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NON-FICKIAN COUPLED DIFFUSION
MODELS IN POROUS MEDIA

S. BARBEIRO, S. BARDEJI, J.A. FERREIRA AND L. PINTO

ABSTRACT: In this paper we propose a numerical scheme to approximate the so-
lution of a non-Fickian coupled model that describes diffusion in porous media.
The model is defined by a system of a quasilinear elliptic equation, which governs
the fluid pressure, and a quasilinear integro-differential equation, which models the
convection-diffusion transport process. The numerical scheme is based on a con-
forming piecewise linear finite element method for the discretization in space. The
fully discrete approximation is obtained with an implicit-explicit method. Estimates
for the continuous in time and the fully discrete methods are derived, showing that
the numerical approximation for the concentration and the pressure are second order
convergent in a discrete L?-norm and in a discrete H'-norm, respectively.
keywords: non-Fickian diffusion, porous media, integro-differential equa-

tion, finite element method, finite difference method, supraconvergence.

1. Introduction

Transport processes in porous media are usually modeled by the classical
convection-diffusion equation

¢%+v.(vc)+v.J:qlian(O,T], (1)

where () represents the spatial domain, ¢ is the porosity of the medium, c is
the concentration of the diffusion specie, being v its velocity, and J designates
the mass flux defined by Fick’ law

J =—-DVec. (2)
In (2), D denotes the diffusion tensor that depends on the velocity v and is
given by
D(v) = dpdl + ay||v[[] + (ap — at)ﬁva,
where ||.|| denotes the euclidian norm, I is the two dimensional identity ma-

trix, d,, is the molecular diffusion coefficient, and oy and o4 are the transver-
sal and the longitudinal dispersivities, respectively. The parabolic equation
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defined by (1), (2) is usually coupled with the elliptic pressure equation
K
-V (gw) — g in ©, (3)

where the permeability tensor K and/or the viscosity p can depend on the
concentration. The velocity v in equation (1) depends on the pressure p
through Darcy’s law

v = —EVp in €.
i
In (1) and (3), ¢1 and g2 represent source and sink terms.

Despite the popularity of this model, gaps between experimental data and
simulation results were observed in several scenarios. Without being exhaus-
tive we mention [5], [6], [7], [8], [9], [10], [19], [22], and [30]. To overcome the
limitations of traditional diffusion models, several non-Fickian models were
proposed in the literature. For instance, in [26], [32], and [33], hyperbolic
equations were introduced to replace the classical diffusion equations. Con-
tinuous time random walks models were tested, e.g., in [5], [6], [7] and [10].
In the present paper, we consider an integro-differential model identical to
those proposed in [8], [9], and [23], and that have been extensively studied
in the literature. We refer [27] for an overview on non-Fickian models for
diffusion in porous media. It should be noted that integro-differential models
have been also used to describe diffusion in viscoelastic materials ([11], [12],
17), [21))

In what follows the diffusion equation (1), (2) is replaced by the following
integro-differential equation

O t

8—§—V'(DVC)+V'(BC) = / K (t—5)V-(EVc)(s) ds+qy in Qx(0,T], (4)
0

where K., (s) denotes a memory kernel. In this work we use the following

notation: if w :  x [0,T] — IR then by w(t) we denote the function w(t) :

(2 — IR such that w(t)(x) = w(x,t). Equation (4) is established using the

mass conservation law (1) with the mass flux J given by

J=Jp+ Jur + Jud, (5)

where J,; stands for the advective mass flux, while Jr and J,r represent the
Fickian and non-Fickian dispersive mass fluxes, respectively. In (5), Jp is
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defined by (2), Juq = Be, and J,p is the nonlocal in time operator

Top(t) = /O Kon(t — $)(EV)(s) ds,

where ' depends on the velocity v and eventually on the concentration c.
Equation (4) for the concentration is coupled with the elliptic equation

—V - (AVp) = ¢ in Q x (0,71, (6)

which is a natural extension of the pressure equation (3).

As already mentioned, the classical convection-diffusion equation is not
able to capture the behavior of diffusion processes in porous media. For
illustration, we reproduce in Figure 1 some of the results presented in [19].
In that figure, the results of two laboratory tracer experiments described
in [30] (left image) and [5] (right image) are compared with the best-fit
curves obtained with the classical diffusion equation (1), (2), and the integro-

differential equation (4) with K,.(s) = —e 7. The measured concentration

values are represented by dots, and we observe that the integro-differential
model (green line), unlike the classical model (blue line), accurately describes
the experimental data in particular the late-time tails. More details about
Figure 1 can be found in [19].
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FIGURE 1. Time evolution of the concentration at a specific
point of the domain, as given by (4) (green line) and by (1),
(2) (blue line). The experimental data are represented by dots.
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The development of efficient and accurate numerical methods to solve the
integro-differential equation (4) has attracted the attention of several re-
searchers during the last decades. A significative number of contributions can
be found in the literature. Without being exhaustive we mention [24], [25],
[29], and [35], for the study of semi-discrete finite element approximations,
28] for the analysis of semi-discrete lumped mass approximations, [13], [14],
and [31], for the construction of semi-discrete finite volume approximations,
and [1], [3], [4], and [20], for finite difference methods presenting the same
qualitative behavior as the continuous integro-differential initial boundary
value problems. We note that the finite difference methods studied in this
last group of papers can be seen as piecewise linear finite element methods
with convenient quadrature rules.

To the best of our knowledge the numerical discretization of the non-
Fickian coupled problem (4), (6) was not yet analysed. In this paper we
introduce finite difference methods for the approximation of the pressure
and the concentration whose errors are second order convergent in discrete
H' and L? norms, respectively. From these result we conclude that the nu-
merical velocity is also a second order approximation. In this way, we extend
to non-Fickian coupled problems, the results presented in [18] and [15] for
piecewise linear finite element methods. We point out that these results are
somehow unexpected in the context of finite difference methods as well as
finite element methods. In fact, the truncation errors induced by the spa-
tial discretizations that we consider are only of first order when non-uniform
grids are used and it is also well known that piecewise linear finite element
methods are first order convergent with respect to the H'-norm. Moreover
we note that the analysis in this paper differs from the one used in [18] and
[15], which is based on the definition of a convenient auxiliary problem and
was introduced by Wheeler in [34]. Here, we apply the approach of [20].

The remaining of the paper is organized as follows. Section 2 is devoted to
the construction of the semi-discrete approximation for the solution of the
coupled system (4), (6). In this section we also introduce the variational
formulation and the finite difference scheme. The convergence analysis of
the semi-discrete approximation for the pressure and the concentration is
presented in Section 3. The main result of this section is Theorem 1 which
establishes the second order convergence rate of the numerical scheme for
the pressure and the concentration with respect to discrete versions of the
Hl-norm and L%mnorm, respectively. An implicit-explicit (IMEX) method to
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compute the fully discrete approximations (in time and space) for the pres-
sure and concentration is studied in Section 4. In Section 5, some numerical
experiments are included and in Section 6 we present some conclusions.

