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ABSTRACT: This paper is devoted to characterizations of classical orthogonal poly-
nomials on quadratic lattices by using a matrix approach. In this form we recover
the Hahn, Geronimus, Tricomi and Bochner type characterizations of classical or-
thogonal polynomials on quadratic lattices. Moreover a new characterization is
also presented. From the Bochner type characterization we derive the three-term
recurrence relation coefficients for these polynomials.
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1. Introduction

Classical continuous orthogonal polynomial sequences can be character-
ized by different properties, using different approaches. Probably the first
results in this direction go back to Bochner [3], Favard [5] and Hahn [10].
Moreover, some recent characterizations can be found in [2, 6, 7], by using
either differential operators as Bochner or linear functionals as introduced
by Maroni [17, 16]. Recently a new characterization of classical continuous,
discrete and their g-analogues was given by Verde-Star [22, 23] by using a
matrix approach.

A general presentation of classical continuous orthogonal polynomials in
terms of solutions of certain differential equations have been done by Niki-
forov et al. [18, 19, 20]. In this direction, classical orthogonal polynomials
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are solution of the second order linear differential equation

o(2)y"(x) + 1(x)y' (z) — My(x) =0

where o and 7 are polynomials of at most second and first degree, respectively.

The above differential equation can be replaced by a difference equation,
giving rise to classical orthogonal polynomials of a discrete variable [18, Chap-
ter 2|, if we consider a discretization with constant mesh, or classical orthogo-
nal polynomials on nonuniform lattices [18, Chapter 3] if we consider a class
of lattices with variable mesh u(t). We would like to notice that divided-
difference operators associated with the special non-uniform lattices have
appeared in many studies of orthogonal polynomials of a discrete variable.
For example see the early studies by Hahn [9, 10, 11, 12|, the foundational
work by Askey and Wilson [1] and the monograph of Nikiforov, Suslov and
Uvarov [18].

As indicated in [18, Theorem 1, page 59] some restrictions must be imposed
on the lattice u(t) giving rise to the following classification of the lattices:

(1) Linear lattices if pu(t) = cot + c3 with ¢o # 0.

(2) Quadratic lattices if ju(t) = c1t* + ot + c3, with ¢; # 0.

(3) g-linear lattices if u(t) = c5¢" + cg, with ¢z # 0.

(4) g-quadratic lattices if u(t) = c4q' + c5q " + ¢ with csc # 0.
The characterization theorems of classical orthogonal polynomials in the
cases of linear and ¢-linear lattices by using matrix approach have been ob-
tained in [23]. We would like to emphasize that this approach has not yet
been used in the case of quadratic or g-quadratic lattices, despite the im-
portance in many applications of the families belonging to these classes (e.g.
Racah or Wilson orthogonal polynomials).

In a recent paper [6] the authors gave a characterization theorem for clas-
sical orthogonal polynomials on a lattice as described above by using the
Pearson-type equation. Moreover, in [7] and by using the functional ap-
proach, the authors stated and proved a characterization theorem for classical
orthogonal polynomials on non-uniform lattices including the Askey-Wilson
polynomials.

The main aim of this paper is to present a new characterization of classical
orthogonal polynomials on quadratic lattices, by using a matrix approach. In
doing so, we reinterpret in matrix form previous characterizations classical
orthogonal polynomials on quadratic lattices, showing that previous results
of [22, 23] on classical continuous orthogonal polynomials, discrete and their



ORTHOGONAL POLYNOMIALS ON QUADRATIC LATTICES 3

g-analogues, can be generalized to nonuniform lattices. In this way, we obtain
the Hahn, Geronimus, Tricomi, and Bochner type characterizations. More-
over, by using the method presented by Vicente Gongalves, we explicitly
obtain the coefficients in the three-term recurrence relation satisfied by clas-
sical orthogonal polynomials on nonuniform lattices from the second order
linear divided-difference equation they satisfy.

This work is organized as follows: in section 2 we introduce the basic def-
initions and notations. In section 3 we reinterpret the Hahn, Geronimus,
Tricomi, and Bochner characterizations of classical orthogonal polynomials
on quadratic lattices by using a matrix approach and derive a new charac-
terization of these polynomials. Finally, in section 4 we extend the method
of Vicente Gongcalves to obtain the coefficients of the three-term recurrence
relation of classical orthogonal polynomials on quadratic lattices from the
second-order linear divided-difference equation they satisfy.

2. Basic definitions and notations
Let us consider the quadratic lattice

w(t) =cit? +cot + cs, (1)

where ¢q, ¢o, and c3 are constants and in what follows we shall assume that
c1 = 1, i.e. a pure quadratic lattice. Notice that the particular case ¢; = 0,
i.e. linear lattices, have been considered in [23], and as mentioned before our
intention is to show that that matrix approach can be followed in the case of
nonuniform lattices. Let P,(u(t)) be a monic polynomial of degree n in the
lattice u(t),

Pn(,u(t)) — Pn - pn,n"’pnfl,nﬁl (t) +pn72,nﬁ2(t)+' : '+p1,n19n71(t)+19n(t)7 (2)
where the basis {0,,(t)} _ is defined by [8, Equation (54), p. 416]
Up(t) = (=4) " (2t +1/2+ c2)n (=2t + 1/2 — c2)n, (3)

and (A), = A(A+1)---(A+n—1) with (A)y = 1 denotes the Pochhammer
symbol. Let us further define

P =[P P P, “‘}T: (1 pra+01(t) pos+ pravi(t) + Da(t) }T
= AL () () -]
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where ~ -
1 0
pr1 1 0
A= ’ . 4
P22 p12 1 7. (4)

The difference operators D and S [14, 15] are defined by

Flt+1/2) = fE - 1/2) FE 412 4 FE - 1/2)
DI =i -1 M S0 |

2

Notice that the above divided-difference operators transform polynomials of
degree n in the lattice p(t) defined in (1) into polynomials of respectively
degree n — 1 and n in the same variable u(t). Since [8]

D, (t) = ndy-a(t), (5)
we have
P = DA DR DR -] = [1 pratia(t) ]
— A1 () do(t) -],

where

A=DAD, (6)

with
01 0
. 1
D —

0
, and D= 9

0 : (7)

(@) Sl
. Wl

Let us assume that {P,},>0 is a sequence of monic orthogonal polynomials
on a quadratic lattice pu(¢). Then, the three-term recurrence relation satisfied
by {P, },>0 reads as

p(t) Py = Py + BnPn + v Po, (8)
with initial conditions Py = 1, P, = u(t) — (.

