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ABSTRACT: We establish a new oscillation estimate for solutions of nonlinear partial
differential equations of degenerate elliptic type, which yields a precise control on
the growth rate of solutions near their set of critical points. We then apply this
new tool in the investigation of a longstanding conjecture which inquires whether
solutions of the degenerate p-Poisson equation with a bounded source are locally of

1.1
class C?' = CVp-1,
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1. Introduction

In this paper we investigate sharp C1*-regularity estimates for solutions of
the degenerate elliptic equation, with a bounded source,

— Apu = f(x) € L™ (By), p > 2. (1.1)

Establishing optimal regularity estimates is quite often a delicate matter and,
in particular, f(z) € L* is known to be a borderline condition for regularity.
In the linear, uniformly elliptic case p = 2, solutions of

—Au = f(z) € L®(By)

are locally in Ch?, for every a € (0, 1), but may fail to be in C*!. Obtaining
such an estimate in specific situations, like free boundary problems, often
involves a deep and fine analysis.

In the degenerate setting p > 2, the smoothing effects of the operator are
far less efficient. Nonetheless, it is well established, see for instance [4], 19],
that a weak solution to ([1.1]) is locally of class C''*#, for some exponent 3 > 0
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depending, in principle, on dimension and on p. If p/ denotes the conjugate
of p, i.e.,
1

1
=1
p p

the radial symmetric example
— Ay (eplzf”) =1 (1.2)

sets the limits to the optimal regularity and gives rise to the following well
known open problem among experts in the field.

Conjecture (C?-regularity conjecture). Solutions to (1.1) are locally of
1
class CYv1 = C¥ | and

el < My {nfnz;(Bl) ' Huumn} ,

for a constant M, q > 1 independent of u.

This problem touches very subtle issues in regularity theory. As mentioned
above, the conjecture is not true in the linear, uniformly elliptic setting,
p = 2, where merely C11°8lP estimates are possible. Notice further that a
positive answer implies that |z’ — a function whose p-laplacian is constant
(real analytic) — is the least regular among all functions whose p-laplacian
is bounded. This is, at first sight, counterintuitive.

While a full answer to this question still seems out of reach, in this article
we provide a new oscillation estimate (Theorem {.3) which reveals some
essential nuances of the puzzle. This novel tool, which has some other far-
reaching applications, gives a precise control on the oscillation of a solution
to in terms of the magnitude of its gradient,

sup [u(z) — u(0)] < r'7 4 |Vu(0)]r, (1.3)
for a maximum exponent v, to be better explained when time comes. Such
an estimate allows us to bypass one of the key difficulties in the analysis of
the C”-regularity conjecture, namely the fact that if u solves and ¢ is
an affine function, then no PDE is a priori satisfied by (u — ¢). By means
of geometric iteration, estimate yields an improved C1%regularity for
solutions to the p-Poisson equation ((1.1)) which is intimately related to the
CP-regularity conjecture.
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The general analysis we develop in this article confirms the conjecture in
a number of meaningful cases. In particular, we prove the conjecture is true
for the class of radially symmetric solutions of the p-Poisson equation. We
also show that if u is a solution of with no saddle critical points, then
u is locally C?'-smooth.

The paper is organized as follows. In section [2] we describe the mathe-
matical setup used in the paper and announce the main regularity theorem
to be proven, Theorem 2.2l In section [3] we introduce C'- small correctors
that link the regularity theory for to that of p-harmonic functions. The
key, new oscillation estimate is delivered in section [, and in section [5] we
conclude the proof of the main theorem. Applications of the general analysis
are discussed in section [@l

2. Mathematical setup

As usual, hereafter in this paper, d > 1 denotes the dimension of the
Euclidian space R?. Given a real number p > 2, we consider the functional
set

E(p.d) = {ue Wl’p(Bl/Q) ! Apu=0 in Byp},

where A, denotes the p-laplacian operator and the equation is interpreted in
the weak sense. In order to announce our main result, we need a definition.

