @ D(—=)2). In order to complete the proof of
(14), it remains to show that

9(Vx)Y, V) = —n(Y)g(X, V) (17)

for every X, Y € X(M) and V' € Dy. Since the distribution D is integrable
with totally geodesic leaves, if X, Y € D then (Vx¢)Y € D and both sides
in (17) vanish. Now consider X € Dy and Y € D. Then

g((Vqu)Ya V) - —g(Y, (VXQb)V) - —U(Y)Q(Xa V),

where we applied the fact that the distribution D(0) = [£] & Dy is integrable
with totally geodesic leaves, and the induced almost contact metric structure
on each leaf is Sasakian, so that (Vx¢)V = ¢(X, V)¢ —n(V)X. On the other
hand, if we take X € D and Y € Dy, then g((Vy¢)X,V) = —n(X)g(Y, V),
and applying (4), we have

9(Vxo)Y,V) = —g((Vyo) X +n(X)Y,V) =0,

which is again coherent with (17). Finally, taking X,Y € Dy, (17) is verified
because of (3) and the fact that the vector fields X, Y,V are orthogonal to

€.
As regards (15), it follows from (8) and (14). Finally, a straightforward

computation using (14) and (15) gives (16). |

Given a k-form o on a manifold M, we denote by ¢, the operator on 2*(M)
defined by €,0 = o A0, for every 0 € Q'(M). Given two linear operators A, B

on Q*(M) of degrees a,b, respectively, we denote their graded commutator
by

[A, B] .= AB — (—1)®BA.

Let (M, n) be a contact manifold with Reeb vector field £, so that n(§) =
1 and t¢dn = 0. By Darboux theorem, around each point p € M there
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exists a local basis of vector fields (£, X1, ..., X3,) and a dual basis of 1-forms
(77, aq, ..., OéQn), such that

n
dn = Z Qo1 N\ Q.
=1

We introduce the operator A : QP(M) — QP~2(M) locally defined by

n
W = E Z'X%AZ'X%W.
k=1

One can prove that A is well defined.

Lemma 3.2. Let (M,n) be a contact manifold of dimension 2n + 1. Then,
the operator A satisfies the following identity for any p-form w

(A, €qp]w = (p — n)w — €,iew.

Proof: Recall that, in general, for a vector field X and a k-form ¢ on manifold
M, one has [ix, €,] = €;,.,. Hence one gets

lixiy, €] = (1) € yoly + ix€iye,
for any vector fields X,Y and a k-form o. Thus,

[ZXQkAZsz? 60&2171/\0421] = 5kl(€a2kZX2k - ZX2k71€C¥2k71)

= 5kl(€a2kiX2k + 60&21@71Z’X2k71 - Id)

We obtain
n n 2n
Z Z.szqZ.sz? Z Cag1hay | W = Z Eahith — W = (p - n)w - eﬁifw‘
k=1 =1 h=1
This completes the proof. u

Proposition 3.3. Let (M,n) be a contact manifold of dimension 2n + 1.
Then, the operator

eay » QA(M) — QY M)
Gr=dnApB

15 injective for n > 3.
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Proof: From Lemma 3.2 we have for 3 € Q*(M)
Aeanf = €ay(AB) + (2 = n) B — &icf. (18)
By applying €,i¢ we obtain
exichead = (1 - n)eyich. (19)
Moreover, by applying A to (18) we obtain
Neg,8 = (AB)(Adn) + (2 — n)AB — Aeyic3.

If we keep in account that Ae,i¢3 = 0, and that Adnp = —n (e. g. by using
Lemma 3.2 applied to the constant function 1) we get

Aeg, 8 =2(1 —n)AB.
Then, by applying €4, we obtain
ednAZEdnﬁ = 2(1 — n)eq AB. (20)
Thus, from (18), (19) and (20) we have

ente\ €an\?
(A T 1772_5” - Q(fn_ n)) €y = (2 —n)B.

Hence €4, has a left inverse for n > 3. [

Now we are able to prove our main result.

Theorem 3.4. Fvery nearly Sasakian manifold of dimension 2n +1 > 5 is
Sasakian.

Proof: Let M be a nearly Sasakian manifold with structure (¢,&,n,g), of
dimension 2n + 1. We consider the two forms H and ®;, k£ = 1, 2, defined by

H(X,)Y)=g(hX)Y), ®L(X,Y)=g(oh"X,Y).

