
Pré-Publicações do Departamento de Matemática
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Abstract: In the context of semi-abelian categories, several additional conditions
have been considered in order to obtain a closer group-like behavior. Among them
are locally algebraic cartesian closedness and algebraic coherence. The recent notion
of S-protomodular categories, whose main examples are the category of monoids
and, more generally, categories of monoids with operations and Jónsson-Tarski va-
rieties, raises a similar question: how to get a description of S-protomodular cate-
gories with a strong monoid-like behavior. In this paper we consider relative ver-
sions of the conditions mentioned above, in order to exhibit the parallelism with the
“absolute” semi-abelian context and to obtain a hierarchy among S-protomodular
categories.
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1. Introduction

Semi-abelian categories [16] have been introduced in order to give a categor-
ical description of group-like algebraic structures, as well as abelian categories
describe abelian groups and modules over commutative rings. However, the
family of semi-abelian categories revealed to be too large for this purpose,
since, together with algebraic structures like groups, rings, Lie algebras, Ω-
groups in the sense of [14], it contains many other examples, like the duals
of the categories of pointed objects in a topos [4] (in particular, the dual of
the category of pointed sets is semi-abelian).
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In order to get closer to group-like structures, several conditions have been
asked for a category, in addition to the condition of being semi-abelian. A
well studied one, which has several important consequences in commutator
theory and in the description of internal structures, is the so-called “Smith
is Huq” condition [22]: two internal equivalence relations on the same object
centralize each other in the sense of Smith-Pedicchio [27, 25] if and only if
their normalizations commute in the sense of Huq [15]. An example, due
to G. Janelidze, of a semi-abelian category (actually, a semi-abelian variety
in the sense of universal algebra) which doesn’t satisfy this condition is the
category of digroups. As shown in [18], every category of groups with oper-
ations in the sense of Porter [26] (see also [23], where the axioms for groups
with operations have been first considered, without giving a name to such
structures) is a semi-abelian category which satisfies the “Smith is Huq” con-
dition. A characterization of the “Smith is Huq” condition in terms of the
so-called fibration of points (see Section 2 for a description of this fibration)
has been given in [11]: the change-of-base functors of the fibration of points
reflect the commutation of normal subobjects.

Other conditions have been introduced more recently, by constructing a
parallelism with topos theory. We recall, among them, locally algebraic
cartesian closedness [13, 5], fibrewise algebraic cartesian closedness [5] and
algebraic coherence [12]. These conditions are obtained from the classical
ones of locally cartesian closedness, fibrewise cartesian closedness and coher-
ence by replacing, in their definition, the basic fibration with the fibration
of points. See Section 2 for more details. Every category of interest in the
sense of Orzech [23] is algebraically coherent [12, Theorem 4.15] and fibre-
wise algebraically cartesian closed (this is a consequence of [12, Theorem
6.27]). Much less are the examples of locally algebraically cartesian closed
categories: the main ones are the categories of groups and of Lie algebras
over a commutative ring. Hence these conditions create a hierarchy among
semi-abelian categories: to a stronger condition corresponds a smaller family
of examples, closer to the main example, the category of groups.

An important property of semi-abelian categories is the fact that inter-
nal actions (defined as in [2]) are equivalent to split extensions [6, Theorem
3.4]. In the category of groups, internal actions correspond to classical group
actions: an action of a group B on a group X is a group homomorphism
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B → Aut(X). In the category of monoids, which is not semi-abelian, the
equivalence mentioned above does not hold. Classical monoid actions are de-
fined as monoid homomorphisms B → End(X), where End(X) is the monoid
of endomorphisms of the monoid X. Looking for a class of split extensions
that are equivalent to such actions in the category of monoids, in [20] we iden-
tified a particular kind of split epimorphisms, that we called Schreier split
epimorphisms (the name is inspired by the work of Patchkoria on Schreier
internal categories [24]). A similar equivalence between actions and Schreier
split epimorphisms holds also for semirings, and, more generally, for every
category of monoids with operations [20].

