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ABSTRACT: The aim of this paper is to solve a problem proposed by Dominique
Bourn: to provide a categorical-algebraic characterisation of groups amongst mo-
noids and of rings amongst semirings. In the case of monoids, our solution is given
by the following equivalent conditions:
(i) G is a group;
(ii) G is a Mal’tsev object, i.e., the category Ptg(Mon) of points over G in the
category of monoids is unital;
(iii) G is a protomodular object, i.e., all points over G are stably strong, which
means that any pullback of such a point along a morphism of monoids ¥ — G
determines a split extension

OHK%X$YHO

in which k£ and s are jointly strongly epimorphic.
We similarly characterise rings in the category of semirings.

On the way we develop a local or object-wise approach to certain important condi-
tions occurring in categorical algebra. This leads to a basic theory involving what we
call unital and strongly unital objects, subtractive objects, Mal’tsev objects and pro-
tomodular objects. We explore some of the connections between these new notions
and give examples and counterexamples.
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1. Introduction

The concept of abelian object plays a key role in categorical algebra. In the
study of categories of non-abelian algebraic structures—such as groups, Lie
algebras, loops, rings, crossed modules, etc.—the “abelian case” is usually seen
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as a basic starting point, often simpler than the general case, or sometimes
even trivial. Most likely there are known results which may or may not be
extended to the surrounding non-abelian setting. Part of categorical algebra
deals with such generalisation issues, which tend to become more interesting
precisely where this extension is not straightforward. Abstract commutator
theory for instance, which is about measuring non-abelianness, would not exist
without a formal interplay between the abelian and the non-abelian worlds,
enabled by an accurate definition of abelianness.

Depending on the context, several approaches to such a conceptualisation
exist. Relevant to us are those considered in [3]; see also [211 31], 29] and the
references in [3]. The easiest is probably to say that an abelian object is an
object which admits an internal abelian group structure. This makes sense as
soon as the surrounding category is unital—a condition introduced in [5], see
below for details—which is a rather weak additional requirement on a pointed
category implying that an object admits at most one internal abelian group
structure. So that, in this context, “being abelian” becomes a property of the
object in question.

The full subcategory of a unital category C determined by the abelian objects
is denoted Ab(C) and called the additive core of C. The category Ab(C) is
indeed additive, and if C is a finitely cocomplete regular [2] unital category,
then Ab(C) is a reflective [3] subcategory of C. If C is moreover Barr exact [2],
then Ab(C) is an abelian category, and called the abelian core of C.

For instance, in the category Liex of Lie algebras over a field K, the abelian
objects are K-vector spaces, equipped with a trivial (zero) bracket; in the
category Gp of groups, the abelian objects are the abelian groups, so that
Ab(Gp) = Ab; in the category Mon of monoids, the abelian objects are abelian
groups as well: Ab(Mon) = Ab; etc. In all cases the resulting commutator
theory behaves as expected.

Beyond abelianness: weaker conditions. The concept of an abelian ob-
ject has been well studied and understood. For certain applications, however, it
is too strong: the “abelian case” may not just be simple, it may be too simple.
Furthermore, abelianness may “happen too easily”. As explained in [3], the
Eckmann-Hilton argument implies that any internal monoid in a unital cate-
gory is automatically a commutative object. For instance, in the category of
monoids any internal monoid is commutative, so that in particular an internal
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group is always abelian: Gp(Mon) = Ab. Amongst other things, this fact is
well known to account for the abelianness of the higher homotopy groups.

If we want to capture groups amongst monoids, avoiding abelianness turns
out to be especially difficult. One possibility would be to consider gregarious
objects [3], because the “equation”

commutative + gregarious = abelian

holds in any unital category. But this notion happens to be too weak, since
examples were found of gregarious monoids which are not groups. On the other
hand, as explained above, the concept of an internal group is too strong, since
it gives us abelian groups. Whence the subject of our present paper: to find
out how to

characterise non-abelian groups inside the category of monoids

in categorical-algebraic terms. That is to say, is there some weaker concept than
that of an abelian object which, when considered in Mon, gives the category Gp?

This question took quite a long time to be answered. As explained in [13], [14],
the study of monoid actions, where an action of a monoid B on a monoid X is a
monoid homomorphism B — End(X) from B to the monoid of endomorphisms
of X, provided a first solution to this problem: a monoid B is a group if and
only if all split epimorphisms with codomain B correspond to monoid actions
of B. However, this solution is not entirely satisfactory, since it makes use
of features which are typical for the category of monoids, and thus cannot be
exported to other categories.

Another approach to this particular question is to consider the concept of
& -protomodularity [I3], 15, @], which allows to single out a protomodular [4]
subcategory .(C) of a given category C, depending on the choice of a con-
venient class . of points in C—see below for details. Unlike the category of
monoids, the category of groups is protomodular. And indeed, when C = Mon,
the class . of so-called Schreier points [26] does characterise groups in the
sense that .#(Mon) = Gp. A similar characterisation is obtained through the
notion of .#-Mal’tsev categories [9]. However, this characterisation is “rela-
tive”, in the sense that it depends on the choice of a class .. Moreover, the
definition of the class . of Schreier points is ad-hoc, given that it again cruci-
ally depends on C being the category of monoids. So the problem is somehow
shifted to another level.

The approach proposed in our present paper is different because it is local and
absolute, rather than global and relative. “Local” here means that we consider
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conditions defined object by object: protomodular objects, Mal’tsev objects,
(strongly) unital objects and subtractive objects. While .#-protomodularity
deals with the protomodular subcategory .#(C) as a whole. “Absolute” means
that there is no class .% for the definitions to depend on.

More precisely, we show in Theorem [7.7] that the notions of a protomodular
object and a Mal’'tsev object give the desired characterisation of groups amongst
monoids—whence the title of our paper. Moreover, we find suitable classes of
points which allow us to establish the link between our absolute approach and
the relative approach of .#-protomodularity and the .#-Mal'tsev condition
(Proposition and Proposition [6.17)).

The following table gives an overview of the classes of objects we consider,
and what they amount to in the category of monoids Mon and in the category
of semirings SRng. Here GMon denotes the category of gregarious monoids
mentioned above.

TABLE 1. Special objects in the categories Mon and SRng

all unital subtractive strongly unital Mal'tsev protomodular
objects objects  objects objects objects objects

C U(C) S(C) SU(C) M(C) P(C)
Mon Mon GMon GMon Gp Gp
SRng  SRng Rng Rng Rng Rng

In function of the category C it is possible to separate all classes of special
objects occurring in Table [Il Indeed, a given category is unital, say, precisely
when all of its objects are unital; while there exist examples of unital categories
which are not subtractive, Mal’tsev categories which are not protomodular, and
SO on.

The present paper is the starting point of an exploration of this new object-
wise approach, which is being further developed in ongoing work.

Example: protomodular objects. Let us, as an example of the kind of
techniques we use, briefly sketch the definition of a protomodular object. Given
an object B, a point over B is a pair of morphisms (f: A - B,s: B - A)
such that fs = 1. A category with finite limits is said to be protomodular [4]
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3| when for every pullback

CXBA$A

TC fl s

¢ g

of a point (f, s) over B along some morphism g with codomain B, the morphisms
w4 and s are jointly strongly epimorphic: they do not both factor through
a given proper subobject of A. In a pointed context, this condition is equiv-
alent to the validity of the split short five lemma [4]. This observation gave
rise to the notion of a semi-abelian category—a pointed, Barr exact, proto-
modular category with finite coproducts [22]—which plays a fundamental role
in the development of a categorical-algebraic approach to homological algebra
for non-abelian structures; see for instance [11], 19, [T, 18 [30].