We shall prove that

dH = 3n A &, (21)

dd, =3n N (P — H). (22)
From (15), we have that for every vector fields X,Y, Z,
G(Vxh)Y, Z) = n(X)g(6hY, Z) — n(¥)g(h2X + 6hX, Z) + n(Z)g(h2X + 6hX, V)

= n(X)g(onY, Z) +n(Y)g(ohZ, X) +n(Z)g(ohX,Y)
—n(Y)g(h*Z, X) +n(Z)g(h*X,Y).
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Therefore,
dH(X,Y, Z) = g((Vxh)Y, Z) + g((Vyh)Z, X) + g((Vzh) X, Y)
=3 (n(X)g(phY, Z) +n(Y)g(¢hZ, X) + n(Z)g(¢phX,Y))
—=3n A D (XY, Z).
Analogously, from (16), we have
g(Vxoh)Y, Z) = n(X)g(¢h’Y — hY, Z) — n(Y)g(¢oh’X — hX, Z)
+n(2)g(¢h*X — hX,Y)
= n(X)g(¢h*Y, Z) +n(Y)g(oh*Z, X) +n(Z)g(6h* X, Y
—n(X)g(hY,Z) —n(Y)g(hZ, X) —n(Z)g(hX,Y).
Hence,
dd1(X,Y, Z) = g(Vxoh)Y, Z) + g((Vyoh)Z, X) + g((Vzoh) X, Y)
=3 (n(X)g(ohY, Z) +n(Y)g(oh*Z, X) +1(Z)g(¢h*X.Y))
= 3((X)g(hY, Z) +n(Y)g(hZ, X) +n(Z)g(hX,Y))
—3nAD(X,Y,Z)—3nANH(X,Y,Z).

Now, from (21) and (22), we have
0=d*H =3dnA®, —3nAdd; =3dn A Dy,

If we assume that the dimension of M is 2n+ 1 > 5, being n a contact form,
the fact that dn A ®; = 0 implies ®; = 0, by Proposition 3.3. Therefore
h = 0, and the structure is Sasakian. n

4. Nearly cosymplectic manifolds

In this section we will classify nearly cosymplectic manifolds of dimension
higher than five. In the following, given a nearly cosymplectic manifold
(M, ®,&,m,g), we shall denote by h the operator defined in (10).

Proposition 4.1. Let (M, ¢,£,n, g) be a nearly cosymplectic manifold. Then
h =0 if and only if M is locally isometric to the Riemannian product R x N,
where N 1s a nearly Kahler manifold.

Proof: For every vector fields X,Y we have
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Therefore, if h = 0 the distribution D = Ker(n) is integrable. Denoting by
N an integral submanifold of D, it is a totally geodesic hypersurface of M.
Indeed, for every X,Y € D, we have ¢g(VxY,£) = —g(Y,hX) = 0. Being
also V¢ = 0, M turns out to be locally isometric to the Riemannian product
R x N. Further, the almost contact metric structure induces on N an almost
Hermitian structure which is nearly Kahler.

Conversely, if M is locally isometric to the Riemannian product R x N,
where N is a nearly Kéhler manifold, then dn(X,Y) = 0 for every vector
fields X,Y orthogonal to £. By (23) and hé = 0, we deduce that h =0. =

As a consequence of the above proposition, a nearly cosymplectic manifold
(M, p,&,m,g) is coKahler if and only if h = 0 and the leaves of the dis-
tribution D are Kéahler manifolds. Recall that 4-dimensional nearly Kahler
manifolds are Kéhler (see [12, Theorem 5.1]), and this implies that if M is a
b-dimensional nearly cosymplectic manifold with A = 0, then it is a coKahler
manifold.

We shall now study the spectrum of the symmetric operator h?.

Proposition 4.2. The eigenvalues of the symmetric operator h? are con-
stant.

Proof: From (12) it follows that
(VxR2)Y = (X, WY )& — n(Y)IX. (24)

Let us consider an eigenvalue p of h? and a local unit vector field Y, orthog-
onal to &, such that h?Y = uY. Applying (24) for any vector field X, we
have

0=g((Vxh*)Y)Y)
= g(Vx(P?Y),Y) — g(h*(VxY),Y)
= X(u)g(Y,Y) + ug(VxYY) — g(VxY,h*Y)
= X(p)g(Y,Y)
which implies that X (u) = 0. |

Since h is skew-symmetric, the non-vanishing eigenvalues of h? are negative.
Therefore, the spectrum of h? is of type

Spec(h?) = {0, =A%, ..., = %},
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where we can assume that each ); is a positive real number and \; # A; for
i # j. Notice that if X is an eigenvector of h? with eigenvalue —\?, then X,
¢X, hX, h¢X are orthogonal eigenvectors of h? with eigenvalue —\?. Since
h(§) = 0, we get the eigenvalue 0 has multiplicity 2p 4+ 1 for some integer
p = 0.