Further investigations on the class of Schreier split epimorphisms in monoids,
semirings and monoids with operations [9, 8] allowed to discover that this
class satisfies several properties that are typically satisfied by the class of
all split epimorphisms in a semi-abelian category, like for example the Split
Short Five Lemma, which is a key ingredient in the definition of semi-abelian
categories (in a pointed finitely complete context, it is equivalent to Bourn-
protomodularity [3]). In order to describe this situation categorically, the
notion of pointed S-protomodular category, relatively to a suitable class S of
points (i.e. split epimorphisms with a fixed section) has been introduced in
[10] (see Section 3 for more details). In [10] it is shown that S-protomodular
categories satisfy, relatively to the class S, many properties of semi-abelian
categories. In [19] it is proved that every Jónsson-Tarski variety [17] is S-
protomodular w.r.t. the class of Schreier split epimorphisms. This is the
case, in particular, for monoids with operations, as already observed in [10].

The aim of this paper is to study additional conditions on an S-protomodular
category, similarly to what has been done for semi-abelian categories, in order
to create a hierarchy among them which allows to get closer to a categorical
description of the category of monoids, which is the central example of an
S-protomodular category. A relative version of the “Smith is Huq” condition
was already studied in [19]: two S-equivalence relations (i.e. equivalence re-
lations such that the two projections, with the reflexivity morphism, form
points belonging to S, see [10]) on the same object centralize each other if
and only if their normalizations commute. In [19] it was shown that ev-
ery category of monoids with operations satisfies this relative version of the
“Smith is Huq” condition. This already permits to distinguish monoids with



4 N. MARTINS-FERREIRA, A. MONTOLI AND M. SOBRAL

operations among Jónsson-Tarski varieties.

Now our aim is to consider relative versions of the other additional condi-
tions we mentioned, namely locally algebraic cartesian closedness, fibrewise
algebraic cartesian closedness and algebraic coherence. In order to do that,
we replace the fibration of points with its subfibration of points belonging to
the class S, which is supposed to be stable under pullbacks (this assumption is
necessary to get a subfibration). We show that the category of monoids is lo-
cally algebraically cartesian closed w.r.t. the class S of Schreier points, while
this property fails for semirings. Furthermore, the categories of monoids and
semirings are fibrewise algebraically cartesian closed and algebraically coher-
ent, relatively to S, while these two properties fail, in general, for monoids
with operations. Hence we get the hierarchy we were looking for.

2. Semi-abelian categories and additional conditions on

them

A semi-abelian category [16] is a pointed, Barr-exact [1], Bourn-protomodu-
lar [3] category with finite coproducts. Every variety of Ω-groups in the
sense of Higgins [14] is a semi-abelian category. More generally, semi-abelian
varieties of universal algebras have been characterized in [7]. Non-varietal
examples of semi-abelian categories are the category of compact Hausdorff
groups and the dual of every category of pointed objects in a topos [4].

The condition of Bourn-protomodularity can be expressed in terms of a
property of the so-called fibration of points. A point in a category C is a
4-tuple (A,B, f, s), where f : A → B, s : B → A and fs = 1B. In other
terms, a point is a split epimorphism with a chosen splitting. A morphism
between a point (A,B, f, s) and a point (A′, B′, f ′, s′) is a pair (g, h) of mor-
phisms such that the two reasonable squares in the following diagram com-
mute:

A

g
��

f
// B

h
��

soo

A′

f ′
// B′,

s′oo

i.e. hf = f ′g and gs = s′h. There is a functor

cod: Pt(C) → C
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which associates its codomain with every point: cod(A,B, f, s) = B. If C
has pullbacks, this functor is a fibration, called the fibration of points. A
finitely complete category C is Bourn-protomodular if every change-of-base
functor of the fibration of points is conservative. If C is pointed, Bourn-
protomodularity is equivalent to the fact that the Split Short Five Lemma
holds.

We now recall the definitions of the additional conditions we are interested
in.

