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HELENA F. GONCALVES AND SUSANA D. MOURA

ABSTRACT: In this paper we study the maximal function and local means charac-

terization and the non-smooth atomic decomposition characterization of the Triebel-

Lizorkin-type spaces with variable exponents F (()) ¢( )(R"). These spaces were re-

cently introduced by Yang et all and cover the Triebel-Lizorkin spaces with variable
s()

exponents Fp(.) o) (R™) as well as the classical Triebel-Lizorkin spaces F; (R"), even

the case when p = oo, and also the Triebel-Lizorkin-type spaces Fp’y (R™) with con-
stant exponents which, in turn covers the Triebel-Lizorkin-Morrey spaces. As an
application we obtain a pointwise multiplier assertion for those spaces.

KEYwWORDS: Triebel-Lizorkin spaces, variable exponents, Peetre maximal operator,
local means, atoms, pointwise multipliers.

1. Introduction

Spaces of variable integrability, also known as variable exponent function
spaces L,.(R"), can be traced back to Orlicz [20] 1931, but the modern
development started with the papers [12] of Kovacik and Rakosnik as well
as [4] of Diening. The interest on these spaces comes not only from the
theoretically point of view but also in view of their applications: in the
theory and modeling of electrorheological fluids, in differential equations and
in image restoration, for instance. We refer to [5] and the references therein
for a more complete overview.

The concept of function spaces with variable smoothness and the concept of
variable integrability were firstly mixed up by Diening, Hasto and Roudenko
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2 H.F. GONCALVES AND S.D. MOURA

in [6], where the authors defined Triebel-Lizorkin spaces with variable expo-

nents F;((_'))q(.)(R”). From the trace theorem on R"! proved there and stated

as follows ([6, Theorem 3.13])

S . 7i
Tr FS() (Rn) — F () p(-)
p

n— . 1 1
(-),a(-) p().p(") (R 1)7 with s(-)——= > (n—1) max (— — 170>

p(-) p(-)

one can easily understand the necessity of taking s and ¢ variable if p is not
constant. A similar interplay between smoothness and integrability can also
be verified in [33], where Vybiral established Sobolev embeddings for these
spaces. Moreover, Almeida and Hésto also introduced in [3] Besov spaces

B;E:g,q(')(R”) with all three indices variable and showed a Sobolev embedding
for these spaces.

More generally, 2-microlocal Besov and Triebel-Lizorkin spaces with vari-
able integrability were introduced in [9, 10] and provide a unified approach
that covers not only the classical Besov and Triebel-Lizorkin spaces, but also
many spaces related with variable smoothness and generalized smoothness.
Many results have been studied regarding these spaces, such as characteriza-
tions by local means, smooth and non-smooth atoms, molecules, ball means
of differences and Peetre maximal functions (we refer to [1], [2], [11], [8]).

On the other hand, another class of generalized Besov and Triebel-Lizorkin
spaces, the Besov-type spaces B,7(R") and the Triebel-Lizorkin-type spaces
o7 (R"), were introduced in [34]. Within this class of function spaces one
can find the classical Besov and Triebel-Lizorkin spaces as well as the Triebel-
Lizorkin-Morrey spaces introduced by Tang and Xu in [27]. These function
spaces, including some of their special cases related to ) spaces, have been
used to study the existence and the regularity of solutions of some partial
differential equations such as (fractional) Navier-Stokes equations; see, for
example [13].

Based on B,7(R") and F;7(R"), recently Yang, Zhuo and Yuan introduced
in [37, 36] a generalized scale of function spaces considering variable expo-
nents s(-), p(-) and ¢(-) and a measurable function ¢ on R”™. Denoted

by B;E:;:j(.)(R”) and F;((f))”qqﬁ(.)(R"), these spaces then include the Besov and
Triebel-Lizorkin-type spaces (with constant exponents) and also Besov and
Triebel-Lizorkin spaces with variable exponents. They characterized those
function spaces by means of atomic decompositions and derived the trace on

hyperplanes.
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In this paper we characterize F;é_'))”qs(.)(R”) by maximal functions and, as a
corollary, we also get a characterization by local means. Moreover, we use
these results to derive a non-smooth atomic decomposition for the spaces in
consideration.

Our characterization by maximal functions and local means extends results
from [11] and [35]. Regarding the non-smooth atomic decomposition, as far
as we know the result is new for this scale of function spaces, even in the
case of constant exponents, in particular to F;;7(R"). The idea is to show
that the usual atoms used in smooth atomic decompositions as in [36] or [37]
can be replaced by more general ones, meaning weaker assumptions on the
smoothness, and, nevertheless, we keep all the crucial information when com-
paring to smooth atomic decompositions. This modification appeared first
in [31], where Triebel and Winkelvofl suggested the use of these more relaxed
conditions to define classical Besov and Triebel-Lizorkin spaces intrinsically
on domains. More recently, Scharf in [24] defined even more general atoms
and proved a non-smooth atomic characterization for the spaces B,  (R") and
F]f’q(R”). As far as the scale of spaces with variable exponents is concerned,
we refer to [8], where the authors showed the corresponding result for the
scale of 2-microlocal spaces with variable integrability. Following [8], we then
make use of the characterizations via smooth atoms and local means to de-
rive the more general atomic decomposition result for Triebel-Lizorkin-type
spaces with variable exponents.

Having the non-smooth atomic decomposition theorem, we are able to deal
easily with pointwise multipliers in the function spaces F;((.'))”qqﬁ(.) (R™), as stated
in the last section.

2. Notation and definitions

We start by collecting some general notation used throughout the paper.

As usual, we denote by N the set of all natural numbers, Ny = N U {0},
and R", n € N, the n-dimensional real Euclidean space with |z|, for x € R",
denoting the Euclidean norm of x. By Z" we denote the lattice of all points
in R" with integer components. For  := (£, - ,0,) € Z", let |B] =
G| + -+ |Bn]l. If a,b € R, then a V b := max{a,b}. We denote by ¢ a
generic positive constant which is independent of the main parameters, but

its value may change from line to line. The expression A < B means that
A<cB. If A< Band B S A, then we write A ~ B.
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Given two quasi-Banach spaces X and Y, we write X — Y if X C Y and
the natural embedding is bounded.

If E is a measurable subset of R", we denote by x g its characteristic func-
tion and by |E| its Lebesgue measure. By supp f we denote the support of
the function f.

For each cube ) C R" we denote its center by cg and its side length by
/(@) and, for a € (0, 00) we denote by a@ the cube concentric with ¢ having
the side length af(Q). For x € R" and r € (0, 0), we denote by Q(z,r) the
cube centered at x with side lenght r, whose sides are parallel to the axes of
coordinates.

