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Abstract: The aim of this paper is to solve a problem proposed by Dominique
Bourn: to provide a categorical-algebraic characterisation of groups amongst mo-
noids and of rings amongst semirings. In the case of monoids, our solution is given
by the following equivalent conditions:

(i) G is a group;
(ii) G is a Mal’tsev object, i.e., the category PtGpMonq of points over G in the

category of monoids is unital;
(iii) G is a protomodular object, i.e., all points over G are stably strong, which

means that any pullback of such a point along a morphism of monoids Y Ñ G

determines a split extension

0 ,2 K
� ,2 k ,2 X

f

� ,2 Y
lrslr ,2 0

in which k and s are jointly strongly epimorphic.
We similarly characterise rings in the category of semirings.

On the way we develop a local or object-wise approach to certain important condi-
tions occurring in categorical algebra. This leads to a basic theory involving what we
call unital and strongly unital objects, subtractive objects, Mal’tsev objects and pro-

tomodular objects. We explore some of the connections between these new notions
and give examples and counterexamples.

Keywords: Fibration of points; strongly epimorphic pair; (strongly) unital, sub-
tractive, Mal’tsev, protomodular category.
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1. Introduction

The concept of abelian object plays a key role in categorical algebra. In the
study of categories of non-abelian algebraic structures—such as groups, Lie
algebras, loops, rings, crossed modules, etc.—the “abelian case” is usually seen
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as a basic starting point, often simpler than the general case, or sometimes
even trivial. Most likely there are known results which may or may not be
extended to the surrounding non-abelian setting. Part of categorical algebra
deals with such generalisation issues, which tend to become more interesting
precisely where this extension is not straightforward. Abstract commutator
theory for instance, which is about measuring non-abelianness, would not exist
without a formal interplay between the abelian and the non-abelian worlds,
enabled by an accurate definition of abelianness.

Depending on the context, several approaches to such a conceptualisation
exist. Relevant to us are those considered in [3]; see also [21, 31, 29] and the
references in [3]. The easiest is probably to say that an abelian object is an
object which admits an internal abelian group structure. This makes sense as
soon as the surrounding category is unital—a condition introduced in [5], see
below for details—which is a rather weak additional requirement on a pointed
category implying that an object admits at most one internal abelian group
structure. So that, in this context, “being abelian” becomes a property of the
object in question.

The full subcategory of a unital category C determined by the abelian objects
is denoted AbpCq and called the additive core of C. The category AbpCq is
indeed additive, and if C is a finitely cocomplete regular [2] unital category,
then AbpCq is a reflective [3] subcategory of C. If C is moreover Barr exact [2],
then AbpCq is an abelian category, and called the abelian core of C.

For instance, in the category LieK of Lie algebras over a field K, the abelian
objects are K-vector spaces, equipped with a trivial (zero) bracket; in the
category Gp of groups, the abelian objects are the abelian groups, so that
AbpGpq � Ab; in the category Mon of monoids, the abelian objects are abelian
groups as well: AbpMonq � Ab; etc. In all cases the resulting commutator
theory behaves as expected.

Beyond abelianness: weaker conditions. The concept of an abelian ob-
ject has been well studied and understood. For certain applications, however, it
is too strong: the “abelian case” may not just be simple, it may be too simple.
Furthermore, abelianness may “happen too easily”. As explained in [3], the
Eckmann–Hilton argument implies that any internal monoid in a unital cate-
gory is automatically a commutative object. For instance, in the category of
monoids any internal monoid is commutative, so that in particular an internal
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group is always abelian: GppMonq � Ab. Amongst other things, this fact is
well known to account for the abelianness of the higher homotopy groups.

If we want to capture groups amongst monoids, avoiding abelianness turns
out to be especially difficult. One possibility would be to consider gregarious
objects [3], because the “equation”

commutative + gregarious = abelian

holds in any unital category. But this notion happens to be too weak, since
examples were found of gregarious monoids which are not groups. On the other
hand, as explained above, the concept of an internal group is too strong, since
it gives us abelian groups. Whence the subject of our present paper: to find
out how to

characterise non-abelian groups inside the category of monoids

in categorical-algebraic terms. That is to say, is there some weaker concept than
that of an abelian object which, when considered in Mon, gives the category Gp?

This question took quite a long time to be answered. As explained in [13, 14],
the study of monoid actions, where an action of a monoid B on a monoid X is a
monoid homomorphism B Ñ EndpXq from B to the monoid of endomorphisms
of X, provided a first solution to this problem: a monoid B is a group if and
only if all split epimorphisms with codomain B correspond to monoid actions
of B. However, this solution is not entirely satisfactory, since it makes use
of features which are typical for the category of monoids, and thus cannot be
exported to other categories.

Another approach to this particular question is to consider the concept of
S -protomodularity [13, 15, 9], which allows to single out a protomodular [4]
subcategory S pCq of a given category C, depending on the choice of a con-
venient class S of points in C—see below for details. Unlike the category of
monoids, the category of groups is protomodular. And indeed, when C � Mon,
the class S of so-called Schreier points [26] does characterise groups in the
sense that S pMonq � Gp. A similar characterisation is obtained through the
notion of S -Mal’tsev categories [9]. However, this characterisation is “rela-
tive”, in the sense that it depends on the choice of a class S . Moreover, the
definition of the class S of Schreier points is ad-hoc, given that it again cruci-
ally depends on C being the category of monoids. So the problem is somehow
shifted to another level.

The approach proposed in our present paper is different because it is local and
absolute, rather than global and relative. “Local” here means that we consider
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conditions defined object by object: protomodular objects, Mal’tsev objects,
(strongly) unital objects and subtractive objects. While S -protomodularity
deals with the protomodular subcategory S pCq as a whole. “Absolute” means
that there is no class S for the definitions to depend on.

More precisely, we show in Theorem 7.7 that the notions of a protomodular
object and a Mal’tsev object give the desired characterisation of groups amongst
monoids—whence the title of our paper. Moreover, we find suitable classes of
points which allow us to establish the link between our absolute approach and
the relative approach of S -protomodularity and the S -Mal’tsev condition
(Proposition 7.15 and Proposition 6.17).

The following table gives an overview of the classes of objects we consider,
and what they amount to in the category of monoids Mon and in the category
of semirings SRng. Here GMon denotes the category of gregarious monoids
mentioned above.

Table 1. Special objects in the categories Mon and SRng

all
objects

unital
objects

subtractive
objects

strongly unital
objects

Mal’tsev
objects

protomodular
objectsC UpCq SpCq SUpCq MpCq PpCq

Mon Mon GMon GMon Gp Gp

SRng SRng Rng Rng Rng Rng

In function of the category C it is possible to separate all classes of special
objects occurring in Table 1. Indeed, a given category is unital, say, precisely
when all of its objects are unital; while there exist examples of unital categories
which are not subtractive, Mal’tsev categories which are not protomodular, and
so on.

The present paper is the starting point of an exploration of this new object-
wise approach, which is being further developed in ongoing work.

Example: protomodular objects. Let us, as an example of the kind of
techniques we use, briefly sketch the definition of a protomodular object. Given
an object B, a point over B is a pair of morphisms pf : A Ñ B, s : B Ñ Aq
such that fs � 1B. A category with finite limits is said to be protomodular [4,
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3] when for every pullback

C �B A
πA ,2

πC

��

A

f

��

C

LR

g
,2 B

s

LR

of a point pf, sq over B along some morphism g with codomain B, the morphisms
πA and s are jointly strongly epimorphic: they do not both factor through
a given proper subobject of A. In a pointed context, this condition is equiv-
alent to the validity of the split short five lemma [4]. This observation gave
rise to the notion of a semi-abelian category—a pointed, Barr exact, proto-
modular category with finite coproducts [22]—which plays a fundamental role
in the development of a categorical-algebraic approach to homological algebra
for non-abelian structures; see for instance [11, 19, 1, 18, 30].

A point pf, sq satisfying the condition mentioned above (that πA and s are
jointly strongly epimorphic) is called a strong point. When also all of its pull-
backs satisfy this condition, it is called a stably strong point. We shall say
that B is a protomodular object when all points over B are stably strong
points. Writing PpCq for the full subcategory of C determined by the protomo-
dular objects, we clearly have that PpCq � C if and only if C is a protomodular
category. In fact, PpCq is always a protomodular category, as soon as it is clo-
sed under finite limits in C. We study some of its basic properties in Section 7,
where we also prove one of our main results: if C is the category of monoids,
then PpCq is the category of groups (Theorem 7.7). This is one of two answers
to the question we set out to study, the other being a characterisation of groups
amongst monoids as the so-called Mal’tsev objects (essentially Theorem 6.13).