A point (f,s) satisfying the condition mentioned above (that m4 and s are
jointly strongly epimorphic) is called a strong point. When also all of its pull-
backs satisfy this condition, it is called a stably strong point. We shall say
that B is a protomodular object when all points over B are stably strong
points. Writing P(C) for the full subcategory of C determined by the protomo-
dular objects, we clearly have that P(C) = C if and only if C is a protomodular
category. In fact, P(C) is always a protomodular category, as soon as it is clo-
sed under finite limits in C. We study some of its basic properties in Section [7],
where we also prove one of our main results: if C is the category of monoids,
then P(C) is the category of groups (Theorem [T.7)). This is one of two answers
to the question we set out to study, the other being a characterisation of groups
amongst monoids as the so-called Mal’tsev objects (essentially Theorem [6.13]).

Structure of the text. Since the concept of a (stably) strong point plays
a key role in our work, we recall its definition and discuss some of its basic
properties in Section 2l Section [ recalls the definitions of .#-Mal’tsev and
<-protomodular categories in full detail.

In Section 4l we introduce the concept of strongly unital object. We show that
these coincide with the gregarious objects when the surrounding category is
regular. We prove stability properties and characterise rings amongst semirings
as the strongly unital objects (Theorem [£.3)).
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Section [ is devoted to the concepts of unital and subtractive object. Our
main result here is Proposition .14 which, mimicking Proposition 3 in [23],
says that an object of a pointed regular category is strongly unital if and only
if it is unital and subtractive.

In Section [ we introduce Mal’tsev objects and prove that any Mal'tsev
object in the category of monoids is a group (Theorem [6.13]). Section [1 treats
the concept of a protomodular object. Here we prove our paper’s main result,
Theorem [Z.7: a monoid is a group if and only if it is a protomodular object,
and if and only if it is a Mal’tsev object. We also explain in which sense the
full subcategory determined by the protomodular objects is a protomodular
core [15].

2. Stably strong points

We start by recalling some notions that occur frequently in categorical alge-
bra, focusing on the concept of a strong point.

2.1. Jointly strongly epimorphic pairs. A cospan (r: C — A;s: B — A)
in a category C is said to be jointly extremally epimorphic when it does
not factor through a monomorphism, which means that for any commutative
diagram where m is a monomorphism

AR

the monomorphism m is necessarily an isomorphism. If C is finitely complete,
then it is easy to see that the pair (r,s) is jointly epimorphic. In fact, in
a finitely complete category the notions of extremal epimorphism and strong
epimorphism coincide. Therefore, we usually refer to the pair (r,s) as being
jointly strongly epimorphic. Recall that, if C is moreover a regular cate-
gory [2], then extremal epimorphisms and strong epimorphisms coincide with
the regular epimorphisms.

2.2. The fibration of points. A point (f: A —> B,s: B— A) in C is a
split epimorphism f with a chosen splitting s. Considering a point as a diagram
in C, we obtain the category of points in C, denoted Pt(C): morphisms between
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points are pairs (x,y): (f,s) = (f',s’) of morphisms in C making the diagram

p——a—1.p
/ / /
B'——~>A—~B

commute. If C has pullbacks of split epimorphisms, then the functor
cod: Pt(C) — C, which associates with every split epimorphism its codomain,
is a fibration, usually called the fibration of points [4]. Given an object B
of C, we denote the fibre over B by Ptp(C). An object in this category is a
point with codomain B, and a morphism is of the form (z, 1p).

2.3. Strong points. We now assume C to be a finitely complete category.

Definition 2.4. We say that a point (f: A - B,s: B — A) is astrong point
when for every pullback

CXBAWHAA

7l (A)

TC
<]—CaSg>

C——B

along any morphism g: C' — B, the pair (74, s) is jointly strongly epimorphic.

Strong points were already considered in [27], under the name of regular
points, and independently in [8], under the name of strongly split epimorphisms.

Many algebraic categories have been characterised in terms of properties
of strong points (see [5, [B]), some of which we recall throughout the text.
For instance, by definition, a finitely complete category is protomodular [4]
precisely when all points in it are strong. For a pointed category, this condition
is equivalent to the validity of the split short five lemma [4]. Examples of
protomodular categories are the categories of groups, of rings, of Lie algebras
(over a commutative ring with unit) and, more generally, every variety of §2-
groups in the sense of Higgins [20]. Protomodularity is also a key ingredient in
the definition of a semi-abelian category [22].

On the other hand, in the category of sets, a point (f, s) is strong if and only
if f is an isomorphism. To see this, it suffices to pull it back along the unique
morphism from the empty set @.
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2.5. Pointed categories. In a pointed category, we denote the kernel of
a morphism f by ker(f). In the pointed case, the notion of strong point
mentioned above coincides with the one considered in [28]:

Proposition 2.6. Let C be a pointed finitely complete category.
(1) A point (f,s) in C is strong if and only if the pair (ker(f),s) is jointly
strongly eptmorphic.
(2) Any split epimorphism f in a strong point (f, s) is a normal epimorphism.

Proof: (1) If (f,s) is a strong point, then (ker(f),s) is jointly strongly epi-
morphic: to see this, it suffices to take the pullback of f along the unique
morphism with domain the zero object. Conversely, if we take an arbitrary
pullback as in (Al), then ker(f) = m4{0, ker(f)). We conclude that (74, s) is
jointly strongly epimorphic because (ker(f), s) is.

(2) Since (f, s) is a strong point, the pair (ker(f), s) is jointly strongly epi-
morphic; thus it is jointly epimorphic. It easily follows that f is the cokernel
of its kernel ker(f). |

In a pointed finitely complete context, asking that certain product projec-
tions are strong points gives rise to the notions of unital and strongly unital
categories. In fact, when for all objects X, Y in C the point

(mx: X xY > X, (1x,00: X > X xY)

is strong, C is said to be a unital category [5]. The category C is called
strongly unital ([5], see also Definition 1.8.3 and Theorem 1.8.15 in [3]) when
for all objects X in C the point

(7T12XXX—>X, AX=<1X71)(>ZX—>X><X)

is strong. Observe that we could equivalently ask the point (w9, Ax) to be
strong. It is well known that every strongly unital category is necessarily
unital [3, Proposition 1.8.4].

Examples 2.7. As shown in |3 Theorem 1.2.15], a variety in the sense of
universal algebra is a unital category if and only if it is a Jénsson—Tarski va-
riety. This means that the corresponding theory contains a unique constant 0
and a binary operation + subject to the equations 0 + z =2z =z + 0.

In particular, the categories of monoids and of semirings are unital. Moreover,
every protomodular category is strongly unital.
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2.8. Stably strong points. We are especially interested in those points for
which the property of being strong is pullback-stable.

Definition 2.9. We say that a point (f, s) is stably strong if every pullback
of it along any morphism is a strong point. More explicitly, for any morphism g,
the point (m¢, (1¢, sg)) in Diagram (Al) is strong.

Note that a stably strong point is always strong (it suffices to pull it back
along the identity morphism) and that the collection of stably strong points
determines a subfibration of the fibration of points.

In a protomodular category, all points are stably strong (since all points
are strong). In the category of sets, all strong points are stably strong (since
isomorphisms are preserved by pullbacks).

2.10. The regular case. In the context of regular categories [2], (stably)
strong points are closed under quotients: this means that in any commuta-
tive diagram

A$> Al

[

B 7> BI,

where o and [ are regular epimorphisms and (f,s) is (stably) strong, also
(f',s") is (stably) strong.

Proposition 2.11. In a reqular category, (stably) strong points are closed
under quotients.
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Proof: Let us first prove that the quotient of a strong point is always strong.
So let (f,s) be a strong point, and consider the diagram

Oé/

P > P
\x T Al
A—= > A/
f s
C oo rlls
B ; > B,

where P’ is the pullback of f" along an arbitrary morphism ¢', C' is the pullback
of ¢’ along 3, and P is the pullback of f along g. By pullback cancelation,
the upper square is a pullback too, hence by regularity o is a regular epi-
morphism. Since « is a regular epimorphism, we have that ams and as are
jointly strongly epimorphic. Then it easily follows that w4 and s’ are jointly
strongly epimorphic, so that the point (f’,s’) is a strong point.