Given k € Ny, C*(R") is the space of all functions f : R" — C which are
k-times continuously differentiable (continuous in k£ = 0) such that

If | CH®RY)|| =) sup [D*f(x)] < oo

la|<k x€R?

The Holder space ¢ (R"™) with index s > 0 is defined as the set of all functions
f € Okl (R") with

IF I ®)) =[f [ @)+ 3 sup HOSWL

|O[‘:{8}+ xang”,xyéy |.I‘ —_— y‘{5}+

where |s|” € Ny and {s}* € (0, 1] are uniquely determined numbers so that
s=s]” 4+ {s}T. If s =0 we set €Y (R") := Lo(R").

By . (R") we denote the usual Schwartz class of all infinitely differentiable
rapidly decreasing complex-valued functions on R"” and .#’(R") stands for the
dual space of tempered distributions. The Fourier transform of f € .7 (R")

or f € ' (R") is denoted by ]/”\While its inverse transform is denoted by fV.

Now we give a short survey on variable exponents. For a measurable func-
tion p : R" — (0, 00), let

p :=essinfp(r) and p* = esssupp(x).

reR® x€R"

In this paper we denote by P(R™) the set of all measurable functions
p: R" = (0,00) (called variable exponents) such that 0 < p~ < pt < o0.
For p € P(R") and a measurable set &/ C R", the space L,.)(E) is defined to
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be the set of all (complex or real-valued) measurable functions f such that

171 Ly (B = nt {1 & (0.00): /E(‘f(j)’)p(x) <1} <n

It is known that L, (£) is a quasi-Banach space, a Banach space when

p- > 1. If p(-) = p is constant, then L,.(E) = L,(£) is the classical

Lebesgue space.

) For later use we recall that L, (&) has the lattice property. Moreover, we
ave

1F 1 Ly (B = 11 [ Eaa (B[, 7 € (0,00),

and

1f + 9 1 Loy (B < Wf 1 Loy (BII" + Nlg | Ly (B)NI", 7 € (0,min{1,p"}).

In the setting of variable exponent function spaces it is needed to require
some regularity conditions to the exponents. We recall now the standard
conditions used.

We say that a continuous function g : R” — R is locally log-Holder con-
tinuous, abbreviated g € C’llgf(R”), if there exists a positive constant cje(g)
such that

Clog(g)
l9(x) =9 < e e =

We say that g is globally log-Holder continuous, abbreviated g € C'8(R"), if
geC 1og (R™) and there exists g, € R and a positive constant c., such that

loc

for all z,y € R". (1)

19(7) — goo| < log(c for all z € R"™.

e+ |x)
Note that all functions in C\°*(R") are bounded and if ¢ € C'8(R") then

loc
oo = limy;| 00 g(2). Moreover, for g € P(R"), we have that g € C'¢(R") if
and only if 1/g € C'°8(R"). The notation P'¢(R") is used for those variable

exponents p € P(R") with p € C'8(R").
Let G(R) be the set of all measurable functions ¢ : R" x [0, 00) — (0, oc)

having the following properties: there exist positive constants c1(¢) and ¢;(¢)
such that

_ o)

a0 S oz 20 < ci(¢p) forall z € R" and r € (0, 00), (2)




6 H.F. GONCALVES AND S.D. MOURA

and there exists a positive constant cy(¢) such that, for all z,y € R" and
r € (0,00) with |z —y| <,

1 o(x,r)
@) = oly.r) =2 o

The conditions (2) and (3) are called doubling condition and compatibility
condition, respectively, and have been used by Nakai [17, 18] and Nakai
and Sawano [19]. Examples of functions in G(R"™) are provided in [36,
Remark 1.3].

In what follows, for ¢ € G(R*!) and all cubes Q := Q(z,r) with center
x € R" and radius r € (0,00), we define ¢(Q) := ¢(Q(z,7)) := ¢(x,r).

The following is our convention for dyadic cubes: For j € Z and k € Z",
denote by Qj the dyadic cube 277([0,1)" + k) and zq,, its lower left corner.
Let Q@ :={Qjr:j€Z keZ}, Q ={Q € Q:4Q) < 1} and jgy :=
—log, £(Q) for all Q@ € Q. When the dyadic cube @ appears as an index,
such as Y hco and (--+)geg, it is understood that ¢ runs over all dyadic
cubes in R".

For the function spaces under consideration in this paper, the following
modified mixed-Lebesgue sequence spaces are of special importance. Let
p,q € P(R") and ¢ € G(R''). We denote by Lﬁ(.)(fq(.)) the set of all

sequences (g;);en, of measurable functions on R" such that

0 e | Ly (€)= sup = H(Z\gj )™ | Ly (P < oo

PeQ

where the supremum is taken over all dyadlc cubes P in R"”. We remark that
Lz(‘)(fq(.)) is a quasi-normed space that coincides with the mixed Lebesgue-

sequence space L,.y({y)) when ¢ = 1. The case of ¢(-) = ¢ constant and
»(Q) = |Q| for all cubes @ and T € [0, ), has also been considered in [15].

We say that a pair (@, ¢g) of functions in .#(R") is admissible if

~ 1 3 5
Suppgoc{é’GR”:§§|§|§2} and |p(&)] >0 when g<]§\ 3 (4)

and
supp @o C {¢ € R+ [¢] <2} and |$o(€)] > 0 when |§f <. (5)

Throughout the article, for all ¢ € S(R"), 5 € N and z € R", we set
i(z) == 2"p(2x).
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Definition 2.1. Let (¢, o) be a pair of admissible functions on R". Let
p.q € POE(R"), s € CI%(R") and ¢ € G(R"Y). Then the Triebel-Lizorkin-

loc

type space with variable exponents F;((.'))’qd)(.)(R”) 1s defined to be the set of all
f e S (R") such that

I LS @D = (20005 % ) s, | Loy ()] < 00

Remarks 2.2. (i) These spaces were introduced by Yang et al. in [36], where
the authors have proved the independence of the spaces on the admissible
pair.