2. Space discretization

Let © = (0,1) x (0,1). We consider the coupled system (4), (6) with Dirich-
let boundary conditions

p=ppon I x (0,7],c=0on 0 x (0,71, (7)
and known initial concentration and pressure
c(0) = ¢y in Q, p(0) = pp in €. (8)

In (4), (6) the coefficient functions A, D, and E are second order diagonal
square matrices with entries a;, d;, and e;, © = 1,2, respectively, where a;

depends on ¢, d; and e; depend on c, gp and eventually on the time and

space variables. The two dimensional Vegtor B has entries b; and by which
depend on 2 and 2

epend on - an oy

By L*(Q), L*(09), HY(Q), and H} () we denote the usual Hilbert spaces.
In L?(Q) we consider the usual inner product (.,.) being the induced norm
represented by || - ||. By [V]? we represent the usual cartesian product of the
vector space V.

Assuming that qi, 2, co, po € L*(Q), and p, € L?(09), the weak solution
of the system (4)-(8) can be obtained by solving the following variational

problem: find p(t) € H'(Q2) and c(t) € H}(Q), with p(t) = py(t) on IQ and

, respectively, and both depend also on c.

dc 9
%(t) € L*(Q), such that

(A(c(t))Vp(t), Vw) = (a2(t), w), Yw € Hy(Q), (9)
dc

(7 (), 0) + (D(e(t), V(1)) Ve(t), Vw) — (B(e(t), Vp(t))e(t), Vu)

/ K., (t — 8)(E(c(s), Vp(s))Ve(s), Vw)ds = (q(t), w), Yw € Hy(),
(10)
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for ¢ € (0,7]. In the above formulation the kernel function can be defined by
1

K.-(s) = —e 7, but it is not limited to that case. We remark that the inner
T

product in [L?*(2)]? is also denoted by (.,.).

In what follows we derive the semi-discrete approximation for the pressure
and concentration defined by the coupled variational problem (9), (10). We
start by introducing some basic definitions and notations.

In  we introduce a non-uniform rectangular grid which is the cartesian
product of two 1D non-uniform grids {x;, ¢ =0,..., N, }, {y;,4 =0,..., M,}.
Let h = (hy,...,hn,) and k = (ki, ..., ky,) be vectors of positive entries such

N, Ny
that th = Zk] = 1. Let Ti = Tij—1 —|—hi,i = 1,...,Nz, with o = 0 and
i=1 j=1
let {y;,j = 0,...,N,} be defined analogously with h replaced by k. By H
we represent the step size vector (h, k). In © we define the grid

Qn = {(i,9),1=0,...,Nps j=0,...,N,} .

We also introduce the set of grid points Qp = Qg N Q, 00y = Qi N ON.

We consider a sequence of grids 2y such that the maximal mesh-size
Hppoy = max{h;, kj,i =1,...,Ny; j = 1,...,N,} tends to zero. We use
the symbol “A” for the sequence of mesh-size vectors and write “H € A”
for the convergence when H,,,, — 0 and with respect to H running through
this sequence. By Wy we represent the space of grid functions defined in
Qg and by Wy o the subspace of Wy of grid functions vanishing on 9. By
Ry we denote the operator of pointwise restriction to the grid Q. Let Ty
be a triangulation of Q using the set Qp as vertices. We denote by diam A
the diameter of the triangle A € Ty. By Pyvy we denote the continuous
piecewise linear interpolant of vy with respect to Tg.

In Wpy we introduce the inner product

(vi, wr)m = Z |0 jlvm (@i, y))wn (i, y;), wi, ve € Wy,
(i,y;)€Qn
where |0; ;| denotes the area of O; ; with O, j = (i_1/2, Tiv1/2) X (Yj—1/2, Yj+1/2)0

hi | .
and wiyq9 = x; £ > being y;11/o defined analogously. By | ||z we denote

the norm induced by this inner product.
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For vy = (v1.g,v2.1), wg = (w1 g, we ) € [Wg]?, we use the notation

(vg, wH)H,+ = (Ul,H7 wl,H)H,x + (U2,H> w2,H)H,ya

where
(vr, wi)ge = Y Y hikjopon(ei, y))we(e,y;), we,vp € W,
im1 j=1
Nx_l Ny
(i W) iy = Y Y hiypkion (i y)wa (i, y;), wa, e € Wa.
im1 j=1

We define HwHHH’x = \/(wH,wH)H@ and HwHHHy = \/(wH,wH)H,y.
Let D_, and D_, be the usual backward finite difference operators with
respect to the variables x and y, respectively,

wi (i, Y;) — wi (i1, y,))
hi ’

w (v, yj) — wy (i, yj—1)
k; ’
and let Vg be the discrete version of the gradient operator V defined by

Vawg = (D_ywg, D_ywg). We introduce the following discrete version of
the H'-norm

D_,wg(z;,y;) =

D_ywy(xi,y;) =

Y

1/2
lwalle = (|wali + IVawnlF L)

where
IVawnlly . = |1 D—swrllf, + |1 D-ywnllh,.
With these definitions holds the following discrete Poincaré-Friedrichs in-
equality
1
lwallz < iHvaHH%{,Jﬂ Vwg € Why.

In order to define the discrete approximations in space cg(t) and pg(t) we
introduce the following notation:

wH(:vi, yj) + wH(xi—h yj)
2 Y

wa(Ti,Y;) +wa(Ti, Yj—1
Mk(ﬂﬁ—[)(ﬂfz,y]) — ( J) 5 ( J )7

(Murwy, Vave)a+ = (My(wr), D_ywi)e+ + (Mip(wa), D_ywp )y +

My (wg)(x,y;) =
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and
hiD_ywi(zis1,y;) + hipiD_gwm(xi, y;)
hi + hiqa

being the finite difference operator D, defined analogously with respect to
the variable y. To approximate the coefficient functions, we introduce the
diagonal matrices Ag(t), Dy(t) and Ey(t) whose entries as g (t), do g (t) and
erm(t), ¢ = 1,2, respectively, depend on the numerical concentration cg(t)
and pressure py(t), that are given by

a1, (t) = ar(Mp(cu(t))), diu(t)=di(Mn(cu(t)), D-upu(t)),

Dywy (i, y;) =

Y

and
eru(t) = el(My(cu(t)), D—apu(t)).
The vector By (t) depends on cg(t) and pgy(t)
bl,H(t> = bl(CH(t>, thH(t)).

