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ABSTRACT: Orthogonal polynomials via polynomial mappings in the framework of
the semiclassical class are considered. It is proved that this class is stable under
polynomial transformations. Several consequences of this fact are deduced. As an
application cubic transformations for semiclassical orthogonal polynomials of class
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classes 1 and 2.
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1. Introduction

The semiclassical orthogonal polynomials (OP) are the sole creation of the
French mathematician J. Shohat [25]. They arise as a natural extension of
the well known classical OP of Hermite, Laguerre, Jacobi, and Bessel, having
been a focus of great research activity since the 1980’s, specially after the
contributions of another French mathematician, P. Maroni [18, 19, 20, 21].
As expected, many aspects of the theory were developed by seeking proper-
ties which generalize the properties of the classical OP, e.g., a second order
homogeneous linear differential equation with polynomial coefficients, the
Pearson’s (distributional) differential equation, and the so-called structure
relations. Nowadays the subject is a very active research area both on the
setting of continuous OP as well as on the discrete A,—OP and ¢—OP ones,
not only from a theoretical point of view —were the algebraic aspects of the
theory still play the central role—, but also because they arise naturally in
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connection with other branches of Mathematics and Mathematical Physics.
For instance, the connection of semiclassical OP with Painlevé equations
emerged as an important topic of research. On the other hand, they appear
as a breeding ground for the construction of explicit examples of orthogonal
polynomial sequences (OPS) out of the classical family of OP.

The aim of our work is to study semiclassical OP via polynomial mappings,
as a natural extension of our results discussed in [10]. The later is a subject
that received special attention along the last decades. Indeed, the theory of
OP via polynomial mappings begun with the discovery of the well known
quadratic relation involving Hermite and Laguerre OP of parameters i%,
and the interest on the subject grew after a question asked by Chihara about
the existence of OPS such that one of the OPS is obtained from the other
one via a cubic transformation. The answer to this question was given by
Barrucand and Dickinson in [2], and after this work several papers appeared
in the literature involving OP obtained via general polynomials mappings,
the most influential one being the paper [11] by Geronimo and Van Assche,
where an important connection with the so-called sieved OP discovered by
Al-Salam, Allaway, and Askey [1] was pointed out.

The structure of the paper is as follows. In Section 2 we compile some
known results on OP, including a brief review on semiclassical OP as well as
the relevant results needed along this work on OP and polynomial mappings.
In Section 3 we state our main results. We complement the study contained
in [10] by considering here OP via polynomial mappings in the framework
of the semiclassical class. We also present relations involving the Stieltjes
formal series of the regular functionals with respect to which the sequences
of polynomials appearing in the polynomial mapping are orthogonal, and
then we use these relations to show that semiclassical families are stable
under polynomial transformations. We further deduce several consequences
of this fact, e.g. stating precise results about the class of a semiclassical OPS
obtained via a polynomial transformation on another semiclassical OPS. In
Section 4 we determine all the semiclassical OPS, {p,},>0, of class at most
2 obtained via cubic transformations of the form

p3n(x):qn(x3+px+r) ) p,TEC,

requiring that {g,},>0 be a classical OPS. We give a complete description of
such OPS {p,}n>0 (of class at most 2) and show that {¢, },>0 is necessarily
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a Jacobi or Laguerre family, improving and extending the results given re-
cently in [28] where the authors require {p, },>0 to be semiclassical of class
1. Finally, we summarize in Tables 3 and 4 new examples of semiclassical

OPS of classes 1 and 2.

2. Background

In this section we recall some basic facts concerning the general theory of
OP that will be needed along the remaining sections.

2.1. Basic tools. The linear space of all polynomials with complex coef-
ficients will be denoted by P, and its algebraic dual by P*, i.e., P* is the
space of all linear functionals u : P — C. We recall that P may be carried
with a topology for which all the linear functionals become continuous—and
hence the equality P’ = P* holds, where P’ denotes the topological dual of
P—, namely the topology of the strict inductive limit of the spaces P,,, being
P,, the linear subspace of P of all polynomials of degree at most n endowed
with any norm. We also define P_; := {0}, the trivial subspace. For details
(and rigorous justifications) we refer the reader to the works [18,; 19, 20, 21]
by Maroni (see also [24]) and [4] by Brezinski and Maroni. All the elements
needed concerning strict inductive limit topologies may be found e.g. in the
books by Treves [29], Reed and Simon [26], and Lax [13].

We denote by (u, f) the action of a functional u € P’ over f € P, and by

up = (w, ") (n € Ny)

the moment of order n of u. As usual, given u € P’ and ¢ € P, we define
the (distributional) derivative of u and the left-multiplication of u by ¢, as
the functionals Du, ¢pu € P’ defined by

<Du,f>Z:—<ll,f/>, <¢u7f> ::<u7¢f>7 fGP

A sequence { f,, } >0 such that f,, € P,\'P,,_; for every n will be called a simple
set of polynomials. The dual basis associated with a simple set {f,},>0 is
the sequence {e, },>0, with e, € P’, such that

<en,fj> = 5n,j (Tl,j € No) ,

where 9,, ; is the Kronecker symbol.
In the next we recall the definition of OPS and some of the main facts
concerning such sequences. Let u € P’ and {p,}n>0 C P. We say that
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{pn}n>0 is an OPS with respect to u if it is a simple set of polynomials and
the orthogonality conditions