If now (f, s) is stably strong, then the point P < C'is strong. As its quotient,
the point P’ < C' is strong. Hence (f',s') is stably strong.

Note that the first claim still holds if the category is just finitely complete;
we only use the regularity of o/ in the second claim. u

As a consequence, in a regular category, a point (f,s) is stably strong if
and only if the point (71,{14, sf)) induced by its kernel pair is stably strong.
Equivalently one could consider the point (g, {(sf,14)).

Certain pushouts involving strong points are necessarily regular pushouts.
Recall that such is a commutative square of regular epimorphisms

A —"> A

b

\4

B'?>B

where also the comparison arrow (f',ay: A’ — B’ xp A is a regular epi-
morphism. It is well known that every regular pushout is a pushout.
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A double split epimorphism in a category C is a point in the category of
points in C, so a commutative diagram

where the four “obvious” squares commute.

Lemma 2.12. In a reqular category, every double split epimorphism as in (Bl),
in which (g,t) is a stably strong point, is a regular pushout.

Proof: Take the pullback Ax gC of f and g, consider the comparison morphism
(', [ D — A xpC and factor it as a regular epimorphism e: D — M fol-
lowed by a monomorphism m: M — A xp C. Since (g,t) is a stably strong
point, its pullback (m4,{14,tf)) in the diagram

<59,1C> TC

C1+—AxpC+—C
o flown ]
B——A——18

is a strong point. As a consequence, the pair ({(sg, 1), (14,tf)) is jointly
strongly epimorphic. They both factor through the monomorphism m as in
the diagram

——> AxgC<—A

(sg.1cy Aatfy

so that m is an isomorphism. n
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Lemma 2.13. In a regular category, consider a commutative square of reqular
epimorphisms with horizontal kernel pairs

Eq(g) == A’ —2> A

)
ﬂi lf lf
)

\4

Eq(h) <= B'— > B.

If any of the commutative squares on the left is a regular pushout (and so, in
particular, f" is a reqular epimorphism), then the square on the right is also a
reqular pushout.

Proof: The proof is essentially the same as the one of Proposition 3.2 in [7]. =

Proposition 2.14. In a reqular category, every reqular epimorphism of points

D—C

Il

A—> B,

where the point on the left (and hence also the one on the right) is stably strong,
15 a reqular pushout.

Proof: This follows immediately from Lemma 2.12] and Lemma 2.13] u

3. .-Mal’tsev and .¥-protomodular categories

As mentioned in Section 2] a finitely complete category C in which all points
are (stably) strong defines a protomodular category. If such an “absolute”
property fails, one may think of protomodularity in “relative” terms, i.e., with
respect to a class .¥ of stably strong points. We also recall the absolute and
relative notions for the Mal’tsev context.

Recall that a finitely complete category C is called a Mal’tsev category [10,
17] when every internal reflexive relation in C is automatically symmetric or,
equivalently, transitive; thus an equivalence relation. Protomodular categories
are always Mal'tsev categories [5]. Moreover, Mal'tsev categories admit a well-
known characterisation through the fibration of points:

Proposition 3.1. [B, Proposition 10| A finitely complete category C is a Mal'-
tsev category if and only if every fibre Pty (C) is (strongly) unital. |
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More precisely, for every pullback of split epimorphisms

<ng]-C>
A Xy C=—= C

T
aatry 7|7 (C)

=—Y

(which is a binary product in Pty (C)), the morphisms (14,tf) and {(sg, 1¢)
are jointly strongly epimorphic.

Let C be a finitely complete category, and .# a class of points which is stable
under pullbacks along any morphism.

Definition 3.2. Suppose that the full subcategory of Pt(C) whose objects are
the points in .# is closed in Pt(C) under finite limits. The category C is said
to be:

(1) #-Mal’tsev [9] if, for every pullback of split epimorphisms ([Cl) where
the point (f,s) is in the class ., the morphisms (14, tf) and {(sg, 1¢)
are jointly strongly epimorphic;

(2) .#-protomodular [13] 15 9] if every point in .# is strong.

The notion of .’-protomodular category was introduced to describe, in cat-
egorical terms, some convenient properties of Schreier split epimorphisms of
monoids and of semirings. Such split epimorphisms were introduced in [20]
as those points which correspond to classical monoid actions and, more gene-
rally, to actions in every category of monoids with operations, via a semidirect
product construction.

In [13, [14] it was shown that, for Schreier split epimorphisms, relative versions
of some properties of all split epimorphisms in a protomodular category hold,
like for instance the split short five lemma.

In [15] it is proved that every category of monoids with operations, equipped
with the class . of Schreier points, is .-protomodular, and hence an .-
Mal’tsev category. Indeed, as shown in [15, 9], every .#-protomodular category
is an .-Mal’'tsev category. Later, in [25] it was proved that every Jonsson—
Tarski variety is an .#-protomodular category with respect to the class .
of Schreier points. An example of an .’-Mal’tsev category which is not .-
protomodular, given in [10], is the category of quandles.
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The following definition first appeared in [15], Definition 6.1] for pointed .7-
protomodular categories, then it was extended in [9] to .-Mal’tsev categories.

Definition 3.3. Let C be a finitely complete category and . a class of points
which is stable under pullbacks along any morphism. An object X in C is
-special if the point

(7T1:X><X—>X, AX=<1X,1X>ZX—>X><X)

belongs to . or, equivalently, if the point (w9, Ax) belongs to .. We write
& (C) for the full subcategory of C determined by the .-special objects.

According to Proposition 6.2 in [15] and its generalisation [9, Proposition 4.3|
to .-Mal’tsev categories, if C is an .¥’-Mal’tsev category, then the subcategory
Z(C) of S-special objects of C is a Mal’tsev category, called the Mal’tsev
core of C relatively to the class .. When C is .-protomodular, .(C) is a
protomodular category, called the protomodular core of C relatively to the
class .77,

Proposition 6.4 in [15] shows that the protomodular core of the category Mon
of monoids relatively to the class .# of Schreier points is the category Gp of
groups; similarly, the protomodular core of the category SRng of semirings is
the category Rng of rings, also with respect to the class of Schreier points.

Our main problem in this work is to obtain a categorical-algebraic charac-
terisation of groups amongst monoids, and of rings amongst semirings. Based
on the previous results, one direction is to look for a suitable class . of sta-
bly strong points in a general finitely complete category C such that the full
subcategory . (C) of .#-special objects gives the category of groups when C is
the category of monoids and gives the category of rings when C is the category
of semirings: .¥/(Mon) = Gp and .¥’(SRng) = Rng.

We explore different possible classes in the following sections as well as the
outcome for the particular cases of monoids and semirings. A first “obvious”
choice is to consider . to be the class of all stably strong points in C. Then
an .#-special object is precisely what we call a strongly unital object in the
next section. We shall see that the subcategory .(C) of .#-special objects is
the protomodular core (namely Rng) in the case of semirings, but not so in the
case of monoids. Moreover, we propose an alternative “absolute” solution to
our main problem, not depending on the choice of a class . of points, and we
compare it with this “relative” one.
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4. Strongly unital objects

The aim of this section is to introduce the concept of a strongly unital ob-
ject. We characterise rings amongst semirings as the strongly unital objects
(Theorem [3]). We prove stability properties for strongly unital objects and
show that, in the regular case, they coincide with the gregarious objects of [3].

Let C be a pointed finitely complete category.

Definition 4.1. Given an object Y of C, we say that Y is strongly unital if
the point

(7T11YXY—>Y, Ay=<1y,1y>iY—>Y><Y)

is stably strong.
Note that we could equivalently ask that the point (w9, Ay ) is stably strong.

We write SU(C) for the full subcategory of C determined by the strongly unital
objects.