Definition 2.1. Given a number 0 < o < 1 and ¢t € (0,1/2), we define
= {200 0

. tl—i—a
Finally, we set

il | 2 € Band u € E(p,d)}.
el = (1)

Qupf i= Sup {a €(0,1) | irtlfwa(t) < 1} : (2.1)

Note that the above definition does not restrict the analysis to the origin; it
rather allows for a local inspection. It is well known, see for instance [20], that
there exists an exponent 0 < a(d,p) < 1, and a constant C' = C(d,p) > 1,
such that

[u(z) = [uw(0) + Vu(0) - z]| < C - [lufl gz, - [T,
for any u € Z(d, p) and all € B, 4. Hence, it follows easily that
ay > a(d,p) > 0.
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The above setup, together with the new oscillation control to be proven in
section [}, fosters a friendly platform to treat common issues related to sharp
regularity estimates for the p-Poisson equation. In practical applications,
it so often happens that further information is known about the solution.
If such a property P is closed under the C! topology, the analysis we shall
develop in this paper allows us to impose it to the tangential equation, re-
stricting henceforth the tangential space,

=p(p,d) = {u € Wl’p(Bl/g) ’ u satisfies P and Ayu = 0} ,

which ultimately increases the value of aj;. This powerful insight will be
explored in section [6] If no further information is a priori known, our main
result reads as follows.

Theorem 2.2. Let u € W'(By) be a weak solution of —Ayu = f(x), with
f€L>(By) and vy € (0,-1] N (0, nr). Then u € C*(Byjs) and

» p—1

meﬂwmnzGMWQmm;&ﬁwmmw&Q,

where, Cqp~ > 1 depends only on dimension, p and .

3. Existence of C'-small correctors

In this section, we show that if u is a normalized solution of

~Agu= f()

and || f|lec < 1, then we can find a C* corrector &, with [|£||c: << 1, such that
u + & is p-harmonic. This will allow us to frame the C?' conjecture into the

formalism of the so called geometric tangential analysis, e.g. [5], [1, 2] and
[13, [14], 15, 16], 17, 18]. Here is the precise statement.

Lemma 3.1. Let u € W'P(By) be a weak solution of —Ayu = f in By, with
|u]lo < 1. Given € > 0, there exists 6 = d(p,d,€) > 0 such that if || f|lco <9
then we can find a corrector § € C(Byjs), with

(@) <e and |VE(x)]| <€, in By (3.1)

such that
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Proof: Suppose the result does not hold. We can then find ¢ > 0 and
sequences of functions (u;) and (f;) in W'?(By) and L>(B;), respectively,
such that

—Apuj=f; By lyylle <150 Ifjllee £ 1/7
but, nonetheless, for every £ € C*(B2) such that
—Ap(u;+&) =0 in By,

we have either [£(zg)| > €y or |[V&(xg)| > €, for a certain zg € B, ).
From classical estimates for the p-Poisson equation, we can extract a sub-
sequence, such that, upon relabelling,

Uj — Uoo
in Ol(Bl/Q) as j — 0o. Passing to the limit in the pde, we obtain
—Aptioe =0 in By, with  ||uslleo < 1.
Now, let §; := us — u;. For j, > 1, we have
—Ap(uy, +&.) = —Dpuse =0 in By )y

and
€. (0)| <6 and |VE (7)| <€, Vo€ Byp,
thus reaching a contradiction. |

We conclude this section by commenting that in order to prove Theorem
it is enough to establish it for normalized solutions with small RHS, i.e.,
with || f|lcc < do. Indeed, if u verifies —A,u = f(z), with f € L™, then the
function

u(fz)
Y
is obviously normalized and
or
A

Thus, choosing

o ofoulluls
1 flloo
v satisfies , with small RHS. Once Theorem is proven for v, it im-
mediately gives the corresponding estimate for u.
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4. Analysis on the critical set

In this section, based on an iterative reasoning, we establish a key tool that
allows us to prove the main result of this work.
Hereafter we fix a number

1
0, ——| N (0
76(’29—1} (0, a2)
and denote by i, the average between inf w,(t) and 1, that is:
te(0,2)

1+ inf w,(t
nt 5 (1)
2

The following result is the first step in the iteration.