<uapnpm> — kn6n,m (n7 m & NO)

hold, where {k, },>0 is a sequence of nonzero complex numbers. In such case,
u is called regular or quasi-definite, and {p, },>o the associated OPS. If the
leading coefficient of each p,, is equal to 1, i.e., p,(x) = x"+lower degree terms,
we will refer to {p, },>0 as a monic OPS. It is well know that any monic OPS
{pn}n>0 is characterized by a three-term recurrence relation of the form

pot1(z) = (x = Bu)pn(®) — Yupn-1(2) ,

with initial conditions py(z) := 1 and py(z) := = — By, being {5, },>0 and
{Vn}n>1 sequences of complex numbers such that v, # 0 for all n. In partic-
ular, if 5, € R and v, > 0 for all n, then the linear functional u with respect
to which {p,},>0 is an OPS admits an integral representation such as

<u,f>=/Rfdu (feP).

where p is a nontrivial positive Borel measure with finite moments of all
orders (i.e., [p|z|"dp < oo for all n € Ny). In such a case, we say that
{Pn}n>0 is an OPS in the positive-definite sense, or, equivalently, u is regular
in the positive-definite sense. We also recall that if {p,},>0 is a monic OPS
with respect to u € P’ (not necessarily in the positive-definite sense), then
the dual basis {a, },>0 associated with {p,},>0 is explicitly given by

VP
T ()
Then the set equality P’ = P* mentioned above allows us to express any

linear functional v € P* in terms of the dual basis {a,},>¢ as

o

v =3 (v.pda

n=0

in the sense of the weak dual topology in P’. This is a fundamental property
in the framework of the algebraic theory of orthogonal polynomials founded
by Maroni at the end of the last century. Another important tool is the
formal Stieltjes series associated with a given regular linear functional u € P’
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defined by

0
U
Su(Z) = Z Znil ’
n=0
Su(z) is a representation for the moments u,, of u. Thus, since the sequence
{un}n>0 characterizes u, then so does Sy(z). Formally, Sy(z) admits the
representation

5= ().

where u, means that u acts on functions of the variable z.

2.2. Semiclassical OP. A functional u € P* is called semiclassical if it is
regular and there exist two nonzero polynomials ¢ and ¢ such that

degy > 1 (2.1)
and u satisfies the generalized Pearson distributional differential equation
D(¢u) = u. (2.2)

If {p,}n>0 is an OPS with respect to a semiclassical functional then {p,},>0
is called a semiclassical OPS. The following is a useful well known criterion.

Proposition 2.1. Let u € P*. Suppose that u is reqular. Then, u is semi-
classical if and only if there exist two polynomials ¢ and 1, with at least one
of them nonzero, such that (2.2) holds. Moreover, under these conditions,
necessarily both ¢ and 1 are nonzero and v satisfies (2.1).

Proof: “Necessity” is obvious, so we only need to prove “sufficiency”. Let u
fulfils (2.2), with ¢, € P. Suppose that ¢ = 0, so that D (¢pu) = 0. If ¢ £ 0,
setting r := deg ¢ and being a(# 0) the leading coefficient of ¢, we would
have (u,p?) = a Y(¢u,p,) = —a (D (¢u), [ p.) = 0, violating the regularity
of u. We conclude that 1 = 0 implies ¢ = 0. Suppose now that ¢ = 0, so
that ¢ru = 0. If ¢ # 0, then setting ¢ := deg v and being b(# 0) the leading
coefficient of v, we would have (u,p?) = b~1{ypu, p;) = 0, violating again the
regularity of u. We conclude that ¢ = 0 implies v = 0. Finally, suppose that
Y = const. = ¢ # 0. Then (u, 1) = ¢ {yu, 1) = ¢ 1(D(¢u), 1) = 0, violating
once again the regularity of u. Hence 9 satisfies condition (2.1). n

If u is a semiclassical functional, the class of u is the nonnegative integer
number

s:= min max{deg¢ — 2,degy — 1}, 2.3
i, {deg¢ gy — 1} (2.3)



6 K. CASTILLO, M. N. DE JESUS AND J. PETRONILHO

Dn ¢ (0 regularity conditions
H, 1 —2x
L™ T —r4+a+1 at-n , n>1
PP |1 — o2 —(a+B+2)x+ 0 —a|at-—n, £—n , a+p+l#-—n , n>1
B | &2 (@ +2)z +2 aton  n>2

TABLE 1. Classification and canonical forms of the classical OPS.

where A, is the set of all pairs (¢, ¥) of nonzero polynomials such that (2.1)
and (2.2) hold. The pair (¢,v¢) € A, where the class of u is attained is
unique. If {p,},>0 is an OPS with respect to a semiclassical functional of
class s then {p,},>0 is called a semiclassical OPS of class s. In particular,
when s = 0 (so that deg¢ < 2 and degt) = 1) one obtains, up to an affine
change of variables, the four families of classical OPS: Hermite, H,,; Laguerre,
L%a); Jacobi, Prga’ﬁ ); and Bessel, B,(La). Table 1 summarizes the corresponding
canonical forms for the pairs (¢, 1) usually considered in the literature.

Besides the generalized Pearson distributional differential equation (2.2),
semiclassical functionals have several characterizations. For our purposes we
need the following one, which involves the Stieltjes formal series: u € P* is
semiclassical if and only if it is regular and the associated Stieltjes formal
series satisfies formally the first order linear differential equation

$(2)Su(2) = C(2)%(2) + D(2) , (2.4)

where ¢ is a nonzero polynomial, and C' and D are polynomials. Moreover, if
u satisfies (2.2), then we may take in (2.4) the same polynomial ¢ appearing
n (2.2), being the polynomials C' and D given by

C=¢—¢, D= (ulpy)— (udpo),
where, for any m € P, the polynomials g7 and un are defined by
_ 7(x) —m(0) _ /. zm(@) —y7(y)
Oorr(x) = — ur(z) == <uy, p— > :

Furthermore, if the polynomials ¢, C', and D appearing in (2.4) are co-prime,
then the class of u is given by

s = max{deg C — 1,deg D} . (2.5)
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Pn C D

H, —2r —2uy

Lv(za) —T + « —Uyg
P —(a+B)z+B8—a|—(a+ B+ 1)ug
By az + 2 (a+ 1)ug

TABLE 2. C and D corresponding to the canonical forms in Table 1.