Remark 4.2. An object Y in C is strongly unital if and only if it is .%-special,
when . is the class of all stably strong points in C.

Theorem 4.3. If C is the category SRng of semirings, then SU(C) is the
category Rng of rings. In other words, a semiring X is a ring if and only if
the point

(7T12X><X—>X, AX:<1X,1X>IX—>X><X)

is stably strong in SRng.

Proof: If X is a ring, then every point over it is stably strong, since by Prop-
osition 6.1.6 in [13] it is a Schreier point. Hence, it suffices to show that any
strongly unital semiring is a ring. Suppose that the point

(7T1:X><X—>X, AX:<1X,1X>:X—>X><X)
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is stably strong. Given any element  # Ox of X, consider the pullback of m
along the morphism z: N — X sending 1 to z:

X

00 s
CEXlX
Nx X+——XxX
Wl\l/ (y,z) le//I\<1X,1X>
N - X.

Consider the element (1,0x) € N x X. Since the morphisms (1y,x) and
{0, 1x) are jointly strongly epimorphic, (1,0x) can be written as the product
of chain of elements of the form (0,z) and (n,nz). Using the fact that 0 € N
is absorbing for the multiplication in N and that in every semiring the sum is
commutative and the multiplication is distributive with respect to the sum, we
get that (1,0x) can be written as

(170X) = (an) + (1,1‘)

for a certain y € X. Then y + x = Ox and hence the element z is invertible for
the sum. Thus we see that X is a ring. u

Remark 4.4. Note that, in particular, SU(SRng) = Rng is a protomodular
category, so that Rng is the protomodular core of SRng with respect to the class
< of all stably strong points. As such, it is necessarily the largest protomodular
core of SRng induced by some class .%.

Recall from [3, [6] that a split right punctual span is a diagram of the

form
S t
X YA Y (D)
f g

where fs =1x, gt = 1y and ft = 0.

Proposition 4.5. If C is a pointed finitely complete category, then the fol-
lowing conditions are equivalent:

(1) Y is a strongly unital object of C;
(ii) for every morphism f: X — Y, the point

(rx: X xY > X, dx,f): X —>XxY)

is stably strong;
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(iii) for every f: X — Y, the point (wx,{1x, f)) is strong;
(iv) given any split right punctual span (D), the map {f,g): Z - X x Y is
a strong epimorphism.

Proof: The equivalence between (i), (ii) and (iii) hold since any pullback of the
point (71, Ay) is of the form (7wx,{1lx, f)) and any pullback of (wx,{1x, f))
is also a pullback of (71, Ay).

To prove that (iii) implies (iv), consider a split right punctual span as in (DI).
By assumption, the point (mx: X x Y — X, {1x,¢9s): X - X x Y) is strong.
Suppose that {f, g) factors through a monomorphism m

S t

X 7 Y
f / 9
M gy
<1X795>\
X X xY Y.
X <0a1Y>

Both (1x,gs) and (0, 1ly) factor through m, indeed {(1x,gs) = mes and
(0,1y) = met. Since (1x,gs)y and {0, 1y) are jointly strongly epimorphic,
m is an isomorphism.

To prove that (iv) implies (iii), we must show that (0,1y): ¥ - X x Y and
(1x, fy: X = X xY are jointly strongly epimorphic. Suppose that they factor
through a monomorphism m = (my, moy: M — X x Y~

%%1 m;\

<1va>X % Y<0 ly)

Then we have mia = 1x, m1b = 0 and mseb = 1y. Hence we get a diagram

a b
X M Y

mi ma

as in (D). By assumption, the monomorphism (mq,ms) is also a strong epi-
morphism, so it is an isomorphism. u



18 ANDREA MONTOLI, DIANA RODELO AND TIM VAN DER LINDEN

In general, a given point (71, Ay ) can be strong without being stably strong.
Nevertheless, if all such points are strong (so that C is strongly unital), then
they are stably strong (by Propositions 1.8.13 and 1.8.14 in [3] and Proposi-
tion [.0]). This gives:

Corollary 4.6. If C is a pointed finitely complete category, then SU(C) = C
if and only iof C 1s strongly unital. n

Corollary 4.7. If C is a pointed finitely complete category and SU(C) is closed
under finite limits in C, then SU(C) is a strongly unital category.

Proof: The category SU(C) is obviously pointed. Its inclusion into C preserves
monomorphisms and binary products and it reflects isomorphisms. u

Proposition 4.8. If C is a pointed regular category, then SU(C) is closed
under quotients in C.

Proof: This follows immediately from Proposition 2.11] u

When C is a regular unital category, an object Y satisfying condition (iv)
of Proposition is called a gregarious object (Definition 1.9.1 and Theo-
rem 1.9.7 in [3]). So, in that case, SU(C) is precisely the category of gregarious
objects in C.

Example 4.9. SU(Mon) = GMon, the category of gregarious monoids. A
monoid Y is gregarious if and only if for all y € Y there exist u, v € Y such
that uyv = 1 (Proposition 1.9.2 in [3]). Counterexample 1.9.3 in [3] provides a
gregarious monoid which is not a group: the monoid Y with two generators x, y
and the relation xy = 1. Indeed Y = {y"2™ | n, m € N} and z"(y"2™)y™ = 1.

For monoids and the class . of all stably strong points of monoids, we have
& (Mon) = SU(Mon) = GMon # Gp as explained in Remark 4.2 In particular,
there are in Mon stably strong points which are not Schreier. Since .(Mon) is
not protomodular, it is not a protomodular core with respect to the class ..
Hence for the case of monoids, such a class . does not meet our purposes. The
major issue here concerns the closedness of the class . in Pt(C) under finite
limits. To avoid this difficulty, in the next sections our work focuses more on
objects rather than classes.
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5. Unital objects and subtractive objects

It is known that a pointed finitely complete category is strongly unital if and
only if it is unital and subtractive [23, Proposition 3|. Having introduced the
notion of a strongly unital object, we now explore analogous notions for the
unital and subtractive cases. Our aim is to prove that the equivalence above
also holds “locally” for objects in any pointed regular category.

Let C be pointed and finitely complete.

Definition 5.1. Given an object Y of C, we say that Y is unital if the point
(m: Y xY ->Y, {dy,00:Y ->Y xY)

is stably strong.

Note that we could equivalently ask that the point (m9,<0, 1y)) is stably
strong. We write U(C) for the full subcategory of C determined by the unital
objects.

The following results are proved similarly to the corresponding ones obtained
for strongly unital objects. Recall from [3] [6] that a split punctual span is a

diagram of the form
s t

X 7 Y (E)
f g

where fs =1x, gt = 1y, ft =0 and gs = 0.

Proposition 5.2. If C is a pointed finitely complete category, then the fol-
lowing conditions are equivalent:
(1) Y is a unital object of C;
(ii) for every object X, the point (mx: X xY — X, {(1x,0): X - X xY)
is stably strong;
(iii) for every object X, the point (mx,{1x,0)) is strong;
(iv) given any split punctual span ([El), the map {f,g): Z - X xY is a
strong epimorphism. |

Just as any strongly unital category is always unital, we also have:

Corollary 5.3. In a pointed finitely complete category, a strongly unital object
15 always unital.

Proof: By Propositions and 5.2 |

Corollary 5.4. If C is a pointed finitely complete category, then U(C) = C if
and only if C is unital. u
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Examples 5.5. Mon and SRng are not strongly unital, but they are unital,
being Jonsson-Tarski varieties (see Examples 2.7). So, U(Mon) = Mon and
U(SRng) = SRng.

Corollary 5.6. If C is a pointed finitely complete category and U(C) is closed
under finite limits in C, then U(C) is a unital category.

