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1. Introduction

In this paper we complete the tour de force, initiated in [1], concerning
the regularity of weak solutions for the degenerate (p > 2) two-phase Stefan
problem [13, 14]

O [u+ Ho(uw)] = div |DufP~?Du in Qp
(1.1)
u=yg on 8pQT ;
by proving the continuity up to the boundary. Using this regularity, we
also obtain an existence result. Here, Qr := Q x (0,7] denotes the space-
time cylinder, with 2 C R", n > 2, a bounded domain, 0,27 is its parabolic
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boundary (see Paragraph 2.4 for the relevant definitions), Hy is the Heaviside
graph centered at the origin, and ¢ is a continuous boundary datum.

The outcome of our effort is two-fold: on the one hand, we prove sharp a
priori estimates for solutions of (1.1), and obtain the boundary continuity,
quantified through a modulus, assuming a mild geometric condition on §2.
On the other hand, we use this “almost uniform” modulus of continuity at
the boundary, together with the interior modulus of continuity we deduced
in [1], to build a solution to (1.1), which is continuous up to the boundary
and enjoys the same modulus of continuity.

Problem (1.1) when p = 2 is the celebrated two-phase Stefan problem. The
boundary continuity in this case was proven by Ziemer [16], for more general
structures albeit with linear growth with respect to the gradient, but with-
out an explicit, uniform modulus of continuity. This would be provided by
DiBenedetto who, in [5], proved the uniform continuity up to the boundary
for solutions to (1.1) (more precisely, for the forthcoming (1.2) for p = 2,
which also takes into account lower order terms) with the modulus of con-
tinuity being of iterated logarithmic type in the particular case of Holder
continuous boundary datum. Our goal is to extend the result to the degen-
erate case p > 2 and to provide, already in the non-degenerate case p = 2,
a more transparent proof of the reduction of the oscillation at the lateral
boundary.

More generally, we shall consider the extension of (1.1);

O [B(u) + Ho(B(u))] > div A(z,t,u, Du) in Qr, (1.2)

where [ is a sufficiently smooth function, the Heaviside graph centered at
a € R is defined by

0 if s<a
H,(s)=<10,1] ifs=a (1.3)
1 if s > a,

and the vector field A satisfies the usual p-growth conditions (see Paragraph
1.1 for the exact assumptions). Our first result reads as follows.

Theorem 1.1. Under the assumptions described in Paragraph 1.1, given a
boundary datum g € C(0,8)r), there exists u € C (Q_T) solving the Cauchy-
Dirichlet problem for (1.2), in the sense that u is a local weak solution of the
equation and u = g on 0,Q07. We call u a physical solution.
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We remark that the solution we build has the interior modulus of continuity
described in [1], where we assumed the existence of a solution built in the way
described in this paper. Our other main result concerns a precise modulus of
continuity up to the boundary for the physical solution obtained in Theorem
1.1, in the case the regularity of the boundary datum does not overcome a
threshold we are going to describe. Let w, be a concave modulus of continuity
for g:

sup  osc g <uwy(r). (1.4)
(20,t0) €0, Qr(20,t0)NOp2r
Given a point (xg,to) € R"! and a radius 7 > 0, Q,(x,to) is the standard
(symmetric) parabolic cylinder

Qulin ) = Bl x (10 — 10 +17)

Q. (g, 1) is its closure and, for a constant ¢ > 0, Q¢(xg, 1) is the stretched
cylinder

Q%(xg, 1) := By(0) x (to — 0 Prl ty + 0> PrP).
e

Finally, let us introduce § = ¢(n,p) > 2 as
1+ L for p <n,
q:= P (1.5)
2 forp>n.

We are ready now to state

Theorem 1.2. Let u be the physical solution of Theorem 1.1, and let (xg,ty) €
0,21 and Ry € (0,rq] be fixred (rq will be introduced in (1.10)). Then for

every
1

o€ 0,—7 ].6

( p’Q) (1.6)

there exist constants U, )\0,5 depending on o and the data, such that if we set

w(r) = %[bg (10;(/\0&)))]& (1.7)

r

forr € (0, Ry|, and we suppose that
~0sC u < wp and  wy((r/Re)'™") < Muw(r) (1.8)

5
QRU:)O (w0,t0) N7
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hold for some wy >0, M >0 and v € (0,1), then

0SC u<cw(r 1.9
Qr(x0,t0)NQ o ( ) ( )

for all r € (0, Ry|, with ¢ depending on v, M, Ry, wy and the data.

The previous natural result tells that once the boundary datum is more
regular than the solution, even in the case of smooth g, then the solution
still has modulus of continuity w. Clearly, a Holder continuous function g is
an example of boundary datum satisfying (1.8)s.

1.1. Main assumptions and the concept of solution. Throughout the
paper, € is assumed to satisfy the following (standard in this context) outer
density condition: there exist § € (0,1) and rq > 0 such that, for xy € 912,

Bi(z0) N Q| < (1= 8)|B(xo)],  Vr e (0,rq). (1.10)

The function S : R — R is an increasing C'-diffeomorphism satisfying the
bi-Lipschitz condition

A u— o] < 18(u) — B(v)] < Alu—w], (1.11)

included, as previously done in [4, 12], to account for the thermal properties
of the medium, which can change slightly with respect to the temperature.

The vector field A is measurable with respect to the first two variables and
continuous with respect to the last two, satisfying additionally the following
standard growth, coercivity and monotonicity assumptions:

(Al tu, )l < AEPT, (Al t,u,6),8) > ATHEP,

(A(x,t,u,f) - A(l',t,U,C),f - C> > 07

for p > 2, for almost every (x,t) € Qr and for all (u,&,¢) € R x R* with
¢ # &, for a given constant A > 1. It will be useful for future reference
to make explicit the modulus of continuity of A with respect to the last
two variables; we suppose that there exist two concave functions w4, wa¢ :
(0,00) = [0, 1], such that lim g wa,(p) = lim\ pwae(p) = 0, and a function
K :]0,00) x [0,00) — [1,00), increasing separately in the two variables, such
that

sup ‘A(x7t7ua£) - A(Q?,t,l},g)‘

(;v,t)EQT

(1.12)

< K(M, M) [wan(lu— o) +wagle = <) | (1.13)
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for all (u,v,&,¢) € R2™Y such that |u| + [v] < M and [€] + |¢| < M.

Definition 1.1. A local weak solution of equation (1.2) is a pair (u,v), with

v € B(u) + Hu(B(w)),
in the sense of graphs, such that

we LV (0, T:WEP(Q)) N LE(0,T; L2 .(Q)) =: V2P (Qp)

loc loc loc * Vloc

and the integral identity
ta
/[v el 7)dz|  + / [ — v+ (A(-, -, u, Du), Dg)] da dt =0
K t KCx [t1,t2]
(1.14)

holds for all I € 2 and almost every ti,ta € R such that [t1,ts] € (0,7, and
for every test function p € L2 (0,T; Wy "(K)) such that dyp € L*(Kx[t1, ts]).

loc

Remark 1.1. Observe that alsov € L°.(0,T; L2 (Q)) and that the test func-

loc loc
tions are in C ([t1,t2]; L*(K)), so every term in (1.14) has a meaning.

T=

1.2. Strategy of the proof. In order to perform a standard reduction of
the oscillation, at least in cylinders centered on the lateral boundary, we shall
consider three different alternatives. The reduction of the oscillation in the
interior has been proven in [1], while at the initial boundary it is a simple
consequence of the logarithmic estimate of Lemma 3.3. Let us give a brief
and formal description of the structure of the proof. Consider equation (1.2);
clearly we can suppose that the jump is met by the values of the solution in
the cylinder considered, otherwise solutions are continuous since they solve p-
Laplacian type equations with continuous Cauchy-Dirichlet data. The proof
consists in the separate analysis of three alternatives.

Our first alternative (Alt. 1) states that the jump is far to the supremum
of u on the cylinder. In this case, we can reduce the supremum remaining
“above” the jump, and here the equation behaves like the p-Laplace equation.

The second alternative (Alt.2) instead means that we are considering the
case where the jump is close to the supremum of u, and thus it is really
influencing the behaviour of the solution. In this case, we set two further
alternatives, (Alt.2.1) and (Alt.2.2): the latter describes the case where
the solution has low energy levels close to the jump for all times (notice
the relation between the condition appearing therein and the left-hand side
of the energy estimate in (3.2)). Here the equation is still very similar to
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the p-Laplace equation and indeed we reduce the oscillation in p-Laplacian
type cylinders. If this is not the case, that is if the worst case scenario
(Alt.2.1) happens, solutions are less regular. (Alt.2.1) encodes the fact that
the solution has a high peak of energy close to the jump; in this case, the
presence of the jump is significant and therefore the geometry employed must
rebalance the further degeneracy it produces.

The implementation of what is described above is quite technical, primarily
due to the fact that, as is usual in degenerate evolutionary problems, time
scales must depend on the solution itself. We need to define three different
time scales to tackle the three different scenarios, and these are not trivial
already in the non-degenerate case p = 2. Moreover, we have to introduce
the exponentially small (in terms of the oscillation in the cylinder we are
considering) quantity w in (3.3) and this explicitly reflects in the log — log
modulus of continuity we obtain.

2. Preparatory material

2.1. Approximation of the problem. Let p. be the standard symmet-
ric, positive, one dimensional mollifier, supported in (—&,¢), obtained via
rescaling of p € C2°(—1,1). We set

H,(s):= (pe * Hy)(s), s€R, (2.1)

and observe that H, . is smooth and
supp H, . C (a —¢,a +¢), / H, (v)dv=1. (2.2)
R

Those will be the unique properties of H, . we will use in the proofs of Section
3 (actually, we use the fact that the integral is bounded from above by one).
Let u. solve the approximate Cauchy-Dirichlet problem

O [B(u:) + Hoe(B(u.))] — div Az, t,ue, Du.) =0 in Qr,
Us = ¢ on Opflr.

