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ABSTRACT: The purpose of this paper is two-fold. A first and more concrete aim
is to characterise n-permutable categories through certain stability properties of
regular epimorphisms. These characterisations allow us to recover the ternary terms
and the (n + 1)-ary terms describing n-permutable varieties of universal algebras.
A second and more abstract aim is to explain two proof techniques, by using the
above characterisation as an opportunity to provide explicit new examples of their
use:
- an embedding theorem for n-permutable categories which allows us to follow the
varietal proof to show that an n-permutable category has certain properties;
- the theory of unconditional exactness properties which allows us to remove the
assumption of the existence of colimits, in particular when we use the approx-
imate co-operations approach to show that a regular category is n-permutable.
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Introduction

A variety of universal algebras is called n-permutable, n > 2, when any pair of
congruences R and S on a same algebra n-permutes: (R, S), = (S, R),, where
(R, S), denotes the composite RSRS --- of R and S, n times. This notion
determines a sequence of families of varieties, whose first two instances are
well known: for n = 2, we regain 2-permutable varieties [23], better known as
Mal’tsev varieties; for n = 3, these are the 3-permutable varieties, sometimes
referred to as Goursat varieties. The property of n-permutability makes sense
in any regular category and was generalised to this categorical context in [7],
where n-permutable categories were first studied.
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A variety is a Mal'tsev variety precisely when its theory contains a ternary
operation p such that the identities p(z,y,y) = x and p(z,z,y) = y hold [23].
3-permutable varieties are characterised by the existence two ternary opera-
tions r and s satisfying the identities r(x,y,y) = =z, r(x,z,y) = s(z,y,y)
and s(z,z,y) = y [13]. Equivalently, they are characterised by the existence
of quaternary operations p and ¢ such that the identities p(z,y,y,2) = =z,
p(z,x,y,y) = q(x,z,y,y) and q(x,y,y,z) = z hold [13]. For an n-permutable
variety, its theory contains m — 1 ternary operations or, equivalently, n — 1
(n + 1)-ary operations where similar generalised identities hold (|[13], see The-
orems [1.1] and [1.2] below).

It was shown in [10} [12] that regular Goursat categories can be characterised
by certain stability properties for regular epimorphisms. The stability prop-
erty from [12] (which is recalled here as Proposition [2.2)), visualised by means
of a cube, allows us to recover the ternary terms r and s which describe 3-
permutable varieties. The characterisation from [10], stated through a Goursat
pushout diagram, allows us to obtain the quaternary varietal terms p and q.

Purpose of the paper. Our first aim with this paper is to extend the above
characterisations of Goursat categories from [10, 12] to the general case of n-
permutable categories. The idea is to obtain a property involving a diagram
which allows us to recover the varietal terms describing n-permutable varieties
of universal algebras. We first prove that a certain stability property of regular
epimorphisms characterises n-permutable categories for n > 3 (Theorem ;
and this allows us to recover the ternary terms (Section . Then, we prove
a similar characterisation from which we can recover the (n + 1)-ary terms.
For this second result, we have to distinguish four cases, depending on the
congruence class modulo 4 of n (Theorems 5.1}, 5.3] [5.4] and [5.5)).

The proofs we give of these characterisations require two special techniques
which were developed in [I7, [16, 15]. A second main aim of this paper is to
use the above characterisations as an opportunity to give concrete and new
examples of where and how such techniques may be applied.

First proof technique: translating varietal proofs. The first technique
arose from a wider historical context. Since the 1990’s, with the introduction
of Mal'tsev [9], Goursat [7] and protomodular [4] categories, many non-abelian
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categorical-algebraic properties have been studied. Several of those, when con-
sidered in a varietal context, led to characterisations given in terms of oper-
ations and identities. In some cases, the terms and axioms are quite simple
to express: for instance, as recalled above, this happens with 2-permutability
of congruences. Eventually, such a translation process leads to varietal proofs
which are often easier than the corresponding categorical ones. A question thus
arises:

How can one turn a (simple) varietal proof using operations and
identities into a categorical proof?

In [19] Z. Janelidze proposed a matrix presentation of some of these cat-
egorical conditions in order to study them in a unified way. Such a presenta-
tion applies, for instance, to the collections of Mal'tsev, unital [5], strongly
unital [B] and subtractive [I8] categories. With the more general type of
matrices from [20], one can also include n-permutable categories as examples.
Note that these are collections of categories whose varietal counterpart has a
simple characterisation in terms of operations and identities; their “categorical
version” may be described in terms of properties of (internal) relations. For
each categorical condition, the matrix is built according to the corresponding
varietal operations and identities. At the same time, the varietal information
put into the matrix allows us to deduce properties concerning relations, which
translates into the categorical condition in question. Thus, the matrix gives
a link between the varietal and categorical worlds. In particular, the matrix
presentation makes it possible to turn varietal proofs into categorical ones: we
write the varietal proof into the appropriate matrix system to get the right
(but sometimes unintuitive) relation to which we apply the assumptions on the
category. This technique has been explained and used in [22].

In parallel with the development of the matrix approach, D. Bourn and Z. Ja-
nelidze showed in [6] that in regular Mal’tsev categories with binary coproducts,
the objects can be equipped with an approximate Mal’tsev co-operation. Using
this co-operation, many varietal proofs for Mal’'tsev varieties can be extended to
the context of regular Mal’tsev categories with binary coproducts. This result
has been generalised for Janelidze’s simple matrix conditions in |21, for n-
permutable categories in [24] and for Janelidze’s generalised matrix conditions
in [17, [15].