Proof: Apply Corollary 5.4 to U(C). |
Proposition 5.7. If C is a pointed reqular category, then U(C) is closed under
quotients in C. u

5.8. Subtractive categories, subtractive objects. We recall the definition
of a subtractive category from [23]. A relation r = {ry,r9): R > X x Y in a
pointed category is said to be left (right) punctual [6] if (1x,0): X - X x Y
(respectively €0, 1yy: Y — X x Y) factors through r. A pointed finitely com-
plete category C is said to be subtractive, if every left punctual reflexive
relation on an object X in C is right punctual. It is equivalent to asking that
right punctuality implies left punctuality—which is the implication we shall
use to obtain a definition of subtractivity for objects.

Examples 5.9. A variety of universal algebras is said to be subtractive [32]
when the corresponding theory contains a unique constant 0 and a binary
operation s, called a subtraction, subject to the equations s(z,0) = x and
s(z,x) = 0. Of course this happens if and only if the condition of 5.8]is satisfied
(see [23]). We write Sub for the subtractive variety of subtraction algebras,
which are triples (X, s,0) where X is a set, s a subtraction on X and 0 the
corresponding constant.

It is shown in [24] that a pointed regular category C is subtractive if and only
if every span (s1,s2): A — B x (' is subtractive: written in set-theoretical
terms, its induced relation 7 = {(r1,79): R — B x C, where {s1, s9) = rp for r
a monomorphism and p a regular epimorphism, satisfies the condition

(b,c), (b,0)eR = (0,c¢)€ R.

Proposition 5.10. In a pointed reqular category, consider a split right punc-
tual span (D). The span (g, f) is subtractive if and only if f ker(g) is a regular
epimorphism.

Proof: Thanks to the Barr embedding theorem [2], in a regular context it suffi-
ces to give a set-theoretical proof (see Metatheorem A.5.7 in [3], for instance).
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Consider the factorisation

{9.f)

A Y x X
x %7“9
R

of (g, f) as a regular epimorphism p followed by a monomorphism {ry, o).
Then (y,z) € R if and only if y = g(2) and = f(z), for some z € Z.

Suppose that {g, f) is subtractive. Given any = € X, we have (gs(z),z) € R
for z = s(z) and (gs(z),0) € R for z = tgs(x). Then (0, z) € R by assumption,
which means that 0 = g(z) and x = f(z), for some z € Z. Thus fker(g) is a
regular epimorphism.

The converse implication easily follows since (0,z) € R, for any z € X,
because fker(g) is a regular epimorphism. |

This result leads us to the following “local” definition:

Definition 5.11. Given an object Y of a pointed regular category C, we
say that Y is subtractive when for every split right punctual span (DI), the
morphism f ker(g) is a regular epimorphism.

We write S(C) for the full subcategory of C determined by the subtractive
objects.

Proposition 5.12. If C is a pointed regular category, then C is subtractive if
and only if all of its objects are subtractive.

Proof: As recalled above, if C is subtractive, then every span is subtractive.
Then every object is subtractive by Proposition .10

Conversely, consider a right punctual reflexive relation (ry,m9): R - X x X.
By assumption, 7 ker(ry) is a regular epimorphism. In the commutative dia-
gram between kernels

ker(ra) o

K R X

r1 ker(rs) (r1,r2)

"
Xr— > Xx X ——> X,
(x.0) e
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the left square is necessarily a pullback. So, the regular epimorphism 7 ker(rz)
is also a monomorphism, thus an isomorphism. The morphism ker(rs) gives the
factorisation of (1x,0) needed to prove that R is a left punctual relation. =

Corollary 5.13. If C is a pointed reqular category and S(C) is closed under
finite limits in C, then S(C) is a subtractive category.

Proof: Apply the above proposition to S(C). |

Proposition 5.14 (S(C)nU(C) = SU(C)). Let C be a pointed regular category.
An object Y of C s strongly unital if and only iof it is unital and subtractive.

Proof: We already observed that a strongly unital object is unital (Corol-
lary [5.3)). To prove that Y is subtractive, we consider an arbitrary split right
punctual span (D). In the commutative diagram between kernels

ker(g) g
K> Z Y
l

[ ker(g) (.90

Xo——> X xY —=Y,
1x,0) v

the left square is necessarily a pullback. By Proposition L5, {f, ¢) is a regular

epimorphism, hence so is f ker(g).

Conversely, given a subtractive unital object Y and a split right punctual
span (D), by Proposition we must show that the middle morphism {f, g)
of the diagram above is a regular epimorphism. Let mp be its factorisa-
tion as a regular epimorphism p followed by a monomorphism m. The pair
((1x,0),<0, 1y)) being jointly strongly epimorphic and f ker(g) being a regular
epimorphism, we see that the pair ({1x,0)f ker(g), 0, 1y)) is jointly strongly
epimorphic; moreover it factors through the monomorphism m. Consequently,
m is an isomorphism. u

Corollary 5.15. S(Mon) = GMon, S(CMon) = Ab and S(SRng) = Rng.

Proof: This is a combination of Examples 2.7] with, respectively, Example 4.9}
[3, Example 1.9.4] with Proposition and the remark following Proposi-
tion .8 and Theorem [4.3] |

Example 5.16. Groups are (strongly) unital objects in the category Sub of
subtraction algebras. In fact, if for every y € Y there is a y* € Y such that
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s(0,y*) = y, then Y is a unital object; in particular, any group is unital. To
see this, we must prove that for any subtraction algebra X, the pair

((Ax,00: X > X xY, (0,1ly): Y - X xY)
is jointly strongly epimorphic. This follows from the fact that
S(($7 0)7 (07 Z/*)) = (S($7 0)7 3(07 y*)) = ($7 Z/)

for all x € X and y € Y. Note that the inclusion Gp < SU(Sub) is strict,
because the three-element subtraction algebra

s10 1 2

satisfies the condition on the existence of y*. However, it is not a group, since
the unique group of order three has a different induced subtraction.

Proposition 5.17. Let C be a pointed regular category. Then S(C) is closed
under quotients in C.

Proof: Suppose that Y is a subtractive object in C and consider a regular
epimorphism w: Y — W. To prove that W is also subtractive, consider a split

right punctual span
s t
X Z W;
f g
we must prove that fker(g) is a regular epimorphism. Consider the following
diagram where all squares are pullbacks:

X/ %> X
n /._ 2 ! z
N 7
- -
<f”,g”>l e’ oy

X'xY——=XxY— X xW.
J)le 1X><w

Note that from the bottom right pullback we can deduce that the pullback of ¢
along w is ¢'. Since f's’ = x, there is an induced morphism s”: X’ — Z” such
that (", ¢")s" = (1x:,¢'s"y and 2's" = s'. There is also an induced morphism
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t":Y — Z" such that (", ¢")t" = (0, 1y) and 22't" = tw. So, we get a split
right punctual span

S” t”

P == ¢

f// g//
so that f"ker(¢") is a regular epimorphism, by assumption. Since ¢’ is a
pullback of g and ¢” = ¢'2’, we have the commutative diagram

K// > ker(g”) S Z//

_ y
. ker(g)
v / v .

!/

Tt 2] "2
I R
0 Y ———> W

between their kernels. Finally, the morphism zf”ker(g”) is a regular epi-
morphism (since both  and f”ker(g”) are) and from

xf"ker(g") = fz2"ker(¢") = fzker(¢")\ = fker(g)A
we conclude that fker(g) is a regular epimorphism, as desired. u

In the presence of binary coproducts, a pointed regular category C is sub-
tractive if and only if any split right punctual span of the form

X=X+ X=X
(1x 0) (1x 1x)
is such that éx = (1x 0)ker((lx 1x)) is a regular epimorphism (see Theo-
rem 5.1 in [12]). This result leads us to the following characterisation, where
an extra morphism f appears as in Proposition 4.3 to be compatible with the
pullback-stability in the definitions of unital and strongly unital objects.

Proposition 5.18. In a pointed regular category C with binary coproducts the
following conditions are equivalent:

(i) an object Y in C is subtractive;
(ii) for any morphism f: X — Y, the split right punctual span

Lx Ly
X—X+Y=—7]2Y

(1x 0) (f 1v)
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is such that 05 = (1x 0) ker((f 1y)) is a regular epimorphism.