Setting
we = Bus),  wo = B(g), (2.3)

we arrive at the regularized Cauchy-Dirichlet problem
{@wE —div A(z, t, w., Dw.) = —0;H, . (w.) in Qr,

We = Wy on 9y{dr,
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where

A, t, 1, €) = Az, t, 87 (w), [8/(87 ()] 7€), (2:5)
for a.e. (z,t) € Qr, (4,§) € R x R". Observe that the growth and ellipticity

bounds for A are inherited from A and from the two-sided bound for [
indeed

Azt p, )] < APIEPTY, (Al t 1, €),€) = ATPIEP (2.6)
hold for almost every (z,t) € Qp and for all (u,&) € R x R". Moreover,
A is clearly continuous with respect to the last two variables since 3 is a
C'-diffeomorphism.

By standard regularity theory for degenerate parabolic equations, see [6, 11,
15], we have that the solution w. of (2.4); is Holder continuous since 5(u.) +
H,:(5(u:)) is now a diffeomorphism. This kind of regularity depends however
on the regularization and as such it will deteriorate as € | 0. Nonetheless,
we may assume that the solution of the regularized equation is continuous
having, in particular, pointwise values. Sometimes we will use the compact
notation

H(s) =5+ Hye(s). (2.7)

2.2. Scaling of the equation. It will be useful later on to rescale the
solution of (2.4) in the following way: define, for A > 1,

~we(y, to + XP(1 — 1))

@(y77-) = )\
in £ = x (t() — )\p_Qt(),to + )\p_Z(T — to)]. If we set
3 H,-(As)  Hae(s) . woly, tg + NP (1 —t
H(S) — ,>E ) _ / )\/ : g(y,T) — 0( 0 5 ( O))’

it is then easy to see that ¥ solves the Cauchy-Dirichlet problem

0,0 — div, Ay, 7,0,D0) = —0,H(0)  in E, 2.8
v=g on 0L, '

with fl(y, 7,1, &) = Ay, 7, M, AE) /AP~! having the same structural proper-
ties as A. Note that in particular we have

supp H' C a—57a+5 and /ﬁ’(a)dagl.
PP .
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2.3. Sobolev’s inequalities. We recall here, in a unified and slightly formal
setting, some parabolic Sobolev-type inequalities that will be useful in the
rest of the paper. To start with, we recall that we can denote the Sobolev
conjugate exponent of p as p* = kp, where

“ for p <n,
n—p
K := { any number > 1 forp=mn, (2.9)
400 for p >n.

For a ball B in R" and an interval I' of R, we consider functions
w e LP(T; WH(B)) N L®(T; L*(B))
and ¢peC®(BxT), o(,7)e€CX(B) for all 7 € T

applying Holder’s inequality with respect to the time variable with conjugate
exponents k, k', and afterwards the standard Sobolev’s inequality slice-wise
for functions in I/VO1 ?(B), we infer

][ w2(1—1//€)+p¢p(2—1//€) dax dt
BxT

< B/ |1 | L 2 d o D P da dt
< clnp) Bt sop f s oo fmb)

From now on, we shall make use of the formal agreement that when x = oo,
then 1/k =0, k/(k —1) =1 and

|:]{3(w¢)lﬁ:p dx} 1/k - H“@HPW(B); (2.11)

note that in this case there is no necessity to apply Holder’s inequality.
Finally, once chosen a number « as in (1.6) and, setting ¢ = -~ > g, with
p«

g defined in (1.5), we fix k = k(q) = k(p, @), in the case p = n, as

= ——>1;

K p— ;
in the rest of the paper we shall implicitly keep x fixed with this value. This,
in view of the fact that the lower bound for ¢ satisfies the (formal when
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Kk = 00) relation § = 1+ k/(k — 1), ensures that

(1—1) (2—1> > 1. (2.12)

q K

2.4. Notation. Our notation will be mostly self-explanatory; we mention
here some noticeable facts. We shall follow the usual convention of denoting
by ¢ a generic constant always greater than or equal to one that may vary
from line to line; constants we shall need to recall will be denoted with
special symbols, such as ¢, ¢, ¢, or the like. Dependencies of constants will
be emphasized between parentheses: ¢(n,p, A) will mean that ¢ depends only
on n,p, \; often dependencies will be shown right after displays. By saying
that a constant depends on the data, we mean that it depends on n, p, A, J.

By parabolic boundary of a cylinder K := C'xI', we shall mean 0, := (C'x
{infI'}) U (0C x I). Its lateral boundary will be denoted as 0,1k := 0C x I’
and its initial boundary C x {inf '} will be 8;,;K. We denote by (f), the
averaged integral

()4 = ]{1 £(6) de = |17\ /A £(6) de,

where A € R” is a measurable set with 0 < |A| < oo and f : A — R™ an
integrable map, with k,m > 1. Finally we stress that with the statement “a
vector field with the same structure as A” (or “structurally similar to A",
or expressions alike) we shall mean that the vector field will satisfy (1.12),
eventually with A replaced by a constant depending only on n,p, A, and

continuous with respect to the last two variables. N is the set {1,2,...},
while Ny := N U {0}.

3. Reducing the oscillation at the boundary

In this section we shall consider a function v solving

O — div ./Nl(:c, t,v, Dv) = =0, Hyp o (v) in Qr,
(3.1)
v=g on Oy1r,

with the Cauchy-Dirichlet datum g being a uniformly continuous function
and A satisfying (1.12);5. By regularity theory for evolutionary p-Laplace
type equations, see [6, 15], we actually have that the solution v is continuous
up to the boundary since o — o+ H, (o) is a diffeomorphism for ¢ > 0 fixed.
Later on we shall take as v the function w. appearing in (2.3), conveniently
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rescaled (and this explains the fact that the jump happens at s = b # a),
and as ¢ the boundary datum wy, also rescaled.

As the first result we have the following Caccioppoli’s inequality at the
boundary.

Lemma 3.1. Let v be a solution to (3.1) and let Q = B x ' be a cylinder

such that Q N 9Qp # 0. Then there exists a constant ¢ depending on p and
A such that

1 v ) y
ety L0 (0,T)] Bm[ /k H,(€)(& khd&&](, ) da

1 ) ,
£ AT Ty R dw+meT}D<v—k>+¢\ da dt

< ]émT (0= WEIDOP + (v — k)2 (2he?), | dudi

e ][Q N [ Hi 0~ b ds @), drde (32

for any k > SUPGN,0; 9 and any test function ¢ € C*(Q) vanishing on 0,Q).

Proof: In order to get (3.2), we test the local weak formulation of (3.1) with
¢ = (v — k). ¢P; notice that ¢ has a compact support in Qp, since v is
continuous up to the boundary as it solves the regularized equation. The
calculations are now standard and we refer to [1, Lemma 2.1] or [4]. n

Remark 3.1. Note that it makes sense to apply the Sobolev’s inequality of
(2.10) to functions of the form ¢ = (v —k)+¢, ¢ € C°(B),k € R large as
in Lemma 8.1, on balls centered on the lateral boundary of Qr, just setting
¢ = 0 outside Qp. In view of (1.10), taking averages in (2.10) with respect
to B is equivalent to taking them with respect to B N €1, so there will not
be any possible misunderstanding. Another occurrence when we shall apply
Sobolev’s inequality (2.10) is when ¢(-,7) = 0 in R™ \ Q, for almost every
T € I'; in this case, we have

1BNA{¢(-,7) =0} >0|B|  forae T

by our density assumption (1.10), and again a classic Sobolev-type inequality,
see |9, Theorem 1, p. 189], leads to (2.10), with the constant also depending
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on 6. Also a Poincaré’s inequality is available in this case (see for instance
(3.24) ).

3.1. Reducing the oscillation at the lateral boundary. Assume now
that (z9,%0) € OS2 and recall that €2 satisfies the outer density condition
(1.10) with parameters 6 € (0,1) and rq > 0. Let w € (0,1] and define the
following auxiliary number, for €1 € (0, 1) to be fixed later:

~ / 1
W = €W exp (—[slw]p q) < oW <w. (3.3)

We shall need to work with the two time scales T := [gyw]* P 7P, T3 := &' PP
in order to handle the degeneracy given by the jump. Moreover we shall also
need the scale T? := [g20]* PP, g5 € (0,1), when away from the jump, i.e.,
when dealing with the degeneracy given only by the p-Laplacian operator,
see Paragraph 3.1.3. We shall moreover always consider 1 < 512)_2, see (3.27);
in view of this, (3.3), and the trivial fact that @ < e, we have

T' = [ew]” Pr? <P < T? = &5 Pt mpr < Glppp = T3 (3.4)
We also define for ¢ > 0 the cylinders
oQQ' = (Bgr(xo) X (tO — O’Ti,to) ) N Qr, 1=1,2,3.
Note that clearly Q! C Q* C Q3.

From now on we shall write

ti= ~:=info.
JTAR sg}) v, (4 133 v
We further assume that
bep ] (3.5)
and B
sup ggw—%, sgg. (3.6)
Q°no, 0
We consider two cases: either the jump is close to the supremum of v
b<ut — 20, (Alt. 1)

or this does not hold:
b>pu —2w. (Alt. 2)
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In the case of (Alt.2), we consider the further two alternatives: either

v(-t)
sup ][ / Hy (€) d€ dz > €5 [g1w]" (Alt.2.1)
Br/4ﬂQ ut—3w

maX{O,to—iT1}<t<to

is in force or the converse inequality

v(t)
sup ]Z / Hy (&) d¢ da < 5" [e1w)? (Alt.2.2)
BT/4ﬂQ ut—3w

maX{O,to—iT1}<t<to

holds, where ¢ satisfies (1.5) and €3 € (0,1) will be chosen later. Note that
it would be equivalent (see (Alt.1) and (3.6)2 and consider also (2.2)) to put
as the lower bound in the integral of H; _ the point b —¢; we keep this choice
also to meet the formal explanation in Paragraph 1.2.

