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ABSTRACT: In this work is presented a study on matrix biorthogonal polynomials se-
quences that satisfy a nonsymmetric recurrence relation with unbounded coefficients.
The ratio asymptotic for this family of matrix biorthogonal polynomials is derived in
quite general assumptions. It is considered some illustrative examples.
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1.Introduction

The study of the outer ratio asymptotics i.e. the limit of the ratio of two
consecutive polynomials p,, and p,,; of a sequence of polynomials, {p,}.exn;
orthogonal with respect to an inner product outside the convex hull of the
support of the measure of orthogonality has attracted the interest of many re-
searchers in the last decades. Since the first study of Nevai in 1979 (cf. [14])
for orthogonal polynomials with respect to a measure supported on a in-
finite subset of the real line with convergent recurrence coefficients, more
general situations have been considered, such as the case of asymptotically
periodic recurrence coefficients with a finite number of accumulation points
(cf. [16], [19], [20]) or the case of unbounded recurrence coefficients (cf. [19]).

In 1993 Duran (cf. [9]) gave the characterization of symmetric bilinear
forms for which the multiplication operator by a polynomial is a symmetric
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one. There, necessary and sufficient conditions were deduced, so that, a se-
quence of scalar polynomials {p, },cy satisfying a (2N + 1)-term recurrence re-
lation

N
R() pa(x) = €0 P (0) + D | (€t Pk () + Copioi Prsic (X))
k=1

is orthogonal with respect to a symmetric bilinear form (generalization of the
Favard’s theorem). In particular, their attention was focused on the discrete
Sobolev type inner products. In that work, the author gave a first idea to con-
nect scalar orthogonal polynomials with respect to a bilinear form and matrix
orthogonal polynomials with respect to a positive definite matrix of measures.
From the above result, Durdn and Van Assche [13] proved that if {p,},cy is @
sequence of scalar polynomials satisfying a (2N + 1)-term recurrence relation,
they are related to a matrix polynomial sequence {P,}, oy satisfying a matrix
three-term recurrence relation

xpn(x) :An+1 Pn+1(x)+Bnpn(x)+AZPn—1(x), ne N, (1)

with initial conditions Py(x) = Iy and P_;(x) = 0y, where for eachn € N, A,
is an upper triangular, nonsingular matrix and B,, is a Hermitian matrix.

The above results reawakened the interest on matrix orthogonal polynomi-
als (cf. the survey paper [7]). So, in [12] Duran and Lépez-Rodriguez studied
properties for the zeros of a sequence of matrix polynomials {P,}, oy which are
orthonormal with respect to a positive definite matrix of measures W. Next,
Duran in [10] showed two important results: the first one is a quadrature
formula for matrix polynomials and the second one is the Markov theorem
for matrix polynomials when again the matrix of measures is positive definite.
In [8], the author deals with the outer ratio asymptotic for matrix orthogonal
polynomials. Therein, Durdn obtained the asymptotic behavior of two consec-
utive polynomials belonging to the matrix Nevai class, i.e. these polynomials
satisfy a three-term recurrence formula as in (1) where, again, A,, are nonsin-
gular, upper triangular matrices and B,, are Hermitian matrices for all n € N,
and such that A, — A and B,, — B. Later on, Durdn and Daneri-Vias analyzed
the above case but when the matrix sequences (A,,),en, (B,)ney diverge in a
particular way (cf. [11] for details).

Recently, Yakhlef and Marcellan [18] have studied the outer relative asymp-
totics of sequences of matrix orthogonal polynomials for Uvarov perturbations
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in the degenerate case, i.e. given a positive definite matrix of measures a,
and its corresponding sequences of matrix orthonormal polynomials, {P*},cy,
satisfying a three-term recurrence relation as in (1), they define a new matrix
of measures 8 as, dff(u) =da(u) + Mo(u—c), where M is a positive definite
matrix, 6 (u — c) is the Dirac measure supported at ¢ that is located outside the
support of da, and the sequence of matrix orthonormal polynomial associated
with df3, {Pf}neN. Then, they study the outer relative asymptotic between
the sequences {PF}, . and {P?},y under quite general assumptions on the
coefficients of the three-term recurrence relation (A, ) en, (Br)nen-

When the matrix of measures, W, is no longer Hermitian, we can define a bi-
linear (respectively, sesquilinear form) in R¥*N [x] (respectively, in C¥N*N[x])
and deal with sequences of biorthogonal matrix polynomials, {V,},cx, G, b hens
which play the role of the left and right-orthogonalities (cf. Definition 1). It
can be proven that these sequences satisfies a three-term recurrence relation

XVn(X) = Ay Vn+1(x)+ﬁn Vn(x)+Yn Vn—l(x): (2)
XGn(x):anGn+1(x)+bnGn(x)+Cn Gn—l(x): (3)

where a,, a,, b,, B,, are nonsingular matrices. Without loss of generality we
can suppose that a,, a, are lower triangular matrices and c,, vy, are upper
triangular matrices (cf. [13]).