Thus, the formal differential equation (2.4) appears as an efficient tool in
order to determine the class of a semiclassical functional.

Table 2 gives the polynomials C' and D appearing in the differential equa-
tion fulfilled by the Stieltjes series for the classical functionals (s = 0) corre-
sponding to the canonical forms given in Table 1.

Remarks 2.1. Often, a semiclassical functional is defined requiring the pair
(¢,v) appearing in Pearson’s equation (2.2) to be an admissible pair, meaning
that, whenever deg¢p = 1 + deg the leading coefficient of 1 cannot be a
negative integer multiple of the leading coefficient of ¢. We did not included
the admissibility condition in the definition of semiclassical functional since
there are reqular functionals w fulfilling (2.2) with (¢,v) a non-admissible
pair (see e.g. [1, 22]). We note, however, that for a classical functional the
admissibility condition holds necessarily, a fact known as early as the work
of Geronimus [12].

2.3. OP via polynomial mappings. The study of polynomial mappings
in the framework of the theory of OP is a very attractive subject. Special
attention has been paid to quadratic and cubic transformations (see e.g.
2, 7, 14, 15, 16, 17, 28]). After the important work by Bessis and Moussa
[3], the subject has been treated in full generality by Geronimo and Van
Assche [11], Charris, Ismail, and Monsalve [5, 6] (using the so-called blocks of
OP), and by Peherstorfer [23]. More recently [9, 10] characterization results
have been stated in order to ensure that a given OPS becomes obtained from
another one via a polynomial mapping. In order to describe this mapping, let
{pn}n>0 be a monic OPS, characterized by its three-term recurrence relation,
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convenably expressed in terms of blocks as [5, 6]

(& = bV pukaj () = Putajr () + @ pupsj (@)
(j=01,....k—1; n=0,1,2,...),
satisfying initial conditions p_i(z) := 0 and po(x) := 1. Without loss of
generality, we take aéo) := 1. In general, the ag Vs and the b%j Vs are complex

numbers with aﬁf ) = ( for all n and j. With these numbers we may construct
determinants A, (7, j; ) as in [5, 6], so that

(2.6)

0 ifj<i—2
A (i, ;) == 1 if j=1-2 (2.7)
e—biY i j=i—1
and, if j > 1> 1,

e - 0 - 0 0
aﬁf) T — bg) 1 . 0 0
(i+1) . (i+1)
An(i,j;a:) - 0 an, x — by, . 0 0 7
0 0 0 R I R |
0 0 0 a9 =)

(2.8)
for every n € Ny. Taking into account that A, (¢, j;-) is a polynomial whose

degree may exceed k, and since in (2.6) the ay(l] )’s and b%j Vs are defined only
for 0 < j <k —1, we adopt the convention

bl = bfﬁl ,alkt) = aﬂl (7,7,n € Np) , (2.9)
and so the following useful equality holds:
Ap(k +i,k+ jiz) = Apia (i, ji ) - (2.10)

Theorem 2.1. [10, Theorem 2.1] Let {p, }n>0 be a monic OPS characterized
by the general blocks of recurrence relations (2.6). Fiz ro € C, k € N, and
m € Ny, with 0 < m < k — 1. Then, there exist polynomials m and 6, of
degrees k and m (resp.) and a monic OPS {g,}n>0 such that ¢:(0) = —rg
and

Prkntm(T) = O (x) ¢ (mi(z)), n=0,1,2,... (2.11)
if and only if the following four conditions hold:
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(i) ™ is independent of n forn > 0;
(ii)) Ap(m+2,m+ k — 1;z) is independent of n for n > 0 and for every
X,
(iii) Aog(m+2,m—+k—1;-) is divisible by 0,,, i.e., there exists a polynomial
Mk—1-m with degree k —1 — m such that
Ao(m +2,m+k —1;2) = 0y (x) p—1-m(2) ;

(iv) rn(z) is independent of x for every n > 1, where

ro(z) = a" VA (m 4 3, m+ k — 1;2) — a(()mH)Ao(m +3,m+k—1;2)

+ a%m)Anfl(m +2m+k—2;x)— aém)AO(l, m — 2;2) Ng_1-m(x) .
Under such conditions, the polynomials 0,, and mj, are explicitly given by

mr(x) = Ao(1, m; ) N1 () — aémﬂ) Ao(m+3,m+k—1;2)+r,

em(x) = A0(17771 - 1;%) = pm(x) )

and the monic OPS {q,}n>0 is generated by the three-recurrence relatigilz)
Gni1(z) = (x — 1) gu() — Spn-1(z), n=0,1,2,... (2.13)
with initial conditions q—1(x) =0 and qo(x) =1, where
=1 +71(0), s,:= a;m)aq(ﬁjfl) e agﬁk_l) , n=12.... (2.14)
Moreover, for each j =0,1,2,...,k—1 and alln=20,1,2,...,
Prn+m+j+1(T) = S {An(m +2,m+ J;2) gnr1 (mi(2))
Mhe—1-m (2) (2.15)

(T ™) Aulm+ 5+ 3,m+ k = 1;2) gu(mi()) |
Remarks 2.2. Notice that for j =k —1, (2.15) reduces to (2.11).