3.1.1. Strategy of the proof revisited. There are three free parameters €1, €9, €3
appearing above. The strategy for choosing them is to first fix €9 in the
case (Alt. 1); this choice is independent of £; and £3. We subsequently fix e3
in the analysis of (Alt.2) and (Alt.2.1), see (3.26), independently of £; and
€9, and finally, €1 is chosen to depend on the data and 9, €3 while analyzing
the case (Alt.2) and (Alt. 2.2) (see (3.27)).

Lemma 3.2. Suppose that v is a weak solution to (3.1) satisfying (3.5),
(3.6) and suppose that €1,e9 are small enough (1,9 < 271%). Then there is
a constant ¢; = ¢¢(n,p, A, ) > 1 such that the following holds:

e if v satisfies the first alternative (Alt.1), then

1)2 + >

QN >p" —2e

G GE NS PR

H% [log(1/£2)]"/7
e if v satisfies the second alternative (Alt.2), then

13 o~
5Q° Nv > -8
Q" NH{v > g i < ¢rle1wl]?; (3.8)

3Q°) -
e if v satisfies the second alternative (Alt.2) and also (Alt.2.2), then

5Q' N {v > pt — 25w} - coes P
Q" ~ [log(1 /e

(3.9)
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Proof: Let us first prove (3.9). We define
ki=put —27w, w; = (v—Fkj), w; = min{wj, kj1 — k;}, (3.10)
for all 3 < j <7, where 7 is the integer satisfying
2702 < 2¢) < 270D, (3.11)
By (3.6); we have that for all j > 3

et -2 sup §> swp g (3.12)
Q%@,,QT QlﬂapQT

therefore, w; (-, ) vanishes in a neighborhood of 99 for every t € (to—T", ty).
Thus we may extend it to be zero outside of €2 in such a way that

Wi € LP(tg — T to; WP (B, (0))).
The density condition (1.10) readily implies that
|Brys(xo) N {w;(-,t) = 0} = 0| B,s(0)| (3.13)

for all t € (tg — T, tg). Using this condition we have by the standard appli-
cation of the Poincaré’s inequality that

Wi+, t)dr < c(n,d)r Dw;(-,t)| dx 3.14
/B%() <>/|<>\ (3.14)

BT/S

for every t € (to — T, ty). Now we integrate the previous inequality over
(to— 31", %) and then estimate from below the left-hand side in the following
way:

/1Q1 ﬁ}\j dz dt Z (kj—i—l - ]{j)‘%Ql N {U Z k’j+1}‘ = 2*(3'*1)@0‘%@1 M {U 2 kj—f—l}‘-

(3.15)
By Holder’s inequality we bound from above

1/p .
[Ql | Dw,| dx dt < [[Ql |ij‘pdacdt] 5Q'N{k; <v < k:jﬂ}‘l/p - (3.16)

Combining the above displays leads to

, 1/p
2Q'N{v > ki }| < c(n,0)[2Q' "7 {rp [277w] ™" ][1@1 |D(v—Fkj). [P dvdt| x

X }%Ql N {kj <v < k?j+1}}1/p/. (317)
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At this point we want to use the boundary Caccioppoli’s inequality, Lemma 3.1,
with QQ = in, k=k;, and ¢ € Coo(in) a standard cutoff function vanish-
ing on the parabolic boundary with 0 < ¢ < 1,¢ =1 on %Ql, and

007 < 2 Do) <

il e

Observing that by (3.11) we have for any j <7
T = [€1w]2_p rP > [2_(j+2)w] 2_prp,

and after some simple algebraic manipulations we obtain

][;3@ ID(v — k)4 P dwdt < Tﬁp Hi@l <(v R+ (0 — kj)i[2—jw]p—2) o
—J,,|P—2 - g
+[27] ]éQl /kj H,(6)(€ k])+d€d:1:dt]. (3.18)

Now we have to use (Alt.2.2): we can estimate using (v — k;)+ < 277w and
the facts that b — e > p* — 3w and Hj (§) = 0 whenever § <b—¢

[ Hioe-kdg<z [ H©d

ut—3w

Then, by (Alt.2.2) we infer
2o L€~ ks dedode
Q" Jk

. _ U('7t)
< e [ ©dea
By Jpt—35

maX{O,to—iT1}<t<to

<eg'[27w]” (3.19)

since 1 < 277 by (3.11) and ¢ > 1. It follows by combining (3.17), (3.18)
and (3.19) that

2Q" N {v > Ky} < ey PRQYMIRQ N {ky < v < Ky}
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Taking the power p’ from both sides and then summing up for j = 3,...,7
gives

J
(7= 215Q" N {v = k)P < eegPRQUPT Y 1QM N {ky < v < kya)
7=3

< Cg?:p//P’%QIP/(p—l)—}—l _ ngp’/p |%Q1‘p/
and hence, finally,
1R N {o =t =20} ey
o R
with ¢ depending on n,p, A,d. The result now follows easily, since —5 >
(logy £1)/2 implies

7—22> —logyer —5 > —cloge;.

We come to the proof of (3.8). The levels k; and the functions w;,w; are
defined exactly as in (3.10) for 3 < j < 7, but this time with 7 being the
integer satisfying

270y < 8eyexp ( — [1w] 7w = 8w < 27U w;

again this yields @ < 277w for all j < 7. Now we can proceed similarly as
above, since (3.12) still clearly holds. Extending again w; to zero outside 2 in
such a way that w; € LP(tg — T?, to; WHP(B,(z0))), we have (3.13) over B,
for all t € (tg—T°,to) and hence (3.14) in (to—T3,t). Integrating and again
estimating from below the left-hand side as in (3.15) and the right-hand side
as in (3.16) yields

1/p )
2*7(,0‘%@3(1{1} > kjﬂ}} < c[rp/ | Dw,|P dx dt] ‘%Q?’ﬂ{kj <v< k;jH}!l/p
o
with ¢ = ¢(n,d). Now, by the choice of 7, we have for any j < 7 that
T3 =&t rrp > [27w] "Prp Thus the boundary Caccioppoli’s inequality in
this case takes the form

]éQB |ID(v —kj)|P dxdt < < [][3 ((U — k)" + (v — kj)ip—jw]p—l) do dt

rpP

+ (2! ][Q | HiE ) dgda dt] |
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Now, recalling that (v — k;); < 277w, we simply estimate by (2.2)y
/HM (€ — k) de < (v—k /Hbs )de < 279w
and this leads to
]lw D(v = k)4l dedt < < [2790]"

This is to say, the choice of the time scale T is sufficient to rebalance the
inequality. We obtain again

5Q° N {v 2 ki < e[5Q° P 13Q° N {ky < v < ka7
and as above, after summing up for j = 3,...,7 gives
(7= 2"13Q° N {v > p* =83} < (- 23 N {v 2 kyi}| < c3Q°).

We again conclude by estimating

/

270 < &g exp (— [gw] 7)) < 27T e

since ; < 271 and thus

/

j— 2 Z [glw]qu.

We are left with (3.7). Defining now
ki=p" —277a,

j < 7, where 27U%2) < 2¢, < 2=+ we notice that the proof, which on the
other hand follows closely that of (3.9), reduces to the proof for the standard
evolutionary p-Laplacian, because the phase transition lies outside of the
image of wj: indeed b+ ¢ < pt — 2w + % < k; for j € Ny, as a consequence
of (Alt.1) and (3.6),. Hence the singular term drops from the Caccioppoli’s
inequality and the time scale T2 rebalances it as in the usual case: for details
see, for example, [6, 8, 15] and the forthcoming (3.21). |

3.1.2. The geometric setting. Due to the three different cases we consider
(and subsequently, with the three different time scales needed), we shall need
to work with three families of shrinking cylinders and related cutoff functions.

Set, for 7 € Ny,

oj = %6(1 +277), 7= %(1 +277),
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and
Q; = O'jQi = (B] X (to — T;,to)) N QT, 1= 1,2,

Q? = 53'623 = (EJ X (t() — T}S,to)) M QT,

where

~

Bj = By, (x), T}:=0;T", i=1,2, Bj:=Bs,(x), T :=0,T"

Note that
oo 2xlon lo_gpogizy Lo
8 0 J 16" 8 0 J 16°"°
and
1 3 3 3j—><>01 3
5@ :QODQj—>1Q-

We will take, for ¢ = 1,2,3 and j € Ny, standard smooth cut-off functions
¢i; such that ¢;; vanishes on the parabolic boundary of Qj; moreover we
assume 0 < ¢; ; <1 and ¢;; =1 on Q; +1- Note that we may also require
» 2J 2J
|8t¢i,j‘ < C(p)ﬁa |D¢z’,j‘ < C?-
3.1.3. Occurrence of (Alt.1). Here we state that using (3.7) it is possible to
show that
supv < ut — ey, (3.20)
ke
provided we choose €9 = e€3(n,p, A, d) small enough. Indeed, the proof for
the above fact reduces (more or less) to the analysis of the standard evolu-
tionary p-Laplacian operator, because the phase transition lies outside of the
support of the test functions; essentially, we follow the proof of [6, Lemma
9.1, Chapter III], once having (3.7) at hand. We sketch the proof for the
convenience of the reader.
Choose for j € Ny the levels

kj:=pu"— (1 + 2_j)€2@,

and consider the Caccioppoli inequality, Lemma (3.1), with Q = Q?, k= kj,
and ¢ = ¢ ;. Noting that k; > ut — %CD > b+ ¢ and recalling that T? =
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[£200]*7PrP we have

—— sup (v—Fkj)idy ;| () de
mm{TJZJO} max{0,to—T?2}<t<to J B;NQ [ o 2’]}

][ ID(v — k) 4o " dadt
<es ((U — k) + (v — kj)i[@a]p—2) dedt, (3.21)
QQ

with ¢ = ¢(n, p, A). Using
27U ey ook} < (0 —kj)y < 269w

and Sobolev’s inequality (2.10) (see also Remark 3.1) together with (3.21),
we have for all 7 € Ny

[ g, 200 g o ][ (- k) 2070 g gy
Qe

<crP [T2] 1=1/x

1-1/k
1 ][ 9
—_— sup v—Fk) b (1) dx
mlIl{TJZ;tO} maX{Oto—T2}<t<t0 BjﬁQ |:( ])+ 27]:| )

][ 1D(v — k;)sbol? dudt

- 0ip 2—1/k
<ecrf [TQ] [F][ <(U — k) + (v — kj)i[52@]p_2> dx dt]

< ¢9@=1/r)pjp+p(1-1/k)—p(2-1/k) [52@](1—1/H)(2—p)+p(2—1/ﬂ)1212_—1/’f (3.22)
= j

with

Q7 N {v > kj}]

{04

Thus A < cQCp’WA2 1/'€, with ¢ depending on n,p, A,1/k. This yields
(3.20) in view of (3.7) and a standard hyper-geometric iteration lemma, pro-
vided &9 is chosen small enough, in dependence of n,p, A,0 and g. Recall
that k = k(q).