(ii) When ¢ = 1, then F;((.')):qd)(.)(R”) = F;((.';’q(_)(R”) is the Triebel-Lizorkin
space with variable smoothness and integrability introduced and investi-
gated by Diening et al. in [6]. There s is assumed to be non-negative,

which was later generalised to the case s € C\°(R") by Kempka in [10].

ocC

(iii) When p(-) = p, q(-) = ¢, and s(-) = s are constant exponents and

»(Q) :=|Q)| for all cubes Q and 7 € [0, ), then F;((_'))’f(.)(R”) = ;7 (R")
are the Triebel-Lizorkin-type spaces introduced by Yuan et al. in [34],
which in turn coincide with the classical Triebel-Lizorkin spaces F}; (R")
when 7 = 0 and p < oco. Moreover, also the spaces F3,  (R") and the

Triebel-Lizorkin-Morrey spaces & , (R") are included, as Fy (R") =

FeP(R™) for p € (0, 00), and Enpq(RY) = Form Vs mey i 0 < p < u <
oo, cf. [23].
(iv) When g, s are constant exponents and ¢(Q) := |Q|” for all cubes @ and

T € [0, 00), then F;((.'))”j(')(R”) = F 1 (R") which was investigated in [15].
(v) The condition p* < oo, included in p € P(R"), is quite natural since it
also exists in the case of constant exponents, cf. [34]. This is not the
case for the assumption ¢© < oo as the case ¢ = oo is included is the case

of constant exponents. This restriction comes from technical reasons as
explained in [36, Remark 1.5(iv)].
3. Maximal functions and local means characterization

Let (¢;)jen, be a sequence in . (R"). For each f € .#/(R") and a > 0, the
Peetre’s maximal functions were defined by Peetre in [21] by

Iy F)
WD) 3= 0 T e -

The following result coincides with [36, Theorem 3.11].

xr €R" j€N,.
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Theorem 3.1. Let p,q € PP5(R"), s € C\°(R") and ¢ € G(R'H). Let

loc

n
> 1 7 o ,
a Y P +logy €1(¢) + ciog(s)

where ¢1(¢) is the constant in (2) and ciog(s) comes from condition (1) on s.
Then [ € F ) 1) (R”) if and only if f € L' (R") and

£ 1 F5 ity RO 5= (2O £)a) sy | Ly Cat) | < 00
Moreover, ||- | F R™M[* and |- | F())

(e R are equivalent quasi-
norms i F (()) ()(Rn)

()(

In the above theorem the sequence (¢;);en, is the same as in Definition 2.1,
which is built upon an admissible pair (¢, ¢g). One of the aims of this section
is to prove that such a characterization still holds if we consider more general
pairs of functions. Moreover we also show that the same happens for the

definition of F (()) ()(R”), i.e. the admissible pairs used to define the spaces

can be indeed replaced by more general ones. The main theorem of this

section reads then as follows.
Theorem 3.2. Let p,q € P5(R"), s € C’llgf(R”) and ¢ € G(RUM). Let

R € Ny with R > s™ 4+ log, ¢1(¢), where ¢1(¢) is the constant in (2), and let
o, v € L (R"™) be such that

(DP)(0)=0 for 0<[Bl<R (6)
and R
[Yo(E)l >0 on {£eR":[§] < ke}, (7)
BEOI>0 on {¢eR": S < < ke}, ®)
for some € > 0 and k €]1,2]. For
a > min{;_, p— +logy €1(¢) + clog($),
we have

11 EE @I~ (@250 Fa) e, | Loy )]
~ (@O % 1)) ey, | Lﬁ(.)(ch))H
for all f € S'(R").
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Remarks 3.3. (i) The conditions (6) are usually called moment conditions
while (7) and (8) are the so-called Tauberian conditions. If R = 0
then no moment conditions (6) on v are required. This is possible when
st < —logy éi(¢).

(ii) The case ¢ = 1 is covered by [1, Theorem 3.1(ii)], where we can find also
a discussion on the importance of having a k in the conditions (7) and
(8) in contract with the case k = 2 usually found in the literature in such
type of result, cf. e.g. [9, 11, 22].

(iii)) When p(-) = p, ¢q(-) = g, s(-) = s are constant exponents and
#(Q) := Q]| for all cubes @ and 7 € [0,00), then log, ¢1(¢) = nT and
such a characterization with k& = 2 has been already established in the
homogeneous case by Yang and Yuan, cf. [35, Theorem 2.1(ii)].

(iv) In [36] the authors proved the independence of the spaces from the ad-
missible pair as a consequence of the p-transform characterization. The
above theorem provides an alternative proof since an admissible pair

satisfies conditions (7) and (8) with ¢ = ¢ and k = 2. Moreover, it

5 18"
becomes clear that F;((.')) ’;ZS(')(R”) can be defined using more general pairs

than the admissible ones (in the sense of equivalent quasi-norms). We
refer in particular to the case stated in Corollary 3.8 below.

The proof of Theorem 3.2 relies in the proof done by Rychkov [22] in the
classical case, and will be given after some auxiliar results, for what we follow
the same structure as in [9, 11] in the context of 2-microlocal spaces with
variable exponents.

The first theorem provides an inequality between two different sequences
of Peetre maximal functions.

Theorem 3.4. Let p,q € P8(R"), s € C\°5(R") and ¢ € GR"™). Leta > 0

loc

and R € Ny with R > s™ + log, cl(gb). Further, let pg, 1, 0o, € L (R™) be
such that
(D) (0)=0 if 0<I[B<R
and R
[Yo(z)] >0 for |x| < ke 9)

[G(@)| >0 for g < |z| < ke, (10)
for some ¢ > 0 and k €]1, 2] Then there exists ¢ > 0 such that

1 O050) s, | Ly (Ga) | < e 1205 F)a) s, | Ly o)
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holds for every f € ./'(R").

Proof: We only give a sketch of the proof as it is based in [22]. There k is
restricted to k = 2, but the extension to k €]1,2] follows easily. Indeed, by
(9) and (10), there exist \gp, A € .#(R™) such that

Z A2 ) (277z) =1 forall z € R™

Therefore we can carry on parallel pointwise estimates as those in [22] to
arrive at

2O (115 falw) S 27 UIED2 D (4 ), ()

v=0

+ D 2O faw),

v=7+1

where we also used the fact that

| o-1)s* 5>,
js(x) vs(x) ] Z
275(@) < grsle) { 2 2 (11)

See also the proof of Theorem 3.8 in [9]. The proof then is completed by
applying Lemma 3.5 below. |

Lemma 3.5. Let p,q € P(R") and ¢ € G(R"™). Let Dy, Dy € (0,00) with
Dy > log, ¢1(¢). For any sequence (g;)jen, of measurable functions on R",
consider

j 00
x) = 22_(j_V)D2gV(;U) + Z 2_(”_j)D1gV(x), reR" jeN,.

v=0 v=j5+1
Then
(G )semo | Lo LoD Il S NG5, | L g

Proof: Step 1. Assume that p,q > 1. Let P € Q be arbitrarily chosen and

1 - 3\ 70
sl (22 165019) 7 @)
J=jpVO0
We need to show that
I(P) S I gi)ien | Lo (6l
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with implicit constant independent of P and (g;);en,-
By the triangle inequality, we have