The entries ag (1), dom(t), eam(t) and be y(t) are defined analogously.
We now define the semi-discrete approximations cy(t) and pg(t) for the
solution of (9), (10): find py(t) € Wy and cpy(t) € Wpyy, with pg(t) =

d
Rypp, (t) on 0Qy and %(t) € Wgy, such that

(Az(®)Vapua(t), Vewr)g+ = (q2.u(t), wr)w, (11)
for all wyg € Wy,

dc t
(d_f(t)7 wi)g + ap(cu(t), wy) +/ br (s, t,cu(s),wr)ds = (qu(t), wn)m,
0
(12)
for all wg € Wp, and
pH(O) = pO,H n QH, CH<0) = CO,H n QH, (13)

for t € (0,7], where po g and ¢ g are approximations for py and ¢y in Wy,
respectively. In (11) and (12), ag(cy(t), wy) and by (s, t, cy(s), wy) are given
by

ag(cu(t),wn) = (Du(t)Vacu(l), Vawn)g+—(Mp(Bua(t)eu (), Vawn)u +,
bH(S, t, CH(S), wH) = Ker(t — 8)(EH(S)VHCH(S), VHU)H)H,+

and

1
Qo (i, yj,t) = m/ q(z,y,t)dxdy, (v, y;) € Qg, L =1,2.
5,J 1 J 04
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We observe that (11) and (12) can also be obtained from the finite element
coupled variational equations

(A(PHCH(t))VPHpH(t), VPHU)H) = (QQ(t), PHwH), Ywg € WH,O, (14)

(CZPHCH( ), PHUJH) + (D(PHCH(t), VPHpH(t))VPHCH(t), VPH’LUH)

—(B(PHCH(t), VPHpH(t))PHCH(t), VPHUJH)

+/0 Ker(t — s)(E(Pucu(s), VPapu(s))VPrcy(s), VPgwy) ds
= (ql(t), PHU)H), VU}H € WH,O (15)

using suitable quadrature rules (see [16]).

Remark 1. The discrete in space coupled variational problem (11), (12) is
equivalent to the following finite difference method

~Vi - (Aa(O)Vapu(t)) = @.u(t), (16)

dCH

o W) = Vu(Dr()Vren(t)) + Veg - (Bu(t)en(t))

/ Ker(t = 8)Viy - (Eu(s)Vacen(s))ds + quu(t), (17)

complemented by the initial conditions (13) and the boundary conditions
ca(t) = 0 and pg(t) = Rupp(t) on 0Q. Here, Viywyg = (Dywg, Dywr)
and V; ywy = (Degwh, Deywp), where
wi(ir1,y;) — wi (@i, y;)
hit1y2
Wy (i1, Y;) — W (Ti-1,Y;)
hi + hit ’

Dywp(x;,y;) =

Y

Dc,wa (xia y]) =

hi 4 hit1

with hiyy /0 = and the corresponding operators in y-dimension, D,

and D.,, are defined analogously.

In the following section we show that the solutions py(t) and cp(t) of
the finite difference problem (16), (17), or equivalently, the fully discrete in
space piecewise linear finite element solutions of the variational problem (14),
(15), are second order convergent approximations for the pressure p(t) and
concentration c(t).
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3. Convergence analysis

This section is dedicated to derive error estimates for the numerical solu-
tions of our finite difference scheme, namely,

erp(t) = Rap(t) —pu(t) and ep.(t) = Ruc(t) — cu(t).

A possible approach could be to follow the procedure introduced by Wheeler
in [34] and used, e.g., in [18]. However, this technique requires that the se-
quence of spatial grids is quasi-uniform in the sense that

Hinas < C, for H € A.

min

Here we propose a type of analysis that avoids the above smoothness as-
sumption on the spatial grids. In addition, our approach is less restrictive
regarding the regularity of the solutions p and c.

Nevertheless, the convergence analysis that we present still requires some
regularity conditions on p and ¢ as well as in the coefficient functions of the
model. For the coefficients functions we assume the following:

Ac CLMR)NW2>(RR), dy, by, e; € C3(IR?) N W (IR?),
0<Apin <AinIR, and 0< D, <d;inIR% ¢=1,2.

Here, CL(IR) and C}(IR?) represent the space of functions defined in IR and
IR?, respectively, with bounded first order partial derivatives. By W2>(IR)
and W2>(IR?) we denote the usual Sobolev spaces. To simplify the proofs
of the convergence results, we start by introducing some notation. Let Ap
and A}, be defined as A, replacing a1, as by a1, as and aj, a3, respectively,
with

&1(xiayj7t) — al(c(xi—l/%ijt))u
&2(xi7yj7t) - a?(c(xiayj—l/%t))a

ay (i, ¥, t) = ar1(z(c(@iz1, Y5, t) + e, 95, 1)),

el NN

as(zi,yj,t) = az(é(c(% yj—1,t) + c(zi, yj, 1))).

Dy and D3, are defined in a corresponding way. B
In the following, ||.|[c« denotes the usual norm in C'(£2), ¢ € IN.
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Proposition 1. If p(t) € H3(Q), c(t) € H*(Q), then there exists a positive
constant C' such that

IVnens @l < C(Ip®llerlendt)ln + (@), (18)
where
: 4 2 4 1/2
() = (3 (diam AV (le(t) fzqa) + le®)lia)) )
AeTy
(@l + 1) (Y @A) o)) (19)

AeTy

Proof: We start with the following decomposition

(An(t)Vreny(t), Vienp(®)ms = D74 (eny(t)),

where
r(emp(t) = (Au(t) — Ay () VaRup, Vaeny(t))u.,
D (emp(t) = (A1) — Au(t)VaRup, Vaenyt))a.,
and

T (enp(t)) = (Au(t)VaRup, Vaeny(t))

z Yj+1/2 ap
- Z Z hi/ al(ﬂfi—l/zay,t)a—(ilfi—l/m?J,t)dyD—er,p(iUz‘,yjat)
=1 j=1 Yi-1/2 L
Na—1 Ny Tit1/2 0
P
-> ij/ a2($;?/j—1/2775)6—(1'7yj—1/2,t)dZUD—yer(iUi,yjat),
i=1 j=1 Ti-1/2 Y

with ai(zi_1/2,9,t) = ar(c(zi—1y2,y,1)), aa(z,yj-1/2,t) = az(c(r,yj-12)) to
shorten notation. Since p(t) € H 3(Q) and H?(Q) is continuously embedded
in C1(Q), holds ||[VuRup(t)||m.+ < [[Vp(t)|lco, and then

T erp ()] < Cllp@)or lleme )| |V aem ()] a4
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To obtain an estimate for 7'/(12)(6H7p(t)) we observe that, for g(c(x;,y;)) =