Lemma 1. The three-term recurrence relation (8) can be written in matriz
form as

LA=AX",
where

X=X +diag {fo, f1... .}, (9)
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with ) )
Bo 1 01
m A1 01
72 62 c. ) O 1 ) ( )

and the coefficients f,, are defined as [8, Equation (34), p. 411]
p(t) 0p(t) = 0psa(t) + fun(t), n=0,1,..., (11)
and explicitly given by

2
&)

1
fo = —Z—|—1—6(2n+1)2+03. (12)

Proof: Using (11) and the linear independence of {4,,(t) },>0 we get

ule) [L0u(t) da(t) )" = (diag {fo. 1o} + X) [U9a(6) 9a(t) -
=X'[1 (1) () -]

and from LP = pu(t) P, the result follows. |

Lemma 2. The following matrix relation holds true

ADA™' = ADDA™'D = AJA™'D = D,

where ) )
O 0 0 0
o 1 0 0 .
J = _ . (13)
O 0 1 O ..

Proof: The result follows from the definitions of the matrices A, D, A, D
and J. u

3. Characterizations of classical orthogonal polynomials
on quadratic lattices

3.1. Hahn’s characterization. Let us assume that the sequence {%]D)Pn =
P'},>1 is also orthogonal (Hahn’s characterization). Then, the three-term
recurrence relation satisfied by { P/ },>1

P{:l) Pé:u(t)—ﬁ(), /’L(t)P/i:PTIH*l—i_/B?/iPTIL—i_f)/?/iPTIL*l?nEN7
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can be written in matrix form as

MP =puP (14)
with ) )
gy 1
v B 1
M = 15
Yo By (15)

Thus, by using the definition of P it yields
MA=AX" (16)

where X! has been defined in (9).
As conclusion, we have the Hahn-type characterization of classical orthog-
onal polynomials on quadratic lattices by using the matrix approach

Theorem 1. The sequence { P, },>o is of classical orthogonal polynomials on
the quadratic lattice u(t) defined in (1) if and only if (16) holds true, where
the matrices M, A and X' are defined in (15), (6), and (9), respectively.

3.2. Geronimus’ characterization. Classical orthogonal polynomials on
quadratic lattices can be also characterized from the following algebraic re-
lation (Geronimus’ characterization)

SP,=P.  +{ P+ P

n—1»
i.e. each element of the sequence {SP,},>o can be expressed as a linear

combination of three consecutive elements of the sequence { P! },~;. By using
that [8, Equation (31), p. 410]

S0,(0) = 0u(0) + g (). go="Cn D)
the Geronimus characterization can be written in matrix form as
SP=UP, (18)
where ) _
1 0
. h1/2 0 (19)

o2 o1/3 -
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and ) .
1 1 0 1
Sﬁl(t) g 1 0 %
SP=A S 9o (1) =A 0 g 1 9, |
or ] ]
AG=UA, ie. AGA'=U, (20)
where i )
1 0
G _ [951 1 0
0 go 1

By applying the divided-difference operator D to the three-term recurrence
relation (8) satisfied by the sequence {P,},>0, by using product rule of the
operator D, we obtain

SPy =D Puy1+ 6D Py +7.D Py y — Su(t) D Py,
which in matrix form can be expressed as
SP=LDP —DSu(t)P,
with
Su(t) = u(t) +
From the recurrence relation (14) for the sequence of divided-differences

{Py}u>1 we have SP = LDP' — D (M + {I)P', or, by (18) UP' =
LDP —D(M+i0)7P e

1
U:LD—D(M+ZI). (21)
Therefore, we obtain the Geronimus-type characterization of classical or-

thogonal polynomials on quadratic lattices in matrix form as

Theorem 2. {P,},>¢ is a sequence of classical orthogonal polynomials on the
quadratic lattice pu(t) defined in (1) if and only if (21) holds true, where U,
L, D, and M are defined in (19), (10), (7), and (15), respectively and I
denotes the identity matriz.
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3.3. A new characterization of classical orthogonal polynomials
on quadratic lattices. Let us recall Lemma 2 as well as the following
properties

1
LU = L*D — LDM — ZLD,

1
UM = LDM — DM?* — ZDM,

AJA'D=D, DD=1I, and DD =,
where J has been defined in (13) and

(1 0 ] [0 0 ]
g 1 0 g 0 0
G=1, o 1 =1+ E, E=|, w 0 | (22)

We have
1 ]
L*D=2LDM+DM*+ (DM = LD) :A(XIE—EXI)A—l,

with
i 7 0 0 0 i
xig_mxt_ |[ali—f) e-a 0 0
0 92(fo—f1) 93— 9o 0
Since
1 1 ) 1
fn+1_fn:§(n+1)7 fn+1+fn:§(n+1) -1-2(03—1—%—2),

where f,, are given in (12), as well as

1 1 1
Gn+1 — Gn = Z(4n+ 1) = 5(2n+ 1) — =

47
we have
1 1 1 c%
Gn1(for1i—fn) = §(n+1)(fn+1+fn)—z(n+1)(fn+1—fn)—(Q}‘FE—Z)(TH—l) :
Thus,
1 1 1 1 J 1 1 C%
X F—-FEX :§(X D+ DX )_Z(X D—-DX")— (CS—I_E_Z)D’ (23)
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and from (2) we obtain
AX'DA™! = AX'A"Y(ADA™Y) = LD,
ADX'A™' = (ADA HYAX'A™' = DM.
By using (23) we obtain

. 1 1 1
AX'E— EXY)A™ = S(LD + DM) = £(LD = DM) = (es + 75 — %)D
Therefore,
1
L*D —2LDM + DM? — (LD = DM)
= 1(LD + DM) 1(LD DM) — (c3 + 1 C—%)D
~ 9 4 ST W

We are now in conditions to state a new characterization of classical or-
thogonal polynomials on quadratic lattices, which is the extension of previous
works [22, 23]:

Theorem 3. {P,},>0 is a sequence of classical orthogonal polynomials on
the quadratic lattice pu(t) defined in (1) if and only if
1 1
LD — 2LDM + DM = S(LD + DM) + (e + 7= = %)D —0,

holds true, where the matrices L, D, and M are defined in (10), (7), and (15),
respectively, and the quadratic lattice pu(t) depends on the constants co and cs.