Aj = ]£22 X {v>k;} dx dt =

J
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3.1.4. Occurrence of (Alt.2) and (Alt.2.1). Set for 7 € Ny
ki=put —4(1+277)w

and notice that k; < p* —4w, which together with (Alt. 2) and (3.6), implies
b—e—k; > w. Thus, using (Alt.2.1) we obtain

v(-,t)
[ e k) ds s

.
maX{O,to—T]-3+1}<t<t0 Bj+1ﬂQ

v(-t)
> s [ HL©€ k) d ds
Br/4ﬁQ b—e
v(+t)

maX{O,to—%T3}<t<to

o [ e
max{0,to— 1T }<t<to J B, sNQ J pt 30

> g3 w [e1w]? (3.23)

in view of (3.4). By Poincaré’s inequality (see Remark 3.1) we have

1,

j+1

(v—@mQMdpgdmpﬁwwf‘ D — k), Pdedt,  (3.24)
a2,

which together with (3.23) and the Caccioppoli inequality with @ = Q?,
k =k;, and ¢ = ¢3; yields

8_1&3 [81&)](]
ST][ (v — k;)% dx dt

Jj+1

1 v(-,t)
<ec|— sup ][ / Hy ()(§ = kj)+ dE dx] )
[mm{TiA, to} max{0,to—T%,, }<t<to J Bjs1NQ J k; b, j)+

x[ﬁf¥\D@—@ﬁP@ﬂ4

41

Y. TRy
SCQijrp{][ ((U kJ)JFJr(U kj)Jr)dxdt

4 T3

’ / (S_k')—i- ?
+][Q§ /k Hbﬁ(g)_TgJ -dgdxdt] .

J
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At this point, to bound both the left and the right-hand side, we use the
following facts: first, we have
2-U-15 ookt < (V= Fkj)y < 80 X(vsky} i

then, the definition of T3 = @' Pr? and also the fact that w < 1 yield

2
2Pzt [eyw]? ][ o X{oshyp} dodt < 2% ( ]{2 X,y do dt) ,

Jj+1 J

with ¢ = ¢(n, p, A, ). Denoting

Q) N {v > Kk}
Aj:i% Xk do dt = —F—
o Q]

J

we hence finally have
14_1]'4_1 S 23pj CE3 [81&)]_(1 /_13,
where the constant ¢ depends on n, p, A, d, but it is independent of 1. Then,
if
i lew]

Ay <

— g32%¢’

then the sequence {A;} becomes infinitesimal, in particular implying that
supv < put — 4. (3.25)
1Q3
4

The above condition for Ay can be certainly guaranteed by taking

1
€3

== 3.26
23p6g57 ( )

since Lemma 3.2, equation (3.8), gives us exactly

Q5 N {v > Ko}
[0
recall that we are assuming here (Alt.2). Note carefully that now the pa-

rameter €3 has been fixed as a parameter of n,p, A, d, but it is independent
of £1.

< ¢rlerw]?;
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3.1.5. Occurrence of (Alt.2) and (Alt.2.2). We set this time for j € Ny
]Cj = /L+ — (1 + 27].)81&).

Choosing () = Q}, k = k; and ¢ = ¢ ; the Caccioppoli’s estimate takes the
form

1
sup (o= kRl (0 de

- 1
mm{Tj s to} max{0,to—T} }<t<to

+ ][ ‘D(U — kj)_|_¢17j’p d.%' dt
Q!

SCij[][l ((v;fj)ﬁ+(v—kj)2+> Iz db

_ 1!
1 v
v f, [ € k) ds o).

Now using (v — k;)+ < 2e1w, Holder’s inequality and (Alt. 2.2) yields

L HioE ). dedza

: RN -
< 251w <][ [/ H (&) df] dx dt) (][ X{vsk;} AT dt)
Qj LSt =30 Q;

v(-,t) : 1—
< 251w ( sup ][ / Hj (&) d¢ daz) <][ X{vsky} dx dt)
max{07t0—Tj1}<t<t0 B, /snQ J pt—30 ’ le

_ ~1-1
< ceg l/q[elw]QAj .,

setting

~

|Q; N {v >k}
Aj ::][ X{vsky) do dt = ’ 1 —,
Q; @51

recalling that ¢ > 1 and fR Hz;g d¢ < 1. Also recall that e3 is fixed and
depends only on n,p, A,d. Combining the two displays above and recalling
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that T? = [e1w]* PrP, we obtain

= 2
m Sub ’ (v —kj) P (-, t)dx
Hl{ tO} maX{O,tO—le}<t<t0 Ban ( J/+ 17])

][ ID(v — kj), ¢y de dt

p
< W £10) (A + 31/qA ) < cey 9o 1)’ A1
rP rp U

To conclude, by Sobolev’s inequality (2.10) with ¢ := ¢1,;, w = (v — kj) 4,
B=B;NQand I' = (max{0,t — T}},t) we infer

][ (v — k)2 g gy

1-1/k
1-1/k 1
< er?[T] /[ T e fo(@=kpee)end

max{0,to—T} } <t<tg
<4 1D = ksl dode
Q;

<ce —(2—1/k)/q PP p(1=1/5)=p (2—1/&)[Elw](2—p)(1—1//€)—|—p(2—1//€)X

)

o 9p(2=1/k)j F(A-1/a)(2=1/K)
j
with ¢ depending on n,p, A, ¢, . Estimating finally

(v—kj)+ 2 27 e1w] X unr, )

we conclude with

~

Aj-|-1 < Ce 3(2 1/k)/q 24ij1+C
where ¢ := (1 —1/¢)(2—-1/k) — 1 > 0 by (2.12) and ¢ depends only on
n,p,\,0 and ¢q. Hence by choosing

£1 := min {eXp [_ (Cg 51/C24P/C25§(1/p+(2—1/l<6)/(<(.7))>p] b2 ey, 210} 7

(3.27)
we get by (3.9) that

~ —1/¢ )
Ag < [55; S q} S ganic
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and again a standard hyper-geometric iteration lemma ensures that

supv < pt — gw. (3.28)
6@
Note that, taking into account the fact that e, has already been fixed in
Paragraph (3.1.3) as constant depending on n,p, A, ¢ and ¢ and also e3 has
been fixed in (3.26) depending only on n,p, A,d, now also & is fixed as a
constant depending only on n,p, A, and gq.

3.1.6. Conclusion. All in all, merging the three different alternatives that
yield (3.20), (3.25) and (3.28), then adding —infipv < —p~, we have
proved that if v is a solution to (3.1) and (3.6) holds, then

1i;s@cl v < 0sov = g1w < 0sev — giwexp (— [e1w] 79). (3.29)
Indeed if b satisfies (3.5), then (3.29) is what we proved on the previous
pages. On the other hand, if b ¢ [infgs v, supgs v], we are essentially in the
same situation as described in Paragraph 3.1.3 and therefore also in this case
(3.20), and hence (3.29), holds. Note that if b € [infps v, supgs v], then for
¢ small enough v is a solution to the evolutionary p-Laplace equation, and
the oscillation reduction follows in general by the well-known argument of
DiBenedetto, see [6, 15]; however, referring also in this case to Paragraph
3.1.3 allows for a unitary treatment of these alternatives.

Remark 3.2. Note that in case

N[ &2

. . . w
inf g>p +—, e <

it . , (3.30)
Nop§ir

holds in place of (3.6), then (3.29) still holds since —v solves an equation
similar to (3.1) with boundary datum —g.

3.2. Reducing the oscillation at the initial boundary. Let us take
xo € ). Similarly to the previous Paragraph, here we denote, for some w > 0

Q := (B, () N ) x (0,T), T := min{w* P’ T} (3.31)

and we consider the function v solving (3.1) with Cauchy-Dirichlet datum g.
Let us remind the reader that the Caccioppoli’s inequality of Lemma 3.1 is
valid for v also in this case. We can then follow the steps in [6, Chapter III,
Section 11] using time independent cut-off functions and we can reduce the
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problem to the analysis of the standard evolutionary p-Laplace equation; we
briefly present the proof adapted to our setting.

The next result is a standard “Logarithmic Lemma”, see for example the
proof in [6, Chapter II]. The assumption in (3.32) will be satisfied by imposing
a proper condition between the solution and the initial trace g(-,0), see (4.7).

Lemma 3.3. Let Q and T* be as in (3.31), and assume that v € C(Q)
solves (3.1) in @ and
sup ov(+,0) <supv — ) (3.32)
B, (20)N92 Q 8
Then, for a constant ¢ depending on n,p, A, there holds
’(BT/Q(.%'O)HQ) N{v(,7) zsuva—Qw/S}‘ - c
| By 2(o) N €Y — log(1/9)

whenever 6 € (0,1) and T € (0,T%).