Myc(zi,y;) — c(xi—1/2,y;), one gets

Yj+1/2 @C
s jelg(c(i, y)] < Kyego / 95 )l dy

Yj—1/2

' / T el y)| dy

—1/2

Yj+1/2 62
< Kjr1)2 / / | dxdy
—1/2

Yj+1/2
+ h; / / | | dxdy,
—1/2

being the last inequality derived using the Bramble-Hilbert Lemma. We note
that

hi+1/2MkC(fEia yj) - C<5Ei7 yj—1/2)

can be estimated in a similar way,

D (enn()] < Clp®ler (X (dinm A e(t)s)) 10,0l

AeTy

To conclude the proof we observe that Lemma 5.1 of [16] can be applied to
establish the estimate,

renn (@) < C( D (diam AV (@2 (@l a) + le®re(a))

ATy

1/2
e oy lPE 1 Fr2a) + Hp(t)H?{s(A))) IVaeny(t)] a4+

To simplify notation in the next proposition, we write

0
di(vi_12,y,t) = di(c(miz1/2, Y, 1), 8—5(%1/27 Yy, t)),

dp
do(w,yj-1/2,1) = da(c(x,yj-1/2, 1), a_y(xayj—l/%t))' (20)
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0?p 0?p ,
0xdy () = Oyox (t) in

Proposition 2. Assume that p(t), c(t) € H3(Q) and
Q. For the functional

™D (wH) (DH( )VHCH(t),VHwH)H7+

Yj—1/2

—_

.

My 1
yj+1/2 80
Z hz/ Li-1/2:Y, )ax( i—1/27y7t)dnywa(xiayj>
j=1
Ny

Tit1/2 Oc
- kj/ da(, Y172, )8 (2, Y5172 t)dwDywp (i, yj),

for wg € Wy, holds

mo(wr) = —(Dr(t)Vuen (), Vewn)a+ + o (wr),

where
roelwn) < C(lle®ler (1 -+ Ip(0) ) (e
(3 (@iom A o) ) )

AeTy

(1 le®)len)* (D (diam AY (fle(t) sqa) + le®) oo,

ATy
1/2
1P sy + PO i) ) ) IV mwn s

Proof: For 7p(wy) holds the decomposition

Tp(wr) = —(Dp()Vaen (), Vawn)u, + Y (wn),  (21)

1=1

with Tg)(wg), Tg)(wH), and TS)(IUH) defined by

) (wir) = (D (t) — Dy () Vi Rurc(t), V w ) i+
TD (wH) = ((D}kr{(t) — DH(t))VHRHC(t), VHIUH)H7+,
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and

For Tg )(wH) we can easily establish the estimate

)

75 (win)| < Clle@lles (e el + llens(®

For Tg)(wH) we have Tg)(wH) = Tg’l)(w[{) + Tg’Q)(wH) with
AR ad
T (wyr) = >y hikj+1/2a_xlgl(c<l’iyyj:t))D:cc(xiayjat)Dwa(SUiayj)
i=1 j=1
Nx_l Ny
+ ) th+1/2k3 pe 92( (@i, yj: 1)) D—yc(@i, yj, ) D—ywn (i, y;),
i=1 j=1

where g1 (C(xia Yi, t) = th<mi7 Yi, t)_c(aji—l/?) Yj, t)a gQ(C(xia Yj, t) = MkC(J]l‘, Yj, t)_
C(xia Yj—1/2; t)) and

ng Z Z hi k]+1/2 ( (xl,y],t))D_xc(xl,yj,t)D_me(wZ,yj)
=1 j=1
w y -1

+> ) hz+1/2k] o 92( (@i, Y5, 1)) D—ye(@i, yj, £) D_ywr (24, y5),
i=1 j=1

with gl( (Q?Z,y],t)) = Dflp(xwyjat) - %(xi—l/%yﬁt) and gg(p(%,yj,t)) =
D_,p(x;,y;,t) — 65(:131, Yj-1/2,t). In Tg’é)(wg), ¢ = 1,2, the partial derivatives
of di; and ds are evaluated at convenient points.
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Following the steps used to estimate T/(f) (emp(t)) on the proof of Proposition

1, it can be shown that

' 1/2
5w < Cllett)llen (3 (dimm A e(®)a)) Vil

AeTy

0
To estimate Tg’2)(wH) we observe that if p(t) € H3(Q) then (9_p c H*(Q).
T
Under the previous assumptions for g;, we get

Yj+1/2 8}?
kj+1/2|gl<p($my]7t))| < kj+1/2/ |gl(a_y(xlay7t>)|dy

Yj—1/2

Yj+1/2
T / o1 (plass . )| dy

—1/2

Yj+1/2
< kj+1/2/ / 8x2(9y ’dxdy
—1/2

Yj+1/2 a
+h/ 8:133( )|dxdy,

Yj—1/2

being the last upper bound obtained using the Bramble-Hilbert Lemma. For
g2 holds a similar result, and we obtain

. 1/2
722 ()| < CHC(t)”Cl( Z (diam A)4Hp(t)\|fup(m> IV awm ||+
AGQH

Lemma 5.1 of [16] allows us to deduce the upper bound for 7'1()3 )(wH),

75 win)| < C(+ fle@llen)* (3 (diam A (el + e iy

AeTy
1/2
1P By + IO ) ) IV a0l

Finally, taking into account (18) we conclude the proof.
|
Under the assumptions of Proposition 2 and following its proof we can
derive the next result.
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Proposition 3. For wg € Wgy, the functional

TE(U)H) = / Ker(t - 3)(EH(S)VHCH(S), vaH)H,—i-dS

Ny—1

N Yj+1/2 80
/Ker t_ S Z Z hz/ €1 :Ez 1/2 Y )8x(xi—1/27y73) dyds
=1 j=1 —1/2
D_,wg(x;,y;)
N,—1 N,
d Y Tit1/2 ac
/Ker (t—s Z ij/ (2, Y-1/2, )ay(:v,yj_l/g,s) dxds
=1 j=1 Ti-1/2

D—ywH (372‘, y]);

with eg, £ = 1,2, defined by (20) with d; replaced by ey, admits the represen-
tation

rp(wi) = / Kot = $) (B (t)V sero(s), Virwi) m.sds

/ Ker 7_Ee(wH)d

where

mie(wnr) < C(Jle)llen (14 [p(s)llen) (leme(s) 1

(Y (dim A [p( o)) )

AE{IH

(14 fle(s) e (D (diam A (lle(s)laqa) + el

AeTy
) A 1/2
o) sy + () ) ) ) ) IV mrwnls
In the following result we use the abbreviation
( Li-1/2,Y, t))v