Structure of the text. Since the concept of a (stably) strong point plays
a key role in our work, we recall its definition and discuss some of its basic
properties in Section 2. Section 3 recalls the definitions of S -Mal’tsev and
S -protomodular categories in full detail.

In Section 4 we introduce the concept of strongly unital object. We show that
these coincide with the gregarious objects when the surrounding category is
regular. We prove stability properties and characterise rings amongst semirings
as the strongly unital objects (Theorem 4.3).
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Section 5 is devoted to the concepts of unital and subtractive object. Our
main result here is Proposition 5.14 which, mimicking Proposition 3 in [23],
says that an object of a pointed regular category is strongly unital if and only
if it is unital and subtractive.

In Section 6 we introduce Mal’tsev objects and prove that any Mal’tsev
object in the category of monoids is a group (Theorem 6.13). Section 7 treats
the concept of a protomodular object. Here we prove our paper’s main result,
Theorem 7.7: a monoid is a group if and only if it is a protomodular object,
and if and only if it is a Mal’tsev object. We also explain in which sense the
full subcategory determined by the protomodular objects is a protomodular
core [15].

2. Stably strong points

We start by recalling some notions that occur frequently in categorical alge-
bra, focusing on the concept of a strong point.

2.1. Jointly strongly epimorphic pairs. A cospan pr : C Ñ A, s : B Ñ Aq
in a category C is said to be jointly extremally epimorphic when it does
not factor through a monomorphism, which means that for any commutative
diagram where m is a monomorphism

M
��

m

��

C r
,2

:D�����������

A B,
s

lr

Zd??????????

the monomorphism m is necessarily an isomorphism. If C is finitely complete,
then it is easy to see that the pair pr, sq is jointly epimorphic. In fact, in
a finitely complete category the notions of extremal epimorphism and strong
epimorphism coincide. Therefore, we usually refer to the pair pr, sq as being
jointly strongly epimorphic. Recall that, if C is moreover a regular cate-
gory [2], then extremal epimorphisms and strong epimorphisms coincide with
the regular epimorphisms.

2.2. The fibration of points. A point pf : A Ñ B, s : B Ñ Aq in C is a
split epimorphism f with a chosen splitting s. Considering a point as a diagram
in C, we obtain the category of points in C, denoted PtpCq: morphisms between
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points are pairs px, yq : pf, sq Ñ pf 1, s1q of morphisms in C making the diagram

B
s ,2

y

��

A
f

,2

x

��

B

y

��

B1
s1 ,2 A1

f 1 ,2 B1
commute. If C has pullbacks of split epimorphisms, then the functor
cod: PtpCq Ñ C, which associates with every split epimorphism its codomain,
is a fibration, usually called the fibration of points [4]. Given an object B

of C, we denote the fibre over B by PtBpCq. An object in this category is a
point with codomain B, and a morphism is of the form px, 1Bq.
2.3. Strong points. We now assume C to be a finitely complete category.

Definition 2.4. We say that a point pf : A Ñ B, s : B Ñ Aq is a strong point
when for every pullback

C �B A
πA ,2

πC

��

A

f

��

C

x1C ,sgyLR

g
,2 B

s

LR

(A)

along any morphism g : C Ñ B, the pair pπA, sq is jointly strongly epimorphic.

Strong points were already considered in [27], under the name of regular
points, and independently in [8], under the name of strongly split epimorphisms.

Many algebraic categories have been characterised in terms of properties
of strong points (see [5, 3]), some of which we recall throughout the text.
For instance, by definition, a finitely complete category is protomodular [4]
precisely when all points in it are strong. For a pointed category, this condition
is equivalent to the validity of the split short five lemma [4]. Examples of
protomodular categories are the categories of groups, of rings, of Lie algebras
(over a commutative ring with unit) and, more generally, every variety of Ω-
groups in the sense of Higgins [20]. Protomodularity is also a key ingredient in
the definition of a semi-abelian category [22].

On the other hand, in the category of sets, a point pf, sq is strong if and only
if f is an isomorphism. To see this, it suffices to pull it back along the unique
morphism from the empty set ∅.
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2.5. Pointed categories. In a pointed category, we denote the kernel of
a morphism f by kerpfq. In the pointed case, the notion of strong point
mentioned above coincides with the one considered in [28]:

Proposition 2.6. Let C be a pointed finitely complete category.

(1) A point pf, sq in C is strong if and only if the pair pkerpfq, sq is jointly
strongly epimorphic.

(2) Any split epimorphism f in a strong point pf, sq is a normal epimorphism.

Proof : (1) If pf, sq is a strong point, then pkerpfq, sq is jointly strongly epi-
morphic: to see this, it suffices to take the pullback of f along the unique
morphism with domain the zero object. Conversely, if we take an arbitrary
pullback as in (A), then kerpfq � πAx0, kerpfqy. We conclude that pπA, sq is
jointly strongly epimorphic because pkerpfq, sq is.

(2) Since pf, sq is a strong point, the pair pkerpfq, sq is jointly strongly epi-
morphic; thus it is jointly epimorphic. It easily follows that f is the cokernel
of its kernel kerpfq.

In a pointed finitely complete context, asking that certain product projec-
tions are strong points gives rise to the notions of unital and strongly unital
categories. In fact, when for all objects X, Y in C the pointpπX : X � Y Ñ X, x1X , 0y : X Ñ X � Y q
is strong, C is said to be a unital category [5]. The category C is called
strongly unital ([5], see also Definition 1.8.3 and Theorem 1.8.15 in [3]) when
for all objects X in C the pointpπ1 : X �X Ñ X, ∆X � x1X, 1Xy : X Ñ X �Xq
is strong. Observe that we could equivalently ask the point pπ2,∆Xq to be
strong. It is well known that every strongly unital category is necessarily
unital [3, Proposition 1.8.4].

Examples 2.7. As shown in [3, Theorem 1.2.15], a variety in the sense of
universal algebra is a unital category if and only if it is a Jónsson–Tarski va-
riety. This means that the corresponding theory contains a unique constant 0
and a binary operation � subject to the equations 0� x � x � x � 0.

In particular, the categories of monoids and of semirings are unital. Moreover,
every protomodular category is strongly unital.
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2.8. Stably strong points. We are especially interested in those points for
which the property of being strong is pullback-stable.

Definition 2.9. We say that a point pf, sq is stably strong if every pullback
of it along any morphism is a strong point. More explicitly, for any morphism g,
the point pπC , x1C, sgyq in Diagram (A) is strong.

Note that a stably strong point is always strong (it suffices to pull it back
along the identity morphism) and that the collection of stably strong points
determines a subfibration of the fibration of points.

In a protomodular category, all points are stably strong (since all points
are strong). In the category of sets, all strong points are stably strong (since
isomorphisms are preserved by pullbacks).

2.10. The regular case. In the context of regular categories [2], (stably)
strong points are closed under quotients: this means that in any commuta-
tive diagram

A

f

��

α ,2,2 A1
f 1

��

B

s

LR

β
,2,2 B1,s1LR

where α and β are regular epimorphisms and pf, sq is (stably) strong, alsopf 1, s1q is (stably) strong.

Proposition 2.11. In a regular category, (stably) strong points are closed
under quotients.
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Proof : Let us first prove that the quotient of a strong point is always strong.
So let pf, sq be a strong point, and consider the diagram

P

>>
>>

α1
,2,2

��

πA

�$?
??

??
??

??
??

P 1
BB

BB

��

πA1
�$?

??
??

??
??

??

A

f

��

α ,2,2 A1
f 1

��

C

g
�$?

??
??

??
??

??

LR

β1
,2,2 C 1

LR

g1
�$?

??
??

??
??

?

B

s

LR

β
,2,2 B1,s1

LR

where P 1 is the pullback of f 1 along an arbitrary morphism g1, C is the pullback
of g1 along β, and P is the pullback of f along g. By pullback cancelation,
the upper square is a pullback too, hence by regularity α1 is a regular epi-
morphism. Since α is a regular epimorphism, we have that απA and αs are
jointly strongly epimorphic. Then it easily follows that πA1 and s1 are jointly
strongly epimorphic, so that the point pf 1, s1q is a strong point.

If now pf, sq is stably strong, then the point P Ô C is strong. As its quotient,
the point P 1 Ô C 1 is strong. Hence pf 1, s1q is stably strong.

Note that the first claim still holds if the category is just finitely complete;
we only use the regularity of α1 in the second claim.

As a consequence, in a regular category, a point pf, sq is stably strong if
and only if the point pπ1, x1A, sfyq induced by its kernel pair is stably strong.
Equivalently one could consider the point pπ2, xsf, 1Ayq.