3. Polynomial mappings and semiclassical OP

In this section we start by introducing some operators and stating some

preliminary lemmas. For fixed m € P, let o, : P — P be the linear operator

defined by o[f] := f om for every f € P, and define o¥ : P* — P* by

™

duality. Therefore,

orlfl(x) = f(w(x)) ., (oz(u), f)=(w,o:[f]), fEP, ueP.
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Lemma 3.1. 28] For fized ¢, 7 € P and u € P’, the following relations
hold:

¢ (1) = o7 (0x[¢lu), o7 (Du) = D (o7 (")) . (3.1)

Lemma 3.2. Let {p,}n>0 and {q,}n>0 be two monic OPS such that there
exists monic polynomials m; and 0, of degrees k and m (resp.), with 0 <
m < k — 1, satisfying

Prkm() = Op(2)qy (m(z)) , n=0,1,2,....

Letu and v be the regular functionals in P’ with respect to which {p,}n>0 and
{@n}n>0 are orthogonal (resp.), and let {a,},>0 and {b,},>0 be the associated
dual basis. Then the following relations hold:

0% (Omank;) = 0jmby (G=01,....k—1,n=012..), (32
o (Ompju) = djm vy ! <u, 6,%1> v (j=0,1,....k—1). (3.3)
Proof: For fixed j € {0,1,...,k — 1} and n, ¢ € Ny, the equalities
(0 (Omaness) @) = (Bniyj, Onor]ae])) = (@nktjs Prerm)
— 6],m<bn7QE>

hold. This proves (3.2), since {q/|¢ = 0,1,2,...} spans P. Taking n = 0 in
(3.2) and using the relations (see e.g. [21])

P q; )
aj=-—5u, b;=-—"5v (jeN,
7 (u,p)) T (v ¢h)

we obtain (3.3). u

In [10, Theorem 3.4], considering orthogonality in the positive-definite
sense, so that {p,},>0 and {¢, },>0 are orthogonal with respect to some pos-
itive Borel measures, the relation between the Stieltjes transforms of these
measures has been stated. Without assuming a prior: orthogonality in the
positive-definite sense, we may state the following proposition, which gives
the relation between the formal Stieltjes series corresponding to the linear
functionals on P with respect to which {p,},>0 and {g,},>0 are monic OPS.

Lemma 3.3. Under the conditions of Theorem 2.1, the formal Stieltjes
series Su(z) == — > 0 jun /2" and Sy(z) = =Y 07 jv,/2" associated
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with the reqular moment linear functionals u and v with respect to which
{pn}tn>0 and {q,}n>0 are orthogonal (resp.) are related by

up —t0d0(2,m = 132) + (7 i) me-1n(2) Su(m(2))
Su(z) = o 0 07) . (3.4)

Proof: We begin by noticing the following relation (see e.g. [30])

Pml) _ pm(2) | ipj—l(x)pfi)—j(z) )

{p%j )}nZO being the sequence of the associated polynomials of order j, given
by

) = 1 (pea o, et Ll
Therefore,
<ux7 ];m_(3;)> _ pm(z)<ux, i z> + Zpgfl)_j(z) (ug, pj—1(z))
o, (3.5)
= Pm(2)5u(2) + P (2)u
= O0(2)Su(z) + Ao(2,m — 1; 2)ug
Setting
k-1
pale2) =TT N ), (30
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then
<ux,];mf<32> = ];Z;Oék1j(z)<ux’ﬁfa()mzp;(kx(l)>
) kzak (- i‘; <ux,pm7<2>+plj(<zx)>wz<x>>)
R e
DRIy
— wr(2) <“;}i51>sv (mel2))

where in the fourth equality we have made use of relation (3.3). Now, from

(3.6), ar—1-j(2) = (g, pj(x)pr-1(z, 2))/(u,p3) for all j = 0,1,...,k — 1,
hence

(urspu(@)pis (@, 2)) _ 0 (T2 ”) i)

(wpz) (u,02) |
where the last equality follows immediately after comparing the relation ap-
pearing in [10, Lemma 3.3] for n = 1, i.e.,

Pith(2) = Pl (mi(2) = (Tt ) meron(2)

with the relation (see the proof of [10, Lemma 3.3], p. 2253)

P (2) = B ) (ral2)) o ) DY,
Uuq r—=z

Therefore, (3.4) follows from (3.5), (3.7), and (3.8). m

Uootom(2) = (3.8)

Lemma 3.4. Let 7w, and ¢ be monic polynomials, with degm, = k, and let
By .= {po,p1,---,pr_1} be a simple set of polynomials. Then, to the triple
(gb, ﬂ'k,Bk) we may associate k polynomials ¢o, P1, ..., op—1, with degp; <
| (deg @) /k]| for all j =0,1,...,k—1, such that

k—1
6= pioxlo)]. (3.9)
=0
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Proof: Set deg¢ = kq +r, with ¢ € Ny and 0 < r < k — 1. Since P is
spanned by the set {p;(z)7(z)|0 < j < k — 1;i € Ny}, then there exist
uniquely determined scalars ¢j; (0 < j < k—1;0 < i < q) such that

k— i . .
pla) = S 3500 cjapi(@)mh(x), being rp1g = Crpag = -+ = Cprq = 0 if
r < q. Therefore, defining

q

oj(x) :=ch’ixi (7=0,1,....k—1),

i=0
we obtain ¢(x) = Z;:é pi(x) Y1 cjmi(z) = Z;:é p;j(x)¢;(mi(x)), and thus
the representation (3.9) follows. _

Theorem 3.1. Let {p,}n>0 and {q,}n>0 be monic OPS such that there exist
monic polynomials . and 0, of degrees k and m (resp.), with0 < m < k—1,
satisfying

Prkrm(T) = Op(2)qn (mi()) , n=0,1,2,.... (3.10)
Then the following holds:

(1) If {pn}nz0 is semiclassical of class s, then {q,}n>0 is semiclassical of
class s, with s < | s/k|.

(i) If {qn}n>0 is semiclassical of class s, then {p,}n>0 is semiclassical of
class s, with s < (s + 3)k — 3.