(33 Y- 1/27t)) (22)

bi(wi—1)2,y,t) = bi(c(wi_1)2, 9, 1),

ox
Op
bo(x,y;-1/2,t) = ba(c(x,yj-1/2, 1), 2y
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Proposition 4. Let wg € Wy and 7 be the functional given by

Tp(wy) = —(My(Bu(t)en(t)), Vawn)m +

z Yj+1/2
+Y Y hz’/ bi(zi-1/2, Y, t)e(@i1/2, Y, £)dyD_ywp (i, y;)
i=1 j=1 Yi-1/2
Ny,—1 Ny Tit1/2
+ Z ij/ ba(x, yj-1/2, t)c(T, Y12, ) dx D_ywp (x4, y;)-
i=1 j=1 T2
If p(t) € H3(Q) O (t) = b (t) in Q, c(t) € H*(QQ), and the spatial
b " Oxdy T Oydw ’ ’ s
grid satisfies
k; h;
j+1 hit1

then for Tp(wy) we have
Tp(wy) = (Mu(Bu(t)en(t)), Vawn)u+ + Tpe(wn),
where
i.e(wir) < O(lle(®)llcs (1 + 1lp(0)lcr) e (1)
+ <||c<t>|\co(1 +lp®ller) +1)
( 2 (@am ) el + Nl

1/2
+ 1Pl + IO ) ) IVawn s

Proof: For 75(wy) holds the representation

3
(i) = (Myr(Bu (e o(0), Virwn) e + D73 (wn).

where
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Ny Nyl Yj+1/2
_Z Z hz/ bl(xi—l/%y7t)c(xi—l/Qay7t)dyD—wa(xiayj)
i=1 j=1 Yi-1/2
No—1 Ny Tit1/2
— Z Zk‘j/ ba(x, Y172, t)c(x, Yj—1/2, t)dx D_ywp (2, y;).
i=1 j=1 Ti-1/2

For Tg)(wg), we can easily establish the following estimate

74 win)| < Clle®lleo (el + 1V menp Ol ) IV mwnlln

An estimate for 71()2 )(wH) can be obtained following the approach used to

estimate 71(72 )(wH) in the proof of Proposition 2. For this, we must replace

gi, 1 = 1,2, (introduced in the construction of the upper bound for 722 (wg))

dp
by ¢1(zi,yt) = Dpp(xi,y;,t) — £(% y;,t) and ga(ws, yt) = Dip(xi, yj,t) —

0
a—p(xi, y;,t), respectively. In this case we obtain
Y
_ 1/2
75wl < Clle@lles (D (diam A)e() 3 )
AE‘IH /2
1
+( D @iam AYlp®) ) ) IVawsln

ATy

Considering now Lemma 5.5 of [16] we obtain for Tég)(w 1) the estimate

75 (win) < C(lle®lleo + 1) (D (diam AV (le(®) [ a) + le®) (o)
AeTy

1/2
1Pl + 1O ea))) IV mwnlli

Finally, combining the upper bound for \T](Bl)(wH)\ with Proposition 1 we
conclude the proof.
|
Lemma 5.7 of [16] allows us to derive the next proposition.
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d
Proposition 5. If d—;(t) € H?*(Q), then there exists a positive constant C
such that

d d , d 1/2
((G0) o wnr) y = (R (8), ) | <C (D (diam A 220 e
ATy
IV w4+

for all wg € Wp.

From Propositions 1-5, with the aid of Gronwall’s Lemma, we conclude the
next convergence result.

0*p 0?p

() = (2)
_ 0xdy Oyox
in Q, the spatial grids Qp, H € A, satisfy (23), then there exists a positive
constant C' such that

Theorem 1. If p, c € L>=(0,T, H3(2)), p(t) is such that

t
leae®lfy + [ IVnend ds < CHYt € 0.7, (20
0
and
lesp@lls < R t € [0,7], (25)
||

Proof: For the error ey .(t) we have

deg . dc dc dc dcy
C e = (—#) = (— ) g, exolt — ) g ——2(), et m,
(I et = ()= () eanel®)a+ (G ()= (1), e e0)
(26)
where
dc dc , ande, o 1/2
(1) — (= < _ )
\%N>gﬂmm%ﬁmwx%g;@mAwﬁ@m@Q
IVaen(t)|n+
1 _ dc
<0 Y (diam AN Oliea) + €IVl (27)
AeTy
being € # 0 an arbitrary constant.
d d
It can be shown that for ((d—;(t))H — %(t), em(t))m we have

(00— “20), ) = 7lemelt)) + 7u(en D) + Talenclt)),
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where Tp(em.(t)), Te(emc(t)), and Tp(em(t)) are defined in Proposition 2,
Proposition 3, and Proposition 4, respectively. We obtain

(e - dC—H@) er )i < ~(Dut) Ve (1), Virere (1))

/ Kor(t — 8)(En(8)Viero(s), Vien o)) s ds
+ (Mu(Bu(enc(t), Vaen(t))u +
- 02 2(H ()2 (1+ lp(0) [20) ) leme(8) I

t
YO K- 2 (lle(s) 12 (1 + 1p(s)]21) ) ds / lezr.(s)|l3ds
€ 0 0
+ 6€°|[Virem.o(t) 7+ + Te.e(t), (28)

where

Tee(t) =C 462 /Ker - e,c)( )ds),

with

T (8) = (L e 1En (L + lp@)1E)) D (diam A {le(t) 3 a)

ATy

+lle@lE Y (diam A)|p(6)3a)

AeTy

. 2
+lle@)lIzo D (diam AL+ [le(®)lF ) + IpONFm)

AeTy

and

78(s) = (1+ [le(s) 2 (1+ [Ip(s)1Z0)) D (diam A)|e(s)[33a)

AeTy

+lle(s)lEn Y (diam A)lp(s)|[aa)

AEfH
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From (26)-(28) we conclude the following

d
@HeH,c(t)qu < (= Duin + 96| Ve (4) I3« (29)

1 t
+ el Kelom [ IVaend(s)l s
1 /1
+ 05 (5 + e 2 (1 + () I12:) ) llen.o(t) I

1 t
+ @HKGTH%Q(O,T)HCH%OO(C“)(1 + [Pl 7o) /0 ez o(s) | Fds
+ 27—e,c(t)7 (3())

where ||.|| =(c1) represents the usual norm in the space L*(0,T, C*(2)). In-
equality (29) leads to

t
Jese (Ol + 2D = 9) | [V () s
1 ’ t ps
s!IeH,c(o>!|%,++2—62\|K6T\|§2(0’T)/0/0 IV sena()l duds
1/1 t
+ 055+ lellimon (1 + IPlimcn) /0 lesnc(s) s
t s

+C%HKGTH%Q(O,T)HCH%OO(Cl)(1+Hp”%m(cl))/oA len.o(p)]|%dpds

t
+2/ Te.c(s)ds.
0

Let € be such that D,,;,, — 9¢2 > 0. Under the smoothness assumptions on c
t

and p it can be shown that 2/ Teo(s)ds < CHS . As ex.(0) = 0, applying

Gronwall’s Lemma we conclud% (24).
From Proposition 1 we conclude the error estimate (25) for the pressure
pu(t).
I
Theorem 1 is the main result of this paper and it establishes the second or-
der convergence rate of the finite difference scheme (16), (17), or equivalently,
of the piecewise linear finite element method (14), (15).
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4. Time discretization

Our goal in this section is to propose an IMEX method for the coupled
non-Fickian problem (4), (6). The method is obtained by integrating in time
the ordinary differential equation (17) or equivalently the discrete variational
equation (12).