On the one hand, the matrix technique is sometimes unintuitive and may
give rise to rather long proofs (see Remark [2.4). Moreover, the link between
the initial varietal proof and the deduced categorical proof is often hard to
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see. On the other hand, with the technique of approximate co-operations, the
categorical proof obtained is a simple adjustment of the original varietal proof.
However, the additional assumption on the existence of binary coproducts is
unwelcome. To overcome these flaws, in [14, 17, [15] new embedding theorems
have been developed for Janelidze’s generalised matrix conditions.

As a consequence of one of these embedding theorems, in an n-permutable
context we now only have to produce a proof of theorems about finite lim-
its and regular epimorphisms in a particular essentially algebraic (i.e., locally
presentable) category in order to obtain the same result in a categorical con-
text. Moreover, as we shall see, it seems that transforming a varietal proof
into a proof for this particular category is always straightforward. In each of
our characterising theorems, we will use this embedding theorem to prove one
implication of our characterisations.

Second proof technique: removing colimit assumptions. The second
technique, from [16], [15], is used in this paper to prove the converse implica-
tions. We first show these implications under the additional condition that the
category has binary coproducts, so that we can apply the characterisation of
n-permutable categories with binary coproducts via approximate Hagemann-
Mitschke co-operations [24]. Then, in order to remove this assumption on
coproducts, we are going to use the theory of unconditional exactness proper-
ties [16, [I5]. This is a class of exactness properties, stable under the cofiltered
limit completion C < Lex(C, Set)°P, where Lex(C, Set) is the category of left
exact functors from C to the category Set of sets. We thus have to check that,
in a regular context, the characterising properties in our theorems are uncon-
ditional exactness properties. To achieve this, we need to check, among other
things, that certain categories generated by some finite conditional graphs are
finite. We develop an algorithm to do this easily. Once this check is done,
we know that if a regular category satisfies the property under consideration,
then so does the cocomplete category Lex(C, Set)°P. Using the first part of the
proof, we will be able to conclude that it is n-permutable and, hence, that so
is C, since the full embedding C < Lex(C, Set)° preserves finite limits and
colimits.
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Structure of the paper. The paper is organised as follows. In the first
section, we recall the characterisations of n-permutable varieties, the corres-
ponding embedding theorems and prove (recall) some characterisations of n-
permutable categories using the calculus of relations (Theorem [1.3). In the
second section, we characterise those categories via a stability property for
regular epimorphisms, using binary coproducts (Theorem . In Section ,
we prove the assumption on coproducts may be removed from this theorem
using unconditional exactness properties (Theorem [3.3)). Section [4] uses this
result to extract the ternary operations for n-permutable varieties. Finally, the
last section is devoted to the other characterisation of n-permutable categories
(Theorems 5.1}, 5.3} [5.4] and [5.5)) which gives the (n + 1)-ary operations in the
varietal case.
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1. n-permutable categories

A variety of universal algebras has n-permutable congruences when any pair
of congruences R and S on a same algebra is such that

(R7 S)n = (S7 R)m

where (R, S),, denotes the composite RSRS - - -, of n alternating factors. This
property was studied in a categorical context in [7] and led to the notion of
n-permutable category, defined as a regular category [I] whose equivalence
relations are n-permutable. We recall that 2-permutable categories are usu-
ally called regular Mal’tsev categories [§] and 3-permutable categories are also
known as Goursat categories [8, [7].

It is well known that a Mal'tsev variety )V of universal algebras is such
that its theory admits a ternary operation p satisfying p(x,y,y) = = and
p(z,x,y) = y [23]. For the strictly weaker notion of a 3-permutable vari-
ety, the corresponding theory admits ternary operations r and s satisfying
r(z,y,y) = z, r(z,z,y) = s(z,y,y) and s(z,z,y) = y [13]. In general, n-
permutable varieties can be characterised by the existence of ternary operations
satisfying suitable identities:
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Theorem 1.1 (Theorem 2 of [13]). Let n = 2 and let V be a variety of universal
algebras. The following statements are equivalent:

(i) the congruence relations of every algebra of V are n-permutable;

(ii) there exist ternary algebraic operations wy, ..., wy—1 of V for which the
identities
U)l(ﬂf, Y, y) =T,

wi(x7x7y) = wi—&-l(x?y:y)? fOTZ’ € {17 sy 2};
wn—l(x7xay) =Y

hold.

In order to prove the stability properties characterising n-permutable categor-
ies, we will need the embedding theorem from [17, [15]. The essentially algebraic
n-permutable category Mod(I',) has as objects S,-sorted sets (Ag)ses, (for a
fixed set S, of sorts), equipped with, among others, for each s € S,,, an injective
operation a®: s — (s,0), n — 1 ternary operations w3, ..., ws_;: s3> — (s,0)
and a partial operation 7°: (s,0) — s defined exactly on the image of a® such
that the identities

(wi(z,y,y) = o’ (),
wf(x7x7y> :wf-f—]_(x?ny)? forze{]‘7"7n_2}7 (1>

wnfl(a%x?y) = as(y)’
(7°((2)) = 2

hold for each x,y € As;. Roughly speaking, the embedding theorem then says
that to prove a theorem about finite limits and regular epimorphisms in an
n-permutable context, it is enough to prove it in Mod(I',,), supposing that the
given regular epimorphisms are actually S,-sorted functions which are surject-
ive in each sort.