Proof: The implication (i) = (ii) is obvious. Conversely, given any split right
punctual span (D), we have a morphism gs: X — Y, so for the split right
punctual span
Lx ly
(1x 0) (95 1y)
we have that 0,5 = (1x 0) ker((gs 1y)) is a regular epimorphism. The induced
morphism o between kernels in the diagram

ker((gs 1
KJ ((9s 1y)) X-I—Y (95 1y) %
0 (s 1)
K

S g2 g Y

is such that fker(g)o = f(s t)ker((gs 1y)) = dys is a regular epimorphism;
consequently, fker(g) is a regular epimorphism as well. |

6. Mal’tsev objects

Even though the concept of a strongly unital object is strong enough to
characterise rings amongst semirings as in Theorem [4.3 it fails to give us
a characterisation of groups amongst monoids. For that purpose we need a
stronger concept. The aim of the present section is two-fold: first to introduce
Mal’tsev objects, then to prove that any Mal'tsev object in the category of
monoids is a group (Theorem [B.13). In fact, also the opposite inclusion holds:
groups are precisely the Mal’tsev monoids. This follows from the results in
the next section, where the even stronger concept of a protomodular object is
introduced.

Definition 6.1. We say that an object Y of a finitely complete category C is
a Mal’tsev object if the category Pty (C) is unital.

As explained after Proposition 3.1l this means that for every pullback of split
epimorphisms over Y as in ((Cl), the morphisms {14, tf) and (sg, 1¢) are jointly
strongly epimorphic.

We write M(C) for the full subcategory of C determined by the Mal’tsev
objects.
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Proposition 6.2. Let C be a reqular category. For any object Y in C, the
following conditions are equivalent:

(1) Y is a Mal’tsev object;
(ii) every double split epimorphism (Bl) overY is a regular pushout;
(iii) every double split epimorphism (Bl) over Y, in which f' and ¢' are
jointly monomorphic, is a pullback.

Proof: The equivalence between (ii) and (iii) is immediate.
(i) = (ii). Consider a double split epimorphism over Y

We want to prove that the comparison morphism (¢, f>: D — A xy C is
a regular epimorphism. Suppose that (¢', f') = me is its factorisation as a
regular epimorphism followed by a monomorphism. We obtain the commutative

diagram
et! I es’
m

—— A xy C <—

Aath 7Y Y Ggaey

By assumption ((14,tf),{(sg, 1¢)) is jointly strongly epimorphic, which proves
that m is an isomorphism and, consequently, {(¢’, f") is a regular epimorphism.

(ii) = (i). Consider a pullback of split epimorphisms (Cl) and a mono-
morphism m such that {14,tf) and {sg, 1¢) factor through m

2

A%AXyC%C

<1A;tf> <59510> '
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We obtain a double split epimorphism over Y given by

M%C

-

%Y

whose comparison morphism to the pullback of f and gis m: M — A xy C.
By assumption, m is a regular epimorphism, hence it is an isomorphism. u

Proposition 6.3. Let C be a pointed reqular category. Every Maltsev object
in C is a strongly unital object.

Proof: Let Y be a Mal'tsev object. By Proposition .5, given a split right
punctual span
S t

X A Y
f 9

we need to prove that the the morphism (f,¢g): Z — X x Y is a strong epi-
morphism. Consider the commutative diagram on the right

Bq(f) = 7 —1»

o

Eq(ly) << Y >

ly

and take kernel pairs to the left. Note that the square on the right is a regular
epimorphism of points. Since Y is a Mal’tsev object, by Proposition the
double split epimorphism of first (or second) projections on the left is a regular
pushout. Lemma [2.13] tells us that the square on the right is a regular pushout
as well, which means that the morphism {f, g): Z — X x Y is a regular, hence
a strong, epimorphism. u

For a pointed finitely complete category C, the category SU(C) obviously
contains the zero object. By the following proposition we see that the zero
object is not necessarily a Mal’tsev object. Hence if C is pointed and regular,
but not unital, then M(C) is strictly contained in SU(C).
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Proposition 6.4. If C is a pointed finitely complete category, then the zero
object is a Mal’tsev object if and only if C is unital.

Proof: The zero object 0 is a Mal’tsev object if and only if, for any X, Y € C,
in the diagram

<0a1Y>
XxY<—Y
Ty
™ axo

X —_— 07
the morphisms {1x,0) and {0, 1y ) are jointly strongly epimorphic. This hap-
pens if and only if C is unital. u

Remark 6.5. By Proposition B.1Il C is a Mal'tsev category if and only if all
fibres Pty (C) are unital if and only if they are strongly unital. For a Mal’tsev
object Y in a category C the fibre Pty (C) is unital, but not strongly unital in
general. The previous proposition provides a counterexample: if C = Mon and
Y =0, then Y is a Mal'tsev object, but the category Pty (Mon) = Mon is not
strongly unital [3, Example 1.8.2].

Next we see that some well-known properties which hold for Mal’tsev cate-
gories are still true for Mal'tsev objects.

Proposition 6.6. In a finitely complete category, a reflexive graph whose ob-
ject of objects is a Mal’tsev object admits at most one structure of internal
category.

Proof: Given a reflexive graph

d
X1 <—e—— X
C

where X is a Mal’tsev object, let m: Xy — X7 be a multiplication, where X5 is
the object of composable arrows. If this multiplication endows the graph with
a structure of internal category, then it must be compatible with the identities,
which means that

m{lx,,ecy = mled, 1x, )= 1x,. (F)
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Considering the pullback

<6d,1X1>

X9 = X1

T d e
<1X1 ,€C>

X4 i
C
we see that (1x,, ecy and {ed, 1x, ) are jointly (strongly) epimorphic, because X
is a Mal’tsev object. Then there is at most one morphism m satisfying the

equalities ([E). |

Proposition 6.7. In a finitely complete category, any reflexive relation on a
Mal’tsev object is transitive.

Proof: The proof is essentially the same as that of [I5, Proposition 5.3]. u

Example 6.8. Unlike the case of Mal’tsev categories, it is not true that every
internal category with a Mal’tsev object of objects is a groupoid. Neither is
it true that every reflexive relation on a Mal'tsev object is symmetric. The
category Mon of monoids provides counterexamples. Indeed, as we show below
in Theorems[6.13 and [7.7, the Mal'tsev objects in Mon are precisely the groups.
As a consequence of Propositions 2.2.4 and 3.3.2 in [13], in Mon an internal
category over a group is a groupoid if and only if the kernel of the domain
morphism is a group. Similarly, a reflexive relation on a group is symmetric
if and only if the kernels of the two projections of the relation are groups.
A concrete example of a (totally disconnected) internal category which is not
a groupoid is the following. If M is a commutative monoid and G is a group,
consider the reflexive graph

TG
M x GW; G.
TG

[t is an internal category by Proposition 3.2.3 in [13], but in general it is not a
groupoid, since the kernel of mg, which is M, need not be a group.

Proposition 6.9. If C is a finitely complete category, then M(C) = C if and
only if C is a Mal’tsev category.

Proof: By Proposition B.11 |
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Corollary 6.10. If C is a finitely complete category and M(C) is closed under
finite limits in C, then M(C) is a Mal’tsev category.

Proof: Apply Proposition to M(C). |
Proposition 6.11. If C is a regular category, then M(C) is closed under quo-
tients in C.

Proof: Given a Mal’tsev object X and a regular epimorphism f: X — Y, any
double split epimorphism over Y may be pulled back to a double split epi-
morphism over X, which is a regular pushout by assumption. It is straight-
forward to check that the given double split epimorphism over Y is then a
regular pushout. u

Example 6.12. As a consequence of Example below, in the category of
semirings the Mal’tsev objects are precisely the rings: M(SRng) = SU(SRng) =
Rng.