In the temporal domain [0, 77, let us introduce the uniform time grid {¢,, =
mAt, m =0,..., M}, with tjy =T, and where At is a fixed time step. By
pY; and ¢} we represent the numerical approximations for p(¢,,) and c(t,,),
respectively, defined by the IMEX method

~Vi - (AFVapg ™) = (@)F, in Qu, (31)
=t 4 AtV - (DTN et — AtV g - (B ER)

+ AP Kep(tmer — t) Vi - (B 'V ichy) + At(q) ™, in Qp,

(=0
(32)
form=0,...,M — 1, and with the initial conditions
Cr = com, Py = Pou 0 O, (33)
and boundary conditions
ch:(), pfg = Rupy(ty) on 00y, L =1,..., M. (34)

Here we used the following notation: the non-null entries of A’} are given by
a1 (Mpcy), ag(Mgcl}p), the non-null entries of D7Hn’erl are given by dy (M},
D_.p*Y), do(Mycpt, D_,pnth), being By and Eﬁ“l, ¢=0,...,m, de-
fined analogously. By D_; we denote the first order backward finite differ-
ence operator with respect to the time variable. We observe that (31), (32)
is equivalent to the coupled discrete variational problem

( TIVHpI@H, Vaowg)gs+ = ((qz)zﬂ, wy)pg, for all wy € Wy, (35)
(D™ wg)g = —(Dp" 'V gt Vgwe) gy + (Mg (B ™), Vo) i+

m
+ ALY Kep(tmr — t)(Ey 'V acly, Viwn) iy
=0

+ ((ql)gﬂ, UJH)H, for all wyg &€ WH70. (36)
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In what follows we establish bounds for the errors

eﬁ,p = RHp(tm) - pﬁ and egc = RHC(tm) _ Cg.

Following the proof of Proposition 1, it can be shown that
IVaehy . < C(IIP(th)Hc1 et el + Tp(tms1)

b1 dc
el [ I1RaS G nds),  (31)
tm

where 7,(tp,41) is given by (19) with ¢ = ¢,,41.
We deduce in what follows several estimates needed to compute an upper
bound for Hegtlﬂ . We observe that

dc

(D_cgr™ — (E)H(tmﬂ)? e )i = —(Det et ) m + Tars(ertt), (38)

where
1 tmt1 dzc +1
rasee ) < ([ IRus 9Nl dsle
tm
, dc 1/2 -
(0 (iam AV (i) ) IV ae s )
AeTy

For

mpa(eft!) = (D" NV uc ™ Ve

x Yi+1/2 86 S
_Z Z hz/ dl(xiayatm+1)%(xi—l/27yatm+l) dnyl“e]—LC (ngy])
i=1 j=1 Yi-1/2
No—1 Ny Tit1/2 dc 1
- Z Zk]/ dQ(xayjntm-l-l)&_(nyj—l/Z;tm-i-l) d'rD—yeE,Jg (:Ciayj)7
i=1 j=1 Ti-1/2 Y

(39)
with dy(x;, y, tme1), £ = 1,2, defined by (20) with ¢ = ¢,,.1, we have

ma(eft) = —(DE’mHVH@z,JZl, Vuegtas +mie(egt), (40)
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where
[p,16(ef I < Tpe(ef ) + Clle(tme) lor (1 + p(tmsr) [l er)
i1 dC m—+1
t HRH%(S)HHdSIIVH@H,C 21+

being TD@(GT}'};l) given by

(i) = € (lleltmnller (L+ [1p(tms)ller) (el

(3 (om A pttnslecs) )

AeTy

+ (1 leCtm)len)* (D (diam A S (1 () oo

AeTy fe{en}

1/2
1 s lay) ) ) IV meis

For

Tpa(eft) = —(Mu(By™ '), Ve .

Ny Ny—1 Yj+1/2 )

+ Z Z hz / bl (x% Y, tm+1)C(.CUZ'_1/2, Y, tm+1) dyD_xegjc_ (xia y])

i=1 j=1 Yi-1/2
N,—1 Ny Tit1/2

+ Z Z k.j / bQ(xa y]7 tm+1)C(l’, yj—1/27 t) de—yez'—n[jc_l(xiu yj)u
i=1 j=1 Ti-1/2

(41)

with by, £ = 1,2, given by (22) and ¢t = t,,41, assuming (23), we can prove
that,

Ta(eft!) < (Mu(By™ ' el), Vel Vs + moie(efs)),  (42)
where

[B.e(ef E < me(efit) + Clle(tmi)ller (1 + [lp(Eme) o)

et dc m—+1
t 1Re— (s)llmds||Vaeq, ||+
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being 75 e(eﬁtl) equal to

Te(efe') = C(I\C(tm+1)!|co(1 +lp(tmr)ller) llef ol

(leltmsn)leo (1 + ot ller) + 1) (32 (@iam AV (et s

AESH
2 4 2 1/2 m-+1
lleCtmn) ey + 1 CEms )l + 120 ea) ) ) IV meis o

Finally, we establish an estimate for

0 0+1
TEd(eTj—?c—l = —At E Km—HE Ey * VHCH,VH6m+1)H,+

1 Yj+1/2 Oc
+ Ke(tmi1 — s h/ e1(z, vy, Ti_1/2,Y, S)dyds
) +1 ;; » ) )8x( 1/2:Y )dy
(43)
D *xeg—’c—l(x%y])
tma1 N.—1 Ny Tit1/2 oc
+/ Ker(tms1 — 8) kj/ e2(, s, ) - (@, Yj-1/2, s)dads
0 T ay
i=1 j=1 i—1/2
(44)
D_yefi (i, y)),
(45)
where K"+ = K,,.(t,,+1 — t¢). Using the decomposition
TE d 6%? Z TE.is (46)
with
TE1 = = At Z Km+1 ¢ E’Z €+1VH€§-{70, vHegjc_l)H,—H (47)