Py 1= < 1. (4.1)

Lemma 4.1. There exists 0 < A\g < 1/2 and 09 > 0 such that if || f|lcc < o
and uw € WIP(By) is a weak solution of —Ayu = f in By, with ||ulls < 1,
then

sup [u(z) — [u(0) + Vu(0) - z] | < A" ™.

mGBAO

Proof: Take € > 0 to be fixed later, apply the previous lemma to find dy and,
under the smallness assumption on f, a respective corrector & satisfying
and (3.2). From construction, there exists A\g < 1/2, such that w+(\g) < pr,
and, since (u + §) is p-harmonic in B, we can estimate

sup [u+ &| < iy (1+ )N

B,
We further estimate in B):
u(x) = [u(0) + Vu(0) - z]| < [(u+&)(x) = [(u+E)(0) +V(u+E)(0) -
+[E (@) + [£(0)] + [VE(0) - =
< (LA + 3e.
Finally, by continuity, we can choose € universally small such that
1, (1 4+ N+ 3e = A1,

which determines the smallness assumption on || f||o — the constant §; > 0
in the statement of the current lemma — through the conclusion of Lemma
B.1], and the proof is complete. u
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The conclusion of Lemma [4.1] does not, per se, allow an iteration since no
obvious PDE is satisfied by u + ¢, when £ is an affine function. Nonetheless,
it provides the following information on the oscillation of u in B),.

Corollary 4.2. Under the assumptions of the previous lemma,

sup |u(z) — u(0)] < X' + [Vu(0)| .

J}EB)\O
Proof: This is an immediate application of the triangular inequality. ]

The idea is now to iterate Corollary in dyadic balls, keeping a precise
track on the magnitude of the influence of |Vu(0)].

Theorem 4.3. Under the same assumptions of Lemma there exists a
constant C' > 1, depending only on p and ~y, such that

sup |u(z) — w(0)] < Cr'H (1 + |Vu(0)|r7),

rEB,

holds for all r > 0.

Proof: We proceed by geometric iteration. Consider the universal constants
Ao and Jy obtained in Lemma and let

u(Aox) — u(0)

U(«r) )\01_;'_,.)/_'_ ‘V’LL(O)|>\O x 1 ( )
We have [|v||o < 1, v(0) =0, and
Ao
Vo(0) = Vu(0).
(©) Aot 4 [Vu(0) | Ao (©)
Also, one easily estimates
Ao Ao
Ago] = 1) < |F )] < B,

(AOHW + \VU(O)P\O) )\O(Hv)(p—l

which entitles v to Lemma 4.1l Thus
sup [v(z) —v(0)] < Ag"™7 + | Vu(0)| Ao,

$EB)\O

which reads

u(Aoz) — u(0)
Sup |~
2€By, Ao + | Vu(0)| Ao

Ao
At + Vu(0)| o,
’ ‘)\01+7+|Vu(0)])\0 u(0)) A0
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and hence

sup |u(z) — u(0)] < X" A"+ [Vu(0)|No| + [Vu(0)] A3

xEB)\(Q)
In the sequel, we define

ay, := sup |u(z) —u(0)],

reB.
A0

and set
ag

/\]63(1+’7) )

Iterating the previous reasoning, we obtain the recurrence law

aps1 < Mo Tlay + |Vu(0) | AFT

by, ==

Consequently, we estimate

k41 )\01+7ak + ‘VU(OH )\Ingl

. _ —(k+1)y
b1 = \E+D (A7) = A+ (1+7) = b+ [Vu(0)] Ag '
0 0

Now, given 0 < r < )\, let £ € N be such that )\ISH <r < At Then

up 118 O () —u(0)] _ by
r€EDB, rity B xEB)\;é. ()\184-1)1—1—7 )\(1)4_7

k
bo + | Vu(0)] Y A
=1

14
)‘0

—y A1
a0 + [Vu(0)| A7 2

IA

14
)‘0

< 24+ C (Ao, ) [Vu(0)[r™7
< C(1+|Vu(0)|r7),

as desired. Observe that, v being fixed, the constant \y > 0 is universal. =

In accordance to [15], Theorem provides the aimed regularity along the
set of critical points of u, [Vu|}(0). In fact, when |Vu(0)| < 7, Theorem
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4.3 gives
sup |u(x) — [u(0) + Vu(0) - z] | < sup |u(x) — u(0)| + |Vu(0)|r

TEB, rE€DB,

< (C+1)rtt,

In the next section we show how Theorem [4.3|can be used in its full strength
to yield the aimed regularity at any point, regardless of the value of |Vul; it
will be a softer analysis.