Certain pushouts involving strong points are necessarily regular pushouts.
Recall that such is a commutative square of regular epimorphisms

A1
f 1

����

α ,2,2 A

f

����

B1
β

,2,2 B

where also the comparison arrow xf 1, αy : A1 Ñ B1 �B A is a regular epi-
morphism. It is well known that every regular pushout is a pushout.
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A double split epimorphism in a category C is a point in the category of
points in C, so a commutative diagram

D

g1
��

f 1 ,2 C

g

��

s1lr

A

t1LR

f
,2 B

slr

t

LR

(B)

where the four “obvious” squares commute.

Lemma 2.12. In a regular category, every double split epimorphism as in (B),
in which pg, tq is a stably strong point, is a regular pushout.

Proof : Take the pullback A�BC of f and g, consider the comparison morphismxg1, f 1y : D Ñ A�B C and factor it as a regular epimorphism e : D ÑM fol-
lowed by a monomorphism m : M Ñ A�B C. Since pg, tq is a stably strong
point, its pullback pπA, x1A, tfyq in the diagram

C

g

��

xsg,1Cy
,2 A�B C

πC ,2

πA

��

C

g

��

B

t

LR

s
,2 A

x1A,tfyLR

f
,2 B

t

LR

is a strong point. As a consequence, the pair pxsg, 1Cy, x1A, tfyq is jointly
strongly epimorphic. They both factor through the monomorphism m as in
the diagram

M
��

m

��

C

es1 7Byyyyyyyyyyyyyxsg,1Cy,2 A�B C A,x1A,tfylr

et1\gEEEEEEEEEEEE

so that m is an isomorphism.
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Lemma 2.13. In a regular category, consider a commutative square of regular
epimorphisms with horizontal kernel pairs

Eqpgq ,2

f2
����

,2
A1lr

f 1
����

g
,2,2 A

f

����

Eqphq ,2
,2
B1lr

h
,2,2 B.

If any of the commutative squares on the left is a regular pushout (and so, in
particular, f 2 is a regular epimorphism), then the square on the right is also a
regular pushout.

Proof : The proof is essentially the same as the one of Proposition 3.2 in [7].

Proposition 2.14. In a regular category, every regular epimorphism of points

D

��

,2,2 C

��

A

LR

,2,2 B,

LR

where the point on the left (and hence also the one on the right) is stably strong,
is a regular pushout.

Proof : This follows immediately from Lemma 2.12 and Lemma 2.13.

3. S -Mal’tsev and S -protomodular categories

As mentioned in Section 2, a finitely complete category C in which all points
are (stably) strong defines a protomodular category. If such an “absolute”
property fails, one may think of protomodularity in “relative” terms, i.e., with
respect to a class S of stably strong points. We also recall the absolute and
relative notions for the Mal’tsev context.

Recall that a finitely complete category C is called a Mal’tsev category [16,
17] when every internal reflexive relation in C is automatically symmetric or,
equivalently, transitive; thus an equivalence relation. Protomodular categories
are always Mal’tsev categories [5]. Moreover, Mal’tsev categories admit a well-
known characterisation through the fibration of points:

Proposition 3.1. [5, Proposition 10] A finitely complete category C is a Mal’-
tsev category if and only if every fibre PtY pCq is (strongly) unital.
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More precisely, for every pullback of split epimorphisms

A�Y C

πA

��

πC

,2 C

g

��

xsg,1Cy
lr

A

x1A,tfyLR

f
,2 Y

slr

t

LR

(C)

(which is a binary product in PtY pCq), the morphisms x1A, tfy and xsg, 1Cy
are jointly strongly epimorphic.

Let C be a finitely complete category, and S a class of points which is stable
under pullbacks along any morphism.

Definition 3.2. Suppose that the full subcategory of PtpCq whose objects are
the points in S is closed in PtpCq under finite limits. The category C is said
to be:

(1) S -Mal’tsev [9] if, for every pullback of split epimorphisms (C) where
the point pf, sq is in the class S , the morphisms x1A, tfy and xsg, 1Cy
are jointly strongly epimorphic;

(2) S -protomodular [13, 15, 9] if every point in S is strong.

The notion of S -protomodular category was introduced to describe, in cat-
egorical terms, some convenient properties of Schreier split epimorphisms of
monoids and of semirings. Such split epimorphisms were introduced in [26]
as those points which correspond to classical monoid actions and, more gene-
rally, to actions in every category of monoids with operations, via a semidirect
product construction.

In [13, 14] it was shown that, for Schreier split epimorphisms, relative versions
of some properties of all split epimorphisms in a protomodular category hold,
like for instance the split short five lemma.

In [15] it is proved that every category of monoids with operations, equipped
with the class S of Schreier points, is S -protomodular, and hence an S -
Mal’tsev category. Indeed, as shown in [15, 9], every S -protomodular category
is an S -Mal’tsev category. Later, in [25] it was proved that every Jónsson–
Tarski variety is an S -protomodular category with respect to the class S

of Schreier points. An example of an S -Mal’tsev category which is not S -
protomodular, given in [10], is the category of quandles.
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The following definition first appeared in [15, Definition 6.1] for pointed S -
protomodular categories, then it was extended in [9] to S -Mal’tsev categories.

Definition 3.3. Let C be a finitely complete category and S a class of points
which is stable under pullbacks along any morphism. An object X in C is
S -special if the pointpπ1 : X �X Ñ X, ∆X � x1X, 1Xy : X Ñ X �Xq
belongs to S or, equivalently, if the point pπ2,∆Xq belongs to S . We write
S pCq for the full subcategory of C determined by the S -special objects.

According to Proposition 6.2 in [15] and its generalisation [9, Proposition 4.3]
to S -Mal’tsev categories, if C is an S -Mal’tsev category, then the subcategory
S pCq of S -special objects of C is a Mal’tsev category, called the Mal’tsev
core of C relatively to the class S . When C is S -protomodular, S pCq is a
protomodular category, called the protomodular core of C relatively to the
class S .

Proposition 6.4 in [15] shows that the protomodular core of the category Mon

of monoids relatively to the class S of Schreier points is the category Gp of
groups; similarly, the protomodular core of the category SRng of semirings is
the category Rng of rings, also with respect to the class of Schreier points.

Our main problem in this work is to obtain a categorical-algebraic charac-
terisation of groups amongst monoids, and of rings amongst semirings. Based
on the previous results, one direction is to look for a suitable class S of sta-
bly strong points in a general finitely complete category C such that the full
subcategory S pCq of S -special objects gives the category of groups when C is
the category of monoids and gives the category of rings when C is the category
of semirings: S pMonq � Gp and S pSRngq � Rng.

We explore different possible classes in the following sections as well as the
outcome for the particular cases of monoids and semirings. A first “obvious”
choice is to consider S to be the class of all stably strong points in C. Then
an S -special object is precisely what we call a strongly unital object in the
next section. We shall see that the subcategory S pCq of S -special objects is
the protomodular core (namely Rng) in the case of semirings, but not so in the
case of monoids. Moreover, we propose an alternative “absolute” solution to
our main problem, not depending on the choice of a class S of points, and we
compare it with this “relative” one.
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4. Strongly unital objects

The aim of this section is to introduce the concept of a strongly unital ob-
ject. We characterise rings amongst semirings as the strongly unital objects
(Theorem 4.3). We prove stability properties for strongly unital objects and
show that, in the regular case, they coincide with the gregarious objects of [3].

Let C be a pointed finitely complete category.

Definition 4.1. Given an object Y of C, we say that Y is strongly unital if
the point pπ1 : Y � Y Ñ Y , ∆Y � x1Y , 1Y y : Y Ñ Y � Y q
is stably strong.

Note that we could equivalently ask that the point pπ2,∆Y q is stably strong.
We write SUpCq for the full subcategory of C determined by the strongly unital
objects.

Remark 4.2. An object Y in C is strongly unital if and only if it is S -special,
when S is the class of all stably strong points in C.

Theorem 4.3. If C is the category SRng of semirings, then SUpCq is the
category Rng of rings. In other words, a semiring X is a ring if and only if
the point pπ1 : X �X Ñ X, ∆X � x1X , 1Xy : X Ñ X �Xq
is stably strong in SRng.