Definition 2.1 ([13, 5]). A semi-abelian category C is locally algebraically
cartesian closed, or LACC, if, for every morphism h : E → B, the corre-
sponding change-of-base functor of the fibration of points:

h∗ : PtB(C) → PtE(C)

has a right adjoint.

As shown in [13], the categories of groups and of Lie algebras over a com-
mutative ring are LACC.

Definition 2.2 ([5]). A semi-abelian category C is fibrewise algebraically
cartesian closed, or FWACC, if, for every split epimorphism h : E → B,
the corresponding change-of-base functor of the fibration of points has a right
adjoint.

Obviously every LACC category is FWACC. As shown in [13, Propositions
6.7 and 6.8], the category of (non-unitary) rings is a FWACC category which
is not LACC.

We recall that, in a finitely complete category, a pair (f, g) of morphisms
with the same codomain is jointly strongly epimorphic if, whenever f and g
factor through a monomorphism m, m is an isomorphism.

Definition 2.3 ([12]). A semi-abelian category C is algebraically coherent
if, for every morphism h : E → B, the corresponding change-of-base functor
of the fibration of points preserves jointly strongly epimorphic pairs.

It is immediate to see that a LACC category is algebraically coherent [12,
Theorem 4.5]. Any semi-abelian algebraically coherent variety is FWACC
[12, Theorem 6.27]. Every category of interest in the sense of Orzech [23] is
algebraically coherent [12, Theorem 4.15], and hence FWACC. This is not the
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case for every group with operations in the sense of Porter: for example, the
category of non-associative rings is not algebraically coherent [12, Examples
4.10].

3. S-protomodular categories

Given a finitely complete category C, let S be a class of points in C which
is stable under pullbacks along any morphism. Denoting by SPt(C) the
full subcategory of Pt(C) whose objects are the points in S, we obtain a
subfibration of the fibration of points:

S-cod: SPt(C) → C.

A point (A,B, f, s) is called a strong point [10] (or regular point, as in [21],
in a regular context) if the morphisms k and s, where k is a kernel of f , are
jointly strongly epimorphic.

Definition 3.1 ([10]). A pointed, finitely complete category C is said to be
S-protomodular if:

(1) every point in S is a strong point;
(2) SPt(C) is closed under finite limits in Pt(C).

The following result implies that the Split Short Five Lemma holds for
points in S in an S-protomodular category:

Theorem 3.2 ([10], Theorem 3.2). In an S-protomodular category, every
change-of-base functor of the subfibration S-cod is conservative.

Every protomodular category C is S-protomodular for the class S of all
points in C. In order to give other, more meaningful examples, we recall the
following:

Definition 3.3 ([17]). A variety in the sense of universal algebra is a Jónsson-
Tarski variety if the corresponding theory contains a unique constant 0 and
a binary operation + satisfying the equalities 0 + x = x+ 0 = x for any x.

Definition 3.4 ([20, 19]). A split epimorphism A
f

// B
soo in a Jónsson-

Tarski variety is said to be a Schreier split epimorphism when, for any a ∈ A,
there exists a unique α in the kernel Ker(f) of f such that a = α + sf(a).

Equivalently, a split epimorphism (A,B, f, s) as above is a Schreier split
epimorphism if there exists a unique map qf : A → Ker(f) (which is not a
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homomorphism, in general) such that a = qf(a) + sf(a) for all a ∈ A. This
map qf is called the Schreier retraction of the split epimorphism (A,B, f, s).

Proposition 3.5 ([19], Proposition 2.5). If C is a Jónsson-Tarski variety and
S is the class of Schreier split epimorphisms, then C is an S-protomodular
category.