5. Analysis on the set of non-degenerate points

We now analyze the oscillation decay around points where the gradient is
large. Recall our ultimate goal is to show that

sup |u(z) — [u(0) + Vu(0) - 2] | < Cr'"7 VO <r < 1.
rEB,

For large values of |Vu/|, the operator is uniformly elliptic and hence stronger
estimates are available. Assume then |Vu(0)| > 77, define p = |Vu(0)|'/”

and take
_ ulpz) — u(0)

w(z) : e

Clearly
w(0) =0, [Vw(O)| =1 and [Ayu] < |f(u)].

Moreover, from Theorem [4.3] it follows that

|u(x) — u(0)]

1
pt

<C,

sup [w(z)| = sup
reB; r€B,

since 7 = |Vu(0)|. From classical C1¥ regularity estimates, there exists a
radius pg, depending only on the data, such that

1

This implies that, in B, , w solves a uniformly elliptic equation. In particular,
we have

we CH(B,), forsome v<p<1.
As an immediate consequence,
sup |(w(z) — Vw(0) 2| < Cr'P VO <r< %

rEB,
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which, in terms of u, reads

u(pr) —u(0) 148
;;115) e — [ Vu(())-x‘ <Cr.

Since v < 8, we conclude

sup |u(x) — [u(0) + Vu(0) x]‘ <COr't Vo<r< ,u,%.

r€B,

Finally, for p2 < r < p, we have

IA

sup |u(x) — [u(0) + Vu(0) - z]

r€B,

sup |u(z) — u(0)| + [Vu(0)| u

reb,

(C+1)u'™

- <2_T> 14
Po

= COrlt.

sup |u(z) — [u(0) + Vu(0) - z] ‘

rEB,

IA

IA

IA

In view of the reduction discussed at the end of section [3 the proof of
Theorem [2.2] is complete. O

6. Special scenarios

Theorem is linked to the C?'-regularity conjecture in the following way:
“if apr > ﬁ, then any function whose p-laplacian is bounded is of class
C?, and the conjecture is verified.” While it seems hard to verify that the
strict inequality holds in general, in this section we explore some particular
scenarios in which further information can be inferred.

6.1. Low dimensions. We start oftf by observing that p-harmonic functions
in the real line are affine functions, thus in 1d, aj; = 1 and hence Theorem
provides a proof of the CP-regularity conjecture in the line — a result
that could perhaps be established by softer tools. In any case, for the sake
of completeness, we write this conclusion as a proposition.

Proposition 6.1. The C”-reqularity conjecture holds true in the real line.
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Such result becomes more appealing when applied to the analysis of d-
dimensional problems which carry some sort of symmetry. By way of exam-
ple, we mention here the theory of (degenerate) phase transition problems,
namely entire solutions of

Apu = (1 —u?)P, (6.1)
satisfying 0,,u > 0 and lim wu(-,z4) = £1. Clearly, by monotonicity in the

Tg—rF00

xrg-variable, any solution to is smooth; however, as no uniform lower
bound on 9,,u is granted, such smoothness could deteriorate. Notwithstand-
ing, by a striking result from [12], if d < 8 or {u = 0} has at most linear
growth at infinity, then level sets are hyperplanes and thus it follows by
the results established in the current paper that we can locally bound the
CP'-norm of u uniformly, i.e., independently of the inf 9, ,u.

Next, for flatland problems, d = 2, more can be said about the underlying
regularity theory for the p-Poisson equation. It is well known, see [3], that
the complex gradient of a p-harmonic function in 2d is K-quasiregular, for

K=K = |0-D+ 2],

In particular, if w is p-harmonic in the unit disk D; C R?, there exists a
constant C' = C(p) such that

s, ) < Cllulzo,

Hence, in dimension two, aj; > ]ﬁ and thus a direct application of Theorem

yields an asymptotic version of the CP’ regularity conjecture, namely a
solution to the p-Poisson equation is locally of class C?" (i.e., belongs
to C?'~¢, for every ¢ > 0). We write up this conclusion as a proposition —
compare with the result from [9] and see also [§].