Proof : If X is a ring, then every point over it is stably strong, since by Prop-
osition 6.1.6 in [13] it is a Schreier point. Hence, it suffices to show that any
strongly unital semiring is a ring. Suppose that the pointpπ1 : X �X Ñ X, ∆X � x1X, 1Xy : X Ñ X �Xq
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is stably strong. Given any element x � 0X of X, consider the pullback of π1
along the morphism x : NÑ X sending 1 to x:

Xu�x0,1Xy
u�ttttttttttttt �� x0,1Xy

��N�X
x�1X ,2

π1

��

X �X

π1

��N x1N,xyLR

x
,2 X.

x1X ,1XyLR

Consider the element p1, 0Xq P N � X. Since the morphisms x1N, xy andx0, 1Xy are jointly strongly epimorphic, p1, 0Xq can be written as the product
of chain of elements of the form p0, x̄q and pn, nxq. Using the fact that 0 P N
is absorbing for the multiplication in N and that in every semiring the sum is
commutative and the multiplication is distributive with respect to the sum, we
get that p1, 0Xq can be written asp1, 0Xq � p0, yq � p1, xq
for a certain y P X. Then y� x � 0X and hence the element x is invertible for
the sum. Thus we see that X is a ring.

Remark 4.4. Note that, in particular, SUpSRngq � Rng is a protomodular
category, so that Rng is the protomodular core of SRng with respect to the class
S of all stably strong points. As such, it is necessarily the largest protomodular
core of SRng induced by some class S .

Recall from [3, 6] that a split right punctual span is a diagram of the
form

X
s ,2

Z
f

lr
g

,2 Y
tlr (D)

where fs � 1X , gt � 1Y and ft � 0.

Proposition 4.5. If C is a pointed finitely complete category, then the fol-
lowing conditions are equivalent:

(i) Y is a strongly unital object of C;
(ii) for every morphism f : X Ñ Y , the pointpπX : X � Y Ñ X, x1X, fy : X Ñ X � Y q

is stably strong;
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(iii) for every f : X Ñ Y , the point pπX , x1X, fyq is strong;
(iv) given any split right punctual span (D), the map xf, gy : Z Ñ X � Y is

a strong epimorphism.

Proof : The equivalence between (i), (ii) and (iii) hold since any pullback of the
point pπ1,∆Y q is of the form pπX , x1X, fyq and any pullback of pπX , x1X, fyq
is also a pullback of pπ1,∆Y q.

To prove that (iii) implies (iv), consider a split right punctual span as in (D).
By assumption, the point pπX : X � Y Ñ X, x1X , gsy : X Ñ X � Y q is strong.
Suppose that xf, gy factors through a monomorphism m

X
s ,2

Z

e

z���
��

��
��

��
� xf,gy

��

f
lr

g
,2 Y

tlr

M
�$

m

�$?
??

??
??

??
?

X
x1X ,gsy

,2
X � Y

πX

lr Y.x0,1Y ylr

Both x1X, gsy and x0, 1Y y factor through m, indeed x1X , gsy � mes andx0, 1Y y � met. Since x1X , gsy and x0, 1Y y are jointly strongly epimorphic,
m is an isomorphism.

To prove that (iv) implies (iii), we must show that x0, 1Y y : Y Ñ X � Y andx1X, fy : X Ñ X�Y are jointly strongly epimorphic. Suppose that they factor
through a monomorphism m � xm1, m2y : M Ñ X � Y :

M
��xm1,m2y
��

X

a

:D�����������x1X ,fy,2 X � Y Y.x0,1Y ylr

b

Zd???????????

Then we have m1a � 1X , m1b � 0 and m2b � 1Y . Hence we get a diagram

X
a ,2

M
m1

lr
m2

,2 Y
blr

as in (D). By assumption, the monomorphism xm1, m2y is also a strong epi-
morphism, so it is an isomorphism.
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In general, a given point pπ1,∆Y q can be strong without being stably strong.
Nevertheless, if all such points are strong (so that C is strongly unital), then
they are stably strong (by Propositions 1.8.13 and 1.8.14 in [3] and Proposi-
tion 4.5). This gives:

Corollary 4.6. If C is a pointed finitely complete category, then SUpCq � C
if and only if C is strongly unital.

Corollary 4.7. If C is a pointed finitely complete category and SUpCq is closed
under finite limits in C, then SUpCq is a strongly unital category.

Proof : The category SUpCq is obviously pointed. Its inclusion into C preserves
monomorphisms and binary products and it reflects isomorphisms.

Proposition 4.8. If C is a pointed regular category, then SUpCq is closed
under quotients in C.

Proof : This follows immediately from Proposition 2.11.

When C is a regular unital category, an object Y satisfying condition (iv)
of Proposition 4.5 is called a gregarious object (Definition 1.9.1 and Theo-
rem 1.9.7 in [3]). So, in that case, SUpCq is precisely the category of gregarious
objects in C.

Example 4.9. SUpMonq � GMon, the category of gregarious monoids. A
monoid Y is gregarious if and only if for all y P Y there exist u, v P Y such
that uyv � 1 (Proposition 1.9.2 in [3]). Counterexample 1.9.3 in [3] provides a
gregarious monoid which is not a group: the monoid Y with two generators x, y
and the relation xy � 1. Indeed Y � tynxm | n, m P Nu and xnpynxmqym � 1.

For monoids and the class S of all stably strong points of monoids, we have
S pMonq � SUpMonq � GMon � Gp as explained in Remark 4.2. In particular,
there are in Mon stably strong points which are not Schreier. Since S pMonq is
not protomodular, it is not a protomodular core with respect to the class S .
Hence for the case of monoids, such a class S does not meet our purposes. The
major issue here concerns the closedness of the class S in PtpCq under finite
limits. To avoid this difficulty, in the next sections our work focuses more on
objects rather than classes.
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5. Unital objects and subtractive objects

It is known that a pointed finitely complete category is strongly unital if and
only if it is unital and subtractive [23, Proposition 3]. Having introduced the
notion of a strongly unital object, we now explore analogous notions for the
unital and subtractive cases. Our aim is to prove that the equivalence above
also holds “locally” for objects in any pointed regular category.

Let C be pointed and finitely complete.

Definition 5.1. Given an object Y of C, we say that Y is unital if the pointpπ1 : Y � Y Ñ Y , x1Y , 0y : Y Ñ Y � Y q
is stably strong.

Note that we could equivalently ask that the point pπ2, x0, 1Y yq is stably
strong. We write UpCq for the full subcategory of C determined by the unital
objects.

The following results are proved similarly to the corresponding ones obtained
for strongly unital objects. Recall from [3, 6] that a split punctual span is a
diagram of the form

X
s ,2

Z
f

lr
g

,2 Y
tlr (E)

where fs � 1X , gt � 1Y , ft � 0 and gs � 0.

Proposition 5.2. If C is a pointed finitely complete category, then the fol-
lowing conditions are equivalent:

(i) Y is a unital object of C;
(ii) for every object X, the point pπX : X � Y Ñ X, x1X, 0y : X Ñ X � Y q

is stably strong;
(iii) for every object X, the point pπX , x1X, 0yq is strong;
(iv) given any split punctual span (E), the map xf, gy : Z Ñ X � Y is a

strong epimorphism.

Just as any strongly unital category is always unital, we also have:

Corollary 5.3. In a pointed finitely complete category, a strongly unital object
is always unital.

Proof : By Propositions 4.5 and 5.2.

Corollary 5.4. If C is a pointed finitely complete category, then UpCq � C if
and only if C is unital.
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Examples 5.5. Mon and SRng are not strongly unital, but they are unital,
being Jónsson–Tarski varieties (see Examples 2.7). So, UpMonq � Mon and
UpSRngq � SRng.

Corollary 5.6. If C is a pointed finitely complete category and UpCq is closed
under finite limits in C, then UpCq is a unital category.

Proof : Apply Corollary 5.4 to UpCq.
Proposition 5.7. If C is a pointed regular category, then UpCq is closed under
quotients in C.

5.8. Subtractive categories, subtractive objects. We recall the definition
of a subtractive category from [23]. A relation r � xr1, r2y : R Ñ X � Y in a
pointed category is said to be left (right) punctual [6] if x1X , 0y : X Ñ X � Y

(respectively x0, 1Y y : Y Ñ X � Y ) factors through r. A pointed finitely com-
plete category C is said to be subtractive, if every left punctual reflexive
relation on an object X in C is right punctual. It is equivalent to asking that
right punctuality implies left punctuality—which is the implication we shall
use to obtain a definition of subtractivity for objects.

Examples 5.9. A variety of universal algebras is said to be subtractive [32]
when the corresponding theory contains a unique constant 0 and a binary
operation s, called a subtraction, subject to the equations spx, 0q � x and
spx, xq � 0. Of course this happens if and only if the condition of 5.8 is satisfied
(see [23]). We write Sub for the subtractive variety of subtraction algebras,
which are triples pX, s, 0q where X is a set, s a subtraction on X and 0 the
corresponding constant.