TEQ_AtZKme (Ep(te,tesr) — By )VaRge(ty), Ve Dy, (48)
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with E7;(ts,te1) defined as E7j;(t¢) but considering the concentration and the
pressure at time levels ¢, and ¢, 1, respectively,

T3 = AtZKmHE (En(te,ten) — Eg(te, ten)VaRaclte), Vaei s a1,

(49)
with Ep(ts, ter1) defined as Fy(ty) but considering the concentration and the
pressure at time levels ¢, and ty,1, respectively,

Tpa = At Z KUY (En(tete) — En(te ten)) Vi Ruc(te), Vel s

(50)
tm+1
TES5 = / Ker(tm—H — S)(EH(S)VHRHC( )dS VH6m+1)H7+
0

—AtZKm+” (En(te, te))VaRuc(ty), Vel Ny, (51)

and
tm+1
TEG = — Ker(tme1 — 8)(Eu(s)VgRye(s)ds, V em+1)H,+
0
tm+1 Ne Ny~ Yj+1/2 Oc
+/ Ker(tmsr — s Z Z h/ e1(zi, v, )ax(ﬂfi—l/z,yab’)dyds
0 =1 j=1 —-1/2
(52)
D_xerHrHc_l(xhyj)
- N,—1 N, o 9
+/ K, (tm+1 ) k]/ 62(x7yj78)_(xayj—l/27s)da:ds
0 T ay
=1 j=1 i—1/2
(53)
D—yenHngl(fUz'; Yj)-
(54)

For 751 we easily establish the upper bounds
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el < O (A 30K 2) (A0S Vel i) I et s
=0 =0

1/2 m
< O(1 Kl + TR, o) (A3 Vmeh %) IV aei ln -
(=0

< VT 8K oy (A0S [V ety 13) IV e (55)
/=0
Using (37), it can be shown that

/ m
752 < C(AtZ (R (A S et 12 (1 + [p(tes)llon) el

ben dc 1/2
P ettt + 0 [ IR d5)) It s

=0 te

(VT BT K s (lellEmien(@ + Ipllosien)?At D ey I
=0
= ters dc 1/2
FlelfuonAt Y it + 8¢ [ IRaG N ds) I s
(=0 ¢
(56)

where ||.||ca(cry denotes the usual norm in C%(0,T, C"(2)), ¢, € INo.

Following the steps used in the proof of Proposition 2 to estimate 71(32 ) (wg),

we obtain

m

\TE3|<O(AtZ (aer?) " (a a3l elte)llos (D (diam AY*(fle(to) [ecay

=0 AeTy
1/2
 Iptten) ) ) IV aeE

<OVIT AtHKerHHl(o,T)Hc!lcom( > (diam A)* (e[E

AEEH

1/2
o) IVl s (57)
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For 7g 4 we easily get

- 1/2 n tet 92¢ 1/2
\TE4|<0(AtZK 7)o S et [ R ()l ds)
=0

(58)

IV aept s
< CAWTF A Ko llmo ellonen lellmen IV aeg e, (59)

where ||.||gra(cr) denotes the usual norm in H4(0,T,C"(Q)), ¢, r € N.
As 7p 5 represents the error of the left-rectangular rule, we deduce that

715 < CAL(IKL 20 lell 2 (60)
+ e llzz0m) (lelleoien) (ellien, + Ipllmen)
+ llellmien) ) IV et s

< CA| Kerl[ 1 0,1) <\|6\|00<cl>(1 +llellz o) + lIplmen) (61

+ lellanien ) IV et s (62)
At last, for 756 holds the following
tm+1
756l < C Kot — s)(1+ HC(S)”01)3
0
. 1/2
(> tiam A (32 (I ey + 1)) + 1)) ds
ATy fe{ep}

(63)
IV el a
< O\ Kerllr20.m) (1 + llellcoen)?
1/2

(3 inm A (S (Il + 1) +1)) " ds

AeTy fel{ep}
(64)

(65)

Vel

Now we assume the following smoothness conditions: ¢ € C?(0, T, C°(Q))N
HY(0,T, H3(Q)), p € H'(0,T, H3(Q)), and K, € H'(0,T).
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From (36)-(63) it is a straightforward task to prove the existence of positive
constants C;, ¢+ = 1, 2, 3, such that, for m =0,..., M — 1, the following holds

ez e 1z + Duin AUV et 7y < llef ol

ot (el + eI + At S [l ) + 7

/=0
(66)
where
m+1 et d’c dc P
< Cose(At [ (1R )+ 1R (6) ) s + A7)
tm
, dc
+ Gt > (diam AV (I i) a + D (1 i) lrgay
AETH fG{C,p}
1 s ay) +1)-
Inequality (66) leads to
m+1
(1= CLAIER N + Duindt S Vel Iy < eS| (67)
/=0

+ DminAt||VH€(J)LI,cHH,+

m m f m+1
¢ ' ¢
F A (S e+ A0S S IV meh ) + 37
—0 (=0 j=0 =1

Considering now the discrete Gronwall’s Lemma we conclude that, for At
such that 1 — C1At > 0,

m+1 1 m+1

HGH HH + gz% ||VH€HC mln{l — C At Dmm} ZTed

m  {+1

+ CyAL Z Z o Cat(m—L+1) At), (69)

/=0 j=1



30 S. BARBEIRO, S. BARDEJI, J.A. FERREIRA AND L. PINTO

Ch
ith Cy =
W 2 mln{l - ClAt, Dmm}
that the error estimate (69) leads to

for m =0,..., M — 1. Finally, we remark

m—+1
€5t I+ At D Vi€l lr e < O(Hpgy+ A2), m =0,.... M~ 1, (70)
=0

while from (37) we get
IV ety < C(H;*W+At2), m=0,... M-1. (71)

5. Numerical results

This section is dedicated to some numerical experiments. We start by
presenting two examples that illustrate the convergence result established in
the previous section.

For e, = Rup(tm) — pf and e}y . = Rpc(tn) — ¢ we compute the error
indicators

Error, = max leFpllm

=1l,..

and

m 1/2
Error, = _max <HBTI§CH%{ + At g |\VH€§[,CH%{,+) :
—

where p and ¢ are solutions of the coupled problem (4), (6) with boundary
and initial conditions (7), (8), respectively, and where p}; and ¢}; are numer-
ical solutions obtained with the IMEX method (31)-(34). To evaluate the
convergence rate we use the formula

log (Errorg’l)

Error, o

Hlmax
log < : )

2 max

Rate, =

Y

for ¢ = p, ¢, and where H; and H, are two grid vectors with Error,; and
Error, 5 the corresponding errors. The initial grid {25 is randomly generated.
The new grids are defined considering the midpoints of the intervals [x; 1, x;]
and [y;_1,y;]. Moreover, we fix T'= 0.01 and At = 107".
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Example 1. In this example, we consider the system (4), (6) with the fol-
lowing coefficients

dp

14+ 2c+ — 0
| 1+c¢ O B ox
A(C)_[ 0 2+C]’ D(vaP)_ 0 1+C+2@ 9
Jy
cg—p dp 0
. _2F
B(c,Vp) = 5 | E(c,Vp) = (‘?I ap |- and Ke(s)=e™"

p [

I BCay | 8y

We choose q1, g2, and the initial conditions (8) so that the exact solution is
plz,y,t) = e'zy(z — 1)(y — )sin(zy) and c(z,y,t) = e'wy(z - 1)(y - 1).