Proof: Along the proof we denote by u and v be the regular functionals with
respect to which {p,},>0 and {g,}.>0 are orthogonal, respectively.

(i) Assume that {p,},>0 is semiclassical of class s. Then there exist two
nonzero polynomials ® and ¥, with deg ¥ > 1, such that

D (®u) = Yu, (3.11)
being s = max {deg ® — 2, deg ¥ — 1}. Set £ := 1+ | s/k | and p := lk—1—s.
Then p € Ny, and multiplying both sides of (3.11) by 2702, we obtain

P2 _
D(:L‘ qu)u) o { 2?10 (20 V + (220, +pby) P)u, if p>1.

(3.12)

Assume p > 1 (the proof is similar if p = 0). Applying the operator o}, to
both sides of (3.12), and taking into account Lemma 3.1, we deduce

D (o% (m,02,2"®u)) = of (2" 0, (20,0 + (226, + pb,,) P)u) . (3.13)
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Next, Lemma 3.4 ensures the existence of polynomials f; ( =0,1,...,k—1),
with each f; not necessarily of degree j, fulfilling

k-1
700,20 d = ijam 1fil - (3.14)

J=0

Multiplying both sides of (3.14) by 6,, and considering the left multiplication
of the resulting polynomials (in both sides) by the functional u, then applying
the operator o, and using Lemma 3.2, we obtain

o~

-1
or (mpzaP@u) =Y of (Onpjox[filu) = vy (w,p}) fnv . (3.15)
J

Il
=

Similarly, consider polynomials ¢g; (j = 0,1,...,k — 1), with each g; not
necessarily of degree j, such that

k-1
" 260, + (22 6], +pb,) D) = ijawk l95] (3.16)
=0
and proceed as before to deduce
or (2P0, (2 0,V + (226), 4+ pby,) P)u) = vy ' (u, pl) gV - (3.17)
From (3.13), (3.15), and (3.17), we obtain
D (fmVv) = gmv. (3.18)

Since s = max {deg® — 2,deg ¥ — 1}, then either deg® = s + 2, or else
deg® < s+ 2 and deg¥ = s + 1. In the first situation, the polynomial
appearing in the left-hand side of (3.14) has degree (¢ + 1)k + m, hence from
the right-hand side of (3.14) we deduce deg f,, = £+ 1 > 2. In the second
situation, the polynomial appearing in the left-hand side of (3.16) has degree
Ck+m, hence deg g,, = ¢ > 1. We conclude that, in any situation, at least one
of the polynomials f,, or g,, is different from zero. Thus, since v is regular
and fulfills (3.18), it follows from Proposition 2.1 that v is semiclassical (being
both f,, and g, different from zero, and degg,, > 1). It remains to prove
that the class s of v satisfies s < | s/k |. Notice first that

m + kdeg f, §0<m<al§<1{j+kdegfj} =deg {m 0, 2" @} < (L+ 1Dk +m,
<j<k—
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where the equality is due to (3.14) and the last inequality holds since p =
lk —1 — s and deg® < s+ 2, hence deg f,,, < ¢+ 1. In the same way, using
(3.16), we deduce

m + kdeg g, < deg {z"" (20,0 + (226, + pb,,) ®)} < lk+m,

so degg,, < {. But, taking into account the conclusions obtained in the
discussion above involving the two possible situations (concerning the degrees
of ® and ¥), at least one of the equalities deg f,,, = ¢+ 1 or deg g,, = ¢ holds.
Therefore,

max {deg f,, — 2,degg, — 1} =0—-1=[s/k], (3.19)
and so from (3.18) we obtain s < max {deg f,, —2,degg, — 1} = [ s/k].

(ii) Assume now that {¢,},>0 is semiclassical of class 5. Then the associ-

ated formal Stieltjes series, Sy(z) := — > °7 v,z "1, satisfies the (formal)
ordinary linear differential equation of the first order
®(2)S5(2) = C(2)Sy(2) + D(2), (3.20)

with &3, 5, and D co-prime polynomials, d nonzero, and s = max{degé —
1,deg D}. From Lemma 3.3, we may write

000 (2)Su(z) + A(2)

S, - , 3.21
(mi() e (3:21)
where A 1= ugvgAg(2,m—1,-) and B := upkmMk_1-m, being K, := H;nzl a(()j).
In (3.20) replacing z by 7rk(z and taking into account (3.21), after some

computations we see that Sy, (z) satisfies
©o(2)54(2) = Co(2)Su(2) + Do(2),
where
O := vy BO%,0,, (D],
Co == vy (om [EIVD]%”Q + o, [5’]‘53)¢9m :
Dy = (04, [R)G + 01, [DI63) B + (01,[C1G3 + 01, [®] %) A
being ¢, := A0, — A'0,,, 6> := B'0,, — B0.,, and 63 := B,m,. Using the

m?

definitions of A and B, one easily see that the polynomial x,,6,, is a common
factor of the polynomials &, Cy and Dy. Therefore, Sy(z) fulfills

D1(2)5.,(2) = C1(2)Su(z) + D1(2) , (3.22)
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where the polynomials ®¢, C, and D; are given explicitly by

~

Q1 = vl Mk—1-m0Ox, [P] ,
Cl = Vo (n;g_l_mem - U()egnnkflfmawk [(T)] + nkflfmemﬂ_]/gaﬂk [5]) )

~

Dl = U (A0(27 m — 17 ')U;C—l—m - A,0(27 m— 17 ')nk—l—m) O [(I)]

+ug (/imnk_l_mam [5] + voAo(2,m — 1, )0, [5]) Mh—1—m T, -
(3.23)

It follows that u is a semiclassical functional. Let us prove that the class s
of u satisfies s < (s+ 3)k — 3. Indeed, we have

deg C1 < max{k — 2+ kdeg@,Q(k —1)+ kdegé} <k(s+3)—2,
deg Dy < max{k — 3 + kdeg®,2k — 3+ kdegC} < k(3+3) — 3.
Therefore, s < max {degCy — 1,deg D1} < (s + 3)k — 3. n

Corollary 3.1. Under the hypothesis of Theorem 3.1, if {pn}n>0 is a semi-
classical OPS of class s < k — 1, then {q, }n>0 is necessarily a classical OPS.