It is also well-known that n-permutable varieties may also be characterised
by the existence of (n + 1)-ary operations:

Theorem 1.2 (Theorem 1 of [13]). Let n = 2 and let V be a variety of universal
algebras. The following statements are equivalent:

(i) the congruence relations of every algebra of V are n-permutable;



STABILITY PROPERTIES CHARACTERISING n-PERMUTABLE CATEGORIES 7

(ii) there exist (n + 1)-ary algebraic operations vy, vy, ..., Up_1,0, of V for
which the identities
f —
’U()(ZL’(), s 7xn) = To,
< vi—1(T0, To, T2, Ta, . . . ) = vi(w0, X0, T2, T2, ... ), i even,
Ui_l(l’o, T1,L1,X3,T3y ... ) = Ui(x(), 1,T1,X3,T3,... ), 1 Odd,
(0, .-y Tp) = Ty,
hold.

Since vy and v, are just projections, one usually simply refers to the main
n—1 terms vy, ..., v,_1, where vi(xg, x1, 1, T2, T, ... ) = xg replaces the first
and third identities, when ¢ = 1, and v, (..., 2,1, 2,1, ;) = x; replaces the
last and the second or third identities, when ¢ = n even or odd, respectively.

Analogously to the ternary operation case, we also have an embedding the-
orem for n-permutable categories using the (n+1)-ary operations [17, [15]. This
time, we use the essentially algebraic n-permutable category Mod(I")). It has
as objects S} -sorted sets (Ay)ses: (for a fixed set S}, of sorts), equipped with,
among others, for each s € S/ an injective operation a®: s — (s,0), (n + 1)-
ary operations vg,...,v$: "™ — (s,0) and a partial operation 7*: (s,0) — s
defined exactly on the image of a® such that the identities
(

vi(zo, ..., x,) = a®(x0),
ve (o, zo, T2, Ta, . .. ) = Vi (20, T0, T2, Tay . . . ), i even,
S iy (xg, 21, 1, T3, T3, . .. ) = v (x0, T1, T1, T3, T3, ... ), 4 odd, (2)
vi(zo, .. Tp) = (),
m(a*(z)) = @

\
hold for =, xg,x1,...,2, € As. Roughly speaking, the embedding theorem
then says that to prove a theorem about finite limits and regular epimorphisms
in an n-permutable context, it is enough to prove it in Mod(I")), supposing
that the given regular epimorphisms are actually S/ -sorted functions which are
surjective in each sort.

We conclude this section with a result that gathers some known characterisa-
tions of n-permutable categories as well as a new one, given by condition (iv),
which will be useful in the next section.

Theorem 1.3. Let n > 2 and let C be a reqular category. The following
statements are equivalent:
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Proof: (i) < (ii). By Theorem 3.5 of [7].

(i) < (iii). By Theorem 1 in [22].

(i) < (iv). This type of equivalence was mentioned at the end of [22]. Note
that condition (iv) is a stronger version of condition (iii), so we only have to
prove that (i) = (iv); in fact, we shall prove that (ii) = (iv). In a regular con-
text, it suffices to give a proof in set-theoretical terms due to Barr’s embedding
theorem [2]. Suppose that 2Tz, yTz and yTy. We want to prove that 7" 1y,
i.e., that 2T T s - -+ 3T 2Ty, for some piy, ..., o€ X.

Case n = 2k — 1 is odd: We define a relation P from X* to X* by:
(a1, a9,...,ax_1,a;)P(b1,ba, ..., br_1,bx) if and only if

bjTCLj+1, 1< j < k-—1.

From
(,...,z) P (x,...,x)
(y,z,...,x) P (x,...,x)
(y,z,...,x) P (y,x,...,x)
(y,y,2,...,x) P (y,x,...,x)
(y,...y,z) P (y,...,y,x)
W, --y) P (y,.-.,y,3),

we get (x,...,2)(P, P°)ok=n+1(y,...,y). By assumption, we conclude that
(x,...,2)(P,P°)p_1(y,...,y), ie.,

(Q?,. .,ZE‘) P (Vlla---;Vlk)

(o1, ..., va1) P (Vi1,... Vi)

(vo1,...,v0k) P (v31,...,03)

(Var, - svag) P (va1,. .., vsk)
(Vn—S,la o) Vn—3,k) P (Vn—Q,la o) Vn—Q,k‘)
(ya .- 7y) P (Vn—2,17 < Vn—?,k)a
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for some (v1,...,v4) € X¥, 1 <i <n—2. From these relations, we get
rTvi1, vinTves, VT V3, V3T vag, ..., V3, 11Vp 241 and v, ;. 1Ty,

which implies that 277 ly.
Case n = 2k is even: We define a relation P similarly as in the odd case. We
have the same relations on P as above, with an extra relation

Y- sy) P (y,-09),

so that (z,...,2)(P, P°)ogs1=n+1(y, - . ., y). By assumption, we conclude that
(x,...,2)(P, P°)p-1(y,...,y). We then get similar relations for P as in the
odd case, but with (y,...,y) ending on the right in the last relation

(x,...,x) P (vi1,..., V1K)

(V217"'7V2]€) P (Vlla"'aylk)
(1/21, ceey V2k> P (Vgl, <oy ng)
(a1, ..o var) Po(vsr, ..., Usg)
(Vn—2,1, ceey Vn—2,k) P (Vn—3,17 Sy Vn—3,k)
(Vn—21s - s Vn—2k) P (y,...,y)
From these relations, we get
xTvin, viiTves, vooTvsg, V32T Va3, .., Up3p—1TVp_2) and v, 9Ty,
which implies that 217" 1y. ]

Remark 1.4. The proof of Theorem (ii) = (iv) followed the matrix tech-
nique mentioned in the introduction. A varietal proof of this property was put
into an appropriate matrix, from which we deduced the relation P. Although
P caries the precise information we need, the varietal proof behind its con-
struction is not visible at first glance. In the next sections, we rather give the
main proofs using embedding theorems for n-permutable categories, which are
mere adjustments of the varietal proofs.