In Table 1 we present the results of our simulation. We observe that the
solutions p and ¢ belong to H3(Y) and the numerical results illustrate the
convergence estimates (70) and (71).

H, oz Error,  Rate,  FError, Rate. N, N,
1.8316e-01 2.615e-04 1.981 2.841e-05 1.975 9 &
6.579¢-02 6.625e-05 1.995 7.227e-06 1.993 18 16
3.290e-02 1.662e¢-05 1.999 1.815e-06 2.000 36 32
1.645e-02 4.158e-06 2.000 4.538e-07 2.009 72 6
8.224e-03 1.040e-06 2.000 1.127e-07 2.018 144 128
4.112e-053 2.600e-07 -  2.783e-08 - 288 256

TABLE 1. Numerical errors and convergence rates for Example 1.

For further illustration, we solve Example 1 using a considerable number of
randomly generated spatial grids. In Figure 2 we plot the logarithmic norm
of all errors Error,, g = p, c, versus the logarithmic norm of all Hy,a,. The
slop of the least-square straight line (shown in green) is an approximation of
the convergence order, and the values obtained, which are also displayed in
Figure 2, again confirm the convergence estimates (70) and (71).

|

In the next example we consider that p(t) € H3(€) but it doesn’t belong
to H3(€2). Following the lines of Theorem 1 and using the results of [16], we
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FIGURE 2. From left to right: Plot of log(Error,) and log(Error.)
versus 10g( Hyaz)-

anticipate that the second order convergence rate will be lost for both p(t)
and c(t)

Example 2. We now consider system (4 ), (6) with the coefficient functions

used in Example 1 but we choose q1, g2, and the initial conditions (8) so that
the exact solution is

p(z,y,t) = e2zy(2®—1)(y*—1)|z—0.5*"  and c(z,y,t) = e'zy(x—1)(y—1).

The numerical results presented in Table 2 agree with expectations, since the
convergence rate for both p and c is of order O(Hqz).

H, 0. Error,  Rate,  FError. Rate. N, N,
1.381e-01 9.708e-03 1.050 7.783e-05 1.293 8 10
6.906e-02 4.688e-03 1.051 3.177e-05 1.121 16 20
3.453e-02 2.263e-03 1.079 1.461e-05 1.084 32 40
1.726e-02 1.071e-03 1.093 6.888e-06 1.086 64 80
8.632e-03 5.024e-04 1.009 3.246e-06 1.001 128 160
4.316e-03 2.497e-04 -  1.622e-06 - 256 320

TABLE 2. Numerical errors and convergence rates for Example 2.

In Figure 3, we repeat the same type of experiments plotted on Figure 2.
The slop of the least-square straight line, close to one, again confirms the
first order convergence rate for Example 2.
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In what follows we present one example that intent to illustrate not only the
differences between Fickian and non-Fickian models, in the case of miscible
displacement in porous media, but also the fact the non-Fickian model can
replicate key properties observed in real world experiments.

Example 3. Let us consider the miscible displacement problem in porous
media. We suppose that the resident fluid and the injected fluid are fully
mascible and flow together as a unique fluid. We assume that there are no
source or sink terms, i.e., g1 = qa = 0, and that the wnitial distribution of
the injected fluid is as given in Figure 4 (on the right). In the pressure
equation (3) we take K = I, = 1, and the Dirichlet boundary conditions:
0.4 (bottom boundary), 0.2 (left and right boundaries) and 0 (top boundary).
The obtained pressure field is shown in Figure 4 (on the left). Let ¢ represent
the concentration of the injected fluid. For both Fickian and non-Fickian
model we define the diffusion tensor D = d,¢I with d,, = 5 x 107 and
¢ = 1, meaning that the longitudinal (o) and transversal (oy) dispersivity
coefficients are zero. For the non-Fickian model we also take 7 = 107! and
E = dy,,rl with dy,pr = 1072. The coupled problem is complemented with
Dirichlet homogeneous boundary conditions for the concentration. This is
equivalent to assume that the fluid is removed when it reaches the boundary.

In Figure 5 we show the evolution of the concentration in the Fickian and
non-Fickian case. As can be seen from the figures, the non-Fickian model
s able to reproduce key features reported in experimental studies, such as
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FIGURE 4. From left to right: Pressure and initial concentration.

highly asymmetric plumes with steep fronts and long and low concentration
tails. Note that, for simplicity, in this example we omit physical units.

1 1 1
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o 0 0

1 1 1
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0.2 0.2 0.2
o o o

FIGURE 5. From left to right: Fickian concentration (first row)
and non-Fickian concentration (second row) at time 0.15, 0.5,
and 1.

6. Conclusion

This paper deals with the numerical approximation of a coupled initial
boundary value problem formed by the elliptic equation (6) and the integro-
differential equation of Volterra type (4). This system can be used to describe
diffusion in porous media where a memory effect in time is present.
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To solve the coupled system (6), (4) we proposed the IMEX method (31),
(32) which can be seen as a fully discrete in time and space piecewise linear
finite element method (35), (36). The convergence properties of the method
were studied. We proved in particular that the numerical pressure and con-
centration are second order convergent in space with respect to a discrete
Hl-norm and L%norm, respectively. The convergence estimates (70) and
(71) are somehow unexpected because (31), (32) is a finite difference method
with first order truncation error with respect to the L>*-norm. Moreover, we
also proved that the IMEX method (31), (32) is first order accurate in time.

We point out that the convergence analysis was made avoiding the usual
approach, introduced by Wheeler in [34], and where the error is split into
two terms with the aid of an auxiliary stationary problem. This alternate
technique relies on the analysis of a convenient error equation and allows to
relax the smoothness assumptions required by the technique in [34].

Numerical experiments were also performed. The results of Example 1 illus-
trate the error estimates (70) and (71), while Example 2 shows the sharpness
of these estimates, since the reduction of the smoothness of the solutions p,
¢ imply losing the second order convergence rate. At last, in Example 3, we
used the problem of miscible displacement in porous media to highlight the
differences between Fickian and non-Fickian model.
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