Theorem 6.13. If C is the category Mon of monoids, then M(C) is contained
in the subcategory Gp of groups. In other words, if the category Pty (Mon) is
unital then the monoid M 1s a group.

Proof: Let M be a Mal’tsev object in the category of monoids. Given any
element m # ej; of M, we are going to prove that it is right invertible. This
suffices for the monoid M to be a group.

Consider the pullback diagram

P—=M+M
1 i1 (]-M ]-M] L1 (G)

LM

M+N=—TZ=M
(Lar m)

where m: N — M is the morphism sending 1 to m.
Recall that M + M may be seen as the set of words of the form

Lymrym---ml w7,

for [;, 7; € M, subject to the rule that we may multiply underlined with
underlined elements and overlined with overlined ones, or any of such with the
neutral element ej;. The two coproduct inclusions can be described as

() =1 L(r)=T7
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for [, r € M. We use essentially the same notations for the elements of M + N,
writing a generic element as m; sn; - - - mm, w7,
We see that the pullback P consists of pairs

(my w7y - -mm, a7, [ e m---nl a7,) € (M +N)x (M+ M)
such that mym™ ---mm™ = lyry - - - l;rs. We also know that

il(ml.ﬁl.....mt.ﬁt):(ml.ﬁl.....mt.ﬁt7 mlmnl,..mtmnt)7

Z.Q(ll.Fl.”'.ls.Fs):(M? ll'Fl""nglFs).

Note that (1,7) belongs to P, where 1 is our way to view 1 € N as an element
of M + N. Since by assumption ¢; and 79 are jointly strongly epimorphic, we
have

(T’ m) = (m% ™ ﬁ% " | m%l = ﬁ%lj m%mn% .. mglmnt}l)

1 1 =1 1 -1
(llrl ll S17? él.rl.”'.lsl.rsl)

=(miun)e- - umf ﬁfk,m’fm”]f > -mfkmnﬁk)
o (Iyry Aok, e el W)
for some mj, l;, 7" € M and n € N. Computing the first component we get
that 1 is equal to
TSRS G SN O SRR J Y e S Red

Since 1 cannot be written as a sum ni +--- + n,’fk in N unless all but one of the

né is zero, we see that the equality above reduces to (1,7m) being equal to

(Iiry - lgrg, Lyw7ym---wl a7 ) (T, m)w(lyry - Lrl, [T m---ul, 7).
Equality of the first components gives us
T=Ury - lgrgmTulir]--- U,
from which we deduce that
liry - lsrs = ey = Uy -+ Ul (H)

This means that [, a7 m---wl a7 and [ a7 w---ul’, a7, are in the kernel
of (1ar 1p): M + M — M. Without loss of generality we may assume that
these two products are written in their reduced form, meaning that no further



32 ANDREA MONTOLI, DIANA RODELO AND TIM VAN DER LINDEN

simplification is possible, besides perhaps when [y, Ts, [} or 7., happens to be
equal to eps. Computing the second component, we see that
m:illfll---léslfglmlyllflll---llg,lflg,
:éllfll---léslfslm_llllflll---lég,lfg,,
This leads to a proof that m is right invertible. Indeed, for such an equality
to hold, certain cancellations must be possible so that the overlined elements
can get together on the right. Next we study four basic cases which all others

reduce to.
Case s = s' = 1. For the equality

mzll.Fl Im—lilfﬁ
to hold, we must have 71 = ey; or ml] = eys. In the latter situation, m is right
invertible. If, on the other hand, 71 = ey, then [; = ep; by (H)). The equality
m = mly » T} implies that ml] = ey
Case s = 2, s/ = 1. For the equality
m=£1'71 léQIFZIm—llllFll
to hold, we must have one of the “inner” elements on the right side of the
equality equal to e)y.
- If ml} = ey, then m is right invertible.

I 7, = ey or ly = ey, then the word [, m 7 w [, m 75 is not reduced.
- If 79 = ey, then T = [; m 7y m lyml] = 7). Since 7 is different from ey,

we have that laml] = ey, so that ls admits an inverse on the right and
[1 admits one on the left. From (HI), we also know that l5 is admits an
inverse on the left and [} admits one on the right. Thus, they are both
invertible elements, and hence so is m.

Case s =1, s/ = 2. For the equality
7= L el T w L e
to hold, we must have one of the “inner” elements on the right side of the
equality equal to e)y.

- If ml} = ey, then m is right invertible.

17} = ey or Iy = ey, then the word I} w7 w [, a7 is not reduced.
-1t 71 = ey, then [} = ey by (H), so that 7 = ml] a7} =l » 7). This is
impossible, since 7, and [, are non-trivial.
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Case s = 2, s’ = 2. For the equality
m:h'Fl'éz'FZ'm_li'F/l'lQ'F/Z

to hold, we must have one of the “inner” elements on the right side of the
equality equal to eyy.

- If ml} = ey, then m is right invertible.

- If 7y = ey or Iy = ey, then the word [, w71 w [, 75 is not reduced.

I 7) = ey or Iy = ey, then the word I w7 = [, s 7 is not reduced.

17y = ey, then T =1, w7y wilyml) w7} uly w7, Again, lyml] = ey as
in the second case, and (HI) implies that m is invertible.

We see that the last case reduces to one of the previous ones and it is straight-
forward to check that the same happens for general s, s’ > 2. u

Below, in Theorem [(.7], we shall prove that groups are precisely the Mal’tsev
monoids: M(Mon) = Gp.

6.14. M(C) is a Mal’tsev core. As we already recalled in Section [3 if C is
an .-Mal’tsev category, then the subcategory of .#-special objects .#(C) is a
Mal’tsev category, called the Mal’tsev core of C relatively to .. We now show
that the subcategory M(C) of Mal’tsev objects is a Mal’tsev core with respect
to a suitable class . of points, provided that M(C) is closed under finite limits
in C.

Let C be a finitely complete category such that M(C) is closed under finite
limits. We define .# as the class of points (f,s) in C for which there exists a
pullback of split epimorphisms

A== A
flfiﬂ m
X=X,
for some point (f’,s’) in M(C). Note that the class .# is obviously stable

under pullbacks along split epimorphisms. Moreover, all points in M(C) belong
to A .
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Proposition 6.15. Let C be a finitely complete category. Given any pullback
of split epimorphisms with (f,s) a point in M

<Sg,1c>

AXXC%C
c

" ik glt
—. ¢

A T 9

the pair ({1a,tf),{sg,1c)) is jointly strongly epimorphic.

Proof: Since (f,s) is a pullback of a point in M(C) as in (Il), we see that the
pair ((14,tf)a,{sg,1¢c)) is jointly strongly epimorphic. It easily follows that
also ((14,tf),{sg, 1¢)) is jointly strongly epimorphic. |

Note that the property above already occured in Definition B.2(1).

Lemma 6.16. In a finitely complete category C, if X is an M -special object,
then it is a Mal’tsev object.

Proof: By definition there is a point (f’, ") in M(C) and a point X < B’ in C
such that the square

XxX=——=A
h/
T <1X,1X> fl S'

h— >
h
is a pullback. Taking the kernel pairs to the left of A and A, since Eq(h') =
Eq(h) x X we obtain a diagram of the shape

h1X1X
Eqh) x X —— X x X A

thlX

(Igg(n)T) s

Ax,1x)

B'.

e
=
=
S

ho h
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By the commutativity of the diagram on the left, we see that h; = x = ho.
Consequently, h (and h' as well) is a monomorphism, thus an isomorphism, so
that X =~ B’ is a Mal’tsev object. |

Proposition 6.17. If C s a finitely complete category and the subcategory
M(C) of Mal’tsev objects is closed under finite limits in C, then it coincides
with the subcategory # (C) of M -special objects of C.