Proof: It is an immediate consequence of part (i) in Theorem 3.1. |

Corollary 3.2. Under the hypothesis of Theorem 3.1, let u and v be the
reqular functionals with respect to which {p, }n>0 and {q,}n>0 are orthogonal,

respectively. If there exists nonzero polynomials ® and ¥ such that D(®v) =
Uv, with degV > 1, then u fulfills D(®u) = Vu, with

B =0 p 1m0 [P, W= 20 OO [B] + N1 mOmOr, [P] .
Proof: The assertion follows immediately from (3.23) in the proof of Theorem
3.1, and taking into account the relation ¥ = & + (. m

Remarks 3.1. For the particular case k = 3, part (ii) in Theorem 3.1 recov-
ers [16, Corollary 2.4]. The case k = 2 has been studied in detail in [14, 15].

4. Semiclassical OP of class at most 2 via cubic trans-
formations

The results contained in [28], for cubic transformations (being therein k£ = 3

and m = 0), may be deduced using the general results proved in the previous

section. Indeed, in [28] the authors considered the problem of determin-
ing all the semiclassical monic OPS of class 1, {p,}n>0, such that a cubic
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decomposition as
P3n(7) = qu(2® +qr+7), n=01,2,... (4.1)

holds, being {g,, }»>0 @ monic OPS and ¢, € C. They proved [28, Proposition
4.2] that such property is fulfilled only if {g, },>0 coincides with some specific
family of classical OPS (being special cases of Jacobi polynomials, up to affine
changes of the variable). It is clear from Corollary 3.1 that only classical
OPS {gn}n>0 may appear as solutions of such problem. Moreover, we see
immediately that if we consider the analogous problem demanding {p,}.>0
to be semiclassical of class 2, then again only classical OPS {g,},>0 may
appear fulfilling such transformation. Thus, the following problem arises:

Problem (P). Determine all monic OPS{q,}n>0 and all cubic polynomials
m3(x) = 2 + qv + r such that a semiclassical monic OPS {p,}n>0 of class
s < 2 exists fulfilling (4.1). In addition, find explicitly the polynomials ® and
U appearing in the canonical distributional equation D(Pu) = Vu satisfied

by the functional w with respect to which {py,}n>0 is an OPS (thus describing
all such OPS).

4.1. Solution to Problem (P). The solution for Problem (P) is given
in Tables 3 and 4, up to affine changes of the variable. In these tables we
assume implicitly the conditions on the parameters o and £ given in Table
1, ensuring the regularity of the Jacobi or Laguerre functionals in each case.
Moreover, in cases (18), (19), (22), (23), and (24), there are some additional
regularity conditions, Rig, R19, Roo, Rog, and Rgs. Their meaning is:

Ris : P,&a"l/?’)(— —)#0, BTV (-1 -1 =) #£0, n>1;
Ryg: BP0 =y £0; BUPP(11 =78 40, n>1,
Roy : BV (d - 3cd);é0 PO -3 £ 0, n> 1
Roys: P 1/2 (d3 3Cd)7é0 P 1/2)(1-d3—3ﬁ)7é0, n>1:

R24:L£Ll/3( ) #0, Ly N0, - £0, n>1,
where P¥(k;-) is the kernel polynomial of K —parameter s, given by [8, p. 35]

(Pl - 2R @)z,

The need of such conditions is justified by [16, Theorem 2.1].

Pr(k;x) =
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Before explaining how Tables 3 and 4 may be constructed, we point out
some special cases described therein.

(i) For s = 0 we see that there is only one solution to Problem (P), allowing
us to recover a well known relation involving Chebyshev polynomials of the
first kind:

Tsn(x) = T,(T5(x)), n=0,1,2,..., (4.2)
being T),(z) := cos(nf), = = cosf, 0 < 6 < m. Indeed, denoting by 7}, the

monic Chebyshev polynomial of degree n, so that T, (z) = 2'~"T},(z), on the
first hand, from case (1) in Table 3 we have

p3n($)=fn($3—3§c:€) , n=0,1,2,...,

where ¢ = 2; hence, making the (affine) change of variables y = §z, we
obtain

pan (%) = T (40° — 3y) = 2" (T3(y)) , n=0,1,2,... . (4.3)
On the other hand, from case (1) in Table 4, D((z* — 2c)u) = zu, and so
u is classical. Therefore, defining U := h.jpu, ie., (U,z2") := (¢/2)"(u,z"),
n > 0, by using standard arguments we see that D((l — mz)ﬁ) = —zu, hence

from Table 1 (for a = 8 = —3) we conclude that the monic OPS with respect
to u is {7}, }n>0. Thus, we deduce

pulz) = (2) fn(g) n=012,....

Therefore,

3N

pan () = <2> Ts(y) =2"""T3,(y), n=0,1,2,... . (4.4)

Combining (4.3) and (4.4) we obtain (4.2).