Py <3 H( i?“l’wg ()" )
* ﬁH( > (y el )”

j=jpV0 v=j+1

Denoting by ¢(-) the conjugate exponent of ¢(-), that is ﬁ + Wlx) =1,

for x € R", we use Holder’s inequality and, with € such that 0 < ¢ <
min{ Do, Dy — log, ¢1(¢)}, we get

L(P) < @\(i (2]; P2, ()1

)

y 1
J 7l >q<~>

. (Z 2<ju>eq'<->> g

Lp<->(P)H

ﬁ (i zjjz G=n)(D2me)aC)] g, () )q“’Lp(-)(P)H

j=jpV0 v=0

A

1

IS o) )|

v=0 j=jpVOVv

Then we split the sum in v and, since we are assuming p, g > 1, it follows

(Z > 2 lmneon '>gu<.>q<'>)“l°]Lp<.><P>H

v=0 75=5pV0

+—H( > 3 )

j=v

e S o]

q(+)
‘ Lp(')(P)
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rV0 00
< o Z > 20 g, | 2y (P
=0 j=4jpV0
S -
e [OCCINERE]
=jp
1 JjpVO0
< - or=ipVO)D2=e)) o ()| L (P

+ 11(g))jen | Lf))(.)(KQ('))H'
Now condition (2) allows us to get the desired estimate as follows:

JjpVO
v—j —&) ~ jpVO—v 1 ipV0—v
PYS S BB () 0] Ly (2P|

+ 11(g5)semo | L, ae)
JpVO
< Z 9~ (jpV0-v)(Da—e~logy é1(9)) ||(gj)j€N0 | Lﬁ(.)@q(-))“
r=0

+ 11(g5)jen | Lz(.)(gq(-))u
< lgi)iemn | Z (Gl
Now we estimate I5(P), using again Holder’s inequality and choosing ¢ €
(0, Dl)l

B(P) < H( > (3 e o)

Jj=jpV0 v=j+1

s IR - o}
(e o
v=j5+1

1 00 00 o o | ﬁ

S ( Sy g e >q<>‘gy(.)‘q<>) )Lp(.)(p)H
J=jpVO v=j+1

1 00 v o o | %

< ( 3 o (—3)(Ds >q<>|gy(.)|q<>) Lp(.)(p)H

v=jpV0 j=jpV0
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1

< (2 ) o)

v=35pV0
< [I(gj)sen, | Lﬁ(.)wq(-))ﬂ-

Step 2. We consider now the case when p, g € P(R") have no more restric-
tions. Let r € (O,min{l,p‘,q_}). We have

1 - a0\ 300 T
Gj)jeN, L% (Ly)]| = sup ( G- ’") o (P
H( j)]EN ’ p()( q())” Peo ¢( ) z:\/o‘ ]( ) | 77( )
j=jr
1 - a() v
< sup ( | F;(-) ) | Loy (P)
PeQ ¢( ) j:j;/o ’ "
= |(F))jeny | Ly (L) || (12)
where
J o
= 2 U g @) + > 2P g, ()], xR, jEN,
v=0 v=j+1
Note that cl(qb ) = ¢1(¢)" and by the hypothesis on Dy, we then have Dyr >
logy ¢1(¢"). Since £, 4 > 1 we can use the result from Step 1 in (12) to obtain
(G sem0 | Ly Cae) I S N0g51 ) sem0 | Ly Can) | = Ngi)jens | Ly (Eae)1l
which completes the proof. |

Remark 3.6. The case where ¢(-) = ¢ is constant and ¢(Q) := |Q|” for all
cubes @ and 7 € [0,00) is covered by [15, Lemma 2.9]. If p(-) = p is also
constant we refer to [35, Lemma 2.3] and [14, Lemma 2.1].

The next theorem generalizes Theorem 3.4.

Theorem 3.7. Let p,q € P%(R"), s € C\%%(R") and ¢ € G(R™). Further,
let 1o, € L (R™) be such that

Po(x)| >0 for |z < ke

() >0 for % < |z| < ke,
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or some ¢ >0 and k €]1,2]. For

n
> | g
0> e 108 G(0) + cugls)
there exists ¢ > 0 such that

1O 1) s iy Ca)) | < e 12705 % 1) s [y ()|
holds for all f € '(R™).

Proof: We are in conditions to apply formula (2.66) from [32], in particular,
for f € S'(R"), N €N, ae€ (0,N], j € Ny and = € R", we have

% r - —UNro(v+j)n |(Wosy = )W)
(@) <eSoaeon [ At B

where r is an arbitrarily fixed positive number and c is a positive constant
independent of vy, ¥, f, x and j. Using this inequality, for what is not
necessary that (1g,?) is an admissible pair, then the proof is the same as
the one of Theorem 3.11 in [36]. n

Proof of Theorem 5.2: Observe that [(aj * f)(z)] < (ajf)a(z) for any
r € R" j € Ny and a; € /(R"). Using this observation together with the
lattice property of the L, spaces, and applying Theorems 3.4, 3.7, and 3.1,
we obtain the following chain of inequalities

Tllav aR“)u 12700 % 1)) x| Lo ()

q
< !( (25.)) jeny | Loy La) | S (25O @5 .)a) s | Ly (la) |
SJ ’( j* f )]GNO | L¢(~) H < H(QJS (¢ ) )jeNg | Lﬁ()(%('))H
< y(zfs (©3)0) sen, | Lo Lo S I VEG RD].

We finish this section by presenting an important application of Theorem
3.2, that is when vy and 1, satisfying (6)-(8), are local means. The name
comes from the compact support of ¢y := ky and ¢ := k, which is admitted
in the following statement.
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Corollary 3.8. Let p,q € PYS(R"), s € C/%(R") and ¢ € GR"™). For

loc

given N € Ny and d > 0, let ko, k € .7 (R"™) with supp ko, supp k C dQo,
(DPk)(0)=0 if 0<|B] <N, (13)

ko(0) # 0 and k(z) # 0 if 0 < |z| < &, for somee > 0. If N > sT+log, é (),
then

1F 1 ES St RO~ (270 % £)) s, | Loy Cai) |
for all f € '(R").