2. Stability property for regular epimorphisms

In this section we are going to study a certain type of stability property for
regular epimorphisms (in a regular category) which characterises n-permutable
categories. The idea is to obtain, for arbitrary n > 3, similar properties as
those known for the Mal’tsev and the Goursat cases.
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For Mal’tsev categories, the stability property involves a commutative (up-
ward and downward) cube where the left and right faces are pullbacks of split
epimorphisms along arbitrary morphisms

A

XXyZ UXVW

=

Proposition 2.1. [I1] Let C be a regular category. The following statements
are equivalent:

(i) C is a Mal’tsev category;
(ii) for any diagram (3), if v, and & are regular epimorphisms, then the
comparison morphism X\ 1s also a reqular epimorphism.

For the weaker notion of a Goursat category, the stability property now
involves a cube where the left and right faces are pullbacks of split epimorphisms
and where 3,7,6 and A commute with the split epimorphisms and with their
sections

X xy Z A U xy W
\ A
l TNy,
. v (4)
) N N W —— > U - k
>y L%
B

Proposition 2.2. [12] Let C be a regular category. The following statements
are equivalent:

(i) C is a Goursat category;
(ii) for any diagram (4), if v, and § are regular epimorphisms, then the
comparison morphism X\ is also a reqular epimorphism.
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We now give a stability property for regular epimorphisms which shall char-
acterise n-permutable categories for n > 3. Consider the following diagram

where the left side is a limit of split epimorphisms and the right quadrangle
is a pullback of split epimorphisms. We assume that the arrows =, 8; and
0, Bn_o commute with the corresponding split epimorphisms as well as with
their splittings. We also assume that [3; is a split epimorphism, split by ¢;, for
2 < 7 <n—2, and are such that the following squares commute (also with the
vertical splittings),

for sl

Vi ——V
Bj-1

le.,

{ Bifi = Bj-19j—1 2<j<n—2 (6)

fiti-i =481
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We will also consider the above diagram in the case when f; =--- = f, o =

fron=-=gra2=9 b= =0ha=p

A UXVW

T ,,
it e
> U

and 3 is endowed with two splittings 7 and i’ so that now
Bf =By
ft=10 (8)
gs =1p.

Theorem 2.3. Let n > 3 and let C be a regqular category with binary co-
products. The following statements are equivalent:

(i) C is an n-permutable category;
(ii) if v and § in diagram are reqular eptmorphisms, then the comparison
morphism X is also a reqular epimorphism;
(iii) if v and 6 in diagram are reqular eptmorphisms, then the comparison
morphism X is also a reqular epimorphism.

Proof: (i) = (ii) Using the embedding theorem for n-permutable categories,
it is enough to prove this implication in Mod(I',). So let s € S, and (a,b) €
(U xy W)s. Since regular epimorphisms are supposed to be surjective in each
sort, there exist 1 € (X1)s and x, 1 € (X,,_1)s such that y(x;) = a and
d(zp—1) = b. Since h(a) = k(b), we get

Prfi(x1) = hy(z1) = kd(xp—1) = Bn—2gn—2(Tn_1). (9)
Using the identities of (0]) repeatedly, for 1 < j < n — 2 we see that

BigiSi+19j+1 - Sn—29n—2(Tn—1) = Bn—2Gn—2(Tn_1) (10)
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(for j = n — 2, just write B,_2g,_2(z,—1) on the left) and

Bifiti-1fi—1---tifi(z1) = Bufi(xr) (11)
(for j = 1, just write 1 f1(x1) on the left). We then deduce
Y8191+ Sn—2Gn—2(Tp—1) e vsifi(x1) (12)
and
Otp—ofn—o---t1f1(x1) e Otn—2Gn—2(Tn_1). (13)

For 2 < 5 < n — 2, we also find

fitj=19j-15;9; -+ - Sn-2gn—2(Tn—1) ij8j-19j-15i95 " Sn—29n—2(Tn—1)
iBn—29n—2(Tn-1)

i1 f1(z1)

ijBj-1fj-1tj—afj—o - t1f1(z1)

fiticifiatjafio--tifi(xr).

2 g 1@

= g

(14)
Now, we define

1= wf(xh s1f1 (xl)v $191 - 3n—29n—2(33n—1)) € (Xl)(s»o)
and for 2 < j<n—1,
T; = wi(tj 1 fj1-tifi(), 6195105595 - Sn2gn—2)(Tn-1),

Sig; - 5n—29n—2(5€n—1))
€ (Xj)(s,O)-

We can compute the following identities:

f1(71)

I
g

I
g

fi(z1), fisifi(@r), fis191 - Sn—2gn—2(Tn-1))
(33‘1), f1($1), gis2 - - 3n72gn72($n71))

fi(@1), 9182 - Sn—2Gn—2(Tn-1), 9152 - - Sn—2Gn—2(Tn-1))
gitifi(z1), git1g1s2 -+ Sp—2gn—2(Tp_1), 152 - - - Sp—2gn—2(Tp_1))

=

i
SRS

|
Q
—
—~
S
~
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and for each 2 < j <n — 2,

fi(@;) = wi(fitjafj1--tfi(z), fitj-195-18;9; - Sn—20n-2(Tn-1),
[i8i9j - Sn—2gn—2(Tn-1))

= wi(fitj-1fi—1-tfi(z), fitjafj—1 - tifi(x),
gj - 3n—29n—2(xn—1))

wi oy (fitj1fj1tfi(), g5 Sn—2gn-2(Tn-1),
gj--- Sn—QQn—Q(ajn—l))
w? (g5t fi - tifi(w1), gjsie1 - Sn—2gn—2(Tn_1),
gjSj+1 - 3n—29n—2(£n—1))