It is shown in [24] that a pointed regular category C is subtractive if and only
if every span xs1, s2y : A Ñ B � C is subtractive: written in set-theoretical
terms, its induced relation r � xr1, r2y : R Ñ B � C, where xs1, s2y � rp for r
a monomorphism and p a regular epimorphism, satisfies the conditionpb, cq, pb, 0q P R ñ p0, cq P R.

Proposition 5.10. In a pointed regular category, consider a split right punc-
tual span (D). The span xg, fy is subtractive if and only if f kerpgq is a regular
epimorphism.

Proof : Thanks to the Barr embedding theorem [2], in a regular context it suffi-
ces to give a set-theoretical proof (see Metatheorem A.5.7 in [3], for instance).
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Consider the factorisation

Z
xg,fy

,2

p �'�'GG
GG

GG
GG

G Y �X

R
7A xr1,r2y7Awwwwwwww

of xg, fy as a regular epimorphism p followed by a monomorphism xr1, r2y.
Then py, xq P R if and only if y � gpzq and x � fpzq, for some z P Z.

Suppose that xg, fy is subtractive. Given any x P X, we have pgspxq, xq P R

for z � spxq and pgspxq, 0q P R for z � tgspxq. Then p0, xq P R by assumption,
which means that 0 � gpzq and x � fpzq, for some z P Z. Thus f kerpgq is a
regular epimorphism.

The converse implication easily follows since p0, xq P R, for any x P X,
because f kerpgq is a regular epimorphism.

This result leads us to the following “local” definition:

Definition 5.11. Given an object Y of a pointed regular category C, we
say that Y is subtractive when for every split right punctual span (D), the
morphism f kerpgq is a regular epimorphism.

We write SpCq for the full subcategory of C determined by the subtractive
objects.

Proposition 5.12. If C is a pointed regular category, then C is subtractive if
and only if all of its objects are subtractive.

Proof : As recalled above, if C is subtractive, then every span is subtractive.
Then every object is subtractive by Proposition 5.10.

Conversely, consider a right punctual reflexive relation xr1, r2y : R Ñ X �X.
By assumption, r1 kerpr2q is a regular epimorphism. In the commutative dia-
gram between kernels

K
� ,2

kerpr2q
,2

r1 kerpr2q
����

R
�� xr1,r2y
��

r2 ,2 X

X
� ,2 x1X ,0y ,2 X �X π2

,2 X,
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the left square is necessarily a pullback. So, the regular epimorphism r1 kerpr2q
is also a monomorphism, thus an isomorphism. The morphism kerpr2q gives the
factorisation of x1X , 0y needed to prove that R is a left punctual relation.

Corollary 5.13. If C is a pointed regular category and SpCq is closed under
finite limits in C, then SpCq is a subtractive category.

Proof : Apply the above proposition to SpCq.
Proposition 5.14 (SpCqXUpCq � SUpCq). Let C be a pointed regular category.
An object Y of C is strongly unital if and only if it is unital and subtractive.

Proof : We already observed that a strongly unital object is unital (Corol-
lary 5.3). To prove that Y is subtractive, we consider an arbitrary split right
punctual span (D). In the commutative diagram between kernels

K
� ,2

kerpgq
,2

f kerpgq
��

Zxf,gy
��

g
,2 Y

X
� ,2 x1X ,0y ,2 X � Y πY

,2 Y,

the left square is necessarily a pullback. By Proposition 4.5, xf, gy is a regular
epimorphism, hence so is f kerpgq.

Conversely, given a subtractive unital object Y and a split right punctual
span (D), by Proposition 4.5 we must show that the middle morphism xf, gy
of the diagram above is a regular epimorphism. Let mp be its factorisa-
tion as a regular epimorphism p followed by a monomorphism m. The pairpx1X, 0y, x0, 1Y yq being jointly strongly epimorphic and f kerpgq being a regular
epimorphism, we see that the pair px1X, 0yf kerpgq, x0, 1Y yq is jointly strongly
epimorphic; moreover it factors through the monomorphism m. Consequently,
m is an isomorphism.

Corollary 5.15. SpMonq � GMon, SpCMonq � Ab and SpSRngq � Rng.

Proof : This is a combination of Examples 2.7 with, respectively, Example 4.9;
[3, Example 1.9.4] with Proposition 4.5 and the remark following Proposi-
tion 4.8; and Theorem 4.3.

Example 5.16. Groups are (strongly) unital objects in the category Sub of
subtraction algebras. In fact, if for every y P Y there is a y� P Y such that
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sp0, y�q � y, then Y is a unital object; in particular, any group is unital. To
see this, we must prove that for any subtraction algebra X, the pairpx1X , 0y : X Ñ X � Y, x0, 1Y y : Y Ñ X � Y q
is jointly strongly epimorphic. This follows from the fact that

sppx, 0q, p0, y�qq � pspx, 0q, sp0, y�qq � px, yq
for all x P X and y P Y . Note that the inclusion Gp � SUpSubq is strict,
because the three-element subtraction algebra

s 0 1 2

0 0 1 2

1 1 0 0

2 2 0 0

satisfies the condition on the existence of y�. However, it is not a group, since
the unique group of order three has a different induced subtraction.

Proposition 5.17. Let C be a pointed regular category. Then SpCq is closed
under quotients in C.

Proof : Suppose that Y is a subtractive object in C and consider a regular
epimorphism w : Y ÑW . To prove that W is also subtractive, consider a split
right punctual span

X
s ,2

Z
f

lr
g

,2 W ;
tlr

we must prove that f kerpgq is a regular epimorphism. Consider the following
diagram where all squares are pullbacks:

X 1
s2

u�

x ,2,2

��

s1
��

X
��

s

��

Z2 z1
,2,2xf2,g2y

��

Z 1 z ,2,2xf 1,g1y
��

Zxf,gy
��

X 1 � Y
x�1Y

,2,2 X � Y
1X�w

,2,2 X �W.

Note that from the bottom right pullback we can deduce that the pullback of g
along w is g1. Since f 1s1 � x, there is an induced morphism s2 : X 1 Ñ Z2 such
that xf 2, g2ys2 � x1X 1, g1s1y and z1s2 � s1. There is also an induced morphism
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t2 : Y Ñ Z2 such that xf 2, g2yt2 � x0, 1Y y and zz1t2 � tw. So, we get a split
right punctual span

X 1 s2 ,2
Z2

f2lr
g2 ,2 Y,
t2lr

so that f 2 kerpg2q is a regular epimorphism, by assumption. Since g1 is a
pullback of g and g2 � g1z1, we have the commutative diagram

K2 � ,2
kerpg2q

,2

λ

��

Z2
z1

����

K
� ,2

kerpg1q ,2

��

kerpgq
"*

Z 1
g1

��

z ,2,2 Z

g

��

0 ,2 Y w
,2,2 W

between their kernels. Finally, the morphism xf 2 kerpg2q is a regular epi-
morphism (since both x and f 2 kerpg2q are) and from

xf 2 kerpg2q � fzz1 kerpg2q � fz kerpg1qλ � f kerpgqλ
we conclude that f kerpgq is a regular epimorphism, as desired.

In the presence of binary coproducts, a pointed regular category C is sub-
tractive if and only if any split right punctual span of the form

X
ι1 ,2

X �Xp1X 0qlr p1X 1Xq,2 Xι2lr

is such that δX � p1X 0q kerpp1X 1Xqq is a regular epimorphism (see Theo-
rem 5.1 in [12]). This result leads us to the following characterisation, where
an extra morphism f appears as in Proposition 4.5, to be compatible with the
pullback-stability in the definitions of unital and strongly unital objects.

Proposition 5.18. In a pointed regular category C with binary coproducts the
following conditions are equivalent:

(i) an object Y in C is subtractive;
(ii) for any morphism f : X Ñ Y , the split right punctual span

X
ιX ,2

X � Yp1X 0qlr pf 1Y q ,2 Y
ιYlr
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is such that δf � p1X 0q kerppf 1Y qq is a regular epimorphism.

Proof : The implication (i) ñ (ii) is obvious. Conversely, given any split right
punctual span (D), we have a morphism gs : X Ñ Y , so for the split right
punctual span

X
ιX ,2

X � Yp1X 0qlr pgs 1Y q ,2 Y
ιYlr

we have that δgs � p1X 0q kerppgs 1Y qq is a regular epimorphism. The induced
morphism σ between kernels in the diagram

K
� ,2
kerppgs 1Y qq

,2

σ

��

X � Yps tq
��

pgs 1Y q
,2 Y

Kg
� ,2

kerpgq ,2 Z g
,2 Y

is such that f kerpgqσ � f ps tq kerppgs 1Y qq � δgs is a regular epimorphism;
consequently, f kerpgq is a regular epimorphism as well.