(ii) For s = 1, we point out that cases (3), (5), and (7) in Tables 3 and 4
recover [28, Proposition 4.2], up to appropriate affine changes of the variables.
Moreover, it is worth mentioning that cases (2), (4), and (6) were missed in
[28]. We also remark that the definition considered here (in concordance with
the classical literature) for Jacobi polynomials (cf. Table 1) differs from the
one used in [28], since the roles of o and ( are interchanged. Next we explain
why case (3) indeed corresponds (up to an affine change of the variables) to
one of the three cases presented in [28, Proposition 4.2]. A similar analysis
may be done for cases (5) and (7), giving the other two cases appearing in [28,
Proposition 4.2]. From case (3) in Table 3 we have ¢} = 2 and ¢ = —3¢/2 # 0.
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Therefore, setting p1, := —c ™, it follows that u? = —¢/3 and so, from Table
4, we obtain

@) = (2 + ) (@ +p) W) = 3((68+7)(+20/3) + (68 +5)z) .

which agree with the polynomials appearing in formula [28, (4.22)].

(iii) Finally, for s = 2, we point out that all but one of the possible families
{qn}n>0 must be a Jacobi OPS (up to affine changes of the variables), being
the non-Jacobi family a Laguerre OPS with parameter o = —1/3.

4.2. Construction of Tables 3 and 4. Here we briefly describe how we
have constructed Tables 3 and 4. We will consider only two illustrative cases.
All the other ones may be handled similarly. We start by noticing that by
assumption {p, },>o is semiclassical of class s < 2, and (4.1) corresponds to a
polynomial mapping obtained via a polynomial 73(x) of degree k = 3. Thus,
it follows from Corollary 3.1 that {g, }»>0 is a classical monic OPS, hence (up
to an affine change of variables) it is one of the families of Hermite, Laguerre,
Bessel, or Jacobi, described by the canonical representations appearing in
Table 1. So we only need to analyze separately these four possible cases.
Before performing this analysis, it is useful to notice that (since k = 3 and
m = 0) from the general expressions for n;_,,_1 and 7 appearing in Theorem
2.1 one obtains 1y (z) = Ag(2,2) = 22 — (bél) + ng))x + bgl)ng) — aE)Q) = pgl)(x)
and m3(x) = Ag(1,2) + 19 = 2° + px® + qx + r, where

pim 8 8 W) = 00 ) ol o
ri= —b(()o) (b(()l)b((f) — a(()2)) + agl)bgz) +7g.

According to (4.1), we have p = 0 and so, setting )
T = b(()o) , k= aél) + 72,
after simple computations we obtain
my(a) =’ fqrtr, m@)=a tretgtko=p@.  (46)

Let {gn}n>0 be a classical OP. Since {p,},>o fulfils the cubic decomposition
(4.1), it follows from the proof of Theorem 3.1 that its Stieltjes formal series,
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Su(z), satisfies (3.22) with

~

(I)l ‘= 7}07720-7T3[(I)] )
Cr+= o (10w, [8] + mamior, [CT) (47)

Dy = ugndos,[D]h

where the polynomials CTD, C and D are those appearing in Tables 1 and 2.
Therefore, as a first illustrative example, let {¢,},>0 be the monic OPS
of Hermite. We will show that s > 4, hence Hermite polynomials cannot

contribute with solutions to Problem (P). Indeed, writing ns(z) = (z—a)(z—
b), it follows from (4.7) that

Oy () = vo(x —a)(x —0b),
Ci(x) =v9 (22 —a—b—2(x —a)(z — b)ns(z)ms(z))
Dy(x) = —2ugvo(x — a)?(x — b)*mh(x) .
Thus, since ®¢, (1, and D; may have at most two common zeros, we obtain
s > max{degC; — 1,deg D1} —2>4.
As a second illustrative example, let {g,},>0 be the monic OPS of Jacobi.

Thus, we start with ¢,(z) = ple? )(:1:), for arbitrary parameters « and 3, and
our goal is to determine which of these parameters contribute with solutions
to Problem (P). We will show only how to obtain the solution described in
case (13) appearing in Tables 3 and 4. Suppose that 72(2) = (x —a)?, i.e., we
are seeking for solutions such that 7, has a double zero. By (4.7), vo(z — a)
is a common factor of &, ', and D;. Dividing these three polynomials by
this factor gives (for simplicity, we still use ®1, C, and Dy, although in fact
these are the polynomials obtained by dividing the above polynomials by the
common factor)

®i(2) = (z —a)(1 = 73(2))
Ci(z) :=2(1 — 3(x)) — [(a + B)m3(z) + a — B] (x — a)7h(z) , (4.8)
Di(z) = —up(a+ B+ 1)(z — a)’mh(z) .

Now, we see that if the conditions m3(a) # —1 and m3(a) # 1 hold, then
a cannot be a common zero of ®;, C; and D;, hence, since (z — a)3 1S a
factor of Dy, we conclude that, in this case, s > 3, and so no solutions for
Problem (P) can be obtained under such conditions. Suppose m3(a) = —1.
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Then 1+ m3(z) = (x — a)(x® + ax + ¢ + a?). Therefore, the polynomials @1,
(4, and D given by (4.8) have x — a as a common factor, and so dividing
these polynomials by x — a we obtain

P1(z) = (v —a)(2? + ax + ¢ + a*)(1 — m3(x)) ,

Ci(z) :=2(x* + ax + q+ a*)(1 — m3(x)) — [(a + B)m3(z) + a — B] wh(x) |

Di(z) := —ug(a+ B+ 1)(z — a)*my(x) .