Proof: It is clear the existence of ko, k* € .7(R") with supp ko,supp k C
dQo., ko(0) # 0 and k/:\o(()) # 0. Then, following [30, 11.2] and taking M € N,
with 2M > N define k := AMEO. Since k(z) = (— 30, |:|)Mk0(x), we
immediately have (13) and k(z) # 0 if 0 < |z| < ¢, for a small enough > 0.
The rest is a direct consequence of Theorem 3.2. |

Remark 3.9. The Triebel-Lizorkin spaces with variable exponents F;((_'))q(.) (R™),

which coincide with Fps((.'))’qu(_)(R") when ¢ = 1 (cf. Remark 4.11(ii)), are also

included in the class of 2-microlocal Triebel-Lizorkin spaces F ];‘(’.)’ q(_)(R”) de-

fined in [9]. There w = (w;j(x));en, is an admissible weight sequence, i.e.
a sequence of non-negative measurable functions in R"” belonging to a class
we (R"), where a > 0, a1, as € R with a; < an, satisfying the conditions:

(i) there exists a constant ¢ > 0 such that
0 < w;(z) < cw;(y) (1+ 2|z —y))* forall j €Ny and all z,y € R
(ii) for all 7 € Ny it holds
290 w;(z) < wjp(x) <22 w;i(x) for all z € R™

In fact, it holds F;((f))’q(.)(R”) = F}0) oy (R") when w;(z) := 275) j € Ny, and
in this case a1 = 57, as = s and a = ¢jo(s). Replacing the weight sequence
(2751)) ey, in the quasi-norm from Definition 2.1 by a general admissible
weight sequence w = (w;(x));en, leads to the definition of a more general
scale of functions spaces F;”.’qs (R™). These cover all the particular cases

()sa()
described in Remark 4.11 as well as the 2-microlocal Triebel-Lizorkin spaces

studied in [9].
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It can be easily seen that Theorem 3.2 as well as Corollary 3.8 hold more
generally for F;E’.’)qsq(.)(R”) with the conditions R > st + log, ¢1(¢) and a >
w7 T logs ¢1(¢) + ciog(s) replaced by

R > as+logyé1(¢) and a > — n_ — + log, ¢1(9) + a.
min{p~, ¢~}
Indeed, for a general weight we have, in replacement of (3.9),

2@‘”)0127 P> v
i) < wle) x { 5 12

Furthermore, the counterpart of [11, Lemma 19] for a general weight sequence
also holds and is a variant of [16, Lemma 2.2].

J=v,

4. Non-smooth atomic decomposition

In [36] the authors obtained a characterization of the spaces F (()) ()(R”)

by smooth atomic decompositions, generalizing previous results obtained in
[7, 10, 34] for the particular cases described in Remark 4.11. We recall the
result from [36] and start by defining smooth atoms and appropriate sequence
spaces, where we opted here for a different normalization.

Definition 4.1. Let K, L € Ny. A function ag € C*(R") is called a [K, L]-
smooth atom centered at () == Q. € Q, where v € Ny and k € 7", if
supp ag C 3Q,

lag(2™") | C*(R™)]| < 1, (14)

and, when v € N,
/ 2V ag(zv)dr = 0, (15)

for all multi-indices v € Ny with || < L.
Remark 4.2. As usual when L = 0 no moment conditions are required by
(15).

Definition 4.3. Let p, s, and ¢ as in Definition 2.1. Let q be either as in
Definition 2.1 or q(-) = oo. Then the sequence space f )(R”) is defined
as the set of all sequences t := {tg}geo- C C such that

AR N GDIE U [ S lel

PeQ ¢( ) QCP,QecQ*

1

OAYXIO)
ltalxe)” ) !Lp<~>(P)H
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is finite (with the usual modification if q(-) = 00).

The following atomic decomposition characterization was obtained in
[36, Theorem 3.18].

Theorem 4.4. Let p, q, s, ¢ as in Definition 2.1.

(i) Let K, L € Ny with
K > s" +max{0,log, ¢1(¢)} and L > min{l,r;—,q_} —n—s5 .
Suppose that {CI/Q}QGQ is a family of [K, L]-smooth atoms and that

{to}oeco € f (R") Then f = ) peco-tqaq converges in /' (R")
and

1B @D < elit | o) @]

with ¢ being a posztwe constant mdependent of t.

(ii)) Conversely, if f € F ()) ()(]R”) then for any given K,L € Ny, there

exists a sequence {to}oecor € f (]R”) and a sequence {ag}toeo- of
K, L]-smooth atoms such that f ZQQQ* tQ ag in L' (R") and

It 1 L5005 @M< el f | ol (D)
with ¢ being a positive constant mdependent of f.

Next we present the notion of non-smooth atoms already used in [8] in
the context of 2-microlocal spaces with variable exponents and which were
slightly adapted from [24]. Note that the usual parameters K and L are now
non-negative real numbers instead of non-negative integer numbers.

Definition 4.5. Let K, L > 0. A function ag : R" — C is called a [K, L]-
non-smooth atom centered at Q) = Q. € Q, with v € Ny and k € Z",

of
supp ag C 3Q, (16)
lag(2™) [ € (R™)|| <1, (17)
and for every 1 € €*(R") it holds
Y(x)ag(x)de| < 27"y | HR)]|. (18)

.
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Remark 4.6. Since C*(R") — €*(R") for k € Ny, it is clear that condition
(17) follows from (14). Moreover, using a Taylor expansion, (18) can be
derived from (15) when L € N, cf. [24, Remark 3.4]. Therefore, when
K,L € Ny any [K, L]-smooth atom is a [K, L]-non-smooth atom. Moreover,
both conditions (17) and (18) are ordered in K and L, i.e. the conditions are
stricter for increasing K and L, see [24, Remark. 3.4].

For the next two auxiliary results we refer to [8, Lemmas 3.6,3.7].

Lemma 4.7. Let k; be the local means according to Corollary 3.8 with d = 3.
Then c27" kj is a non-smooth [K, L]-atom centered at Q o, for some constant
c > 0 independently of j and for arbitrary large K >0 and L < N + 1.

Lemma 4.8. Let k; be the local means according to Corollary 3.8 with d = 3.
Let also (ag)geo- be non-smooth K, L]-atoms. Then, with QQ = Q,x, v € N,
k e Z", it holds

[ Bagte = ndy| < 20K eQ)). forj =

and

[ 556 =)o) dy‘ < 2 D2V @), for j < v

Remark 4.9. We would like to highlight that the results in [8] are not properly
written. There the authors used a sequence (1);),en, built upon a pair of
functions defined as in Theorem 3.2, with k = 2. However, these functions
are not required to have compact support, crucial condition in the proof of
these two results. Therefore, the correct formulation reads as we present
here, where we use the local means from Corollary 3.8.

Theorem 4.10. Let p, q, s, ¢ as in Definition 2.1.
(i) Let K,L >0 with
K > sT +max{0,log, ¢1(¢)} and L > min{l,r;,q} —n—s. (19)
Suppose that {aQ}QGQ* is a family of [K, L]-non-smooth atoms and that

{to}oeco € f (R”) Then f = ) peco-tqaq converges in ' (R")
and

1 1By RO < elle | fo e (B

with ¢ being a posztwe constcmt mdependent oft.
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(ii) Conversely, if f € F(()) ()(]R”), then for any given K,L > 0, there

exists a sequence {to}oeor € f (R”) and a sequence {ag}toeo- of
K, L]-non-smooth atoms such that f ZQGQ* toag in ' (R") and

It 1 £00e R < ellf | Ee, (R
with ¢ being a posztwe constant mdependent of f.