6. Mal’tsev objects

Even though the concept of a strongly unital object is strong enough to
characterise rings amongst semirings as in Theorem 4.3, it fails to give us
a characterisation of groups amongst monoids. For that purpose we need a
stronger concept. The aim of the present section is two-fold: first to introduce
Mal’tsev objects, then to prove that any Mal’tsev object in the category of
monoids is a group (Theorem 6.13). In fact, also the opposite inclusion holds:
groups are precisely the Mal’tsev monoids. This follows from the results in
the next section, where the even stronger concept of a protomodular object is
introduced.

Definition 6.1. We say that an object Y of a finitely complete category C is
a Mal’tsev object if the category PtY pCq is unital.

As explained after Proposition 3.1, this means that for every pullback of split
epimorphisms over Y as in (C), the morphisms x1A, tfy and xsg, 1Cy are jointly
strongly epimorphic.

We write MpCq for the full subcategory of C determined by the Mal’tsev
objects.
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Proposition 6.2. Let C be a regular category. For any object Y in C, the
following conditions are equivalent:

(i) Y is a Mal’tsev object;
(ii) every double split epimorphism (B) over Y is a regular pushout;
(iii) every double split epimorphism (B) over Y , in which f 1 and g1 are

jointly monomorphic, is a pullback.

Proof : The equivalence between (ii) and (iii) is immediate.
(i) ñ (ii). Consider a double split epimorphism over Y

D

g1
��

f 1 ,2 C

g

��

s1lr

A

t1LR

f
,2 Y.

slr

t

LR

We want to prove that the comparison morphism xg1, f 1y : D Ñ A �Y C is
a regular epimorphism. Suppose that xg1, f 1y � me is its factorisation as a
regular epimorphism followed by a monomorphism. We obtain the commutative
diagram

M
��

m

��

A x1A,tfy,2et1 7Byyyyyyyyyyyyy

A�Y C C.xsg,1Cylr

es1\gEEEEEEEEEEEE

By assumption px1A, tfy, xsg, 1Cyq is jointly strongly epimorphic, which proves
that m is an isomorphism and, consequently, xg1, f 1y is a regular epimorphism.

(ii) ñ (i). Consider a pullback of split epimorphisms (C) and a mono-
morphism m such that x1A, tfy and xsg, 1Cy factor through m

M
��

m

��

A x1A,tfy,2a

7Byyyyyyyyyyyyy

A�Y C C.xsg,1Cylr

c

\gEEEEEEEEEEEE
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We obtain a double split epimorphism over Y given by

M

πAm

��

πCm
,2 C

g

��

clr

A

a

LR

f
,2 Y,

slr

t

LR

whose comparison morphism to the pullback of f and g is m : M Ñ A�Y C.
By assumption, m is a regular epimorphism, hence it is an isomorphism.

Proposition 6.3. Let C be a pointed regular category. Every Mal’tsev object
in C is a strongly unital object.

Proof : Let Y be a Mal’tsev object. By Proposition 4.5, given a split right
punctual span

X
s ,2

Z
f

lr
g

,2 Y
tlr

we need to prove that the the morphism xf, gy : Z Ñ X � Y is a strong epi-
morphism. Consider the commutative diagram on the right

Eqpfq ,2

g1
��

π1 ,2
Zlr

g

��

f
,2,2 X

��
Eqp!Y qt1LR

,2

π1 ,2
Ylr

t

LR

!Y

,2,2 0

LR

and take kernel pairs to the left. Note that the square on the right is a regular
epimorphism of points. Since Y is a Mal’tsev object, by Proposition 6.2 the
double split epimorphism of first (or second) projections on the left is a regular
pushout. Lemma 2.13 tells us that the square on the right is a regular pushout
as well, which means that the morphism xf, gy : Z Ñ X � Y is a regular, hence
a strong, epimorphism.

For a pointed finitely complete category C, the category SUpCq obviously
contains the zero object. By the following proposition we see that the zero
object is not necessarily a Mal’tsev object. Hence if C is pointed and regular,
but not unital, then MpCq is strictly contained in SUpCq.
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Proposition 6.4. If C is a pointed finitely complete category, then the zero
object is a Mal’tsev object if and only if C is unital.

Proof : The zero object 0 is a Mal’tsev object if and only if, for any X, Y P C,
in the diagram

X � Y

πX

��

πY

,2 Y
x0,1Y y

lr

��

X

x1X ,0yLR

,2 0,lr

LR

the morphisms x1X , 0y and x0, 1Y y are jointly strongly epimorphic. This hap-
pens if and only if C is unital.

Remark 6.5. By Proposition 3.1, C is a Mal’tsev category if and only if all
fibres PtY pCq are unital if and only if they are strongly unital. For a Mal’tsev
object Y in a category C the fibre PtY pCq is unital, but not strongly unital in
general. The previous proposition provides a counterexample: if C � Mon and
Y � 0, then Y is a Mal’tsev object, but the category PtY pMonq � Mon is not
strongly unital [3, Example 1.8.2].

Next we see that some well-known properties which hold for Mal’tsev cate-
gories are still true for Mal’tsev objects.

Proposition 6.6. In a finitely complete category, a reflexive graph whose ob-
ject of objects is a Mal’tsev object admits at most one structure of internal
category.

Proof : Given a reflexive graph

X1

d ,2

c
,2 Xelr

where X is a Mal’tsev object, let m : X2 Ñ X1 be a multiplication, where X2 is
the object of composable arrows. If this multiplication endows the graph with
a structure of internal category, then it must be compatible with the identities,
which means that

mx1X1
, ecy � mxed, 1X1

y � 1X1
. (F)
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Considering the pullback

X2

π1

��

π2

,2 X1

d

��

xed,1X1
y

lr

X1

x1X1
,ecyLR

c
,2 X,

elr

e

LR

we see that x1X1
, ecy and xed, 1X1

y are jointly (strongly) epimorphic, because X
is a Mal’tsev object. Then there is at most one morphism m satisfying the
equalities (F).

Proposition 6.7. In a finitely complete category, any reflexive relation on a
Mal’tsev object is transitive.

Proof : The proof is essentially the same as that of [15, Proposition 5.3].

Example 6.8. Unlike the case of Mal’tsev categories, it is not true that every
internal category with a Mal’tsev object of objects is a groupoid. Neither is
it true that every reflexive relation on a Mal’tsev object is symmetric. The
category Mon of monoids provides counterexamples. Indeed, as we show below
in Theorems 6.13 and 7.7, the Mal’tsev objects in Mon are precisely the groups.
As a consequence of Propositions 2.2.4 and 3.3.2 in [13], in Mon an internal
category over a group is a groupoid if and only if the kernel of the domain
morphism is a group. Similarly, a reflexive relation on a group is symmetric
if and only if the kernels of the two projections of the relation are groups.
A concrete example of a (totally disconnected) internal category which is not
a groupoid is the following. If M is a commutative monoid and G is a group,
consider the reflexive graph

M �G
πG ,2

πG

,2 G.x0,1Gylr

It is an internal category by Proposition 3.2.3 in [13], but in general it is not a
groupoid, since the kernel of πG, which is M , need not be a group.

Proposition 6.9. If C is a finitely complete category, then MpCq � C if and
only if C is a Mal’tsev category.

Proof : By Proposition 3.1.
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Corollary 6.10. If C is a finitely complete category and MpCq is closed under
finite limits in C, then MpCq is a Mal’tsev category.

Proof : Apply Proposition 6.9 to MpCq.
Proposition 6.11. If C is a regular category, then MpCq is closed under quo-
tients in C.

Proof : Given a Mal’tsev object X and a regular epimorphism f : X Ñ Y , any
double split epimorphism over Y may be pulled back to a double split epi-
morphism over X, which is a regular pushout by assumption. It is straight-
forward to check that the given double split epimorphism over Y is then a
regular pushout.

Example 6.12. As a consequence of Example 7.6 below, in the category of
semirings the Mal’tsev objects are precisely the rings: MpSRngq � SUpSRngq �
Rng.

Theorem 6.13. If C is the category Mon of monoids, then MpCq is contained
in the subcategory Gp of groups. In other words, if the category PtMpMonq is
unital then the monoid M is a group.

Proof : Let M be a Mal’tsev object in the category of monoids. Given any
element m � eM of M , we are going to prove that it is right invertible. This
suffices for the monoid M to be a group.