(3.33)

Proof: Denote in short /T(Dv) = Av(x,t,v, Dv), B = B(z9) N Q2 and H as
in (2.7), with b replacing a. Consider a time independent cut-off function
¢ € CX(B(20)), 0 < ¢ <1, with ¢ = 11in B, )9, ¢ = 0 on 0B,(xg), and
|D¢| < c/r. Take k = supg v — w/8 and define for § € (0,1/8] the function

) = g (S s k)ﬂ

We have ¥(v) # 0 when v > supgv—w(1—60)/8 = v_ > supgv—w/8 > w/2
(note that if supgy v < 3w/4 there is nothing to prove, since (3.33) would be
trivial). Observe that we have

8
14+6)—8wv—Fk),
Testing formally the equation with 7 = ¥/ (0)¥ (v)$PX (—c0.r)(t), for 7 € (0,T),
which vanishes in a neighborhood of 9,27 being continuous and zero on 9,{2r,
we have

!p/('l}) - X{U>U_}w(

[ dpo.ogdrde= [ amepdrar

Bx(0,7) Bx(0,7)

To be precise, this choice of the test function is admissible only after a suitable
mollification in time; see for instance the steps in the end of the proof of [1,
Lemma 2.3] for a rigorous treatment of the parabolic term in this setting.
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Indeed one should prove the estimate not directly up to ¢t = 0 but ¢t = ¢, for
¢ (the mollification parameter) small enough, and then pass to the limit. We
have

OH(0)W () (v) = 0, / MOV (W () de

and integration by parts gives

v(-t) T
/ OH(0)W () (0) P da dt = / WO ()W) deg? d| |
Bx(0,7) B Jv

_ t=0

since ¢ is time independent and recalling that v € C(Q). Since v < v_ on
B x {0}, we have that the term on the right-hand side for ¢ = 0 is zero.
Therefore

[ amowmowasa- [ [ wewene oy

and since H' > 1 and ¥(v_) = 0, we obtain

/B (v, 7))@ da < 2 / OH ()W () (v) P da d.

Bx(0,7)

As for the elliptic term, we get from (2.6) (omitting dz dt throughout)
[ ADe) D =~ [ (AD), D)1+ ) W)
Bx(0,7) Bx(0,7)
- [ (Ao, D 0w
Bx(0,7)
<—clp ) [ D TE) P
Bx(0,7)

T e(p, A) /Q W () [ ()7 | Do,

using Young’s inequality. We thus obtain, discarding the negative term on
the right-hand side

[ P20, 7)) di < / W () [ ()P | DoJ? d dt
B Q
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this holds for all 7 € (0, T*]. The very definitions of ¥ and T then imply

-
c|yB

\B\T‘ll 1<W)p 2
O J— JE—
“o\3

.
O —
e 0 &9

[3 W (v(-, 7)) de < ¢

2

since fw/8 < (v — k); < w/8 in {¥(v) # 0}. Moreover, the left-hand side
can be bounded from below as

BN { (. T)Zsupv—ew/8}‘(log210)2

Q

DO =

and we conclude with

‘%Bﬂ{v(-,r)ZSUva—Qw/S}‘ <. log(1/0) c_ ¢
1B ~ [log(1/(20))]* ~ log(1/0)

DO —

Therefore, if (3.32) holds, then for all v, € (0,1) we find €4 = e4(n, p, A, vs)
such that after integration, denoting 0@ := (B, N§2) x (0,T") for o € (0, 1],
we have

’%Qﬂ {v > sgpv — 254w}’ < v %Q‘
We can now deduce the following.

Proposition 3.4. Let v be a solution to (3.1) in Q and suppose that (3.32)
holds for some w > 0. Then

supv < SUpv — £4w, (3.34)
1Q @

where €4 18 a constant depending on n,p, A, 6 and q.

Proof: Note that taking independent of time cut-off functions, the Cacciop-
poli’s inequality does not contain the terms containing H. AE on the right-hand
side. In particular we set

Q= (Boyp(w0) NQ) x (0,T%) = By x (0,T%), o) = 3(1 +279),
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and we have
1
71 Sup ][ [(v—k)3](,t)dx + ][ |D(v — k)|’ dedt
Bja Qj+1

0<t<T*
‘ Y
< cZJp][ dedt.
Q

Setting k; := supgv — (1 + 277)eyw and using Sobolev’s inequality (2.10)
(possibly the boundary version mentioned in the last remark of Paragraph
2.3) we infer, with x defined in (2.9) and the agreement in (2.11),

][ (v — k)2 g gy
Qj+1

- 1/k 9Jp 2—-1/k
< c(n,p,0) r’ [T {F][ (v — k)t da dt]
Qj

. 2—-1/k
< 2R (11 /) 2-p)4p(2-1/m) { ][ o dt] |

J

Note all this is possible since k; > supgv — w/8 when g4 is small enough,
and hence (v — k;); vanishes in a neighborhood of 0,4,§2r by the boundary
continuity of v. Now reasoning as after (3.22), a standard hyper-geometric
iteration lemma yields (3.34) provided that v, is chosen small enough, de-
pending on n,p, A, d and ¢; this finally fixes &4. |

4. The approximate boundary continuity

The goal of this Section is the iteration of the results of the previous Section;
this will give in a standard way, as a consequence, the boundary continuity.

Moreover, we shall show how to explicitly infer the modulus described in
(1.7).

4.1. Iterative estimates. The goal of the next Proposition will be twofold.
On the one hand, we show how to set the estimates (3.29) and (3.34) into an
iterative scheme. On the other hand, we unify the interior (presented in [1]),
initial and lateral boundary cases in order to have estimates slightly more
manageable.
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Proposition 4.1. Let Ry < rq, (20,t9) € Qr and q¢ > G, where § > 2 has
been defined in (1.5); set

1 1
a = - € (0, T) .
ra rq
Then there exist constants 9,7 € (0,1/2) depending only on n,p,\,d and q
such that for any decreasing sequence {w;}jen, with
wp =1, Wiyl = wj(l —dexp (- [ﬁwj]_l/a)> (4.1)

and moreover defining for 7 € Ny

Wj = TWw; eXp (—[ij]_l/a)

g .
Rji1:=exp <—a[19wj] 1/ ) R; T = ]1 "RY (4.2)

Q' = (Bg,(wo) x (to — T}, to + Tj)) N Q,

we have the following: If v is a continuous weak solution to (3.1) in Q7 with
e <w;/2 and such that

< w; .
0sev < W (4.3)
for some j € Ny, then
osc v < max {wj+1, 2 osc g}. (4.4)
Q]+1 @JﬂapQT

Proof: Fix j € Ny as in the statement of the Proposition and suppose that
(4.3) holds. Observe that by considering the time ¢; := ¢ + T} instead of ¢,
we may write both Q7 and Q7*! as backwards in time cylinders:

O — (BRZ,(Q;O) x (t; — 2Ti,ti)) Ny

for i« = j,j + 1. Notice that it could indeed happen that ¢;,¢;;1 > 7. In
order to have some freedom we choose two auxiliary parameters

~ 20 - V
R; :=exp <—3—[19wj]_1/0‘> R; and  Rj:=exp (—3—[19wj]_1/a> R;.

o o
Note that not only do we have R;;; < Ej < Rj < Rj, but the ratios

Rj—i—l Ej Rj Y Y 91
JTe T T S—— T al < _ 4.5
i R R, exp 3&[ wj] < exp 0 (4.5)
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can be made as small as we please by choosing ¥ small enough (note that
a < 1/4). Moreover, we set

Qunt(r, w) 1= By(x0) X (t — M@ P+1/a)p t), t:=max{t;+1,T};

& = a(n,p) is the exponent appearing in [1, Theorem 1.2], relabeled; its
explicit value is not important here, only the fact that & € (0, 1). M is the
constant appearing in [1, Theorem 1.2], larger than one and depending on
n,p, A and &; note that the dependence on & is meaningful only in the case
p =n. We fix, in this case, @ = 1/4 so that in any case M = M (n,p, A).

Case 1. Interior estimate. Let us first assume that Qint(ﬁj,wj) C Q7. Since

Ej S Rj and

~ ~

W 2P +1/8) o i ) Do
j I Nl i er2)/a exp ( —(p— 1)[ij]1/a> (_J)

@;_pRg ! R;
< MrP=20+1/8) gy A=0-2)/d oy ( (p— 1)g—1/a)
ce(0,1)
—: M S(p, q)r P DUH/D) < (4.6)

for small enough 7 = 7(n,p, A, q), we have th(f{j,wj) C @’. Using now [1,
Remark 4.3] and the proof of [1, Theorem 4.1] we see that
0sC v < Wjy1,
Qint(éijwj)
and the inclusion Q' C Qint(%éj,wj) follows choosing small enough ¥

depending on n, p, A, g and 7. Indeed, first we take ¥ so that e~ '/Bel < 1/32
(see (4.5)). Then we notice that, since w;i1 > w;/2,

@jl';fR?H ~ [ TW; l=pexp ((p - 1) (%)_1/04) Rj+1 p
~ op)(111/3), <clp, M )< ) @—p)(1+1/a) ( = )
Mw;™ " (R;/32)P 2 wi ! R;
c pyi-1/e T\-1/a]l —1/a
= TP~ lw; b <[_ 3 - 1)(5) }wj '

Now if we choose ¥ < ¢(p, a)7"/ 1= yielding

~1—
w]'—F%?R?-i-l < C(n7p7 A7 Q) exp (|: o pﬁll/a} (,u._l/a>
Mw§2—p)(l+l/a)(§j/32)p - ﬁp—le 6o J )
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then this quantity can be made smaller than one by choosing 1} further small.
Note that when we decrease the value of 7 in what follows, we shall decrease
also the value of ¥ accordingly.