Proof: Step 1. We start by proving (ii) for what we fix K, L > 0 and assume
that f € F ()¢ (R™) is given. Then, by Theorem 4.4(ii), we know that f

(-).a()
can be ertten as an atomic decomposition with [K7, L1]-smooth-atoms with

Ki,L1 € Ny chosen so that K1 > K and L; > L. Since those atoms are
[K, L]-non-smooth-atoms, cf. Remark 4.6, part (ii) is proved.

Step 2. In this step we show that f =3 o. tgaq converges in /'(R") if

{to}oeco~ € f (R”) and {ag }oeo- is a family of K, L]-non-smooth atoms
with K, L > O such that (19) holds. To this end, it suffices to show that

N

v=0 kezZ |k|<A

exists in ./(R™), and we rely on the proof of Step 1 of [36, Theorem 3.8].
For convenience of the reader we repeat here the arguments. For r €
(0, min{1,p,q"}), we have the follovving sequence of embeddings

Foiys (RY) s fo6 (RY) < f3010 (R™),
with §(z) := s(x) + ﬁ(r — 1) and ]5(35) = % for all z € R", cf. [36,
Proposition 3.1]. Therefore we can assume that {tg}gco € f;(()) i (R™).
Let h € Z(R"). From conditions (16) and (17) of Definition 4.5, we obtain

R kezn |k|<A
S22 N gl k() H (2" - —k) | € (R

keZr |k|<A

=27t / Z ‘tQuk

keZn |k|<A

Ih(VH(2" - =k) | €5 (R") | xq..(y) dy  (21)
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where H € C*°(R") with H(x) = 1 for x € 3Qqo and supp H C 4 Q. Since
h € .Z(R"), we can estimate the norm in (21) from above by

Ih(YH(2" - =k) | EHRY)| S (1 + Jwg,ul) ™ ~ A+ [y)™",  fory € Que,

with 6 > 0 at our disposal and the underlying constants do not depend
neither on v nor on k. Then, (21) becomes

/]R > 1,00, (7)) dﬂ?‘

keZn |k|<A
$20 [ 30 a1+ ) o) dy
keZn |k|<A
1+ Jy)~°
<2 [ Y el dy
v Ve, R
keZn [k|<A (L+2%y = zq.)
> (1+Jy)~
SDILRLN IS dy (22)
~ v R ’
2.2 J, 2 el g )

where R > 0 is as big as we want, Dy := {z € R" : |z| < 1} and, for all
JeN,
D;:={zeR": 2071 < |z < 27}
For all j,v € Ny and y € D;, let W) :={k € Z" : 2"|y — zg,,| < 1} and, for
1 € N,
Wi ={keZ": 2" < 2|y —zq,,| <2'}.

Then, we have

H(j,v,y) = ) lto.l(1+ 2y — zq,,1) NZ D g, l2 e

kezn i=0 kew?"
(0.¢]

~Yrn [ Y oulaa()]a:
=0 UEEW;J’V Qui kezn

Note that, if z € Upeypvr Qu5, then 2z € Q,f, for some ko € WP and, for
y € Dj, 1 +2"|y — z| ~ 1+ 2%; moreover,

—yl+yl S22V 42 <2

2] <[z =2,

vEo
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which imples that

U Qi cQ0,27%)

kew"

with some positive constant ¢y € N. From this, we deduce that, for all
a € (n,o00),

o0

. 21/71
H .7 V7 ~ 2—1(R—a)/
Gry) ~ 2 T2y =2

1=0 UEQW’EJVV QVE

) [Z |thkXQl/k(Z)XQ(0,21+-7+CO)<Z)] dz

kezn

o0
S Z 27Z(Ria)ny’a * ( Z ‘tQuk|XQukXQ(O’2i+j+co)> (y)’
1=0

keZn

where 7,,,(z) = 2""(1 + 2"|z|)~%, = € R". We go back to (22) and get

o0
/ Z tQukaQuk x) d:l;‘ 5 2_VL Z 2 Z
R"

keZn |k|<A j=0 =0

] (Z |tQuk|XkaXQ(0,2i+i+co))(y) (1 + )~

J keZn

<2 ”Liiz e (1 4 27) %

j=0 =0

- /D o (Z |tok|><Quk><@<o,2i+j+co>><y> (1 + [y]) "+ dy

keZr

Mg

Il
o

9—v(L+57) Z 9—Jd Z 9—i(R—a) H(l + ’ 1\ —0+do | L (Rn)H
=0 i=0

Mva * (Z 2y§(-)|tQVk‘XQVkXQ(OQiﬂJrcO)) ‘ Lﬁ(.)(Rn)
keZnr
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5 2—1/(L+s Z 9—Jid% Z 9—i i(R—a)

7=0

Lﬁ()(Rn) )

Z 2v50) ‘tQuk |XkaXQ(0,2i+j+co)
keZn

with § > dp +n(1 — p7”—+)7 applying the Holder inequality for L, .)-spaces with

P(x) = p(x_?p;r for all z € R", as well as [6, Theorem 3.2] with a > n. Then,

p(
using (2), we obtain

/ Z th/kaQuk dx‘ < g v(L+s” ZZ 35022 i(R—a)

keZn,|k|<A

1S 2501t x| Loy (@00, W%))H

kezn

< 9-v(L+57) Z 9—Jd Z 2—i(R—a)¢(Q(O, 2i+j+co))Ht | f;(())i(Rn) H
j=0 1=0

< 9 v(L+57) i 9~ (do—log, &1(9) i 9illi—a—log &1()) |1 | ff((-)w (R™|
p{-),00
j=0 1=0
S EE e | £ R, (23)

considering 0y > max{0,log, ¢1(¢)} and R > a + log, 61(¢). By (19), we
find that there exists r € (0, min{1,p~,¢"}) such that s~ +=(r —1) > —L.

Therefore,

—1
ézinfs(x)JrinfM—s +n(r—1) —L,
TeR" rcR" p(:b) p

which, together with (23), implies that (20) exists in ./(R").

