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1. Results

Consider the complex n-dimensional space C" endowed with the indefinite
inner product
[, yls =y Jz, z,yeC"
where J = I, & —1,,_,, and corresponding J-norm
[, 2]y = |o P+ o = e = =

In the sequel we shall assume that 0 < r < n, except where otherwise stated.
The J-adjoint of A € C™*" is defined and denoted as

A%z, 2] = [z, Ax]

or, equivalently, A* := JA*J. The matrix A is said to be J-Hermitian if
A# = A, and is J-positive definite (semi-definite) if JA is positive definite
(semi-definite). This kind of matrices appears on Quantum Physics and in
Symplectic Geometry [15] and deserved some investigation (e.g. see [3] and
[16] and references therein). An arbitrary matrix A € C"*" may be uniquely
written in the form
A=Re’A+iIm’A,
where
Re’/A = (A+ A%)/2, Im’ A = (A — A%)/(2)

are J-Hermitian. This is the so-called J-Cartesian decomposition of A. J-
Hermitian matrices share properties with Hermitian matrices, but they also
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have important differences. For instance, they have real and complex eigen-
values, these occurring in conjugate pairs. Nevertheless, the eigenvalues of a
J-positive matrix are all real, being r positive and n — r negative, accord-
ing to the J-norm of the associated eigenvectors being positive or negative.
A matrix A is said to be J-accretive (vesp. J-dissipative) if JRe’ A (resp.
J ImJA) is positive definite. If both matrices JRe” A and JIm” A are positive
definite the matrix is said to be J-accretive dissipative.

We are interested in obtaining determinantal inequalities for J-accretive
dissipative matrices. There have been published some papers extending de-
terminantal inequalities for positive semi-definite matrices to the setting of
accretive-dissipative matrices, or, more generally, to sector matrices. The
reader may consult [7, 10, 11, 13, 17] on this topic. Our main goal is to
present some related new results. Some of the used techniques in this note
may be applied to the problems treated in the above mentioned papers.

Throughout, we shall be concerned with the set

D'(A,C) = {det(A+VCV#): V € U(r,n —r)},

where A, C' € C™™ are J-unitarily diagonalizable with prescribed eigenvalues
and U(r,n—r) is the group of J-unitary transformations in C" (V' is J-unitary
if VV# = I). The so-called J-unitary group is connected, nevertheless it is
not compact. As a consequence, D’ (A, C) is connected. This set is invariant
under the transformation C — UCU? for every J-unitary matrix U, and,
for short, D7(A, C) is said to be J-unitarily invariant.

In the sequel we use the following notation. By S,, we denote the symmetric
group of degree n, and we shall also consider

S1={o€Suialj)=j, j=r+1,....n} (L1)

S'={oeS,:0(j)=4j j=1,...,r} (1.2)
Let o, 7, € C, j = 1,...,n denote the eigenvalues of A and C, respectively.
The 7!(n — r)! points

r n

o = T = H(&j + 75(3)) H (aj +’}/T(j))7 § € S:w T EC S; (13)
j=1 J=r+1
belong to D’(A,C).
The purpose of this note, which is in the continuation of [1], is to establish
the following results.
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Theorem 1.1. Let J = I, & —1, ., and A and C be J- positive matrices
with prescribed eigenvalues

a1 > > >0> 041> .0 > (1.4)

and
’712---2%">0>%”+12---Z’7n7 (15)

respectively. Then
|det(A +iC)| > |ag +im|. .. |y + iV,

Remark 1.2. For A, C, J-positive matrices, let 8; and A;, ordered so that
B1>...2 Bn, A1 > ... >\, be the eigenvalues of JA and JC', respectively.
Then, (cf. [4, pp.182-183]),

L1185 +ix] < ldet(A+iC)| <[] 18 +irn sl

j=1 j=1
Corollary 1.3. Let J = I, & —1,_,, and B be a J-accretive dissipative
matriz. Assume that the eigenvalues of Re’B and Im” B satisfy (1.4) and
(1.5), respectively. Then,