Proposition 6.2. Let p > 2 and u € WY (Dy) be a two-dimensional weak
solution of —Ayu = f(x), with f € L>(Dy). Given any number 0 < v < ]ﬁ,
there exists a constant C' = C(p,v) > 1 such that

fillor 1 < € (115 + Nuliv )

By means of a hodograph transformation, Iwaniec and Manfredi in [7]
give explicit estimates for the Holder continuity exponent of the gradient
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of p-harmonic functions in the plane which are beyond the threshold zﬁ'
Unfortunately, the estimates in [7] are merely qualitative, i.e., no universal
control is provided through their analysis.

Still in the plane, Evans and Savin proved in [6] (see also [11]) that infinity
harmonic functions, i.e., viscosity solutions of

Aot 1= Uy Uy, Uy, = 0,

are locally of class C17 for some 0 < < 1/3. This result also connects to
the CP-regularity conjecture. Indeed, within the framework setup in section
2, the Evans-Savin Theorem suggests the possibility of proving that ay, is
bounded below, uniformly with respect to p. Once this is confirmed, the
CP-regularity conjecture is solved for p > 1. We plan to come back to this
issue in a forthcoming paper.

6.2. Problems with symmetry. Continuing our analysis, in view of the
extremal example mentioned in (1.2)), it is only natural to inquire about
problems having radial symmetry. Taking full advantage of our general setup,
the key observation is that the functional set

Erad(p, d) := {u € W"(By5) | Apu =0 and u is bounded and radial }

contains only constants. Indeed, if u(x) = ¢(r), then

A= ()P {<p N 1¢'<r>} .

r

Solving the homogeneous ODE, we obtain

Cfatbort i p£d,
Qp(r)_{a—kb-lnr if p=d,

for constants a,b € R. For d > 2, ¢ is C! at the origin if, and only if, b = 0.
As a consequence, when restricted to the set of radially symmetric functions,

one has

rad __
ayr =1,

and therefore we are able to establish the following version of the C*-regu-
larity conjecture for radially symmetric functions.

Theorem 6.3. Let u € WYP(By) be a radially symmetric function whose
p-laplacian is bounded. Then u € CP(B)s), with universal estimates.
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Proof: We start off by revisiting the proof of the existence of C*-small correc-
tors, Lemma [3.1] If we add the extra information that u is radially symmetric
and carry out the compactness argument in the proof, we end up with the
existence of a radially symmetric corrector, &..q, for which v + &.q is p-
harmonic, and ||&.aq|lcr < €, provided || f]| is small enough. As commented
above, u+&.,q must be constant. Next, we prove the radial version of Lemma,

4.1

Lemma 6.4. Let u € WYP(By) be a radially symmetric weak solution of
—Ayu = f in By, with ||u|l.c < 1. There exists 6y > 0 such that if || f]l < do
then

sup [u(ir) — [u(0) + Vu(0) - ]| < G)p/.

T€EB} 7
7

Proof: For € > 0 to be fixed later, let &4 be a radially symmetric corrector
for u with ||§raal|cr < €. Since (u + &raq) is constant, we can estimate in By 7,

u() = [w(0) + Vu(0) - 2| < [(u+ &raa)(2) = [(u + &raa)(0)
+V(u + &aa)(0) - 2|
+/&rad ()] + [£raa(0)] 4 [VEraa (0) - 7|

< 3e.
Finally, we choose € = ﬁ, which determines Jy > 0 — the smallness condition
on || f||ec —, and the proof is concluded. n

We continue the proof of Theorem under the assumptions of Lemma
6.4. Note that when u is radially symmetric, then so is
u(z2) — u(0)
U(ZE) = Vu(0 1
7w [ Vu(0)]7
The triangular inequality applied to Lemma [6.4] assures |v| < 1. As before,
one verifies that

.I'EBI.

|APU‘ < 507

and thus v is also entitled to the conclusion of Lemma [6.4, In summary, we
can carry on with the proof of Theorem (4.3 which ultimately provides the
following oscillation control for u:

sup |u(z) — u(0)] < Cr¥” (1 + [Vu(0)] 7”11P> , Vr>0. (6.2)

TEB,
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In particular, this key estimate implies the aimed C?’ regularity estimate
at critical points and allows for the analysis carried out in section [5], which
finally completes the proof of Theorem [6.3] n

6.3. Problems with controlled singular set. In many applications, the
aimed sharp estimate expected from the C?-regularity conjecture needs only
to be verified along the set of critical points. This is particularly meaningful
in the theory of free boundary problems. In this section we pursue a general

analysis which in particular gives pointwise C?’ estimates at local maxima or
local minima of solutions of ([1.1)).