Step 3. We deal with part (i). Assume that {t{g}geco- € f (R”) and

that {ag}oeo- is a family of [K, L]-non-smooth atoms with K L > 0 such
that (19) holds. We have shown in Step 2 that f =, o. tgaq converges
in ./(R"). We shall prove now that

11 E @IS ] £, @D
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Let k;, 7 € Ny, be local means as in Corollary 3.8. For a given dyadic cube
P € Q and j € Ny, it holds

(jpPV0)—
kjx = Z ZtQkk *anL Z Ztokk *aQ,,
v=0 keZ» =(jpV0) keZ"
v=j+1keZnr
where S>UPYO71 =0 if jp <o,

Let r € (0 mm{l,p‘,q_}) be such that L > % —n — s~. Thus, we find
that

> 1
1 is q()
ol (3 20 e
j=(jpV0)
]_ & ']P\/O T. ﬁ %
§¢( ) { Z (238 Z th@ ol 1R *anV) } ‘Lpg)(P)
7=(jpV0) v=0 kezn
1 J a0y 55 L
TP { (2]3 "0 D ltaul kixag, ) | Lo (P)
j=
a()

r_

00
(7pV0) v=(3pV0) keZ"
00

1 - ; A2 aC)
* Cb(P) { <2j X Z Z ‘thk| ‘kj *AQ, ) } ’ L%)(P)
j=(jpV0) v=j+1 keZr

— [+ II+1II (24)

Observe that I = 0if jp < 0. Thus, to estimate I we need to assume that
jp > 0. By Lemma 4.8, we have

1 © ol |
o) { M CEED DD ICHERS
qb(P) Jj=jp v=0 kez»

0 7
(1427 —nyk\)_Mr) }
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oo jp—1
5P| 2= 222 2l 2R
j=jp v=0 keZr

3=

(1427 —ag, )7

where M € (0,00) is as large as we want.

Proceeding as in Step 2 of the proof of Theorem 3.8 in [36] to estimate I
therein, and using the fact that K > s*+max{0, log, ¢1(¢)} and by choosing
M > a+ £ +1logy ¢1(¢), we arrive at

I A (25)

Now we estimate II. By Lemma 4.8, we have

1 (0. ¢]
TS —— 2750) to,, |27 UK
¢<P>H._Z< Z 2 ltoul
j=(ipV0) v=(jpV0) kEZ
a¢) 1
T 11() r
2. —nykD—MT) s
1 > J
<5E| 2 2 PV leurvmE

J=(iprV0) v=(jpV0) kezn

T

(142" =20, )| L (P)

where M € (0,00) is as large as we want. We claim that, for fixed x € P,
j > (jpVv0)and v with (jpV0) <v <7,

J(v, gy, P) =203 " g, | 27 UK (14 2% |2 — g, [) Y
keZn

< 9IRS § gl —amfr
1=0

) T]I/,a?” * (|:Z |tQuk|2 XQukXQ Cp 7,+j—jp+(10):| ) (Z‘)’

keQi
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where a > 2, & > ¢,4(5), cp is the center of P, ¢y € N is a positive constant
independent of x, P,1,v, k, j,

Q" =k eZ: 2z —zg,| <2}
and, for all 7 € N,
QP = {k € 2" : 27 < 2|z — wq,,| < 2777}

Indeed, we can see that

J(v, jiw, P) =271 Z Y ltgul 279 (1 4 2w — g, )7

=0 peqrv
<23 S gz [ g )y
1=0 k,EQg«VJ UEEQ?V’]' Qur

Observe that, if y € Uzcqers @, then there exists a ko € Q7" such that
Yy € Qug, and 2"[z — xq,, | < 2/ Then,

2 —y| < 2%z —2q, |+ 2"z, —yl S 20F1 4 2V97V,
Moreover, since v > jp, it follows that
ly—cpl < ly— g, |+ 1o — g, |+ |7 —cpl S 27 + 27 427 S g,
which implies that

U Q. C Q(CP’Zz‘Jrj*jPJrco),

keQ?

for some constant ¢y € N. From this, we get

00
T(v oz, P) < 270 0= § g i
=0

2ys($)7‘ Z ’tok |TXQ1/I€ (y)XQ(CPQi-&-j—jp-ﬁ-cO)(y) dy
UEGQ?’DJ QVE kEQf’V’j
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oo

SJ 9= (j—v)(K—st)r 22—(j+i)(M—a—f)7“ 21/8(.1?)7“77V7ar+6(1, _y)
i=0 U,;egzc,u,j Quk
1Y toulx@u @) Xown 2| (1) dy

kEQf’V’j

< 9= (=)(E=sT)r Z o—(j+i)(M—a—2)r

e ™ ({ > \tok|2”8<')XkaXQ(cP,2“J‘J‘P“O)} >(33),

kEQf’V’j

where the last step follows by Lemma 19 of [11] with € > ¢jog(s). This implies
that the claim holds true.

By this claim, we go back to the norm and conclude that, by Theorem 3.2
of [6] with a > % and using (2),

J

{ Z 2~ J(K—=st+M—a—%)r Z 2V(K75+)rz2—i(M—a—§)r
=(1pV0) v=(jpV0) =0
: ‘ Nv,ar * <[ Z ‘tok|21/8(.)XQukXQ(CP,Qi_H-_jPJ'_CO)i| ) ) L@ (P)H}
keQIt
J 00
{ Z 2~ J(K—=st+M—a—%)r Z 2V(Kfs+)rz2fi(Mfaf§)r
=(jrV0) v=(jpV0) i=0
D [ta.l27Ox (Q(ep, 2777Irten)) }
kezZn
Sl @] 3w

Jj=(jpV0)

14

J , . 2i+j—jP+c0))] AN
. 21/(K—s+)r 9—i(M—a—%)r [¢(Q(CP; }
Z > 5Py
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NHt‘f Rn”{ Z 2]K3++Ma*>

j=(jpV0)
zj: V(K —sT)r Z 9—i(M—a—5)ror(i+j)log, &1 (9) } ’
v=(jpV0) i=0
= e @ S o
Jj=(jpV0)

1

Z 21/K st 22 i(M—a—£—log, ¢1(9))r }

JP\/O)
< It \ L @M, (26)

provided that K > s and M > a + £ + log, ¢1(¢).
Now we deal with /1. By Lemma 4.8, we have

1 = S 1/ n
ERS ¢(P)H{ > <23 Z > ltg, 2t
Jj=jp v=j+1 keZnr

a(-) r

@42 g ) T L)

where M € (0,00) is as large as we want. We claim that, for fixed z € P,
v,j € Ng with v > 7,

J(v,j,x, P) = 2700yt "2 (1 4 e — g, )Y

keZn
< 2—(1/—j)(L+n+s’f%)r Z Q—i(M—a—f)r
1=0
er <[ > ltg,. 20 XkaXQ(CP,wP*CO)} )(93),

k‘GA?’V’j

where a > %, & > c5(5), cp is the center of P, ¢y € N is a positive constant
independent of x, P, i, v, k,

Ay ={keZ":2rx—aq,| <1}
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and, for all 7 € N,
AP = (ke 2" 27 < Ve — wq,| < 2