=

Il

= g;(Tj).
This exactly means that (771,...,T,-1) € L(s ). Moreover, the equalities
7(37_1) = wf(7($1)77$1f1(961),75191 T Sn—zgn—z(ﬂcn—l))
2
H wf(V(I‘l)a7$1f1($1)7781f1(551))
() s
= a’(y(z1))
= a’(a)
and
5($n—1) = w271<6tn—2fn—2 T tlfl (xl)v 5tn—29n—2(xn—1)7 5(xn—1>)
3
" wz_1<5tn729n72($n71)7 5tn729n72 (ajn*l)a (5(3371,1))
(i
2 0 (0(,m))
= o’(b)

hold. This implies that
AT, . 1) = (a%(a), a*(b)) = a*(a,b)
and
(a,0) ¥ 7*(a*(a, b)) = T (A@L, ..., Tom1) € Im(N),

which proves that A is a regular epimorphism.
(ii) = (iii) Obvious.
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(iii) = (i) By Theorem 4 from [24], we must show that, for any object X
in C, the morphism £x in the dotted limit of the outer diagram of solid arrows

X

2X x 2X

1x+Vx . A(X) ) Vx+1x
W)y T (W) (15)

R T BN X

Vx+1x (ws) x Ix+Vx
ke 2\
2X «—3X 3X ——2X
x+Vx l x+lx

2X «—3X

is a regular epimorphism.

We consider diagram (7)), where f = § = Vx + 1x, s = (1o t3), g = 7 =
Ix+Vx,t=(w),=k=h=Vyx,w=i=1 and u =i = 15. By
assumption, A is a regular epimorphism.

We now consider the induced morphism j

Eq(Vy) 22X

al - lvx

2X —— X
Vx
and its pullback along the regular epimorphism A

%>X
J

Q
J l J
L 7> Eq(VX)
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We get a cone for the outer diagram in (15)):

i

2X

1x+Vx

Vx+1x

2X «—3X
1x+V

As a consequence, there exists a unique 7: ) — A(X) such that, in particular,
ExT = M. Finally, {x is a regular epimorphism since so is .

Remark 2.4. Instead of using the embedding theorem for n-permutable cat-
egories to prove (i) = (ii) of Theorem [2.3] one could have used the matrix
presentation from [20] and Barr’s embedding theorem for regular categories [2].
Then, instead of defining the elements 7, . .
a relation 7" defined on Y7 x ---

PIERRE-ALAIN JACQMIN AND DIANA RODELO
\
/ K
Ly Tn—2j’
3X

X

2X <—3X

. 7wn—27 CI/Q, bQ)

X

Vx+1x

1x+Vx

3X ——2X
Vx+1

.y Tn_1, we could have considered
x Y, o x U x W by

-y, Pn—9,01, bl)T(wly ..

if and only if there exists y; € X;, for each 1 <7 < n — 1, such that

forall 1 <j<n-—2

For

c= (filxr), otifi(z1), ..., fa—atn—sfas - tifi(z1),v(x1), 0tn—2gn—2(Tn-1))

and

d= (918292 T Sn—2gn—2($n—1), e

we then have:

gj(XjH) = ¥j, ’Y(Xl) = ar,

fix;) =5, 0(Xn-1) = bo,

y Yn—3Sn—29n—2 (xn—l) yGn—2 (xn—l) 5

vs1fi(21),0(2n-1))
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cTe, by setting x1 = @1 and x; = t;_1fj—1---tifi(z1), 2<j<n-—1
Note that d(xn-1) = 0tn—2gn—2(Tn_1).

dTc, by setting x1 = s1fi1(21) and x; = t;-195-15;9; - = Sn—29n—2(Tn-1),
2<j<n-—1 (here xyy_1 = tp_2gn_2(xy_1)). We have

(14) .
filx;) = fitisifimi--tifi(xr) foreach 2 < j <n —2.
dT'd, by setting x; = s;g; - Sn—2gn—2(Tp-1),1 < j <n —2, and

(12)
Xn-1 = Tn—1. Note that v(x1) vs1fi(xy).
From

C(lle---xYn,ngxW AN T)TC)(llemen,ngxW AN T)d
and Theorem 7 we obtain 1" 1d, i.e.,

cT(&1y .. &in—2,a1,00) T (&1, . .., o2, a2, ba)

(fn—s,h oy &n3n—2, an-3, bn—3) T (§n—2,1, ooy &n2n—2, -2, bn—Q)Tdv

forsome & €Y, 1<i,j<n—2 ai,...,a,2€U and by,...,b,_ 0 W. We
then get
HXH € Xl, co o5 X1n—1 € Xn—l such that

{ filxa) =&, v(xn) = a = v(z1),
E|X21 € Xl, X22 € X2, s X2n—1 € Xn—l such that

{ gl(X22) =&, ...
oy fa(xo2) = oo, -

IXn-21€ X1,. .., Xn—2.n—2 € Xpn—2, Xn—2,n—1 € X;,—1 such that

s 7gn—3(Xn—2,n—2) - 5n—3,n—37 S
) fn—Q(Xn—Q,n—Q) = gn—Q,n—Qa <.

HXN—Ll € Xl, co s Xn—1n-1€ Xn—l such that
{ <. 7gn—2(Xn—1,n—1) = é.n—2,n—27 5(Xn—1,n—1) =b = 5(xn—1)-

It now easily follows that (x11,...,Xn—1,-1) € L is such that
/\(Xlla C. 7Xn—1,n—1) = (CL, b),

thus A is a regular epimorphism.
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3. Avoiding coproducts

The statement of Theorem does not use the hypothesis on the existence
of coproducts, while its proof does. The natural question is: Is this assumption
really needed? To give a negative answer to this question, we will use the
following result.