(4.9)

Since mh(a) = —ag)l) # 0, then C1(a) = 2(2 4+ p)ms(a) # 0. Let xy be
a zero of 7§, so that m5(zp) = 0. Since the zeros of 7 are symmetric, then
ms(x) = 3(x—x0)(x+x0). If D1(20) # 0 then @1, C4, and D; have no common
zeros, hence, since deg Dy = 4, we have s = 4. Otherwise, if ®1(z) = 0 then
m3(xg) = —1 or m3(xy) = 1. Suppose that m3(z¢) = —1. Then 1 + 73(z) can
be factorized as

1+ m3(x) = (z —a)(x — x)(z + a+ xp) . (4.10)

Thus, the polynomials ®1, Cy, and D; given by (4.9) have x —z( as a common
factor, and dividing these polynomials by x — xy we obtain

Oy(x) = (z —a)(x 4+ a+ x9)(1 — m3(x)) ,
Ci(z) :==2(x +a+z)(1 —m3(z)) — 3[(a + B)m3(z) + a — B] (x + zp) ,
Di(z) == =3up(a+ B+ 1)(z — a)*(x + p) .
(4.11)
If &1(—x0) # 0 then &1, (1, and D; have no common factors, hence s = 3.
On the other hand, if ®;(—xz¢) = 0, then m3(—x¢) = 1 (because zy = —a or
a = 0 cannot hold, since 7'(a) # 0), and so, in this situation,
1 —7m3(x) = — (2 + 20)(2* — 207 + ¢ + 23). (4.12)
Then we see that —(x + xg) is a common factor of the polynomials ®,, Cf,
and D; in (4.11). Thus, dividing these polynomials by —(x 4 xy) we obtain
Py (z) := (z — a)(z + a+ zo) (2 — oz + ¢+ 2}) ,
Ci(z) :==2(x +a+xo)(2? — xox + g+ x3) + 3[(a + B)m3(x) + o — ] ,
Dy (z) :=3up(la+ B+ 1)(z — a)? .
(4.13)

Since C4(a) # 0 we may conclude that ®;, C;, and D; given by (4.13) does
not share zeros. Therefore, since deg D1 = 2, we arrive at s = 2. Thus, this
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gives a solution for Problem (P), namely that one appearing as case (13) in
Tables 3 and 4. Indeed, from (4.10) and (4.12) we deduce that 75 admits the
representations

m3(z) = 23 — (a® + axo + 2d)x + a’wo + axd — 1 =23 + qv + qro + 3 + 1.

Comparing the coefficients of z we have ¢ = —a? — azg — 3. Since 74(zo) =

322 + ¢ = 0, we also have ¢ = —3x3. Therefore 223 — azy — a®> = 0, i.e.,
(2x¢+a)(xp—a) = 0. Thus, since a # xy (because a = xy would imply 75(a) =
0) we conclude that zp = —a/2. Using this relation and by comparison of
the independent terms in the above equations for m3(x), we deduce xj = 1/2.
Therefore,

Ty = —g =c', (4.14)
being ¢ chosen so that ¢? = 2. By (4.6) we have a = —7/2, hence we deduce
9 3
b(()o) —7=4c !, a(()l) =Trt — 12 = —EC , m3(x) =x3—§cx.

This gives case (13) appearing in Table 3. On the other hand, by (4.13) and
taking into account that W(x) = ®'(x) + Ci(x), we obtain

Pi(z)=(z+2¢Y) (z—c) (2 —clo—c) = (2 = §) (2 — 20¢)

Uy (z) =3(a+ B+2)2® —dc'a? — £Ba+38+4) —38+3a+2,

giving case (13) appearing in Table 4. Finally, we notice that in this case the
regularity condition required in [16, Theorem 2.1] are fulfilled, since, using
the notation appearing in [16], ¢; = c2 = m3(a) = 1, and so

pu(cr) = PL9(1) = 2"(1+ @) /(1 + o+ B+ 1), # 0
and (cf. case 2 in the proof of [16, Theorem 2.1])
(1)

py(c1s02) = %pn(cl) #0.
g
Remarks 4.1. In the previous analysis, we started from the knowledge of
the monic OPS {¢, },>0, and we found the corresponding monic OPS {p,, } >0
satisfying the cubic transformation (4.1). We point out that, starting from
the knowledge of a monic OPS {p,},>0, €.g., as described by Tables 3 and
4, we can find the corresponding monic OPS {g,},>o fulfilling (4.1), pro-
vided we know a priori that such a cubic transformation exists (indeed, this

still remains valid for general polynomial mappings). We will illustrate the
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procedure considering the monic OPS {p,},>0 described in case (24) ap-
pearing in Tables 3 and 4 (and so, we know that a cubic transformation
exists). In this case, by Table 3, we have b((]o) = 7 and a(()l) = —72. Since
the polynomials ® and W satisfy D(®u) = Wu, then (u,¥) = 0. By Ta-
ble 4, ¥(z) = —3z% — 372% + 2, hence (u,z® + 727 — 2) = 0. Thus, since
pi(z) = 2 — 71, po(x) = Ao(1,1;2) = 2% — (b(()l) + T)r + Tb(()l) + 72, and
p3(z) = m3(x) — 19 = 2® — 19, we deduce ryg = % Taking into account (4.5)
and (4.6), we have

b(()Z) — o7 2 = §7_2 : b(()l) — b(()z) _ (73 + g) 72
a(()Q) = bgl)bg) = — (%7‘3 + %) 4.

Therefore, using (3.14) and (3.16) with £ = 3 and m = p = 0 (notice that
while proving (3.14) and (3.16) we considered p > 1; nevertheless by direct
inspection we see that the formulas are valid whenever p = 0), we obtain

m3(2)®(x) = 32*(x + 1) = 3m3(x)po(x) — Zpi(x) + 37p2(2)
U(z) = —32% — 3r2? + 2 = (2 — 3m3(x)) po(z) + 2p1(x) — 3rpa(x),

hence fo(x) = 3z and go(zr) = 2 — 3z, being fy and gy the polynomials
appearing in (3.18). Thus v fulfils

D(zv) = (% — :1:>V :
hence, by Table 1, ¢, = LS. This agrees with line (24) in Table 3.
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