Indeed, we can see that

J(v,j, @, P) = 27°1 Z > g2 PEN(L 4 e — g, )M

i=0 kEAIVJ
<2 Z D ltg,, |2ty miMrgyn / XQ..(y) dy.
=0 keA;cV] UEGA?W QVE

Observe that, if y € (zcpovs Qpp. then there exists a ko € AP such that
y € Qi and 2|z — Q| < 2¢. Then, since v > j, it follows that

Ve —yl <z —aq, | +2|vg, —ylS2+277 52
and hence
ly—crl <y =g, | + 1o =g, [ +|r—cp| S 27+ 27 + 277 S 2707,

which implies that

U le_co - Q(Cp, 2i—jp+80>’

Fe Az
for some constant ¢y € N. From this, we get

J(V7 ju x, P) 5 2_(V_j)(L+n+37)7" Z 2—iMr+1/n
i—0

2V8($)7’ Z |tok‘TXka (?J)XQ(Cin_jPJ”CO)(y) dy
UEGA?’V’j Qu]?; kGA;»E’VJ
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oo

< 2—(u—j)(L+n+s_)r Z 2—1'(M—a—§)r2(1/—j)n 2us(x)7"
UEEA?’UJ‘ Qufc

;
'm,ar+a(w—y)[ > Itok\XQuk(y)xQ@P,zi—jpwo)} (y) dy
keAT"

00
< 2—(1/—j)(L+n—$+s’)r Z 2—i(M—a—$)r

er ([ > |tok|2"8(')XQVkXQ(cP,2iJ‘PW)} )(ff),

kEAf’y’j

1=0

where the last step follows by Lemma 19 of [11] with € > ¢jog(s). This implies
that the claim holds true. Using this claim, we go back to the norm and, by
Minkowski’s inequality and Theorem 3.2 of [6] with a > *, we conclude that

o0

Z{ f: <2i(Mai)TnI/,a7" * |: f: 27(1/7]')([/4*77,7%4*57)1"

J=(jpV0) v=j+1

1
IIT < m

q(-) T

) a0
Z ‘tQuk|T2VS(.)TXQukXQ(Cp,2ijP+CO):|> } ’ L@ (P)

keA%"ﬂ’vi

{ZQ o { i ( i 2_(V_j)(L+n—%+S—)T
j=(jpv0) "r=j+1

a() r

) 10 o "
> \tokVQ"S(')rXQVk) } ‘L’?(Q(CP ’QHPM))H}'

ke AP
We apply now Lemma 3.10 in [8] with L > —n — s, and get

L - —i(M—a—%)r
¢>(P>{;;2

> 407 76 o "
N Z (Zhewrzeove,) | ’LQ(Q(CP,QHP+CO))‘}

v=(jpV0) keZm

1
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1

[ S (o2 mv,) " ])\L@<@<CP,2”P+CO>>|\}

jQ\/O keZm

< (2iirte))] ) ¢
S e 335, { 3 ariepr AQer 2 )] )
=0

1
T

< Ht ‘ f Rn H {22 i(M—a—E—logy ¢1(p))r }

1=0
< Jle fié.'i’ii.)(ﬂ%")l\ (27)

provided that M > a + £ +log, ¢1(9).
By (24), (25), (26) and (27), and applying Corollary 3.8, we finally conclude
that

171V E RIS 1@ = 1)), 1 Ly o)

< sup (I+11+111I)

1
PeQ Cb( )
S el e @)
which completes the proof. |

Remarks 4.11. (i) In the case of classical Triebel-Lizorkin spaces F} (R")
the above result has been proved in [24]. Regarding the Triebel-Lizorkin
spaces with variable exponents F;é'))’q(.)(R”), it is covered by [8, Theo-
rem 3.14].

(ii) Our proof relies mainly on the proof of the smooth atomic decomposition

from [37], although we were able to avoid the use of the maximal operator.

5. Pointwise multipliers

Let ¢ be a bounded function on R”. The question is under which conditions
the mapping f — ¢ - f makes sense and generates a bounded operator in a

given space F (()) ()(R”)



CHARACTERIZATIONS OF TRIEBEL-LIZORKIN TYPE SPACES 31

For the classical spaces B, ,(R") and F; (R"), Triebel studied this problem
in Section 4.2 of [29], where two different approaches were followed. The
first idea used a smooth atomic decomposition of f, but requiring the non-
existence of moment conditions like (15), since the moment conditions are in
general destroyed by multiplication with ¢. A more general result was then
obtained by Triebel with the help of local means. Recently, Scharf has shown
in [24] that it is possible to get a very general result on pointwise multipliers
using atomic decomposition but now with the non-smooth atoms.

Regarding the scale of Triebel-Lizorkin-type spaces, in [34, Theorem 6.1]
the authors proved a corresponding result for the spaces £/ (R™), based in
the same techniques as Triebel in [29]. Our aim is to extend this result for

the scale of variable exponents F;((.'))f(.)(]R”). In this direction, we follow [§]

and [24], and use the non-smooth atoms to get the desired result. Initially
we refer two helpful results proved in [24]. The first lemma shows that the
product of two functions in €*(R") is still a function in this space, as in
Lemma 4.2 in [24].

Lemma 5.1. Let s > 0. There exists a constant ¢ > 0 such that for all
f,g € €°(R"), the product f - g belongs to €*(R"™) and it holds

1f-g 1 RY[| < el[f [ € R - [lg | €°(R")]].
The next result states that the product of a non-smooth [K, L]-atom with

a function ¢ € €?(R") is still a non-smooth [K, L]-atom, and represents a
slight normalization of Lemma 4.3 in [24].

Lemma 5.2. There exists a constant ¢ with the following property: for all
v € Ng, m € Z", all non-smooth [K, L|-atoms a,,, with support in 3Q,m
and all p € €P(R") with p > max(K, L), the product
cllp| €’ R ¢ - am
is a non-smooth [K, L]-atom with support in 3 Qym.
Now we have all the tools we need to prove the main theorem of this section.

Since the proof follows exactly as in Theorem 4.3 in [8], we do not present it
here.

Theorem 5.3. Let p, q, s, ¢ as in Definition 2.1. Let
n

min{l,p~, ¢~}

p > max{s",s" + log, ¢1(¢), n—s }.
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Then there exists a positive number ¢ such that

for all o € €°(R™) and all f € Fps(.

lof | oS @D < e llg | €2 @RI I1f | E)e R
)>¢ n
() R"):

Remark 5.4. In the particular case of the classical Triebel-Lizorkin spaces

S
Fpaq

(R™) this result is well-known and coincides with [28, Corollary 2.8.2];

see also to [24].
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