Theorem 3.1. [10, [15] Let P be an unconditional exactness property. If a
small finitely complete category C satisfies P, then Lex(C,Set)? also satis-
fies P.

Here, Lex(C,Set) denotes the complete and cocomplete category of finite
limit preserving functors from C to Set. We recall that the Yoneda embedding
C — Lex(C, Set)°? is full and faithful and preserves finite limits and colimits.
Roughly speaking, an unconditional exactness property is a property of the
form: for any diagram of a fixed finite shape, if we build some specified finite
(co)limits, then some specified morphism is an isomorphism. For more details,
see [10], 15]. Regularity is such an example. Let us prove that the property

regular +2.3 (iii)

is also of this form.

Firstly, let us remove the assumption ‘if v and ¢ are regular epimorphisms’
in [2.3](iii) (since the property has to be ‘unconditional’). This is easy since in
a regular context, [2.3](iii) is equivalent to the following:

(iii") For any diagram in C, if mp and ngq are the (regular epimorphism,
monomorphism) factorisations of v and ¢ respectively, then the factor-
isation A" of pm; and ¢m,_1 through the pullback of hm and kn is a
regular epimorphism.
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L N IxyJ Uxy W
: e

X\\l | ) /
7

P
\ 4

\\Y%X e

Therefore, it remains to prove that the shape of the diagram we started with
to build is a finite category. In order to do it, we consider the adjunction

Path
Cat =~ 1 CondGraph
U

where CondGraph is the category of small conditional graphs (see Section 5.1
in [3]). If G is a conditional graph and X € ob G, we denote by G\ X the condi-
tional graph constructed from G by removing X and all arrows from or to X.
The conditions of G\ X are all pairs of parallel paths giving rise to the same
arrow in Path(G). Moreover, if Xj,..., X, are objects of G, G\{X1,..., X,,}
is recursively defined as (G\{ X7, ..., X,-1})\X,, with G\{ X} = G\ X;.

Lemma 3.2. Let G be a finite conditional graph and X one of its objects.
Suppose that for any pair of arrows f: Y — X and g: X — Z in G, there
exists a path (hy,...,h,): Y — Z in G\X such that the composites gf and
hy - -+ hy are equal in Path(G). Then Path(G) is finite if and only if Path(G\X)
is finite.

Proof: Firstly, we can suppose without loss of generality that all conditions of
G\X are in G. Indeed, we can add them to the ones of G without changing
Path(G).

The inclusion morphism G\ X < G gives rise to a faithful functor
Path(G\X) — Path(G)
which shows the ‘only if’ part.
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Let us now prove the ‘if part’. If Path(G\X) is finite, there exists an N € N
such that any morphism of Path(G\X) can be represented by a path of at
most N arrows of G\ X

Consider a path (f1,..., f,) in G. By the assumption on X, we know that
this path is equal in Path(G) to a path (hq, ..., h,,) where ho, ..., h,_1 are in
G\X. Thus we can suppose m —2 < N which proves that Path(G) is finite. =

This lemma gives us an easy way to prove that some category generated by

a finite conditional graph is finite. We are going to apply it here with the
following conditional graph G

where the conditions are

fs=gt=1y, pi=pi' = kw=hu=1ly, Bg = Bf = hy = ki,

vs =uf, ot = wf, ft =18 and gs = 'B.
Notice that diagram is build up from Path(G) by adding some finite
(co)limits to it. Due to the equalities hy = Bf and hu = 1y, Path(G) is
finite if and only if Path(G\{U}) is. Since ké = fg and kw = 1y, it suffices to
consider the category Path(G\{U, W}). Then, with ft =5 and gs = '3, we
only have to prove that Path(G\{U, W, V'}) is finite. Since fs = gt = 1y, if we
add some formal arrows y,vy’: Y — Y and the conditions ft = y and ¢gs = v/,
we only have to prove that the category generated by

vCY D
and the equalities coming from G is finite. But this is obvious since yy =
Jtit=ipif =i =y, yy' =y, y'y =y and y'y' = ¢/
We can thus remove the hypothesis about coproducts in Theorem [2.3]

Theorem 3.3. Let n > 3 and let C be a regular category. The following
statements are equivalent:
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(i) C is a n-permutable category;
(ii) if v and § in diagram are reqular epimorphisms, then the comparison
morphism X is also a regular epimorphism;
(iii) if v and § in diagram are reqular epimorphisms, then the comparison
morphism A is also a reqular epimorphism.

Proof: (i) = (i) = (iii) has been proved for Theorem [2.3] Let us prove
(iii) = (i). Up to a change of universe, we can suppose C to be small. Since

regular +(iii) = regular +(iii’)

is an unconditional exactness property, we know from Theorem that
Lex(C, Set)? is also a regular category which satisfies (iii). Since it has small
colimits, we deduce from Theorem [2.3|that it is n-permutable. Since the embed-
ding C — Lex(C, Set)°? is full, faithful and preserves finite limits and colimits,
C is also n-permutable. n

4. The ternary terms for n-permutable varieties

The stability property for regular epimorphisms given by Theorem for
n-permutable varieties gives us a diagram that exhibits the existence of the
ternary operations which characterise them. In fact, let X be the free algebra on
one element and consider diagram with f=0=Vx+1x,s=(1213), 9=
v=1x+Vx,t=(11),=k=h=Vyx,w=1i=1 and u =17 = 15. The
binary terms pi(z,y) = x and ps(x,y) = y are such that (p1,ps2) € Eq(Vx).
Since A is surjective, then there exist ternary operations (wy,...,w, 1) € L
such that A(wy,...,w,—1) = (p1,p2). The identities from Theorem then
easily follow.