Consider the pullback diagram

P
π2

,2

π1

��

M �M
i2lr p1M 1M q

��

M � Ni1
LR

p1M mq,2 MιMlr

ι1

LR

(G)

where m : NÑM is the morphism sending 1 to m.
Recall that M �M may be seen as the set of words of the form

l1 
 r1 
 � � � 
 ls 
 rs
for li, ri P M , subject to the rule that we may multiply underlined with
underlined elements and overlined with overlined ones, or any of such with the
neutral element eM . The two coproduct inclusions can be described as

ι1plq � l ι2prq � r
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for l, r PM . We use essentially the same notations for the elements of M �N,
writing a generic element as m1 
 n1 
 � � � 
mt 
 nt.

We see that the pullback P consists of pairspm1 
 n1 
 � � � 
mt 
 nt, l1 
 r1 
 � � � 
 ls 
 rsq P pM � Nq � pM �Mq
such that m1m

n1 � � �mtm
nt � l1r1 � � � lsrs. We also know that

i1pm1 
 n1 
 � � � 
mt 
 ntq � pm1 
 n1 
 � � � 
mt 
 nt, m1m
n1 � � �mtm

ntq,
i2pl1 
 r1 
 � � � 
 ls 
 rsq � pl1r1 � � � lsrs, l1 
 r1 
 � � � 
 ls 
 rsq.

Note that p1, mq belongs to P , where 1 is our way to view 1 P N as an element
of M � N. Since by assumption i1 and i2 are jointly strongly epimorphic, we
have p1, mq � pm1

1 
 n1

1 
 � � � 
m1

t1

 n1

t1
, m1

1m
n1
1 � � �m1

t1
mn1

t1q
 pl11r11 � � � l1s1r1s1, l11 
 r11 
 � � � 
 l1s1 
 r1s1q
...
 pmk

1 
 nk
1 
 � � � 
mk

tk

 nk

tk
, mk

1m
nk
1 � � �mk

tk
mnk

tkq
 plk1rk1 � � � lkskrksk , lk1 
 rk1 
 � � � 
 lksk 
 rkskq
for some mi

j, l
i
j, r

i
j P M and ni

j P N. Computing the first component we get

that 1 is equal to

m1

1
n1

1
 � � �
m1

t1

n1

t1

 l11r11 � � � l1s1r1s1 
 � � �
mk

1 
nk
1 
 � � �
mk

tk

nk

tk

 lk1rk1 � � � lkskrksk .

Since 1 cannot be written as a sum n1
1� � � ��nk

tk
in N unless all but one of the

ni
j is zero, we see that the equality above reduces to p1, mq being equal topl1r1 � � � lsrs, l1 
r1 
 � � �
 ls 
rsq
 p1, mq
 pl11r11 � � � l1s1r1s1, l11 
r11
 � � �
 l1s1 
r1s1q.

Equality of the first components gives us

1 � l1r1 � � � lsrs 
 1 
 l11r11 � � � l1s1r1s1
from which we deduce that

l1r1 � � � lsrs � eM � l11r11 � � � l1s1r1s1. (H)

This means that l1 
 r1 
 � � � 
 ls 
 rs and l11 
 r11 
 � � � 
 l1s1 
 r1s1 are in the kernel
of p1M 1M q : M �M ÑM . Without loss of generality we may assume that
these two products are written in their reduced form, meaning that no further
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simplification is possible, besides perhaps when l1, rs, l
1
1 or r1s1 happens to be

equal to eM . Computing the second component, we see that

m � l1 
 r1 
 � � � 
 ls 
 rs 
m 
 l11 
 r11 
 � � � 
 l1s1 
 r1s1� l1 
 r1 
 � � � 
 ls 
 rs 
ml11 
 r11 
 � � � 
 l1s1 
 r1s1.
This leads to a proof that m is right invertible. Indeed, for such an equality
to hold, certain cancellations must be possible so that the overlined elements
can get together on the right. Next we study four basic cases which all others
reduce to.

Case s � s1 � 1. For the equality

m � l1 
 r1 
ml11 
 r11
to hold, we must have r1 � eM or ml11 � eM . In the latter situation, m is right

invertible. If, on the other hand, r1 � eM , then l1 � eM by (H). The equality
m � ml11 
 r11 implies that ml11 � eM .

Case s � 2, s1 � 1. For the equality

m � l1 
 r1 
 l2 
 r2 
ml11 
 r11
to hold, we must have one of the “inner” elements on the right side of the
equality equal to eM .� If ml11 � eM , then m is right invertible.� If r1 � eM or l2 � eM , then the word l1 
 r1 
 l2 
 r2 is not reduced.� If r2 � eM , then m � l1 
 r1 
 l2ml11 
 r11. Since r1 is different from eM ,

we have that l2ml11 � eM , so that l2 admits an inverse on the right and
l11 admits one on the left. From (H), we also know that l2 is admits an
inverse on the left and l11 admits one on the right. Thus, they are both
invertible elements, and hence so is m.

Case s � 1, s1 � 2. For the equality

m � l1 
 r1 
ml11 
 r11 
 l12 
 r12
to hold, we must have one of the “inner” elements on the right side of the
equality equal to eM .� If ml11 � eM , then m is right invertible.� If r11 � eM or l12 � eM , then the word l11 
 r11 
 l12 
 r12 is not reduced.� If r1 � eM , then l1 � eM by (H), so that m � ml11 
 r11 
 l12 
 r12. This is

impossible, since r11 and l12 are non-trivial.
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Case s � 2, s1 � 2. For the equality

m � l1 
 r1 
 l2 
 r2 
ml11 
 r11 
 l12 
 r12
to hold, we must have one of the “inner” elements on the right side of the
equality equal to eM .� If ml11 � eM , then m is right invertible.� If r1 � eM or l2 � eM , then the word l1 
 r1 
 l2 
 r2 is not reduced.� If r11 � eM or l12 � eM , then the word l11 
 r11 
 l12 
 r12 is not reduced.� If r2 � eM , then m � l1 
 r1 
 l2ml11 
 r11 
 l12 
 r12. Again, l2ml11 � eM as

in the second case, and (H) implies that m is invertible.

We see that the last case reduces to one of the previous ones and it is straight-
forward to check that the same happens for general s, s1 ¥ 2.

Below, in Theorem 7.7, we shall prove that groups are precisely the Mal’tsev
monoids: MpMonq � Gp.

6.14. MpCq is a Mal’tsev core. As we already recalled in Section 3, if C is
an S -Mal’tsev category, then the subcategory of S -special objects S pCq is a
Mal’tsev category, called the Mal’tsev core of C relatively to S . We now show
that the subcategory MpCq of Mal’tsev objects is a Mal’tsev core with respect
to a suitable class M of points, provided that MpCq is closed under finite limits
in C.

Let C be a finitely complete category such that MpCq is closed under finite
limits. We define M as the class of points pf, sq in C for which there exists a
pullback of split epimorphisms

A ,2

f

��

A1alr

f 1
��

X ,2

s

LR

X 1,lr

s1LR

(I)

for some point pf 1, s1q in MpCq. Note that the class M is obviously stable
under pullbacks along split epimorphisms. Moreover, all points in MpCq belong
to M .
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Proposition 6.15. Let C be a finitely complete category. Given any pullback
of split epimorphisms with pf, sq a point in M

A�X C

πA

��

πC

,2 C

g

��

xsg,1Cy
lr

A

x1A,tfyLR

f
,2 X,

slr

t

LR

the pair px1A, tfy, xsg, 1Cyq is jointly strongly epimorphic.

Proof : Since pf, sq is a pullback of a point in MpCq as in (I), we see that the
pair px1A, tfya, xsg, 1Cyq is jointly strongly epimorphic. It easily follows that
also px1A, tfy, xsg, 1Cyq is jointly strongly epimorphic.

Note that the property above already occured in Definition 3.2(1).

Lemma 6.16. In a finitely complete category C, if X is an M -special object,
then it is a Mal’tsev object.

Proof : By definition there is a point pf 1, s1q in MpCq and a point X Ô B1 in C
such that the square

X �X
h1 ,2

π1

��

A1lr

f 1
��

X

x1X ,1XyLR

h
,2 B1lr

s1LR

is a pullback. Taking the kernel pairs to the left of h and h1, since Eqph1q �
Eqphq �X we obtain a diagram of the shape

Eqphq �X
h1�1X ,2

h2�1X

,2

πEqphq
��

X �Xlr

h1 ,2

π1

��

A1lr

f 1
��

Eqphq h1 ,2

h2

,2

x1Eqphq,xyLR

Xlr

x1X ,1XyLR

h
,2 B1.lr

s1LR
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By the commutativity of the diagram on the left, we see that h1 � x � h2.
Consequently, h (and h1 as well) is a monomorphism, thus an isomorphism, so
that X � B1 is a Mal’tsev object.

Proposition 6.17. If C is a finitely complete category and the subcategory
MpCq of Mal’tsev objects is closed under finite limits in C, then it coincides
with the subcategory M pCq of M -special objects of C.