As shown in [20] (see also Chapter 5 in [8]), in the category of monoids
Schreier split epimorphisms are equivalent to monoid actions: an action of
a monoid B on a monoid X is a monoid homomorphism ϕ : B → End(X),
where End(X) is the monoid of endomorphisms of X. Given a Schreier split
epimorphism

X
k

// A
f

//
qf

oo
B

soo of monoids, the corresponding action ϕ is given by

ϕ(b)(x) = qf(s(b) + k(x)),

where we use the additive notation for the monoid operation; conversely,
given an action of B on X, the corresponding Schreier split epimorphism
is obtained via a semidirect product construction. Actually, Schreier split
epimorphisms have been identified in order to get such an equivalence. A
similar equivalence with a suitable notion of action holds in any category of
monoids with operations [20], a family of varieties which includes monoids,
commutative monoids, semirings (i.e. rings where the additive structure is
not necessarily a group, but just a commutative monoid), join-semilattices
with a bottom element, distributive lattices with a bottom element (or a top
one).

The equivalence between actions and Schreier split epimorphisms does not
hold in any Jónsson-Tarski variety, that’s why originally in [20] Schreier split
epimorphisms were only considered in monoids with operations. A concep-
tual explanation of this phenomenon was given in [19]: monoids with opera-
tions satisfy, with respect to the class S of Schreier split epimorphisms, the
relative version of the “Smith is Huq” condition: two S-equivalence relations
on the same object centralize each other if and only if their normalizations
commute. S-equivalence relations (see [10]) are equivalence relations such
that the two projections, with the reflexivity morphism, form points belong-
ing to S. So, this condition allows to distinguish monoids with operations
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from general Jónsson-Tarski varieties. In order to get a more refined classifi-
cation, in the next section we consider relative versions of the conditions on
semi-abelian categories we recalled in Section 2.

4. Relative conditions on the fibration of points

Throughout this section, let C be an S-protomodular category, for a fixed
class S of points. By replacing the fibration of points cod: Pt(C) → C with
its subfibration S-cod: SPt(C) → C of points in S, we can formulate relative
versions of the conditions considered in Section 2:

Definition 4.1. An S-protomodular category C is S-locally algebraically
cartesian closed, or S-LACC, if, for every morphism h : E → B, the corre-
sponding change-of-base functor of the fibration S-cod:

h∗ : SPtB(C) → SPtE(C)

has a right adjoint.

Definition 4.2. An S-protomodular category C is S-fibrewise algebraically
cartesian closed, or S-FWACC, if, for every split epimorphism h : E → B,
the corresponding change-of-base functor of the fibration S-cod has a right
adjoint.

Definition 4.3. An S-protomodular category C is S-algebraically coherent
if, for every morphism h : E → B, the corresponding change-of-base functor
of the fibration S-cod preserves jointly strongly epimorphic pairs.

Exactly as in the “absolute” case (i.e. when S is the class of all points), it is
clear that every S-LACC category is S-FWACC and S-algebraically coherent.

Our aim is to describe how these relative conditions allow to distinguish
“poor” S-protomodular categories, like general Jónsson-Tarski varieties, from
“richer” ones, closer to the category of monoids. We start by showing that
our key example, the category of monoids, is S-LACC:

Proposition 4.4. The category Mon of monoids (and monoid homomor-
phisms) is S-LACC, where S is the class of Schreier split epimorphisms.

Proof : We already observed that a Schreier split epimorphism A
f

// B
soo

with kernel X corresponds to an action of B on X, i.e. to a monoid homo-
morphism ϕ : B → End(X). Moreover, such actions can also be described as
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functors F : B → Mon, where the monoid B is seen as a category with only
one object ∗B: given ϕ as above, we define F by putting F (∗B) = X and, for
any b ∈ B, F (b) = ϕ(b). For every monoid B, there is then an equivalence
of categories

SPtB(Mon) ∼= MonB.

Given a monoid homomorphism h : E → B, we have to prove that the change-
of-base functor

h∗ : SPtB(Mon) → SPtE(Mon)

has a right adjoint. From the remarks above it follows that h∗ is naturally
isomorphic to the functor

Monh : MonB → MonE.

The category Mon is complete, hence the right adjoint Rh of Monh can be
constructed by means of the right Kan extension. Let us give a concrete
description of Rh.