Case 2. Initial boundary. Suppose that Qint(éj,wj) touches the initial

boundary, that is, t;11 < wa*p)(lﬂ/d)}??. We define
. o A
Qim(Rj,wj) = (BRJ(:UO) N Q) X (O,Mj pr)
and we assume that
W; W,
sup g < sup v—gj —>  sup v(-,0) < sup U—gj (4.7)
Q'no, 1 Quni(Rj.w;) Bp, N Quni (R w;)
holds. We are thus in a position to apply Lemma 3.3 and to subsequently
infer (3.34):
sup v< sup vV—e&w; < SUP U — €4Wj;
(B, /an2)% (0, wiPRY) Qini(Rj,w;) Q

the last inequality holds, since ]-i’j < R; and w?_p <w
and

—p . ) l - _
. Since Rj1 < 11

¥ (2 p)(1+1/a) pp 2—p HP
tiv1 < Mw R] < w; "RY

for 1 small, we also have Q'*1 C C (Bp, j4(@0) N2 X (0,w?” pRp) Note indeed
that
Mw§2—p)(1+1/d)

Ri\P ~ —0) /& Y
( AJ) < Mw](~2 p)/ exp (_gwwj]—l/a>

- _ _ (a=1)/a
(0

>0

IA

for small enough ¢. Thus,
supv < supv—eqw; = 0sc v < oscv—eqw; < wi(l—ey) <wjrr, (4.8)
Qj+1 Qj QJ+1 QJ
after having subtracted from both sides infg;+1 v and taking 9 < 4. The
case o
inf g> inf v+ 2 (4.9)
Q’'no,0r Quni (1j,w5) 8
can be reduced to the previous one simply observing that —v satisfies an
equation structurally similar to (3.1) with —g replacing g as boundary datum,;
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thus also in this case we conclude with (4.8). To conclude, note that we may
assume that oscgi+ v > %wj, because otherwise

CB)JSJSU < 4&}] < Wjs1-
Thus, if neither (4.7) nor (4.9) holds, subtracting the converse inequalities
gives
~ Wi Wi Wy
osc §> osc v—-L>oscv——2L>-2;
Q' No,0r Quni(R; ;) 4 — @i 2’

g.
Q 08 Qr
Case 3. Lateral boundary. We finally assume that B (xo) N o # (. The

idea is to use the results of Section 3.1 with w = w;, r = Rj and 1 = T,
which yield

in view of (4.3) this implies oscgi+1 v < oscgi v < 20s¢;

=3 L \2—p P 3 _ ~l-ppp
W = wj, T° = (tw;)" "R, T°=w; "R;.

Since x is close to the boundary, we find x E 02 such that |zo — 7| < }~%j,
and thus for a small ¥ we have By, (%) C B (z ) using (4.5). Moreover,
we estimate

0T 1 _ 32< w; )p—Z 1 exp ((p_ 1)[7—wj+1]—1/a> (%)p

1 1 , ,
61 Wij+1 TWj+1 R;

1/«
< 273 xp (((2) fe 319(04—1)/ >pw—1/a) <1
T 3a

for small enough ¥ using w; < 2w, (implied by (4.1)) and 1/z < exp(x~1/)
for 2 > 0; recall that o € (0,1). Therefore Q7*! C Q' (), where

Q' (@) = (Ba, (@) x (ts1 = T',t51) ) N s
moreover, we clearly have Q3(Z) C @7 for small 9, if we set

Q@) = (Ba, (@) x (101 = T, tj:1) ) N O,

Now we assume that

W
sup g < supv— —
Q3(2)NA,Qr Q*(z) 8



32 BARONI, KUUSI, LINDFORS AND URBANO

Possibly reducing the value of ¥ and noting that the map o — exp (—0_1/ 0‘)
is increasing, (3.29) gives

osc v < osc v— Vw;exp (— ﬁwl/o‘) ; 4.10

Q'@ Q'@ ! ) (4.10)
note that we are assuming ¢ < w;/2. Using (4.3) and (4.1), we can bound
the right-hand side of (4.10) by wj;1, which gives the result. The case

. ~ . Wi
inf  ¢g> inf v+ —
P (F)N9,0r Q3 (@) 8

is handled similarly; see Remark 3.2. In the remaining case we have, similarly
to Case 2, that either

osc v < —w; < w;
Qi+l — 4 J = Wi+l
or

oscv <oscv <w; <2 0sC
Q! Q’ Q3(7)Nd,r

This concludes the proof of (4.4); ¥ and 7 are now fixed as constants de-
pending only on n,p, A, and gq.
_

Claim 4.1. Once fized Ry > 0 and « as in (1.6), with w(-) defined in (1.7),
¥ fived in Proposition 4.1, Xg := exp(exp(V~Y%)) and R; defined in (4.2),
the sequence {wj}jen, with the choice w; := w(R;) satisfies (4.1); that is

W(Ro) =1, w(Rj) > w(Ry) (1= dexp (— [u(Ry)] 7).

Moreover,
w(Rj) < ZW(R]'+1). (411)

Proof: First, we obviously have w(Ry) = 1 by the choice of A\g. For any fixed
j € Ny, using the elementary inequality 1 —x < e~ that is valid for any z,
we have

1 —Jexp (— w(R;)] V) < exp ( —Yexp (- ww(Rj)]—l/a)).

Now we estimate the argument of the exponential in the following way:

) R, dp
—— exp (— [Yw(p)] )=
Jii, % Jrs p

—Jexp ( — [ﬁw(Rj)]_l/o‘) <
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since the map p — — exp(—[Jw(p)]~1/%) is decreasing. We compute, using
the expression in (4.2) for R;:1/R;,

B dp Ri\ ¥ .

_— = — = — )| /Oé

/R} ,0 log( j ) CY[ﬁw(R])]
J+1

and using (1.7) for the explicit expression of w(-)

exp (— [ﬁw(p)]_l/o‘) = exp ( — log <log <>\OpRO>)> = log(AolRo/p)'

Thus, merging the estimates above and using again the aforementioned mono-
tonicity and the expression for w(-), we have

| — 9 exp (_ [ﬁw(Rj)]_l/a) < exp ( - @[19M(Rj)]1/a /R.j log(/\olRo/p) d—;)

< exp (— Oz/Ri [ﬁw(ﬂ)]l/alog()\ol}%o/p)%>

B B 1 1 dp
- <_ “ /Rjﬂ log(log(\oRo/p)) log(MoRo/p) ?)'
We conclude by simply computing
. /Rj 1 1 dp _ log <[ log(log(AoRo/R;)) r>
Ry, 10g(log(AoRo/p)) log(AoRo/p) p log(log(AoRo/Rjt1))
and since the last quantity is equal to log(w(R;+1)/w(R;)), the first part of

the Claim is proved. For the doubling property (4.11), it is enough to recall
that ¥, w(R;) < 1. u

4.2. Uniform modulus of continuity. We finally prove that our approx-
imate solution v is almost equi-continuous. In order to fix a normalization
condition, we assume that

oscv <1 (4.12)
Qr

holds true.

Proposition 4.2. Suppose that v is a weak solution to (3.1) in Qp attaining
continuously the boundary values g € C°(9,Qr) on 9,0, and suppose that
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(4.12) holds true. There is a modulus of continuity w independent of € and
(xo,t0) € Qp such that

osc v < w(r)+ h(e) (4.13)
Qr(w0,t0) Q7

for every r > 0, where h(e) — 0 as ¢ — 0.

Proof: Fix (xg,ty) € Qr. We first examine the case » < 73 and look for a
modulus of continuity w(-) of the form

B(r) = deo (i (VF) +wy (V) (4.14)

where ¢y > 1 is to be chosen, wi () is w(-) defined in (1.7) with Ry = 1, and
w;(+) is a modulus of continuity for g, as described in (1.4). The error h(-) is
defined as the unique solution to

Th(e) exp (—[Th(fi)]_l/a) = 2¢,
and it is easy to see that h(e) — 0 as € — 0.

According to Proposition 4.1, we define inductively

Ry := /T, w; = w(R;), W; 1= TW; exp (—[ij]_l/o‘> :
v
Rj+1 = €exp (——[19@]‘”“) Rj (415)

(87
Q' i= (Br,(x0) X (to — & "R}, 1o+ & "RY)) N 0.

Here w(-) is defined as in (1.7) with the expression of Ry above. We then
fix 7 as the largest index j for which ¢ < w;/2; then w; < h(e) for all
j > 7+ 1. Moreover we let & € Ny be such that Ry1 < r < Rj and
denote Q = Q,(xo,t9) N Qr. Finally, note that if oscov < 4wz (coy/7), then
there is nothing to prove, by the concavity of w;. Thus we may assume that
oscg v > 4wg(cgy/r) in the rest of the proof.

We proceed inductively, showing that

OS_CU < w; (4.16)

for all j € {0,...,min{7+ 1,k + 1}}. Note that (4.16) is certainly true for
j = 0 in view of (4.12), since wy = 1. Assume that (4.16) holds for some
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J €40,...,min{7,k}}. Since

wj > OSJ_CU > oqs)cv > 4wg(60\/F)

by the fact that R; > Rj > r, we see, by the doubling property w; < 2w;q
given by Claim 4.1, that

1
2 osc g < 2ws(coy/r) < Wi < Wj41 - (4.17)

Q’nd, 0
The first inequality follows by choosing ¢y = Qél_p )/ , Wy = wo(n,p, A, q),
since clearly

TR <Gy Ry = 3 (W = (V)
Thus, since j < 7 and therefore w; > 2¢, by Proposition 4.1 and Claim 4.1
(note that Ry < rq), we obtain

osc v < max {wj+1, 2 osc §} = Wjt1,
Qitt @JﬂapQT

proving the induction step.