3.4. Tricomi’s characterization. Classical orthogonal polynomials on
quadratic lattices can be also characterized in terms of a structure relation
of the form (Tricomi’s characterization) [21]

qb]D)Pn:ggganrl"i_ngLSPn—i_g?LSPn—la

where ¢ is a polynomial of at most degree 2 in the lattice u(t), which can be
written in matrix form as
pP =WSP,
with
% g 9 0

W=10 g g g | (24)
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Thus, A ¢(X + diag) := Ap(X) =W AG . Notice that

2 fo+fi 1 0
XYHY=10 2 f+h 1

Therefore Ap(X') = WAG. As AG = U A, multiplying the first equa-
tion by U (left) and using the second identity in (20) we have UW AG =
AG¢(XY) orequivalently UW = (AG)H(XY)(AG)™, ie.

UW =¢((AG) X' (AG)™). (25)
Multiplying now first by W (left) the second equation and applying the first
equation we obtain

WUA=A¢(X') or WU=A¢p(X')A!, and

WU=¢(AXTA™). (26)
Thus, we can rewrite the Tricomi-type characterization of classical orthog-
onal polynomials on quadratic lattices by using the matrix approach as

Theorem 4. {P,},> is a sequence of classical orthogonal polynomials on
the quadratic lattice p(t) defined in (1) if and only if (25) and (26) hold
true, where the matrices W, U, A, and X' are defined in (24), (19), (6),
and (9), respectively.

3.5. Bochner’s characterization. Classical orthogonal polynomials on
quadratic lattices are solution of a second-order divided-difference equation
(Bochner’s characterization) [7]

¢pD?* P, +¢SDP, =\, P, (27)
where
6= o(u(t) = ap(u(t)? + apt) + s, , ¥ =(ult) = boult) + by, (28)

are polynomials of at most degree 2 and 1 in the lattice p(¢). We can express
the above characterization in matrix form as

AD?* (XN + ADGY(X) =AA,
with
)\n :n((n— 1)a0+b0) , A= diag{)\o,)\l,)\g,...}. (29)
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The Bochner equation can be written as an algebraic Sylvester equation

in A, namely
AD(D¢(X") +Gy(X)) =AA. (30)

Therefore, given ¢ and ¢ the matrix A is determined if and only if the point
spectra of A and D? ¢(X1) + D G (X?') be disjoint i.e. the given matrices
do not have common eigenvalues.

As a conclusion, we have the following Bochner-type characterization of
classical orthogonal polynomials on quadratic lattices as

Theorem 5. {P,},>¢ is a sequence of classical orthogonal polynomials on the
quadratic lattice p(t) defined in (1) if and only if (30) holds true, assuming
that A\, # A\, for any n,m = 0,1,2,..., n # m, where the matrices A, D,
X', G, and A are defined in (4), (7), (9), (22), and (29), respectively.

4. Solving the Bochner-type equation

In 1942 and 1943 [4] Vicente Gongalves published two papers [24, 25] about
classical orthogonal polynomials (Hermite, Jacobi, Laguerre and Bessel),
proving the following result. Let o(z) = ap2® + a1z + az, 7(x) = box + by,
and A, = n((n — 1)ag + by). Assuming that for each n there exists a unique
monic polynomial solution of the the equation, each element of the monic
polynomial sequence {y, },>o satisfies

o(x)y"(z) + 7(x)y () — Ay = 0, (n=0,1,2,...)

then the monic polynomial sequence {y,},>o satisfies the above equation if
and only if {y, },>0 satisfies a three-term recurrence relation

TYn = Yn+1 + ﬁnyn + YnYn—1, n Z 17

where the two sequences of real numbers {3, },>0 and {v,},>1 are fully de-
termined by the constants ag, a1, as, by, and by.

Next we reinterpret the above result for quadratic lattices. From (27) let
us introduce the Bochner-type operator

L,=¢D*+¢SD -\, 1, (31)

where ¢ and 1 are polynomials in the lattice p(¢) defined in (28). We shall
assume that L, has for each nonnegative integer n a unique monic polynomial
solution of degree exactly n in the quadratic lattice u(t), denoted by P, =
P, (u(t)),i.e. Py =9,(t)+p1n0n—1(t)+p2n0n—2(t)+ terms of lower degree and

L,(P) =0, n=0,1,....
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Notice that L, acting on a polynomial g of degree n in the lattice u(t) gives
a new polynomial of degree at most n in the lattice u(t). Let us recall the
expression (2) of the polynomial P, in terms of the basis {¢,(t)}. First, we
state a result for the unicity of monic polynomial solution of the Bochner-type
equation (27).

Lemma 3. For each n, the unicity of monic polynomial solution of the
Bochner-type equation (27) is equivalent to

(1) A\j = A\, has j = n as unique solution in N;
(2) M #0, k=0,1,...,n—1.

Proof: The result can be deduced as in the classical continuous case [18,
Chapter 1] by considering the polynomial solution given in terms of the
basis ¥, (t) defined in (3). |

Lemma 4. There exists a sequence {3, }nen such that the polynomial

Un(,u(t)) = Ln+1 ((;u(t) - 5n)Pn)a (32>
has degree n — 1 in the lattice u(t), for each n € N. Moreover

kl n+1
W= Do+ fot 1, 33
b = Pint J An = Ant1 (33)

and Uy, (u(t)) = t, V-1 + - -+ where
tn = ko1 + (fot+D10—Bn)kin+ P1nfo1+D2.0— BaPin) A1 —Ant1), (34)
and
(Fo,j = a0j(j — 1) + boj — A,
ki =aoj(j — 1)(fj—1 + fj—2) +boj fi-1 + a1j(j — 1) + bojgj—1 + bij,

kaj = aoj(j —1)f7 o+ aij(j —1)fj—2+ bojgj-1fj-2
\ +aj(j — 1) + bijgj-1.