We denote by D(0) the distribution of the eigenvectors with eigenvalue 0,
and by D, the distribution of the eigenvectors in D(0) orthogonal to &, so
that D(0) = [¢] ® Dy. Let D(—)?) be the distribution of the eigenvectors
with eigenvalue —\?. We remark that the distributions Dy and D(—\?) are
¢-invariant and h-invariant.

Proposition 4.3. Let (M, ¢,&,n,9) be a nearly cosymplectic manifold and
let Spec(h?) = {0, —\2 ..., —=\2} be the spectrum of h*. Then,
a) for each i = 1,...,r, the distribution [£] & D(—\?) is integrable with
totally geodesic leaves.
Assuming that the eigenvalue O is not simple,

b) the distribution Dy is integrable with totally geodesic leaves, and each
leaf of Dy is endowed with a nearly Kahler structure;

c) the distribution [] ® D(=A2) @ ...® D(—)2) is integrable with totally
geodesic leaves.

Proof: Consider an eigenvector X of h? with eigenvalue —\?. Then Vx& =
hX € D(—)?). On the other hand, (24) implies that V¢h? = 0, and thus
VX is also an eigenvector with eigenvalue —\?. Now, taking X,Y € D(—\?)
and applying (24), we get
RA(VxY) = -NVxY — (Vxh?)Y = = XVxY + Mg(X,hY)E.
Therefore,
UGV XY) = G2V YY) = —N6H(VxY).

Thus ¢*VxY € D(=X?). It follows that VxV = —¢*VxY + n(VxY)E
belongs to the distribution [¢] @ D(—)?). This proves a).

As regards b), applying again (24), we have (Vxh?)Y = 0 for every X,Y €
Dy, so that h*(VxY) = 0. Moreover,

g(VxY, &) = —g(Y,Vx&) = —g(Y,hX) = 0.

Hence, Dy is integrable with totally geodesic leaves. Since the leaves of D,
are ¢-invariant, the nearly cosymplectic structure induces a nearly Kahler
structure on each integral submanifold of D).
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Finally, in order to prove c¢), owing to a), we only have to show that
g(VXY, Z) =0
for every X € D(=X7), Y € D(=X}), i # j, and Z € Dy. In fact, from (24),

we have

1
g(vav Z) = _ﬁg(vX(hﬁ/)a Z)
J

1
= —pg((VXhQ)Y + h3(VxY), 2)
J
1 3 1 2
= —pn(z)g(Xa h°Y') — EQ(VXY; h*Z)
J J

which vanishes since n(Z) = 0 and h*Z = 0. |

Theorem 4.4. Let (M, ¢,&,m,g) be a nearly cosymplectic manifold such that
0 is a simple eigenvalue of h>. Then M is a 5-dimensional manifold.

Proof: First we show that
(Vx@)Y = g(¢hX,Y)§ + n(X)ohY —n(Y)ohX, (25)
(Vxoh)Y = g(oh* X, Y)E +n(X)oh*Y —n(Y)oh*X (26)
for every vector fields X and Y. Applying (10) we have
9(Vx9)Y, &) = —g(Y, (Vx¢)§) = g(Y, 9V x&) = g(Y, ohX).

Taking a vector field U orthogonal to &, then U = hZ for some vector field
Z. Then, by applying (11) and recalling that ¢ anticommutes with h, we get

g(Vxe)Y,U) =n(Y)g(h*X,9Z) — n(X)g(h’Y, $Z)
=n(Y)g(hX,phZ) — n(X)g(hY,dhZ)
= —n(Y)g(ohX,U) +n(X)g(¢hY,U)

which completes the proof of (25). From (12) and (25) we easily get (26).
We consider now the 2-forms &, £k = 0, 1, 2, defined by

In particular, ®; = —®. We prove that
d(I)O = 37] N (I)l, d(I)l = 377 AN (I)g. (27)
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From (25), for every vector fields X, Y, Z we have
9(Vxo)Y, Z) = n(X)g(ohY, Z) + n(Y)g(ohZ, X) + n(Z)g(¢hX,Y),
which implies that d®y = 3n A ®;. Analogously, from (26), we have
9(Vxoh)Y, Z) = n(X)g(oh*Y, Z) + n(Y)g(¢h*Z, X) +1(Z)g(sh*X,Y'),
so that d®; = 3n A 5. From (27),
0=d*®y=3dnpA D —3nAdd, =3dn A ;.