[det(B)] > |a1 + im] . .. |an + i

Remark 1.4. The lower bounds for the determinant obtained in [4] and the
new one presented in Theorem 1.1 should be compared. Indeed, let

J3 = diag(1,1,—1), A= diag(3,1,—-2),

Rt —V/3 62
(13:Z /3 15 —6V6] .
—6v2 6v6 —20

The eigenvalues of C5 are 3, 1, —2, while the eigenvalues of J3C5 are (9 +
V73)/2, 3, (9—+/73)/2. Thus, 10 < | det(Az +iC3)| according to the bound
in [4] and 6+/2 < |det(As + iC3)| according to Theorem 1.1. So, for n > 3,
the new bound may be better.

Example 1.5. In order to illustrate the necessity of A and C' to be J-
positive matrices in Theorem 1.1, let A = diag(aq,as), C' = diag(y1, 72),
with a7 = 11 = 1, ag = 3/2, 72 = —2, and J = diag(1l,—1). We find
(a2 + v3) (a3 + ~3) = 27/2. However, the minimum of |det(A + iV BV#|?,
for V' ranging over the J-unitary group , is 49/4. So, if one of A,C is not
J-positive, Theorem 1.1 does not hold.
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Theorem 1.6. Let J =1,®—1,_,, and A and C be J-unitary matrices with
prescribed eigenvalues

Ay ee ey Qpy Qpy 1,000, Qi
and

YL Ve Yr+1y - - - U
respectively. Assume moreover that

Say Sa, Say41 Say,
— < ... < —— <0< <.. < ——
2(1 4+ Ray) 2(1 + Ray) 2(1 + Ravy41) 2(1 4+ Rovy)

(1.6)
and
_Sn o S g S o S
2(1 —Rm) 2(1 — Ry,) 2(1 — Rvy,41) 2(1 — Ry,)
(1.7)
Then

DY(A,C)={(c + 1) ... (an +y)t : t > 1}.

We shall present the proofs of the above results in the next section.

2. Proofs
Lemma 2.1. Let g : U(r,n —r) — R be the real valued function defined by
g(U) = det(I + Ay UCJU* JA; ' UCyJU*J),

where Ay = diag(ay, ..., o), Cy = diag(y1,...,7) and o,y satisfy (1.4)
and (1.5). Then the set

{UeU(r,n—r):g9(U) <a},

a>H(1+a—]2>,

j=1 J

where

18 compact.
Proof: Notice that JAy > 0, JCy > 0, so we may write
g(U) =det(I + WW*WW™),

where

W = (JAy)Y2U(JCy)Y2.
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The condition g(U) < a implies that W is bounded, and is satisfied if we
require that WW* < kI, for k > 0 such that (1 + x?)" < a. Thus, also U is
bounded. The result follows by Heine-Borel Theorem. ]

Proof of Theorem 1.1.

Under the hypothesis, A is nonsingular. Since the determinant is J-unitarily
invariant and C' is J-unitarily diagonalizable, we may consider

C = diag(y1, .-, Vn)-
We observe that
| det(A + Z'C)\2 = det ((A+iC)(A —iC))

_ (ﬁ @i> det (I +iA™'C)I —iA7'(C))

Clearly,
det (I +iA7'C)(I —iA™'C)) = det(I + AT'CAT'O).

The set of values attained by |det(A + iC)[? is an unbounded connected
subset of the positive real line. In order to prove the unboundedness, let
us consider the J-unitary matrix V' obtained from the identity matrix [
through the replacement of the entries (r,r), (r+ 1,7 + 1) by cosh wu, and
the replacement of the entries (r,7+1), (r+1,r) by sinh u, u € R. We may
assume that Ay = diag(ay, ..., a,). A simple computation shows that
n
[ det(Ag + iVOVH)P = [ [(a] + 7))

j=1
—2(ar — 1) (3 — Yr41) (1% + QYps1) (sinh w)?
+(ar = ar1)* (3 — Yr41)” (sinh u)4'
Thus, the set of values attained by |det(Ag + iV CV#)| is given by