Proof: From (2) we have
(1(t) = Bn) Palp(?))
— ﬁnJrl(t) + (fn +p1,n - ﬁn) ﬁn(t) + (pl,nfnfl +p2,n - ﬁnpl,n) ﬁnfl(t) + e
By using (5) and (11),
Ly (95(t)) = ko 05(t) + k1 051(8) + ko j 0j-o(2), (36)

(35)
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where k; j are defined in (35). Therefore,
Lot (9s1(8)) = laon( + 1) + bon+ 1) = Avsa] (1)
+ k11 Un(t) + kopg1 U1 (1),
Lo (0n(t)) = [aon(n — 1) + bon — Xps1] 90 () + k1 01 () + ko 0na(t),
Lo (0n-1(t)) = [ao(n — 1)(n — 2) + bo(n — 1) — A1) P1(2)
+ k11 On—a(t) + kopn—1Un_3(1).

As a consequence,

U, = [aon(n+ 1) + by(n + 1) — Api1] i (t)
+ [Erps1 + (fa + D1 — Ba)(aon(n — 1) 4+ bon — Ayj1)] 9 ()
+ [kQ,nJrl + (fo + P10 — Ba)kin + (Prafa1 + Do — BuPin)
X (ap(n —1)(n—2) + bo(n — 1) — Apy1)] Fna () + - -

Thus, the coefficient in 9,41 is zero since A\,11 = agn(n + 1) + bo(n + 1).
Moreover, in order that U,(u(t)) in (32) be a polynomial of degree n — 1
in p(t) we get (33) as well as A\,11 # A\,. Finally, we also obtain that the
coefficient in ¥,y in (32) is given by (34). |

In order to continue with the method of Vicente Gongalves for quadratic
lattices, and since the proofs are rather technical, we shall first state the
results, while the complete proofs are detailed later.

Lemma 5. For each natural number n we have L,_1 (U, (u(t)) = 0, where
Un(u(t)) is defined in (32).

From the unicity of solution of Bochner’s equation, there exists a con-
stant ¢,, such that

U,=t,P, 1. (37)

Lemma 6. Let P, be the unique monic polynomial solution of degree n in
the quadratic lattice p(t) of the Bochner equation (27). Then, there exist
sequences {n >0 and {ynn>1 such that the following three-term recurrence
relation holds

Poy1 = (u(t) = Bn) P — Yn Pa1. (38)
More precisely, 3, is given in (33) and
tn
- | 39
LD W W (39
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As a summary of the previous results we have

Theorem 6. Let P, be the monic polynomial solution of degree n in the qua-
dratic lattice p(t) of the second-order linear divided-difference equation (27),
where the polynomials ¢ and 1 are given in (28), respectively, and the eigen-
value A, is given in (29). Then, the coefficients (3, and vy, of the three-term
recurrence relation (38) satisfied by the sequence { P, },>0 are given by

By = DPin — Pin+l t+ I (4())
Yo = P1n (fam1 — Bn) + D2 — P2nt1s (41)
where

_ _n (a(n _ 1) (fan + fnfl) + b(n _ 1) +r (fn—l + gnfl) + S)
pl?n B )\n—l - >\n ’

e 0= D1 el =D s+ S 48 =2) (43)
+7 (fn—Z + gan) + S) +n (fan (afn—Z + b) + C)) + NGgn—1 (Tfn—Q + 3)} 3
A =n(a(n—1)+1), (44)

and the coefficients f, and g, are given in (12) and (17), respectively.

P2n = —

Ezxample 1. As an example of application of the previous results, let us recall
that monic Racah polynomials can be defined in terms of hypergeometric
series as [13, page 190]

—nnta+ B+l —t bty o1, B
X4¢3( Oz+1,6—|—5—|—1,7+1 ‘177 n_0717"'7N7

where r,(a, 3,7,9;t) is a polynomial of degree n in the quadratic lattice
pu(t) = t(t+~v+ 6+ 1). Racah polynomials satisfy a second-order linear
divided-difference equation which can be written as a Bochner-type equation
of the form (27) where ¢ is the polynomial of degree two in the lattice u(t)
given by

1

S(u(t)) = =) + 5 (=28 + 5 +7+3) + 56 —7 = 3)

—2(8y + 8+ +2))u(t) — %(owr D(y+D(B+6+ 1)+~ +1),
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7 is the polynomial of degree one in the lattice u(t) given by

T(u(t) = —(a+ B+ 2)u) — (e + (v +1)(B+0+1),

and the eigenvalues A, are given by A\, = —n(a+ g+ n+1). If we apply
Theorem 6 we obtain exactly the coefficients of the three-term recurrence
relation [13, Eq. (9.2.4)]. In a similar way, Theorem 6 can be applied to
obtain the coefficients of the three-term recurrence relation satisfied by any
sequence of monic orthogonal polynomials solution of a Bochner-type equa-
tion on a quadratic lattice (27), assuming that the equation has a unique
monic polynomial solution for each positive integer n.