Definition 6.5. Given a positive number ¢ > 0, a function ¢: B; — R is
said to be a o-cap at 0 if

sup () = ¢(0)] < Clal”.

for a constant C' > 0. The infimum among all constants is denoted by [¢],.

Theorem 6.6. Let u be a bounded solution of —Ayu = f(x) in By, with
f € L>(By). Let & be an interior point and suppose u can be touched from
below at & by a pl-cap ¢. Then u is precisely CP' continuous at &, that is,

|u(z) = u(&)| < Clz — &,
for a positive constant C' > 0 that depends only on dimension, p, ||ul/z=(s,),
1f Iz B,y and [@lp-

Theorem has an analogous version for points that one can touch from
above by a p/-cap. An immediate consequence is that solutions to p-Poisson
equations are CP-regular at any local extremal point, where in fact one can
touch u by a hyperplane. The proof of Theorem is based on a flattening
argument, which goes along the lines of the arguments developed in section

4.

Lemma 6.7. Given n > 0, there exists 6 > 0, depending only on n and
universal parameters, such that if |[v| < 1 in By and —Ayv = f(z) in By,
then

B,

T (v(o> - infv) <5

implies
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Proof: Suppose, for the sake of contradiction, that the thesis of the lemma
fails to hold. This means we can find 7y > 0, a sequence of positive numbers
r; — 0, and sequences of functions (v;);en, (fj);en satisfying
) ol < 1o e+ (400) iy ) <
1
b) —Ayv; = f;(z) in By;

By compactness, v; converges in the C'-topology to a function vy, in B /2
and from stability we conclude that v, solves the homogeneous equation

_Apvoo = 0, in Bl/Q'

From a) we immediately conclude v, attains its minimum value at 0, and
hence, by the strong maximum principle of Véazquez ([21]), we conclude that
Uso = Uso(0). This gives a contradiction with c) if we take j > 1. The lemma
is proven. |

Proof of Theorem [6.6. With no loss of generality, we can assume &, is the
origin and u(0) = 0. Let ¢(x) be the p/-cap touching u at 0 from below.
Define v(z) = u(Az). One simply checks that v verifies

—Ayu(x) = N f(Ax).
Owing to Lemma [6.7, we choose A > 0 such that
2N fll oo (By) < 0x,y (6.3)

where 6, > 0 is the closeness number given by Lemma [6.7] when one takes
n = 277, From uniform Lipchitz continuity,

[o(@)] = |u(Az) = w(0)] < Cllull ez, 1 ]| oe(m1)) A

Hence, selecting a smaller A > 0 if necessary, we can assume |v| < 1, for all
x € B;. Yet by uniform continuity,

(U(O) — inf v) = —infu
B B\
O

57

IA
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if A > 0 is once more diminished, if necessary. Finally, v is touched from
below by the p/-cap ¢(z) := p(Ax). We can estimate

sup @ < [N - 1.
B,

Thus, if we take A > 0 even smaller, if necessary, we can further assume

Ox

(= <§

Now, we aim to prove that for any j € N, there holds

osc v(x) < 2777 (6.4)
By-j
We argue by finite induction. By our previous selections, Lemma gives

the first step in the induction process. Suppose we have verified (6.4)) for
j=1,2,--- k. Define

Vg () = 2" 0 (27F 7).

Initially, from the induction process we readily verify that v;,1(0) = 0,
lug41] < 1 and
Ayl S ¥ |7 a0)
(6.5)
E’
by the decision made in . Also, from the p/-cap control from below, we
can estimate

IA

(ka(O) — igkaﬂ) = 2k inf v

IA
[\
<
=
’—h
©

IA
|

We can now apply Lemma to vg41, which yields

osc Vg1 (z) = 257" osc v(z) < 277, (6.6)

1/2 o—k

and the induction chain is complete. Finally, given any 0 < r < 1, let k € N
be such that

27kl <97k,



THE CP-REGULARITY CONJECTURE 17

We estimate, defining p = Ar,

0SCU = O0SCV
B, B,
< o0scv
B,y
< 2—kp/
r\ 7
< (3)
21
< oV
= g
and the theorem is proven. |
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