Proof: If X is a Mal’tsev object, it is obviously .# -special, since the point
(7T12XXX—>X, AX=<1X71)(>ZX—>X><X)

belongs to the subcategory M(C), which is closed under binary products.
The converse implication follows from Lemma [6.16l u

Strictly speaking, we cannot apply Proposition 4.3 in [9] to conclude that
M(C) is the Mal’tsev core of C relatively to .#, since the class .#Z we are
considering does not satisfy all the conditions of Definition 3.2 Indeed, our
class . is not stable under pullbacks, neither need it to be closed in Pt(C)
under finite limits, in general. However, all the arguments of the proof of
Proposition 4.3 in [9] are still applicable to our context, since, by definition of
the class .# , we know that every point between objects in M(C) belongs to .Z .
So, we can conclude that, if M(C) is closed in C under finite limits, then it is
a Mal’tsev category, being the Mal’'tsev core of C relatively to the class ..
Observe that we could also conclude that M(C) is a Mal’tsev category simply
by Corollary [6.10

7. Protomodular objects

In this final section we introduce the (stronger) concept of a protomodular
object and prove our paper’s main result, Theorem [I.7: a monoid is a group
if and only if it is a protomodular object, and if and only if it is a Mal’tsev
object.

Definition 7.1. Given an object Y of a finitely complete category C, we say
that Y is protomodular if every point with codomain Y is stably strong.

We write P(C) for the full subcategory of C determined by the protomodular
objects.

Obviously, every protomodular object is strongly unital. Hence it is also
unital and subtractive (Proposition 5.14]). We also have:
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Proposition 7.2. Let C be a finitely complete category. Every protomodular
object 1s a Maltsev object.

Proof: Let Y be a protomodular object and consider the following pullback of
split epimorphisms:

<Sg,1c>
A XyC y C
Tc
“Haan 7|7

Aiy_

f

Since Y is protomodular, the point (g,t) is stably strong and, consequently,
(ma,{14,tf))is astrong point. Moreover, the pullback of s along 74 is precisely
(sg,1¢), so that the pair ({14,tf),{sg, 1¢)) is jointly strongly epimorphic, as
desired. Observe that this proof is a simplified version of that of Theorem 3.2.1
in [15]. |

Note that, in the regular case, the above result follows from Proposition
via Lemma 2.12]

The inclusion P(C) c M(C) is strict, in general, by the following proposition,
Proposition and the fact that there exist Mal’tsev categories which are not
protomodular.

Proposition 7.3. If C is a finitely complete category, then P(C) = C if and
only if C 1s protomodular.

Proof: By definition, a finitely complete category is protomodular if and only
if all points in it are strong. When this happens, automatically all of them are
stably strong. m

Corollary 7.4. If C is a finitely complete category and P(C) is closed under
finite limits in C, then P(C) is a protomodular category.

Proof: Apply Proposition [.3 to P(C). |

Observe that this hypothesis is satisfied when C is the category Mon of mo-
noids, or the category SRng of semirings, as can be seen as a consequence of
Example [7.0] and Theorem [7.7] below.

Proposition 7.5. If C is regular, then P(C) is closed under quotients in C.
Proof: This follows immediately from Proposition 2.11] u
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Example 7.6. P(SRng) = M(SRng) = SU(SRng) = S(SRng) = Rng. If X
is a protomodular semiring, then it is obviously a strongly unital semiring,
thus a ring by Theorem (4.3 We already mentioned that if X is a ring, then
every point over it in SRng is stably strong, since it is a Schreier point by [13],
Proposition 6.1.6]. In particular, the category P(SRng) = Rng is closed under
finite limits and it is protomodular. Thanks to Propositions and [6.3] we
also have that M(SRng) = Rng.

Theorem 7.7. If C is the category Mon of monoids, then P(C) = M(C) = Gp,
the category of groups. In other words, the following conditions are equivalent,
for any monoid M :
(i) M is a group;
(i) M is a Mal’tsev object, i.e., Pty(Mon) is a unital category;
(iii) M s a protomodular object, i.e., all points over M in the category of
monoids are stably strong.

Proof: If M is a group, then every point over it is stably strong, because it is
a Schreier point by Proposition 3.4 in [I4]. This proves that (i) implies (iii).
(iii) implies (ii) by Proposition [[.2] and (ii) implies (i) by Theorem .13, m

Remark 7.8. Note that, in particular, P(Mon) is closed under finite limits in
the category Mon.

Remark 7.9. The proof of Theorem may be simplified to obtain a di-
rect proof that (iii) implies (i) in Theorem [7. Instead of the pullback dia-
gram ([Gl), we may consider the simpler pullback of (15 1p7): M + M — M
along m: N — M.

Remark 7.10. As recalled in Example 4.9, there are gregarious monoids that
are not groups. Hence, in Mon, the subcategory P(Mon) is strictly contained

in SU(Mon).

Example 7.11. In the category Catx(C) of internal categories over a fixed
base object X in a finitely complete category C, any internal groupoid over X
is a protomodular object. This follows from results in [9]: any pullback of
any split epimorphism over such an internal groupoid “has a fibrant splitting”,
which implies that it is a strong point. So, over a given internal groupoid
over X, all points are stably strong, which means that this internal groupoid
is a protomodular object.

Similarly to the Mal’tsev case, we also have:
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Proposition 7.12. If C is a pointed finitely complete category, then the zero
object is protomodular if and only if C is unital.

Proof: The zero object 0 is protomodular if and only if every point over it is
stably strong. This means that, for any X, Y € C, in the diagram

il

Y

<1X70> >< f

X——

the morphisms {(1x,0) and (0, 1y ) are jointly strongly epimorphic. This hap-
pens if and only if C is unital. u

Proposition 7.13. If C is a regular category with binary coproducts, then the
following conditions are equivalent:

(i) Y is a protomodular object;
(ii) for every morphism f: X —'Y, the point

(fly): X+Y >Y, u:Y ->X+Y)
is stably strong.
Proof: This follows from Proposition 2.11] applied to the morphism of points
1x s
X+vy 2l y
(flyv) ||y flls

Yy ——=Y,

for any given point (f: X - Y,s: Y — X). |

7.14. P(C) is a protomodular core. Similarly to what we did for Mal’tsev
objects, we now show that the subcategory P(C) of protomodular objects is a
protomodular core with respect to a suitable class &2 of points, provided that
P(C) is closed under finite limits in C.

Let C be a finitely complete category such that P(C) is closed under finite
limits. We define the class & in the following way: a point (f, s) belongs to &
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if and only if it is the pullback

AT—A
1
X—X

of some point (f’,s") in P(C). Note that & is a class of strong points, since
they are pullbacks of stably strong points (the codomain X' is a protomodular
object). The class & is also a pullback-stable class since any pullback of a
point (f,s) in & is also a pullback of a point in P(C). The class & is not
closed under finite limits in Pt(C), in general. So, strictly speaking, it does
not give rise to an .’-protomodular category. However, as we observed for the
Mal’tsev case, the fact (which follows immediately from the definition of &)
that all points in P(C) belong to & allows us to apply the same arguments as
in the proof of Proposition 6.2 in [I5] (and its generalisation to the non-pointed
case, given in [9]) to conclude that P(C) is a protomodular category. Indeed,
as we now show, it is the protomodular core &(C) of C relative to the class of
points . In other words, it is the category of &?-special objects of C.

Proposition 7.15. If C is a pointed finitely complete category, and the subca-
tegory P(C) of protomodular objects is closed under finite limits in C, then it
coincides with the protomodular core 2(C) consisting of the &2-special objects

of C.
Proof: If X is a protomodular object, it is obviously £?-special, since the point
(7T12XXX—>X, AX=<1X71)(>ZX—>X><X)

belongs to the subcategory P(C), which is closed under binary products.
Conversely, suppose that X is H-special. Then the point (m,Ax) is a
pullback of a point (f’,s") in P(C)

But then X, which is the kernel of m, is also the kernel of f’, and hence it
belongs to P(C). |
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