Proof of Lemma 5: We shall need the following relations

a) D[f g] =Sf Dy + Df Sy,

b) S[f g] = ma(t)Df Dg + Sf Sg, with mo(t) = p(t) + s,

) S[u(t)] = u(t) + 1/4

d) DSf = SDf + my D*f, with m; = 1/2,

e) S°f = my SDf + mo(t) D*f + f.
From the definition of the linear operator L, and the polynomial U, (u(t))
we have

Un = L1 ((u(t) = Bn) Pn)
= ¢D*((1(t) = Bu) Pn) + ¥ SD((1u(t) = Ba) Pr) = A ((ult) = 80) Pr)
= D((u(1)+5 — B)DP, + SP,) + vS(u(t)++ - 5,)DP, + 5P,

= A1 ((u(t) = B) Pn)
= ¢((u(t) = By + DB, + 2SDP,) + 1(2(u(t) + 6,)D*P,

+ (u(t) = B+ DSDP, + Py) — A1 ((u(t) — Ba) Bn)
= (u(t) — B+ 1)(¢D°P, + YSDP,) + 2¢SDP,

+ 10 (2(u(t) + 02)D° Py + Br) — At ((1(t) = Ba) Pr)
= (u(t) — B+ DMLy + 2¢SDP, + ¥ (2(u(t) + 6,)D*P, + P,)

— A1 (((t) = B) Pn)
= 20SDF, + ¢ P, + (u(t) — Bu) APy — Ansa (u(t) — Ba) By

+ APy + 20 (pu(t) + 0,)D*P,
= 2¢SDP, + P, + (Ay = X1 (11(t) = Ba) P+ Mo P + 20(pa(t) + 6,) D P
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As a consequence,

Ln1 (Un(ﬂ(t))
= L1 [20SDP, + ¢ P+ (A — Mgt (1() = B2) P+ X P+ 2ma (1) YD B, |

We shall now obtain a number of properties which shall be used in the proof.
First,

Lyt [(An — A1) (p(t) — Bn)Pn]
= 2(Ay — A1) S DP, + (A, — A1) (A — A1) (1(t) — Bn) P
+ (A = A )VL, + M (i — A1) Py + 200 — A1) ma(t) 9 D* B, (45)
Moreover,
Lot [AnPa] = An(An = Au1) P (46)
We shall also need the following relations:
S’D?P, = my(t)D*P, + m; SD*P, + D*P,,
DSD?P, = SD*P, + m; D*P,,
D*SDP, = DSD?P, + my D*P, = SD*P, + 2m, D*P,,
SDSDP, = S*D*P, + m1 SD*P, = my(t)D*P, 4 2m; SD*P, + D*P,,
DS’DP, = SDSDP, + m; D*SDP, = (my(t) + 2m?) D*P, + 3m; SD* P, + D?P,,
S’DP, = my(t) D*SDP, + m; SDSDP, + SDP,
= (ma(t) + 2m?) SD*P, + 3myma(t) D*P, + mD?P, + SDP,.

Also,

D*[¢SDP,] = D*(¢) DP,+SD(¢) DS*DP,+DS(¢) SDSD P, +S*(¢) D*SDP,
= D*(¢) [(ma(t) + 2m3) SD* P, + 3myms(t) D' P, + miD*P, + SDP, |
+SD(¢) [(ma(t) + 2m7) D*P, + 3mi SD*P, + DR,
+DS(¢) [ms(t)D* P, + 2my SD* P, + D*P,] 4 §*(¢)[SD*P, + 2m; D*P, |
= [3mima(t) D*(¢)+ma(t) SD(¢)+2miSD(¢)+ma(t)DS(¢)+2miS*(¢)| D' B,
+ [ma(t) D*(¢) 4 2mi D*(¢) + 3miSD(¢) + 2miDS(¢) + S*(¢)] SD’ B,

+ [m1 D*(¢) + SD(¢) + DS(¢)| D*P, + D*(¢) SDF,.
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Note that
D*[¢D*P,] = D*(¢) S’D*P, 4+ SD(¢) DSD*P, + DS(¢) SD*P, + §*(¢) D*P,

= [ma(t) D*(¢) + m1 SD(¢) + S*(¢)] D' P,
+ [m1 D*(¢) + SD(¢) + DS(¢)] SD° P, + D*(¢) D* P,

as well as
SD[¢D*P,| = SD(¢) S’D*P, + S*(¢) SD* P, + mas(t) [D*(¢) DSD*P,

+DS(¢) D'P,] = [ma(t) SD(¢) + mima(t) D*(¢) + ma(t) DS(¢)] D' P,
+ [m1 SD(¢) + S*(¢) + ma(t) D*(¢)] SD*P, + SD(¢) D* P,

As a consequence,
D*[¢SDP,] = 2m; D*[¢D*P,| + SD[¢D*P,] + [mi D*(¢)

+ SD(¢) + DS(¢)] D*P, + D*(¢) SDP, — 2m; D*(¢) D* P, — SD(¢) D*P,
= 2m; D*[¢D*P,| + SD[¢ D*P,] + SD(¢) D*P, + D*(¢) SDP,.

Therefore,

D*[2¢SDF,] = 4m; D*[¢ D*P, ]
+2SD[¢ D*F,] + 2SD(¢) D*P, + 2D*(¢) SDP,. (47)

Furthermore,
D?[¢p ma(t) D*P,| = D?[¢p ma(t)] S’D*P, + SD[¢ ms(t)| DSD*P,
+ DSy ma(t)] SD*P, 4+ §*[¢ mo(t)] D' P,.
We have

D? [¢h ma(t)] = 4m; SD(¥),

SD [ ma(t)] = ma(t) SD(v) + 2mi SD(¢) + 2my §* (),

DS [ ma(t)] = ma(t) SD(s) + 6m; SD(¥) + 2my §* (1)),

S*[4 ma(t)] = dmama(t) SD(¢) + 2m7 SD(¥) + (2m7 + ma(t) S* ().
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Then,

D?[¢) ma(t) D*P,] = 4m1 SD() [ma(t)D' P, + my SD*P, + D*P,]
+ [ma(t) SD(¥) + 2m3 SD(¥) + 2my S*(¥)] [SD* P, + my D' P,]
+ [ma(t) SD(¥) + 6mi SD(¢) + 2my S*(v)| SD*P,
+ [Admima(t) SD(¥) + 2m3 SD(¥) + (2m] +ma(t)) S*(¢)| D' P,
= [9muma(t) SD(¥) + 4mi SD(y) + dmi §*(¢) +ma(t) S*(¢)] D*P,
+ [12m7 SD(¢)) + 2ma(t) SD(¢) + 4my SD(y) 4 4m1 S*(¢)] SD’ P,
+ 4m; SD() D?P,.