Now, if we have 7 > k, then (4.16) holds in particular for 5 = k. If on the
other hand 7 < k we use (4.16) with 7 = 7+ 1; in this case, we have

o@s}gv < 956 v < w1 < h(e).

As a consequence, merging the two cases, we get

o osc) oY < qg,cv < w4+ h(e) <2w(Rk41) + h(e) <2w(r) + h(e) (4.18)
r(To,t0) 27 k

and this essentially finishes the proof, since by the definition of Ry in w(-),
w(r) = wi(y/7). On the other hand, if r > 73, then by (4.12)

osc v < % < cwi(\VTr).
Qr(xo,to) Q7 o

We can also give a quantified version of the previous result. Set, for r > 0

B(r) = rw(r) exp (= [rw(n)] 7).

Q2O (o, to) = (B, (o) x (to — W(r) 1% tg + &(r) ")) N Q.



36 BARONI, KUUSI, LINDFORS AND URBANO

Proposition 4.3. Suppose that v is a weak solution v to (3.1) as in Propo-
sition 4.2, Ry > 0 and moreover that the boundary value function g has the
“intrinsic” modulus of continuity

_os¢ G < Muw(r), (4.19)
Q7 (wosto)

for any r < Ry, with some M > 0, where (xo,ty) € Qp and w(-) has been
defined in (1.7). Then

éw(_())(sc t )v < ¢(p, M) [w(r) + h(4]\~4€—|— 1)} : (4.20)

for any r > 0 with h(c) — 0 as e — 0.

Proof: We can rescale v, solution to (3.1), as we rescaled the solution to (2.4)
in Paragraph 2.2, with A := 4M + 1. Then (4.19) implies

j < )
~osc g < —w(r).
Q2 (0,to) 4
Going back to (4.17) in the proof of Proposition 4.2 we see that 2 0scq, g <
wj+1 is always true due to the condition (4.19) and the definitions in (4.15)
(in particular, w; := w(R;)). We are still in position to apply Proposition 4.2
to the solution ¢ of (2.4) since [, H'(0)do = A™* < 1; indeed, all the proofs
of Section 3 are based only on the properties in (2.2) of H .. Thus we obtain
(4.16) for any j € Ny and then (4.18) for ¢ using an argument analogous to
the one in the proof of Proposition 4.2. Scaling back to v gives (4.20). |

5. The convergence proof

In this section we conclude the proof of our main theorems. We first show
that our approximants converge to a continuous function which is a physical
solution of the problem thus proving Theorem 1.1. Then we see that the
solution we built has the modulus of continuity (1.7), which gives Theorem
1.2.

5.1. The Ascoli-Arzela-type argument. We recall that u. solves the
regularized Cauchy-Dirichlet probem

{(’% [ﬂ(ug) + Haﬁ(ﬂ(ug))} — div A(z, t,u., Du.) =0, in Qr,

Us = @ on apQT,
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where the regularization of H, has been defined in (2.1).

Note that by the maximum principle we have
sup |u.| < sup |g| (5.1)
Qr 8,
independently of £; moreover u. is continuous up to the boundary and it has
an “equi-almost-uniform” modulus of continuity in the following sense: there
exists a modulus of continuity @ : [0, 00) — [0, 00), concave and continuous,
such that @(0) = 0 and for every z, 2" € Qr and ¢ € (0, 1] it holds

us(2) — u(2)] < &(|z = #]) + h(e), (5.2)

the function h(-) having the property that it vanishes as ¢ — 0.
To prove (5.2), first we define w. = f(u.) as in Paragraph 2.1. Then we
further rescale as in Paragraph 2.2 with (xg,%;) = (0,0) and

A= max{S8(2||g||z=), 1};

call the rescaled function v instead of ©. In fact v solves (3.1) with b = a/A
and Qr replaced by Q x (0, \’"2T), and the normalization condition (4.12)
is clearly satisfied. We can thus make use of Proposition 4.2 say, and this in
turn yields
v(2) = v(z')| < @(|z = 2|) + h(e);

for some modulus of continuity w(-); we can take for |z — 2’| the Euclidean
distance in R"*! without loss of generality, by suitably modifying @(-). Note
that we have to use (5.1) too. This, in view of the Lipschitz regularity of
B yields (5.2) where we avoided relabeling the quantities on the right-hand
side.

Call now u;, i € N, the function u,, for the choice h(e;) < 1/i; the sequence
{u;} is equibounded thanks to (5.1) and, taking into account (5.2), satisfies

u;(2) — w;(2)] §@(|z—z'|) +1/i (5.3)

for any z, 2/ € Qp. If we consider the numerable dense subset S := QpNQ"*1,
by a standard diagonal argument, as a consequence of (5.1), we extract
a subsequence, still denoted by {u;};en, converging pointwise in S to wu.
Moreover, slightly modifying the proof of Ascoli-Arzela (see for instance the
proof given in [7, Page 17]), using condition (5.3) instead of equi-continuity,
we show that the sequence {u;};ey actually converges pointwise in Qr to a
function which we shall call u, and moreover, by a similar argument, the
convergence is uniform. In particular, u € C%(Qr). The rest of the proof will
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be devoted in proving that u is a local weak solution of (1.2). Assuming this
for a moment, we now prove Theorem 1.2.

Proof of Theorem 1.2. The constant v is the one in Proposition 4.1 while
Ao has been fixed in Lemma 4.1. The constant 6 € (0, 1) is defined, according
to Proposition 4.1, as

0P = @é_p = 7 Pexp <(p — 1)7'_1/0‘> :

To prove (1.9) we distinguish two cases. If wy < 1, then (1.8); directly implies
that oscyu < 1 with Q = (Bg,(x0) X (tg— 6> PR, to+ 6> PRP)) N Q7 and we
recognize that, by our choice of 0, the cylinder Q is exactly the cylinder Q°
appearing in Proposition 4.1. In the proof of Proposition 4.2 we can clearly
replace the renormalization in (4.12) with this local information, which is
sufficient to start the iteration. On the other hand, jumping to Proposition
4.3, we note that for v € (0,1) as in (1.8)2, @w(r)'? < ¢, (r/Ro)™", ¢,
depending on data, v and Ry, so

~osc g< 0SC q
Q2 (wosto) B, (x0) X (to—c (r/ Ro)P1=7) to+cy (1/ Ro)P1=7))

< c(cy, RO)ng((r/Rg)l_W) < cw(r),

and (4.19) is satisfied. Thus we have (4.20) at hand for v = B(w;/;) and,
after passing to the limit as ¢ = 1/i \ 0, we infer (1.9).

In the case wy > 1, the proof is exactly the same except for the fact that
before starting we rescale u, g to 4, g as in Paragraph 2.2 with A = wy. We
again obtain oscgov < 1 and (4.19), and we conclude by invoking (4.20)
and scaling back to u. Note that Q«° D Qw(()z_m/pr and (1.9) holds trivially if

r > wéQ_p)/pRo.

In the following paragraph we show that the pointwise limit u is a physical
solution to our problem, that is, it satisfies the weak formulation of Definition
1.1.

5.2. Convergence away from the jump. We consider the previously
defined sequence {u;};eny which converges uniformly in Q7 to u. Here it is
more convenient to work with w; := (u;), which solves

Opw; — div A(x, t, w;, Dw;) = —0;H, ., (w;) (5.4)
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locally in Q7, with A having the same structure as A, see (2.5). Note that
also {w;} converges uniformly to w = [(u). The reader might recall now
that

supp H,, . (-) C (@ — &;,a + &);
hence, in the set Qr N {|w; — a|] > &;} w; is a solution to a p-Laplacian-type
equation

Oyw; — div A(z, t, w;, Dw;) = 0. (5.5)

Now we fix ¢ > 0. By the uniform convergence, there exists n = n(o,w) such
that

Qrn{lw —a|l > 20} CQrN{lw; —a| >0} CQrN{|w; —al > &}
for all ¢+ > n; indeed
lwi(x) —al > |w—a| — |wi(z) —w(x)| >20—0c =0

if (and independently of) = € Qr N {|w — a|] > 20} and if i > 7 is large
enough, by the uniform convergence of w; to w. Hence w; is a solution to an
evolutionary p-Laplacian-type equation in Q7 N {|w —a| > 20} for all i > n.
Therefore using an argument similar to the proof of [10, Theorem 5.3], we
find not only that {w;};>n converges to w uniformly in Qr N {|w —a| > 20},
but also Dw; — Dw almost everywhere in this set (and moreover Dw €
Ly, (Qrn{|w—a| > 20})); we shall sketch the proof in the next Paragraph. At
this point, using a diagonal argument, we get that there exists a subsequence
of the {w;} defined in Paragraph 5.1, still denoted by {w;}, such that w;

converges uniformly to w in Q7 and moreover

Dw; — Dw almost everywhere in |w — a| > 0.

5.3. Almost everywhere convergence of the gradients. We give here
a short proof of the statement about the almost everywhere convergence of
the gradients in the previous Paragraph. We only give a hint of the classic
proof and refer to [2, 3, 10] for more details.