5. Another stability property and the (n+1)-ary operations

We saw how the stability properties for regular epimorphisms stated in The-
orem [3.3| provided a diagram which exhibits the existence of ternary operations
for the varietal case. The following question arises naturally:

Is there a (stability) property for n-permutable categories which
exhibits the existence of the (n+1)-ary operations for the varietal
case?

We conclude this paper with a positive answer; the proof is done separately for
n = 3 congruent to 0, 1, 2 and 3, modulo 4.
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For n > 3 odd, we consider the diagram

N/

L Eq(h)

\ Q-
e
4

where the left side is a limit of split epimorphisms and the right quadrangle is
the kernel pair of h. We also assume kf = hg, which implies the existence of
a comparison morphism A: L — Eq(h) such that gt A = gm and g\ = gm,,_1.
The morphisms f, g, h and k are supposed to be regular epimorphisms.

Theorem 5.1. Let n = 4l + 3 = 3 be congruent to 3 modulo 4 and let C be a
reqular category. The following statements are equivalent:

(i) C is an n-permutable category;
(ii) for any diagram (17)), where h is split by a morphism w such that

uk = (gsft)'gs = gs(ftgs)', (18)

then the comparison morphism X\ is a reqular epimorphism.

Proof: Note that if n = 3, then the equivalence between (i) and (ii) is precisely
Theorem 1 in [10]. Suppose now that n =41+ 3> 7.

(i) = (il) Similarly as for Theorem 2.3 we are going to use the embedding
theorem for m-permutable categories, this time using the category Mod(I").
So let ' € S!. 1f (a,b) € Eq(h)y, then we can suppose there exist 27 € Xy and
Tn_1 € Xy such that g(z1) = a and g(x,_1) = b. Since h(a) = h(b), we get

kf(z1) = hg(z1) = hg(zn_1) = kf(z,_1). (19)
We consider the elements
T, = Uf/ (xla Sf(xl)o thf(.Q?l), SRR Sf(tgsf)l(xl)a
Sf(tgsf)l(xn—l)a SRR Sf(xn—l)y xn—l)
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in Xy ), for each 1 < ¢ < n — 1. Note that the first half 2/ + 2 elements
(an even number) is calculated using z; and the second half 2] + 2 elements
is calculated using x,_1. We want to show that (z1,...,T, 1) € Ly 0y is such

that \(Z1, ..., Tn_1) = @ (a,b). Note that, for any 1 <i<n —1,

F@) = v (f(x1), f (1), ftgsf(z), ftgsf(x1),. .., f(tgsf) (x1), f(tgsf) (z1),
ftgsf) (xn1), f(tgsf) (xn-1), .-, fxn), fxn-1)),
9(T7) = v (9(z1), 9sf(x1), gsf (1), . .., gsf(tgsf) (z1),

gsf(tgsf) (@n-1)s -5 98f(wn1), 95f (Tn-1), 9(p-1)),

and

(18) (19)
g1 (tgsf)(@1) = (gs/0)'gsf(er) D uhfw) © ukf@r) ()
==9811t98fﬂ(xn—1)
From the identities (2]), we obviously have f(Z;—7) = f (Z;), when 17 is even,
and to obtain ¢g(7T;—1 1) = g(xz) when 4 is odd, we use . We also need ( .

to get g(z1) = a(g(z1)) = a(a) and g(fbn 1) = @5 (9(% 1)) = a*(b).
Therefore,

/

(a,0) € 7% (0% (a,b)) = 7 AT, . .., To7)) € Im(N),

and A is a regular epimorphism.

(ii) = (i) The proof is similar to the one of (iii) = (i) in Theorem [3.3] First
we prove it using binary coproducts and Theorem 5 of [24] (characterising n-
permutable categories with binary coproducts through (n+ 1)-ary approximate
Hagemann-Mitschke co-operations). For an arbitrary object X, we apply the
assumption to diagram ((17)) with

f= (2l + Q)VX: (4l +4)X — (2l + 2)X,

S = (62 Ly =0 o] L2142 L2143 Lol4+5 " L4l+3],
g=1x+ 2 +1)Vx+1x: 4 +4)X - (21 +3)X
t=(t1t3 -+ Lors1 Lol Loisd Lots6 -+ Lal+d),

k=V22: (20 +2)X — X,
h=Vi43. (20+3)X - X

and u = 1742, where V' : iX — X denotes the codiagonal.
We must check that uk = (gsft)'gs. We are actually going to check it in
the dual category C°P using a set-theoretical argument. For that, we consider
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(z1,...,7943) in the product X?*3 and the effect of applying the first gs ft:

gsft
(1, .., Torgs) > (o, .oy Tp1, Tigo, T2, T1e2, Tibdy - - 5 To+2).

The first and last entries disappear while the middle one appears three times.
Thus

)
(3317 e a$21+3) (g's—’) ($l+17 Li42, .-+, L1+2, 5CZ+3) A ($l+2a . 7371+2)-

The rest of the proof using binary coproducts then goes similarly as in The-
orem [2.3]

To prove that we can remove this assumption on coproducts, we use the
same technique as in Section [3] The only non-obvious part is to prove that
the category underlying the shape of the diagram used to build diagram ({17)
together with the section w of h asin (ii) is finite. The corresponding conditional
graph G is given by

X % Z
rffe ]
Y=

with the conditions fs = 1y, gt = 1z, hu = 1y, hg = kf and uk = (gsft)'gs.
Obviously, we can add some arrows y: Y — Z and 2: Z — Y together with
the conditions y = ¢gs and z = ft to form a conditional graph G’ such that
Path(G) =~ Path(G’). Since fs = 1y, gs = y, ft = z and gt = 1, applying
Lemma 3.2 Path(G’) is finite if and only if Path(G"\X) is. Again, we can
add an arrow x: Z — Z and the condition x = yz to G"\X to obtain the
conditional graph G” such that Path(G") =~ Path(G"\ X).