Notice that

D*[¢ SDF,] = D*(¢) S°D*F, + SD(¢) DS’DP, + DS(v) SDSDP,

+ S*(1)) D’SDP, = SD(1) [(ma(t) 4+ 2m7) D' P, + 3m; SD’P, + D*P, ]
+ DS(¢) [ma(t)D* P, + 2m; SD°P, + D*B,] + S*(¥) [SD’ P, + 2m; D*P,]
= [2ma(t) SD(¢)) + 2m3 SD(¢) + 2my S* ()] D' P,

+ [5m1 SD(¥) + S*(¥)] SD*P, + 2SD(y)) D* P,

and

SD [y SDF,] = SD(¢) S’DP, + S*(¢) SDSDP,
+ my(t) [D*(v) DS’DP, + DS(¢) D*SDP, |
= SD(¢) [(ma(t) + 2m3) SD*P, + 3mims(t) D' P, + miD*P, + SDP, |
+S%(¢) [ma(t) D*P,+2my SD° P, +D*P, | +my(t) DS(¢) [SD? P, +2m; D*P, ]
= [Bmims(t) SD(¢) + ma(t) S*(v)| D'P,
+ [2my(t) SD() + 2m7 SD(¢) + 2my S*(v)] SD° P,
+ [m1 SD(y) + S*(¢)] D*P, + SD(v)) SDF,.

Thus,

D? [¢p mo(t) D*P,] = 2my D*[¢ SDP,] + SD[¢) SDP, ]
— [m1 SD(y) D*P, + S*(¢) D*B,] — SD(¢)) SDP,.
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We also have D?[¢) B,| = 2SD(¢)) SDF, + [m; SD(¢) + S*(¢)| D?P, , and so

2D [ my(t) D°P,] + D*[¢ Py
= 4m; D*[¢ SDP,| + 2SD[¢ SDP,]| — my SD(y) D*P, — §*(¢) D*P,. (48)
From (47) and (48) it yields

D*[2¢SDP, + 2t ms(t) D*F, + ¢ P, = 4m; D*[¢ D*P,] + 2SD[¢ D*P,]
+ 2SD(¢) D* P, + 2D*(¢) SDP, + 4my D*[¢) SDF, | + 2SD[¢ SDP, |
—my SD(¢) D*P, —S*(¢) D*P, = 4my D*[\, P, ] +2SD[\, P, ] +2SD(¢) D*P,
+ 2D*(¢) SDP, — m; SD(¢) D*P, — S*(¢)) D*P,.
So

D*[2¢SDP, + 2¢ ma(t) D*P, + ¢ P,| = 4mi )\, D*P, + 2, SDP,
+ 2SD(¢) D?P, + 2D*(¢) SDP, — m; SD(¢) D*P, — S*(v)) D*P,. (49)

Moreover, we successively get,

SD [¢ SDF, ]
SD(¢) S’DP, + S*(¢) SDSDP, + ms(t) [D*(¢) DS’DP, + DS(¢)D*SDP, ]
= SD(@) [(ma(t) + 2m3) SD*P, + 3mima(t) D' P, + miD*P, + SDP,]
¢) [ma(t)D* P, +2my SD° P, + DB, ] +mo(t) DS(¢) [SD° P, +2m; D*P,]
+ ma(t) D*(¢) [(ma(t) + 2m7) D' P, + 3my SD*P, + D*P, ]
= [3mama(t) SD(¢) + ma(t) S*(¢) + m3(t) D*(¢) + 2mima(t) D*(¢)
(t)DS(9)] D P, + [ma(t) SD(¢) + 2mi SD(¢) + 2my S*(¢)
+3myms(t) D*(¢)+mo(t) DS(¢) | SD® P+ [my SD(¢)+S*(¢)+ma(t) D*(¢) | D*P,
+ SD(¢) SDP, = [ma(t) (m1 SD(¢) + ma(t) D*(¢) + S*(¢))
+2my (ma(t) SD(@) + mama(t) D*(¢) + ma(t) DS(¢)) ] D,
+ [ma(t) (SD(¢) + DS(¢) + m1 D*(¢)) + 2my (ma(t) D*(¢) + mq SD(¢)
+ S*(¢))] SD°P, + [m1SD(¢) + S*(¢) + ma(t) D*(¢)] D*P, + SD(¢) SDP,
= my(t) D*[¢ D*P, ] +2m; SD[¢ D* P, ] —my(t) D*(¢) D*P,—2m, SD(¢) D*P,
+ [m1 SD(¢) + S*(¢) + ma(t) D*(¢)] D* P, + SD(¢) SDE,.

+S%(¢

+ 2mymo
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Thus,

SD[¢ SDP,| = ma(t) D*[¢D*P,] + 2m; SD[¢ D*B,]
+ [ma(t) D*(¢) + ¢] D*P, + SD(¢) SDF,. (50)

Also,

SD [y ma(t) D*P,] = SD(¢) ma(t)) S’D*P, + S*(1p ma(t)) SD*P,
+ ma(t) D*(¢ mao(t)) DSD?P, + my(t) DS(v my(t)) D*P,
= [ma(t) SD(¢) + 2m3 SD(¢) 4 2my S*(¥)] [ma(¢)D* P, + m; SD* P, + D P, ]
+ [4mimy(t) SD(¥) + 2m$ SD(v) + (2m] + ma(t)) S*(¢)] SD*P,
+ 4mimo(t) SD(¢) [SD*P, + my D' P, ]
+ ma(t) [ma(t) SD(¥) + 6m7 SD(¢) 4 2m4 S*(¢)] D' P,
= [2m3(t) SD(¢) + 12mims(t) SD() 4+ 4mima(t) S*(¢)| D' B,
+ [9mimy(t) SD(¥) + 4m$ SD(v) + 4m; S*(¥) + ma(t) S*(v)] SD° P,
+ [ma(t) SD(¥) + 2m7 SD() 4 2my S*(¢)| D* P,

and

SD[y P,| = SD(¢)) S*P, + S*(¢) SDF, + my(t) DS(y) D*P,
= 2my(t) SD(vp) D*P, + m; SD(¢) SDP, + S*(v)) SDP, + SD(¢) P,

As a consequence,

SD [t ma(t) D*P,] + SD[¢ P,] = mo(t) D*[¢) SDP,] + 2m; SD[¢ SDP, ]
— my SD(¢) SDP, + my(t) SD(¢)D*P, + S*(¢) SDP, + SD(v)) P,