Given F : E → Mon with F (∗E) = M , we have that Rh(F ) : B → Mon is
defined by

Rh(∗B) = L(B,M) = {u : B →M | e·u(b) = u(h(e)+b), for all b ∈ B, e ∈ E},

where the maps u are not required to be monoid homomorphisms and e ·u(b)
denotes the action of e ∈ E on u(b) ∈M ; the definition of Rh on morphisms
is given by

(Rh(b0)(u))(b) = u(b+ b0).

This last equality describes the action of B on L(B,M). The counit ε of
the adjunction Monh ⊣ Rh has components εF : L(B,M) → M given by
evaluation of u ∈ L(B,M) at the neutral element of B: εF (u) = u(0B). Let
us check the universality of this counit. Given a functor G : B → Mon, with
G(∗B) = S, and a natural transformation β : Gh → F , there is a unique
natural transformation γ : G → Rh(F ) such that εγh = β. The component
of γ at the unique object ∗B of B is the map γ∗B : S → L(B,M) defined by

γ∗B(s)(b) = β(b · s), for all s ∈ S, b ∈ B.

We observe that, with the notation of the previous proof, if h : E → B is a
surjective monoid homomorphism, and if we choose a set-theoretical section
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s : B → E, then the description of L(B,M) can be simplified. In fact, every
u ∈ L(B,M) is completely determined by its value at 0B:

u(b) = u(b+ 0B) = u(hs(b) + 0B) = s(b) · u(0B).

Hence L(B,M) is isomorphic to the following submonoid of M :

{m ∈M | es(b) ·m = s(h(e) + b) ·m, for every b ∈ B, e ∈ E}.

Being S-LACC, the category of monoids is also S-FWACC and S-algebrai-
cally coherent. The category SRng of semirings is not S-LACC with respect
to the class S of Schreier split epimorphisms: if B is a ring, B 6= 0, then
every split epimorphism with codomain B is a Schreier one [8, Proposition
6.1.6]: SPtB(SRng) = PtB(SRng). Then Proposition 6.7 in [13] implies that
the functor

KerB : SPtB(SRng) → SRng = SPt0(SRng),

which is the change-of-base functor determined by the unique morphism
0 → B, does not have a right adjoint. However, SRng is S-FWACC. Ac-
tually, we can prove something slightly stronger:

Proposition 4.5. If h : E → B is a regular epimorphism (i.e. a surjective
homomorphism) in the category SRng of semirings (and semiring homomor-
phisms), then the change-of-base functor

h∗ : SPtB(SRng) → SPtE(SRng)

of the fibration of Schreier points has a right adjoint.

Proof : Similarly to what happens for monoids, Schreier split epimorphisms
of semirings correspond to actions [20]. An action of a semiring B on a
semiring X is a pair ϕ = (ϕl, ϕr) of functions

ϕl : B ×X → X, ϕr : X × B → X,

whose images are simply denoted by b ·x and x · b, respectively, such that the
following conditions are satisfied for all b, b1, b2 ∈ B and all x, x1, x2 ∈ X:

(1) 0 · x = x · 0 = 0 · b = b · 0 = 0;
(2) b · (x1 + x2) = b · x1 + b · x2, (x1 + x2) · b = x1 · b+ x2 · b;
(3) (b1 + b2) · x = b1 · x+ b2 · x, x · (b1 + b2) = x · b1 + x · b2;
(4) b · (x1x2) = (b · x1)x2, (x1x2) · b = x1(x2 · b);
(5) (b1b2) · x = b1 · (b2 · x), x · (b1b2) = (x · b1) · b2;
(6) x1(b · x2) = (x1 · b)x2, (b1 · x) · b2 = b1 · (x · b2).
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Given a Schreier split epimorphism X
k