Proof : If X is a Mal’tsev object, it is obviously M -special, since the pointpπ1 : X �X Ñ X, ∆X � x1X, 1Xy : X Ñ X �Xq
belongs to the subcategory MpCq, which is closed under binary products.

The converse implication follows from Lemma 6.16.

Strictly speaking, we cannot apply Proposition 4.3 in [9] to conclude that
MpCq is the Mal’tsev core of C relatively to M , since the class M we are
considering does not satisfy all the conditions of Definition 3.2. Indeed, our
class M is not stable under pullbacks, neither need it to be closed in PtpCq
under finite limits, in general. However, all the arguments of the proof of
Proposition 4.3 in [9] are still applicable to our context, since, by definition of
the class M , we know that every point between objects in MpCq belongs to M .
So, we can conclude that, if MpCq is closed in C under finite limits, then it is
a Mal’tsev category, being the Mal’tsev core of C relatively to the class M .
Observe that we could also conclude that MpCq is a Mal’tsev category simply
by Corollary 6.10.

7. Protomodular objects

In this final section we introduce the (stronger) concept of a protomodular
object and prove our paper’s main result, Theorem 7.7: a monoid is a group
if and only if it is a protomodular object, and if and only if it is a Mal’tsev
object.

Definition 7.1. Given an object Y of a finitely complete category C, we say
that Y is protomodular if every point with codomain Y is stably strong.

We write PpCq for the full subcategory of C determined by the protomodular
objects.

Obviously, every protomodular object is strongly unital. Hence it is also
unital and subtractive (Proposition 5.14). We also have:
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Proposition 7.2. Let C be a finitely complete category. Every protomodular
object is a Mal’tsev object.

Proof : Let Y be a protomodular object and consider the following pullback of
split epimorphisms:

A�Y C

πA

��

πC

,2 C

g

��

xsg,1Cy
lr

A

x1A,tfyLR

f
,2 Y.

slr

t

LR

Since Y is protomodular, the point pg, tq is stably strong and, consequently,pπA, x1A, tfyq is a strong point. Moreover, the pullback of s along πA is preciselyxsg, 1Cy, so that the pair px1A, tfy, xsg, 1Cyq is jointly strongly epimorphic, as
desired. Observe that this proof is a simplified version of that of Theorem 3.2.1
in [15].

Note that, in the regular case, the above result follows from Proposition 6.2
via Lemma 2.12.

The inclusion PpCq � MpCq is strict, in general, by the following proposition,
Proposition 6.9 and the fact that there exist Mal’tsev categories which are not
protomodular.

Proposition 7.3. If C is a finitely complete category, then PpCq � C if and
only if C is protomodular.

Proof : By definition, a finitely complete category is protomodular if and only
if all points in it are strong. When this happens, automatically all of them are
stably strong.

Corollary 7.4. If C is a finitely complete category and PpCq is closed under
finite limits in C, then PpCq is a protomodular category.

Proof : Apply Proposition 7.3 to PpCq.
Observe that this hypothesis is satisfied when C is the category Mon of mo-

noids, or the category SRng of semirings, as can be seen as a consequence of
Example 7.6 and Theorem 7.7 below.

Proposition 7.5. If C is regular, then PpCq is closed under quotients in C.

Proof : This follows immediately from Proposition 2.11.
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Example 7.6. PpSRngq � MpSRngq � SUpSRngq � SpSRngq � Rng. If X
is a protomodular semiring, then it is obviously a strongly unital semiring,
thus a ring by Theorem 4.3. We already mentioned that if X is a ring, then
every point over it in SRng is stably strong, since it is a Schreier point by [13,
Proposition 6.1.6]. In particular, the category PpSRngq � Rng is closed under
finite limits and it is protomodular. Thanks to Propositions 7.2 and 6.3, we
also have that MpSRngq � Rng.

Theorem 7.7. If C is the category Mon of monoids, then PpCq � MpCq � Gp,
the category of groups. In other words, the following conditions are equivalent,
for any monoid M :

(i) M is a group;
(ii) M is a Mal’tsev object, i.e., PtMpMonq is a unital category;
(iii) M is a protomodular object, i.e., all points over M in the category of

monoids are stably strong.

Proof : If M is a group, then every point over it is stably strong, because it is
a Schreier point by Proposition 3.4 in [14]. This proves that (i) implies (iii).
(iii) implies (ii) by Proposition 7.2, and (ii) implies (i) by Theorem 6.13.

Remark 7.8. Note that, in particular, PpMonq is closed under finite limits in
the category Mon.

Remark 7.9. The proof of Theorem 6.13 may be simplified to obtain a di-
rect proof that (iii) implies (i) in Theorem 7.7. Instead of the pullback dia-
gram (G), we may consider the simpler pullback of p1M 1M q : M �M Ñ M

along m : NÑM .

Remark 7.10. As recalled in Example 4.9, there are gregarious monoids that
are not groups. Hence, in Mon, the subcategory PpMonq is strictly contained
in SUpMonq.
Example 7.11. In the category CatXpCq of internal categories over a fixed
base object X in a finitely complete category C, any internal groupoid over X
is a protomodular object. This follows from results in [9]: any pullback of
any split epimorphism over such an internal groupoid “has a fibrant splitting”,
which implies that it is a strong point. So, over a given internal groupoid
over X, all points are stably strong, which means that this internal groupoid
is a protomodular object.

Similarly to the Mal’tsev case, we also have:
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Proposition 7.12. If C is a pointed finitely complete category, then the zero
object is protomodular if and only if C is unital.

Proof : The zero object 0 is protomodular if and only if every point over it is
stably strong. This means that, for any X, Y P C, in the diagram

X
� ,2
x1X ,0y

,2

??
??

??
??

??
??

??
?

??
??

??
??

??
??

??
?

X � Y
πY

,2

πX

��

Y
x0,1Y y

lr

��

X ,2 0,lr

the morphisms x1X , 0y and x0, 1Y y are jointly strongly epimorphic. This hap-
pens if and only if C is unital.

Proposition 7.13. If C is a regular category with binary coproducts, then the
following conditions are equivalent:

(i) Y is a protomodular object;
(ii) for every morphism f : X Ñ Y , the pointppf 1Y q : X � Y Ñ Y , ιY : Y Ñ X � Y q

is stably strong.

Proof : This follows from Proposition 2.11 applied to the morphism of points

X � Y
p1X sq

,2,2pf 1Y q
��

X

f

��

Y

ιY

LR

Y,

s

LR

for any given point pf : X Ñ Y, s : Y Ñ Xq.
7.14. PpCq is a protomodular core. Similarly to what we did for Mal’tsev
objects, we now show that the subcategory PpCq of protomodular objects is a
protomodular core with respect to a suitable class P of points, provided that
PpCq is closed under finite limits in C.

Let C be a finitely complete category such that PpCq is closed under finite
limits. We define the class P in the following way: a point pf, sq belongs to P
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if and only if it is the pullback

A ,2

f

��

A1
f 1

��

X ,2

s

LR

X 1s1LR

of some point pf 1, s1q in PpCq. Note that P is a class of strong points, since
they are pullbacks of stably strong points (the codomain X 1 is a protomodular
object). The class P is also a pullback-stable class since any pullback of a
point pf, sq in P is also a pullback of a point in PpCq. The class P is not
closed under finite limits in PtpCq, in general. So, strictly speaking, it does
not give rise to an S -protomodular category. However, as we observed for the
Mal’tsev case, the fact (which follows immediately from the definition of P)
that all points in PpCq belong to P allows us to apply the same arguments as
in the proof of Proposition 6.2 in [15] (and its generalisation to the non-pointed
case, given in [9]) to conclude that PpCq is a protomodular category. Indeed,
as we now show, it is the protomodular core PpCq of C relative to the class of
points P . In other words, it is the category of P-special objects of C.

Proposition 7.15. If C is a pointed finitely complete category, and the subca-
tegory PpCq of protomodular objects is closed under finite limits in C, then it
coincides with the protomodular core PpCq consisting of the P-special objects
of C.

Proof : If X is a protomodular object, it is obviously P-special, since the pointpπ1 : X �X Ñ X, ∆X � x1X, 1Xy : X Ñ X �Xq
belongs to the subcategory PpCq, which is closed under binary products.

Conversely, suppose that X is P-special. Then the point pπ1,∆Xq is a
pullback of a point pf 1, s1q in PpCq

X �X
h1

,2

π1

��

A1
f 1

��

X

x1X ,1XyLR

h
,2 B1.s1

LR

But then X, which is the kernel of π2, is also the kernel of f 1, and hence it
belongs to PpCq.
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