Since S%(¢)) = my1 SD(¢)) + 1, we have

2SD [t ma(t) D*P, | 4 SD[¢ P,] = 2my(t) D*[¢) SDP, |
+ 4m; SD[y) SDP,] — 2m; SD(¥) SDP, + ¢ SDP, + SD(¢) P,. (51)
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From (50) and (51) it yields

SD[2¢ SDP,+2¢ ma(t) D* Py+¢) Py| = 2my(t) D*[¢ D* P, | +4my SD[¢ D P, ]
+ 2[my(t) D*(¢) + ¢] D*P, + 2SD(¢) SDP, + 2my(t) D* [ SDP, |
+ 4my SD [y SDF,] — 2m; SD(¢)) SDP, + ¢ SDP, + SD(¢) P,
= 2my(t) D* [\, P,] +4my SD [\, P, | +2[mo(t) D*(¢)+¢] D*P,+2SD(¢) SDP,
— 2my SD(¢)) SDP, + ¢ SDP, + SD(¢)) P,.

Since —m1 SD(1)) = ¥ — S?(¢)), we have

SD[2¢ SDP, + 2ty my(t) D*F, + ¢ P, ]
= 2my(t) A\, D? P, + 4my A, SDP, + 2my(t) D*(¢) D? P, + 2\, P,
4 2SD(¢) SDP, — m; SD() SDP, — S*() SDP, + SD(¥) P,. (52)

From (49) and (52) it yields

¢ D?[2¢S DP,+21 my(t) D* P41 P, +¢ SD [2¢ SDP,+2¢ mo(t) D*P,+¢ B,]
= 4mi M\, 0 D*P,+2),0 SDP,+2¢ SD(¢) D* P, 4-2¢ D*(¢) SDP,—m, ¢ SD(¢)) D*P,

— ¢ S*(Y) D? P, 4 2ma(t) Autp D? P, + 4miA,1p SDP, + 2my(t)y D?*(¢) D*P,
+ 22,10 P, 421 SD(¢) SDP, —m 1) SD()) SDP, — ) S* (1) SDP, 4+ SD(¢) P,

= 4mi\, [¢ D’ P, + ¢ SDP,] + 2X,¢ SDP, + 2SD(¢) [¢ D*P, + 1 SDP, ]
+ 29 D*(¢) SDP, — miSD(¢) [¢ D* P, + ¢ SDF, ] — S*(¢)) [¢ D* P, + ¢ SDP, ]
+ 2ma (1) Aty D? P, + 20,0 P,y 4 2ms ()1 D*(¢) D*P, + ¢ SD(v)) P,
= [4m1 A2 + 2, SD(¢) — m1 An SD(¥) — A, S* () + 2X, ¥ + ¢ SD(¥)] P,
+ 2\, + 2D%(¢)] ¢ SDP, + 2[\, + D*(4)] ma(t)y D*P,.

So,
L1 [2¢SDP, 4 2¢ my(t) D*P, + 1 B,]

= [4mq A2+2X, SD(¢) —m1 A, SD(¥0) —An S*(¥0)+2\, o4+ SD(¥) — A1 9] Py
+ [2X\, +2D%(¢) — 2XA1] #SDPB, + [2X, + 2D?(¢) — 2X\,—1] ma(t)y D P,
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From (45) and (46) we have

L1 (Un(p(t)) = [4ma X2 42X, SD(¢) — my Ay SD(3) — Ay S* (1) + 2M, ¢
+ Y SD(Y) = A1 ¥ 4+ An(An = Anm1) + (A = A1) (A — A1) ((E) — By)
+ (An = As1)¥] B+ [2A0 4+ 2D%(¢) — 2021 4+ 2(Ay — Ans1)] ¢ SDP,

+ [20 + 2D%(8) — 20,1 + 2(An — Auyr)] ma(t)Y D P,
Since Ap1 = (n + 1)(apn + by), we have A\, — \,_1 = 2agn — 2ay + by,
Ay = Any1 = —2agn — by, and A\, +D?(¢) — Ny 1 + Ay — Apy1 = 0. As a
consequence,
L1 (Un(p(t)) = [4m1 A2 42X, SD(¢) — my A SD(1) — A, S* (1))
+2>\n¢+¢SD(¢) A1 Y+ A (A= A1) + (A= Xg1) (A = A1) (1) = 3)
+ (A = Ans)¥] P,

i.e. we have that that L,_; (U,(p(t)) is a polynomial of degree at least n.
Since U, is a polynomial of degree n — 1 and the operator L, ; keeps the
degree of the polynomials, L,_1 (U, (u(t)) = 0. |

Proof of Lemma 6: The action of L, 1 on (38) gives

0="L, (Pn+1) = Un(,u(t)) - Ln+1(’ynpn71)-
Then, as
Lot (Poc1) = (M1 = A1) P,
and by (37), we get (39). |

Proof of theorem 6: In order to determine the coefficients (3, and ~, in the
three-term recurrence relation (8) in terms of the coefficients ag, ay, as, b,
and by of the polynomials ¢ and v given in (28) of the divided-difference
operator L, given in (31), by using (36) and (35) we have

= [kO,n ﬁn(t) + kl,n ﬁnfl(t) + k2,n 197172(75)}

+ Pin [ko,nq Un-1(t) + k11 Upa(t) + kan ﬁnfii(t)]
+ Pon [kO,n—2 Un—o(t) + k1n—2Un_3(t) + kan—2 ﬁn—4(t)] + -

= ko Un(t)+ [kl,n+p1,nk0,n—1} Up—1(t)+ [kQ,n_"pl,nkl,n—l+p2,nk0,n—2} Upo(t)+- - -
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Since

we

Ein + prankon—1 =0, kon + pinkin—1 + p2nkon—2 =0,

obtain (40) and (41). Moreover, from the second-order linear divided-

difference equation we derive (42), (43), and (44), which completes the proof.

|

References

[1] R. Askey and J. Wilson, Some basic hypergeometric orthogonal polynomials that generalize
Jacobi polynomials, Mem. Amer. Math. Soc. 54 (1985).