// A
f

//
qf

oo
B

soo of semirings, the cor-

responding action is given by

b · x = qf(s(b)k(x)), x · b = qf(k(x)s(b));

conversely, given an action of B on X, the corresponding Schreier split epi-
morphism is obtained via a semidirect product construction (see [20] for
more details). If we denote by B-Act the category whose objects are pairs
(X,ϕ), with X ∈ SRng and ϕ an action of B on X, and whose mor-
phisms are equivariant homomorphisms, we get an equivalence of categories
SPtB(SRng) ∼= B-Act. Unlike the case of monoids, a B-action can’t be rep-
resented as a functor into SRng. Still, given a surjective morphism h : E → B

in SRng, in order to prove that the change-of-base functor

h∗ : SPtB(SRng) → SPtE(SRng)

has a right adjoint, we can consider the equivalent functor

h∗ : B-Act→ E-Act

which sends (X,ϕ) to (X,ψ), where the action ψ is defined by

e · x = h(e) · x, x · e = x · h(e).

The right adjoint Rh : E-Act → B-Act of h∗ is defined as follows. Given
(X,ψ) ∈ E-Act, we define

Rh(X) = {x ∈ X | e1·x = e2·x, x·e1 = x·e2 for all e1, e2 ∈ E s.t. h(e1) = h(e2)}.

It is immediate to see that Rh(X) is a submonoid of X. The action ϕ of B
on Rh(X) is given by

b · x = e · x, x · b = x · e for all e ∈ E such that h(e) = b.

Of course this is well-defined thanks to the definition of Rh(X). Given a
morphism g : X → Y in E-Act, Rh(g) is just its restriction to Rh(X): it
takes values in Rh(Y ) because of the equivariance of g. It is straightforward
to check that Rh is the right adjoint to h∗.

Corollary 4.6. The category SRng is S-FWACC, where S is the class of
Schreier split epimorphisms.

The category of semirings is not only S-FWACC, but also S-algebraically
coherent:
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Proposition 4.7. The category SRng is S-algebraically coherent, where S is
the class of Schreier split epimorphisms.

Proof : Since all the change-of-base functors of the fibration of Schreier points
in SRng are conservative, as we recalled in Section 3, and they obviously
preserve monomorphisms, we can use Lemmas 3.9 and 3.11 in [12] to conclude
that, in order to prove that SRng is S-algebraically coherent, it suffices to
show that, for every semiring B, the kernel functor

KerB : SPtB(SRng) → SRng

preserves jointly strongly epimorphic pairs. Accordingly, consider the follow-
ing diagram, where f and g are morphisms in SPtB(SRng):

H
f|H //

_��

��

K
_��

��

L
g|Loo

_��

��

A
f

//

p′

��

D

p

��

C
g

oo

p′′

��

B

s′

OO

B

s

OO

B,

s′′

OO

and suppose that f and g are jointly strongly epimorphic (in SPtB(SRng));
we have to prove that their restrictions to H and L, respectively, are jointly
strongly epimorphic in SRng. It is not difficult to see that f and g are
jointly strongly epimorphic in SPtB(SRng) if and only if they have the same
property in SRng. This happens if and only if D, as a semiring, is generated
by the images f(A) and g(C). This means that every d ∈ D may be written
as sums of elements of the following 4 forms:

f(a1)g(c1)f(a2)g(c2) . . . f(an)g(cn), f(a1)g(c1)f(a2)g(c2) . . . f(an),

g(c1)f(a2)g(c2) . . . f(an)g(cn), g(c1)f(a2)g(c2) . . . f(an).

In particular, every element k ∈ K has this property. We have to show that
k can be written as a sum of products as above, but only using elements of
f(H) and g(L).

We start by considering the simplest case: suppose that k = f(a)g(c) for
some a ∈ A, c ∈ C. Since (p′, s′) and (p′′, s′′) are Schreier split epimorphisms,
there are (unique) h ∈ H, l ∈ L such that a = h+s′p′(a) and c = l+s′′p′′(c).
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Then
k = f(a)g(c) = f(h+ s′p′(a))g(l + s′′p′′(c)) = (1)

= f(h)g(l) + f(h)gs′′p′′(c) + fs′p′(a)g(l) + fs′p′(a)gs′′p′′(c) =

= f(h)g(l) + f(h)sp′′(c) + sp′(a)g(l) + sp′(a)sp′′(c).