AKX
AL
Y —V
2
Since kz = kft = hgt = h and yz = x, we only need to show that Path(G"\Y")

is finite. Again, since uh = ukft = (gsft)lgsft = (gsft)*! = (yz)+ = 211,
it remains to show that Path(G"\{Y,V'}) is finite. For that, it is enough to
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observe that
2?2 = (gsft)"*? = (gsft)'gs ft(gs [

— ukft(gsft) ! = uh(gsft) gsft

= vhuk ft = ukft = (gsft)!™ = 2. |
Remark 5.2. If V is an n-permutable variety of universal algebras (n = 41+3),
the above stability property exhibits the (n + 1)-ary operations from The-
orem [1.2] Indeed, let X be the free algebra on one element and consider dia-
gram together with the splitting u of h as given in the proof of (ii) = (i).
The (21 + 3)-ary terms p; and py. 3 given by the first and the (2[+ 3)-th projec-
tions, respectively, are such that (py, pary3) € Eq(V%"). Since A is a surjection,
by assumption, there exist (41 +4) = (n+ 1)-ary terms (vq,...,v,-1) € L such

that A(vy, ..., v,-1) = (p1,p2u+3). It then easily follows that vy, . .., v, satisfy
the identities of Theorem .2

Theorem 5.3. Let n =41+ 1 = 5 be congruent to 1 modulo 4 and let C be a
reqular category. The following statements are equivalent:

(i) C is an n-permutable category;
(ii) for any diagram (17)) where k is split by a morphism w such that

wk = (ftgs), (21)

the comparison morphism A is a reqular epimorphism.

Proof: The proof is similar to that of Theorem [5.1] where now

T; = vf/(xl, sf(z1),tgsf(x1),. .., (tgsf) (z1),
(thf)l([L'n_l), SR Sf(xn—1)7 xn—l)

is used for the implication (i) = (ii). For the converse implication (ii) = (i),
we consider

f=QI+1)Vx: (4l +2)X - (21 +1)X,
S =

[Lz by == L9] L2142 L2143 L2145 " L4l+1)7
g=1x+2)Vx +1x: (4 +2)X — (2l + 2)X,
t=(e1t3 -+ tor—1 Lort1 Lor4a Lorsa - Lait2),

k=VE4L 2+ 1)X - X,
h=Va?: (204+2)X - X
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and w = (41. u

For n > 4 even, we consider the diagram

\ e

/

X

where the left side is a limit of split epimorphisms and the right quadrangle is
a pullback of regular epimorphisms. We also assume kf = hg, which implies
the existence of a comparison morphism \: L — Z xy Y such that g1\ = gm;
and A = fm,_1.

Theorem 5.4. Let n = 41 = 4 be divisible by 4 and let C be a reqular category.
The following statements are equivalent:

(i) C is an n-permutable category;
(ii) for any diagram (22)), where k is split by a morphism w such that

wk = (ftgs)', (23)
then the comparison morphism X\ is a reqular epimorphism.

Proof: The proof is similar to that of Theorem [5.1] where now

7 = v (1, sf(21), tgsf(z1), ..., (tgsf)(z1), (tgsf) (zn-1),- .., (a0 1))



STABILITY PROPERTIES CHARACTERISING n-PERMUTABLE CATEGORIES 27

is used for the implication (i) = (ii). For the converse implication (ii) = (i),
we consider

f=02DVx+1x: (4l +1X — (20 +1)X,

S = (LQ by -0 L91—2 2] Lo]+1 L2143 " L4l+1)7
g=1x+2)Vx: (4l +1)X - (21 +1)X,
t=(e1t3 -+ tar—1 Lorg1 Lorg2 Lorra - Lal),

k=VE%T 20+ 1)X — X,
h=vVit 20+1)X - X
and w = ¢41. |

Theorem 5.5. Let n = 4l + 2 = 6 be congruent to 2 modulo 4 and let C be a
reqular category. The following statements are equivalent:

(i) C is an n-permutable category;
(ii) for any diagram (22|), where h is split by a morphism w such that

uk = (gsft)'gs = gs(ftgs), (24)
then the comparison morphism X\ is a reqular epimorphism.

Proof: The proof is similar to that of Theorem [5.1] where now

/

Ti = U; (1‘1, Sf($1), thf($1), SR (tgsf)l(x1)7 Sf(tgsf)l(xl)a
sf(tgsf)l(a:n_l), ooy sf(xp-1))

is used for the implication (i) = (ii). For the converse implication (ii) = (i),
we consider

f=QE+1)Vx+1x: (4 +3)X — (20 +2)X,
S =

[LQ by + -0 Lo] Lo]4+2 L2143 L2]4+5 " L4z+3)7
g=1x+2l+1)Vx: 4 +3)X — (2l +2)X,
t= (1 t3 - Lor—1 Lorg1 Lart2 Lorra < Lai+2)s

k=Vi2 (214 2)X — X,
h=Va2: (2042)X - X

and u = ¢49. [
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Remark 5.6. As for the case n = 41 + 3, the above characterisations of n-
permutable categories for the cases n = 41, 4l + 1 and 4l + 2 also give rise to
the (n + 1)-ary operations in the case of an n-permutable variety of universal
algebras.
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