[2] N.M. Atakishiyev, M. Rahman, and S.K. Suslov, On classical orthogonal polynomials, Constr.
Approx. 11 (1995), pp. 181-226.

3] S. Bochner, Uber Sturm-Liouvillesche Polynomsysteme, Math. Z. 29 (1929), pp. 730-736.

[4] A. Branquinho, Contribuicoes de Vicente Gongalves na teoria dos polindmios ortogonais, Bo-
letim da SPM 37 (1997), pp. 17-20.

[5] T.S. Chihara, An introduction to orthogonal polynomials, Gordon and Breach Science Pub-
lishers, New York, 1978, mathematics and its Applications, Vol. 13.

[6] R.S. Costas-Santos and F. Marcellan, g-classical orthogonal polynomials: a general difference
calculus approach, Acta Appl. Math. 111 (2010), pp. 107-128.

[7] M. Foupouagnigni, M. Kenfack Nangho, and S. Mboutngam, Characterization theorem for
classical orthogonal polynomials on mon-uniform lattices: the functional approach, Integral
Transforms Spec. Funct. 22 (2011), pp. 739-758.

[8] M. Foupouagnigni, K. Koepf, K. Kenfack-Nangho, and S. Mboutngam, On solutions of holo-
nomic divided-difference equations on nonuniform lattices, Axioms 2(3) (2013), pp. 404-434.

[9] W. Hahn, Beitrdge zur Theorie der Heineschen Reihen. Die 24 Integrale der Hyperge-
ometrischen q-Differenzengleichung. Das q-Analogon der Laplace-Transformation, Math.
Nachr. 2 (1949), pp. 340-379.

[10] W. Hahn, Uber Orthogonalpolynome, die q-Differenzengleichungen gentigen, Math. Nachr. 2
(1949), pp. 4-34.

[11] W. Hahn, Uber Polynome, die gleichzeitiq zwei verschiedenen Orthogonalsystemen angehdren,
Math. Nachr. 2 (1949), pp. 263-278.

[12] W. Hahn, Uber die héheren Heineschen Reihen und eine einheitliche Theorie der sogenannten
speziellen Funktionen, Math. Nachr. 3 (1950), pp. 257-294.

[13] R. Koekoek, P.A. Lesky, and R.F. Swarttouw, Hypergeometric orthogonal polynomials and
their g-analogues, Springer Monographs in Mathematics, Springer-Verlag, Berlin, 2010.

[14] A.P. Magnus, Associated Askey-Wilson polynomials as Laguerre-Hahn orthogonal polynomials,
in Orthogonal polynomials and their applications (Segovia, 1986), Lecture Notes in Math., Vol.
1329, Springer, Berlin, 1988, pp. 261-278.

[15] A.P. Magnus, Special nonuniform lattice (snul) orthogonal polynomials on discrete dense sets
of points, J. Comput. Appl. Math. 65 (1995), pp. 253-265.

[16] P. Maroni, Une caractérisation des polynomes orthogonauzx semi-classiques, C. R. Acad. Sci.
Paris Sér. I Math. 301 (1985), pp. 269-272.

[17] P. Maroni, Prolégoménes a l’étude des polynomes orthogonaux semi-classiques, Ann. Mat.
Pura Appl. (4) 149 (1987), pp. 165-184.

[18] A.F. Nikiforov, S.K. Suslov, and V.B. Uvarov, Classical orthogonal polynomials of a discrete

variable, Springer Series in Computational Physics, Springer-Verlag, Berlin, 1991.



24 MARLYSE, BRANQUINHO, MAMA AND AREA

[19] A.F. Nikiforov and V.B. Uvarov, Eléments de la théorie des fonctions speciales, Moscow:
Editions Mir, 1976.

[20] A.F. Nikiforov and V.B. Uvarov, Special functions of mathematical physics. A unified intro-
duction with applications, Birkhauser Verlag, Basel, 1988.

[21] F. Tricomi, Equazioni Differenziali, Giulio Einaudi, Torino, 1948.

[22] L. Verde-Star, Characterization and construction of classical orthogonal polynomials using a
matriz approach, Linear Algebra Appl. 438 (2013), pp. 3635-3648.

[23] L. Verde-Star, Recurrence coefficients and difference equations of classical discrete orthogonal
and q-orthogonal polynomial sequences, Linear Algebra Appl. 440 (2014), pp. 293-306.

[24] J. Vicente Gongalves, Sur une formule de recurrence, Portugal. Math. 3 (1942), pp. 222-233.

[25] J. Vicente Gongalves, Sur la formula de Rodrigues, Portugal. Math. 4 (1943), pp. 52-64.

MARLYSE NJINKEU SANDJON
DEPARTMENT OF MATHEMATICS, HIGHER TEACHERS’ TRAINING COLLEGE, UNIVERSITY OF YAOUNDE
I, CAMEROON.

E-mail address: msnjinkeu@yahoo.fr

A. BRANQUINHO
CMUC, DEPARTMENT OF MATHEMATICS, UNIVERSITY OF COIMBRA, APARTADO 3008, EC SANTA
CRruz, 3001-501 COIMBRA, PORTUGAL.

E-mail address: ajplb@mat.uc.pt

MAMA FOUPOUAGNIGNI
AFRICAN INSTITUTE FOR MATHEMATICAL SCIENCES, AIMS-CAMEROON, P.O. Box 608, LiIMBE CRYS-
TAL GARDENS, SOUTH WEST REGION, CAMEROON.

E-mail address: mfoupouagnigni@aims-cameroon.org

I. AREA
DEPARTAMENTO DE MATEMATICA APLICADA II, E.E. TELECOMUNICACION, UNIVERSIDADE DE VIGO,
36310-VIGO, SPAIN.

E-mail address: area@uvigo.es



	1. Introduction
	2. Basic definitions and notations
	3. Characterizations of classical orthogonal polynomials on quadratic lattices
	3.1. Hahn's characterization
	3.2. Geronimus' characterization
	3.3. A new characterization of classical orthogonal polynomials on quadratic lattices
	3.4. Tricomi's characterization
	3.5. Bochner's characterization

	4. Solving the Bochner-type equation
	References