(& + )2 (@2 +42) Y2, +oo

As a consequence of Lemma 2.1, the set of values attained by | det(A+iC)|?
is closed and a half-ray in the positive real line. So, there exist matrices
A, C such that the endpoint of the half-ray is given by |det(A + iC)|?. Let

us assume that the endpoint of this half-ray is attained at | det(A + iC)|?.
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We prove that A commutes with C'. Indeed, for ¢ € R and an arbitrary
J-Hermitian X, let us consider the J-unitary matrix given as

2
eiX:i+ieX—%X2+....
We obtain by some computations
f(e) == det(I + A7 le "X CelX A7l X CeleX)
=det(I + A'CAIC —ie(A X, ClAIC + A'CATYX, O]) + O(?)
=det(I + A'CATIO)
xdet (I —ie(I + A'CAT'C) W ATX, CJATIC + AT'CAT X, )
+0(é%)
=det(I + A 'CA'C)
x exp (—tetr((I + AlcA oy AT X, clATiC + AT lc AT X, C])))
+O0(€),

where [X,Y] = XY — Y X denotes the commutator of the matrices X and
Y. The function f(e) attains its minimum at det(I + A*CA~1C), if

d
S
de -0

Then we must have
tr ([ +A'CAT'C) (ATX,ClA™'C+ A7'CATY X, Q) =0,
for every J-Hermitian X. That is
[C,(AT'C(I+ AT'CATO) T A T+ (T + A fcA o) tA T cA )] =0,
and so, performing some computations, we find
[C, (A 'C(I+AtcA o)y A '+ (T + A tcA ey tAtcAtO))

AlCcA-IC I
=2 [C’ I+ A—lCA—lC] =2 {C’ '~y acaic

I
=2 [C’ ]+A1(JA1(J]
B 21 s
= 3Gy 6 (407

I
I+ (A-1C)

5= 0.
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Thus
[C,(A7*C)?*] = 0.
Assume that C, which is in diagonal form, has distinct eigenvalues. Then
(A71C)? is a diagonal matrix as well as ((JA)"1JC)?. Furthermore,
(JO)2(TA)H(IC)'2)?

is diagonal. Since (JC)Y2(JA)~1(JC)Y? is positive definite, it is also diag-
onal, and so are (JA)"'JC and A7'C . Henceforth, A is also a diagonal
matrix and commutes with C'. (If C' has multiple eigenvalues we can apply
a perturbative technique and use a continuity argument).

For o € S,, such that o(1),...,0(r) <r, we have

(F+720) - (@ +920) = (@ +97) - (o) + 7).
Thus, the result follows. |

In the proof of Theorem 1.6, the following lemma is used (cf. [1, Theorem
1.1]).

Lemma 2.2. Let B, D be J-positive matrices with eigenvalues satisfying

612~--26r>0>57’+12--->6m
and
01>2...20,>0>6,.1>...>0,.
Then
D'(B,D) ={(B1+61)...(Bp+6,) t:t>1}.

Proof of Theorem 1.6.

Since, by hypothesis, A, C', are J-unitary matrices, considering convenient
Mobius transformations, it follows that
1 A—1 1O+ 1
B=—-—— D=——— 2.1
2A+ 1’ 2C -1 (2.1)
are J-Hermitian matrices. Since
B+D=—i(A+1) (C+A)C -1,

we obtain

det(A+ C)
[I= (T +ay)(1 =)

det(B + D) = i"
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Assume that the eigenvalues of B and D are

o(B) =A{b,.... 0}, o(D)={b1,... 0},
respectively. From (2.1) we get,

B = Sy s S
7204 Raey) T 20— Ry
From (1.6) and (1.7) we conclude that

512~-~26r>0>6r+12--->6m

and

612---25r>0>5r+12--->5n7

so that the matrices B and D are J-positive. From Lemma 2.2 it follows
that

D/(B,D) ={(Bi+61)...(Bn+ )t : t >1}.
Thus, D7(A, C) is a half-line with endpoint at

(041 —|—’}/1> e (ozn +’7n),

or, more precisely,
D'(A,C)={(a1+7) ... (an+7y) t:t>1}. m

As a final comment, we recall that, related with the problems here con-
sidered, there is a longstanding conjecture of Marcus-de Oliveira [14] on the
determinant of the sum of normal matrices with prescribed spectra, which
still remains open (cf. [2, 6, 8, 12]).