We have that

f(h)sp′′(c) = f(h)fs′p′′(c) = f(h s′p′′(c))

and
p′(h s′p′′(c)) = pf(h s′p′′(c)) = pf(h)psp′′(c) = 0p′′(c) = 0,

hence h s′p′′(c) ∈ H. Similarly, we show that sp′(a)g(l) = g(s′′p′(a) l), with
s′′p′(a) l ∈ L. From (1) we get

0 = p(k) = p(f(h)g(l) + f(h)sp′′(c) + sp′(a)g(l) + sp′(a)sp′′(c)) =

= p(sp′(a)sp′′(c)) = ps(p′(a)p′′(c));

since ps = 1B, we get that p′(a)p′′(c) = 0 and hence

s(p′(a)p′′(c)) = sp′(a)sp′′(c) = 0.

This means that k can be written as a sum of products of elements in f(H)
and g(L). The case in which k = g(c)f(a), for some c ∈ C and a ∈ A, is
similar.

If k = f(a1)g(c)f(a2) for some a1, a2 ∈ A and c ∈ C, then

k = f(h1 + s′p′(a1))g(l + s′′p′′(c))f(h2 + s′p′(a2)) =

= (f(h1) + sp′(a1))(g(l) + sp′′(c))(f(h2) + sp′(a2))

for suitable h1, h2 ∈ H, l ∈ L. Making the calculations in the last expression
using the distributivity law, we get a sum in which every summand, except
sp′(a1)sp

′′(c)sp′(a2), contains an element of f(H) or of g(L), and then all
these summands belong either to f(H), to g(L) or are made of products of
elements of f(H) and g(L); let’s consider, for instance, one of them:

f(h1)sp
′′(c)sp′(a2) = f(h1 s

′p′′(c)s′p′(a2)),

and h1 s
′p′′(c)s′p′(a2) ∈ H, since p′(h1 s

′p′′(c)s′p′(a2)) = 0. So, it only remains
to consider the summand sp′(a1)sp

′′(c)sp′(a2); but, for the same reasons as
in the case k = f(a)g(c), this is equal to 0. So, if k = f(a1)g(c)f(a2), then k
is a sum of products of elements of f(H) and g(L). All the other cases are
dealt analogously.
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It is not true that every category of monoids with operations is S-algebrai-
cally coherent w.r.t. the class S of Schreier split epimorphisms. This is not
the case even for groups with operations, as shown in Examples 4.10 in [12].
Hence the additional conditions we considered in this section gave us the
hierarchy among S-protomodular categories we were looking for. When S is
the class of Schreier split epimorphisms, this hierarchy is summarized by the
following table:

Property True in

S-LACC Mon

S-algebraically coherent Mon, SRng

S-FWACC Mon, SRng

S-“Smith is Huq” categories of monoids with operations

S-protomodularity Jónsson-Tarski varieties
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sidade de Coimbra, vol. 45 (2013).

[9] D. Bourn, N. Martins-Ferreira, A. Montoli, M. Sobral, Schreier split epimorphisms between

monoids, Semigroup Forum 88 (2014), 739-752.
[10] D. Bourn, N. Martins-Ferreira, A. Montoli, M. Sobral, Monoids and pointed S-protomodular

categories, Homology, Homotopy and Applications 18 n.1 (2016), 151-172.



CATEGORICAL-ALGEBRAIC CONDITIONS IN S-PROTOMODULAR CATEGORIES 15

[11] D. Bourn, N. Martins-Ferreira, T. Van der Linden, A characterisation of the “Smith is Huq”

condition in the pointed Mal’tsev setting, Cah. Topol. Géom. Différ. Catégor. 54 (2013), n. 4,
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