Next we show that if 0 is a simple eigenvalue, then 7 is a contact form.
This, by an argument similar to the one in the proof of Theorem 3.4 will
imply that dim M = 5.

First we assume that Spec(h?) = {0, =A%}, with A > 0, 0 being a simple
eigenvalue. This is equivalent to require that

W= =N —n®¢).
Let us take the tensor fields

- 1 -1
= ——h == 7=\ J = \g.
¢ e § A& n=2An, g g

One can verify that (qg, é .7, g) is an almost contact metric structure. More-
over, from (23) we have

BI(X,Y) = 2g(hX, V) = 5 §(hX, ¥) = 25(X, ~ghY) = 29(X,5V).

Therefore (qg, é .7, ) is a contact metric structure. In particular, both the
forms 77 and 7 are contact forms. Hence, in this case M is a 5-dimensional
manifold and the multiplicity of the eigenvalue —\? is 4.

We assume now that

Spec(hQ) - {07 _>\%7 SR _)\72"}7

where ); is a positive real number and \; # A; for ¢ # j. From Proposition
4.3, we know that for each i = 1,...,r, the distribution [¢] @ D(—)?) is
integrable with totally geodesic leaves. Each integral submanifold of this
distribution is endowed with an induced almost contact metric structure,
here again denoted by (¢, &, 7, g), whose structure tensor field h satisfies

h? = X1 —n®¢).

We deduce that 7 is a contact form on the leaves of the distribution. In
particular, each eigenvalue —\? of h% has multiplicity 4.
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Notice that, taking two distinct eigenvalues —\? and —)\5, for every X €
D(—X}) and Y € D(—Xj), we have

dn(X,Y) = 2g(hX,Y) =0, (28)

since the operator h preserves the distributions D(—A7) and D(—\?), which
are mutually orthogonal.

Now, fix a point x € M. Since 7 is a contact form on the leaves of
each distribution [¢] & D(—A?), for any ¢ € {1,...,7} one can find a ba-
sis (v}, vy, vi, v)) of Dy(—=A?) such that

Therefore, putting n = 2r, the dimension of M is 2n + 1 and

A ()" (Eay 01,03, 03, 04, -, VT, V5, V5, 0))
= 1(&) (dn)*(v1, vy, v3,v3) - (dn)*(vF, v, v, vf) # 0.
This proves that 7 is a contact form. ]

Theorem 4.5. Let (M, ¢,&,m, g) be a nearly cosymplectic non coKdhler man-
ifold of dimension 2n + 1 > 5. Then M 1is locally isometric to one of the
following Riemannian products:

R % ]\/'2717 M5 % N2n—4’

where N?" is a nearly Kdhler non Kdhler manifold, N*"~* is a nearly Kdhler
manifold, and M?® is a nearly cosymplectic non coKdhler manifold.

Proof: It h = 0, then M is locally isometric to the Riemannian product
R x N2, where N?" is a nearly Kihler non Kihler manifold.

If h # 0, then h? admits non vanishing eigenvalues and we can assume
Spec(h?) = {0, —=A?,..., =2}, where each ); is a positive real number. Since
dim M > 5, owing to Theorem 4.4, the eigenvalue 0 is not a simple eigenvalue.
From b) and c¢) of Proposition 4.3, M is locally isometric to the Riemannian
product M’ x N, where M’ is an integral submanifold of the distribution
E]®D(=A2)D...®D(—A?), and N is an integral submanifold of Dy, which
is endowed with a nearly Kahler structure. Now, M’ is endowed with an
induced nearly cosymplectic structure for which 0 is a simple eigenvalue of the
operator h?. Therefore, by Theorem 4.4, we have that A\; = ... = \, and M’
is a b-dimensional nearly cosymplectic non coKahler manifold. Consequently,
the dimension of N is 2n — 4. ]
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