Acknowledgement

The authors wish to thank the Referee for most valuable comments.

This work was partially supported by the Centre for Mathematics of the
University of Coimbra — UID/MAT/00324/2013, funded by the Portuguese
Government through FCT/MEC and co-funded by the European Regional
Development Fund through the Partnership Agreement PT2020.



DETERMINANTAL INEQUALITIES FOR J-ACCRETIVE DISSIPATIVE MATRICES 9

References

1]
2]
[3]

[4]

N. Bebiano, and J. da Providéncia, A Fiedler-type Theorem for the Determinant of J-Positive
matrices, Mathematical Inequalities and Applications 19 (2016) 663-669.

N. Bebiano, A. Kovacec and J. da Providéncia, The validity of Marcus-de Oliveira Conjecture
for essentially Hermitian matrices, Linear Algebra Appl. 197 (1994) 411-427.

N. Bebiano, R. Lemos, J. da Providéncia and G. Soares, Further developments of Furuta
inequality of indefinite type, Mathematical Inequalities and Applications, 13 (2010) 523-535.
R. Bhatia, Matriz Analysis, Springer, 1997.

J.Bognar, Indefinite inner product spaces, Springer, 1974.

S.W. Drury and B. Cload, On the determinantal conjecture of Marcus and de Oliveira, Linear
Algebra and its Applications 177 (1992) 105-109.

S. Drury and M. Lin, Reversed Fischer determinantal inequalities, Linear and Multilinear
Algebra 62 (2014) 1069-1075.

S.W. Drury, Essentially Hermitian matrices revisited, Electronic Journal of Linear Algebra 15
(2006) 285-296.

M. Fiedler, The determinant of the sum of Hermitian matrices, Proc. Amer. Math. Soc. 30
(1971) 27-31.

A. George and Kh.D. Ikramov,On the properties of accretive-dissipative matrices, Math. Notes
77 (2005) 769-796.

Kh.D. Ikramov, Determinantal inequalities for accretive-dissipative matrices, J. Math. Sci.
(N.Y.) 121 (2004) 2458-2464.

C.-K. Li, Y.-T. Poon and N.-S. Sze, Ranks and determinants of the sum of matrices from
unitary orbits, Linear and Multilinear Algebra 56 (2008) 108-130.

M. Lin, Fischer type determinantal inequalities for accretive-dissipative matrices, Linear Al-
gebra and its Applications 438 (2013) 2808-2812.

M. Marcus, Plucker relations and the numerical range, Indiana Univ. Math. J. 22 (1973)
1137-1149.

D. Mc Duff and D. Salamon, Introduction to Symplectic Topology, Oxford Matematical Mono-
graphs, Clarendon Press, 1998.

H. Nakazato, N. Bebiano and J. da Providéncia, J-orthostochastic matrices of size 3 X 3 and
numerical ranges of Krein space operators, Linear Algebra and its Applications 407 (2005)
211-232.

Pingping Zhang, Extension of Matic’s results, Linear Algebra and its Applications 486 (2015)
328-334.

NATALIA BEBIANO
CMUC, DEPARTMENT OF MATHEMATICS, UNIVERSITY OF COIMBRA, 3001-501 COIMBRA, PORTUGAL

E-mail address: bebiano@mat.uc.pt

JOAO DA PROVIDENCIA
CF1sUC, DEPARTAMENTO DE FisicA, UNIVERSIDADE DE COIMBRA, 3001-501 COIMBRA, PORTUGAL

E-mail address: providencia@fis.uc.pt