Take two concentric cylinders Q € Q € QrN{|w—a| > 20}, two functions
wj, wy, of the sequence {w; } and a “small” number ¢ > 0. We test respectively
the weak formulations of (5.5) for w; and wy with the functions

ox(x,t) == (¢ F Te(w; —wy))¢?, where T (s):=min { max{s, —g},;}(j

(5.6)
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is the usual truncation function of [2], ¢ € V>2P(Q) with 9,6 € L} (Q),
¢(-,T)=0and ¢ =1 in Q. Note that p+ are admissible since s — T.(s) is a
Lipschitz mapping and that this is actually a formal choice, due to the fact
that these test functions do not have the needed time regularity. However,
in [10, Proof of Theorem 5.3] it is shown how to appropriately perform this
delicate double limiting procedure. Note that using the bi-Lipschitz relation

(1.11) we infer, from (1.12) and (1.13), that

(A(x,t,u,f) - A(x,t,u, C)vé - <> > 07
sup |A(z,t,u,€) — Az, t,v,6)| < K(M, M) wj’u(|u — v\)

(l}t)EQT

for almost every (z,t) € Q7 and for all (u,v,&,() € RQ(TFD, with ¢ # ¢ for
the monotonicity condition and |u|+ |v| < M and €| < M for the continuity
one; note that we also used the concavity of w4 ¢. Indeed

1 1
w,4,g<‘§‘ B'(6~1(u)) B B'(B1(v)))

(5.7)

D < Muwa (A’ K(M)ws (Alu - o]))

< MPME(M)wag(ws(Ju—v])),

where K (M )wg is clearly the concave modulus of continuity for 8" when u, v
vary in the compact set |u| + |v| < M. Now this choice, after some algebraic
manipulations (performed in detail in the aforementioned Proof), leads to

/ <A(7 " Wy, Dw]) - "Zl(o "y Wk Dwk)n D(UJ] - wk)>¢p dx di
QN {fw; —wi|<}
< — / (A(-, -, wj, Dwj) — A(+, -, wy, Dwg), DP) (w; — wy) dx dt
QN{|wj—wk|<<}

+cg+g/ (fl(-,-,wj,ij)+A(-,-,wk,Dwk),D¢p> dx dt
ON{|w; —wi|<c}

< cg, (5.8)

where the constant ultimately depends upon p, A, |Q|,supy o, |9/, ¢ (hence

on Q and Q) but not on j, k. In the last inequality we took into account the
growth condition in (2.6), the standard energy estimate for the p-Laplacian
equation (5.5) together with the uniform bound (5.1).

The goal here is to prove that the sequence { Dw; };en converges in measure,
being a Cauchy sequence with respect to this convergence. This together with
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the fact that the gradients are uniformly bounded in the LP norm — and this
follows again by the Caccioppoli’s estimate and (5.1) — would then lead to
the needed almost everywhere convergence. To this aim we define, for ¢ as
above and p, A > 0 the sets

E’, = {z € Q:|Dwj(z) — Duy(z)| > p};

]k'— {z€ 9 |w(2) —wi(2)] <<}
Jk = {z c0: max{|Dw;(2)|, | Dwg(2)|} < )\}.

First note that, enlarging appropriately the domains of integration, we infer

[ A D) = Al Du), Dl — w0}
i kﬂU kﬂV] %

s/ (A, - wj, Dwy) — A - wy, Dwy), D(w; — wy)) @
ON{|w;—wy| <<}

+1QIK (2]l gl Nw 4.u(<)
< e+ K2llgllr Mwau(s)) (5.9)

by (5.7) together with (5.1) and (5.8), for an appropriate test function equal
to one on Q. In order to prove that the sequence {Dw;};en is a Cauchy
sequence with respect to the convergence in measure, that is, that for any
p > 0, once we fix € > 0 we can find 7 = n(e) such that [E},| < € for all
7,k > n, we then split

‘E£k|S‘EﬁkmU;,k|+‘Q\Ujg,k|<‘Ep NU;, ﬂV |+’Q\U;k|+‘g\ j)\k‘

for appropriate ¢, A > 0 that will be chosen in the follwing lines. Notice now
that since {w;} converges uniformly, then in particular it is a Cauchy sequence
in Q and hence |O~\U 2kl < €/3 provided we take j, k large enough. Moreover,

since the sequence {le} is bounded in L?, then |Q ~ M\ < ¢/3 for A large

enough; hence we can restrict now our attention on the set E?, N U; N VjAk.
We consider the set

Ky = {(w,6,0) € R ful < lgllaw, J€] 1<) < A, 1€ = ¢ > p}
(notice that \ and p are fixed) and we consider, for (z,t) € Q, the function

Yo, t) = inf (Ale,t,u,€) = Ale,t,u,0).€ — O);

(z,t)
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by the continuity of (u, &) — A(-, -, u,§), the compactness of IC(Aft) and the

monotonicity of Ain (5.7), we infer that v(x,t) > 0 for almost every (x,t) €
Q. By (5.9) we then have

B, Uz NV Wdl“dtS/ v dx dt
B N0k OVi EL.NUS NV,

< (4 K2lgllz=, Nw (<))

and since v > 0 a.e. in Q, we conclude with |ES N Uz N ka\ < ¢/3 for ¢
small enough (recall A has been already fixed). Hence we have proved that
{Dw;} is a Cauchy sequence with respect to the convergence in measure.
This, together with the convergence of {w;}, yields that {Dw;} actually
converges to Dw in measure and hence there exists a subsequence which
converge almost everywhere. Since the argument above actually holds for
every subsequence, then almost everywhere convergence takes place for the
full sequence {Dw;}. Finally, since Q is an arbitrary compactly contained
subset of Qp N {|w — a] > 20} and the whole sequence converges almost
everywhere, we have almost everywhere convergence in the whole Q7N {|w —
a| > 20}. The fact that Dw € LP(Qp N {|w — a|] > 20}) now simply follows
by Lebesgue’s dominated convergence Theorem and by the fact that the
sequence Dw; is equibounded in LP.

5.4. Convergence near the jump. In order to infer information on the
behavior of the gradient of the approximating solutions in the set close to
{w = a}, we (formally) test the equation (5.4) with the function ¢ = Ts,(w;—
a)¢P, for some fixed o € (0,1), where Ty, has been defined in (5.6) and
¢ € CX(Qr). The rigorous treatment needs a mollification in time, see [1]
for details. We note that since

DQO - DwiX{|wi—a\§2o}¢p + pgbpilTQa(wi - CL)D¢,
we have, with #H as in (2.7)

/ |Dw;|"¢? dx dt < e(p, A)o® | Do},
QTﬂ{|wi—a|§20}

+ c(p, A) /Q / N H' () Ton (€ — a) dE Oy(¢P) da dt.
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For the parabolic term we formally have

Oyw; H' (w;) Ty (w; — a)@P dx dt
Qr

_ /Q T at[ w H' (6T (€ — a) dg]qbpdx at
~ [ [ @t - ao)ni

— /Q /wi H' (&) Tr, (€ — a) d€ Oy(¢P) dx dt.

We can discard the first term since

w;(z,T)
[ weme- a0,

the mapping & — T5,({ — a) being odd with respect to the point ¢ = a and
H'(-) > 0. Moreover,

/ / ()T (€ — a) de By(67) du dt
Qr Ja

< c(n, p)al| o @)piep (lwill L2 (@ar + as +1)
< ¢(n,p) |0/ )L @n) (1B NI=@,00) + ar +1)

by the fact that |T5,(-)| < 20 and (5.1). Thus, also in view of (5.1), we can
finally estimate

/ | Dw;|P¢* dz: dt < co, (5.10)
Qrn{|w;—a|<L20}

where ¢ depends on n,p, A, a, ||g]|z~(9,0.), 3, and the test function ¢.

5.5. Passing to the limit. We now want to pass to the limit in the weak
formulation of (5.4); this, once fixed o € (0,1), K € §, [t1,t2] C [0,7] and a
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test function ¢ as in Definition 1.1, reads as

0= / (A(-, -, w;, Dw;), Do) dx dt
Kt toM lwi—al>0}

N / [wl + Ha,@(“&')} atQO dx dt
K

t1,t2

_'_/ <A('7'awiaDwi),D90> dx dt
Kty 1o lwi—al<o}

ta

+/{[wi+Ha,5i(wi)} e}(,7)dx| . (5.11)
K

T:tl

By the continuity of (u, &) — A(-, -, 1, &), the first term converges to

/ (A(-, -, u, Du), D) dz dt
Ki, to{|w—a|>0}

as i — oo; indeed A(-,-,w;, Dw;) = A(-,-,u;, Du;). The second and the
fourth terms converge to
to

Y
T:tl

_/’C f&tgpdxdt—l-/lc[f@] (-,7)dz

t1,t2

where ¢ belongs to the graph f(u) + H,(8(u)) (in particular, £ = 1/2 if
B(u) = 0). Finally, by uniform convergence we can find 7, depending on w
and o, such that

K, 0 {lw—=al] <o} C Kty 2, N {lw; — a| < 20} for any i > n.

Hence we can bound, for i > n,

|7;0‘ — '/ fl(-,-,wi,Dwi),D@) dﬂ}dt'
K

N{jw—a|<co}

1/p
MIDel i, ( / DUl Xeuppis dt>
7 Qrn{|w;—a|<20}

1/p
<c HDQOHLP(ICH@) (/QTm{w._a|<20} ‘Dwz‘pgbp dx dt)

< CHDSOHLP(/CHQ)UUP/ (5.12)

t1,t9
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by (5.10), with ¢ = ¢(p, A); here we must take ¢ as an appropriate cut-off
function, equal to one on the support of ¢. Hence if we pass to the limit
(superior) ¢ — oo in (5.11) with o € (0, 1) fixed, by rearranging terms we get

),

£8tg0dxdt+/ (A(-,-,u, Du), D) dx dt + T,
Koy i {1B(u)—al>0)

ty,tg
t2

+/Km (\7)da

T:tl

with £ € B(u) + H,(5(u)), since the equibounded sequence 7;, converges to
a limit (possibly only superior) 7, such that |7,| < co'/?" by (5.12). Now we
take the limit ¢ — 0 and we get

g

{&godxdt—l—/ (A(-,-,u, Du), D) dx dt
Ky 1,0 {B(u)#a}

t1,to
to

+/}Cm (.7 da

T:tl

Using well-known properties of Sobolev functions and (1.11), the second in-
tegral is equal to the integral over K; ;, of the same function. Hence, we
have proved that the pointwise limit defined in Paragraph 5.1 is a local weak
solution to (1.2) in the sense of Definition 1.1.
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