As we have said above, matrix polynomials defined by the recurrence for-
mulas as (2) appear in a natural way in the literature and its study paid an
increasing attention in the last decades. For example in [4], the authors give a
matrix interpretation of the multiple orthogonality in terms of matrix orthog-
onal polynomials satisfying the same kind of recursion formulas. On the other
hand, in [1], [2], [15] were studied perturbations of measures (Christoffel,
Geronimus, and Geronimus-Uvarov) which yield to non-positive definite ma-
trix of measuress, and thus, to the biorthogonality.

Example 1. Let u be a scalar measure supported on the real line, and {p,.}, ey
its corresponding sequence of monic orthogonal polynomials. If W is a ma-
trix polynomial of degree M, then we can define a new measure dg = W du
(Christoffel transformation of the measure) which clearly is non-positive defi-
nite as W needs not to be identical to W'. In particular, taking W(x) = (3 1),
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then following the techniques developed in [1], it is easy to see that the se-
quence of matrix polynomials

(YK, (£,0)=W(py,pres)O)p,
v (x) = | Kn%>0)/Pa(0) PO g MO
n 0 Kn(x, O)/pn(o) )

. K, (x,0)/p,(0) 0
=7 (K (e, 00pL(0) + Z20) 1 (0) K, (x,0)/p,(0) )

with W(pn:pn—l-l)(x) = pn(x)p;l_H(x) - pn+1(x)p;l(x) s and
Kn(x: O) = (pn(o)pn+1(x) - pn—l—l(o)pn(x)) /X

satisfies
f V()W (x) G (x)du(x) =1y 6, >

i.e. {V,}en, 1Gh}len are sequences of biorthonormal polynomial with respect
to W and satisfy the three-term recurrence relations (2) and (3) with a, =
Yn+1> bn = B, and ¢, = a,,_; = Iy (cf. Theorem 1) .

Outer ratio asymptotics for the class of matrix orthogonal polynomials sat-
isfying the three-term recurrence formula as in (2) was studied for the first
time in [6]. There, the authors analyzed the case of convergent recurrence
coefficients by introducing an analog of the Nevai class of matrix polynomials
for the nonsymmetric case, the generalized matrix Nevai class.

In the present contribution our aim is to generalize those results when
the coefficients of the nonsymmetric recurrence formula diverge in a partic-
ular way.

The structure of the manuscript is as follows. Section 2 provides the basic
background about matrix biorthogonal polynomials {V,}, oy and {G, },cy that
satisfy dual nonsymmetric recurrence relations. Here, we establish the rela-
tions between the zeros of these two families of polynomials and discuss the
most appropriate way of scaling these matrix polynomials in order to obtain
its asymptotic behavior. Section 3 deals with the outer ratio asymptotics for
left and right-orthogonal matrix polynomials with varying recurrence coeffi-
cients. We also deduce a quadrature and a Liouville-Ostrogradski formulas
for the right-orthogonal polynomials. Section 4 is focused on our main result
(Theorem 8), the outer ratio asymptotics of matrix orthogonal polynomials
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satisfying recurrence formulas with nonsymmetric and nonsingular recurrence
coefficients diverging in a particular way. Section 5 is devoted to the study of
the case when certain matrix appearing in the recurrence formula is singular.

2. Matrix biorthogonal polynomials

Let us a consider a quasidefinite N X N matrix of measures, W, i.e. W =
(wi,j)fj_:lo, with measures, w; j, i,j € {0,...,N — 1}, supported on the real line
but not necessarily positive definite with finite moments, U, = f x"dW(x),
n € N, and such that the Hankel determinants satisfy

det ((Upy;)1) ") #0, neN.

We will assume, without loss of generality, that the matrix of measures is
normalized by U, = de(x) = Iy. If P and R are matrix polynomials in
CN*N[x], then we introduce the following sesquilinear form,

(P,R) = f P(x)dW(x)R"(x), P, R e CN*¥[x].

Definition 1. Let W be a quasidefinite N X N matrix of measures. The ma-
trix polynomial sequences, {V,},cy (respectively, {G, },cn), such that for every
n,meN, degV,(x) = n (respectively, deg G,,(x) = m) and

f V.(x)dW(x)x™ = QS) OSpm> m=0,...,n

(respectively, f xTdW(x) G, (x)= Qg) Opm> N=0,...,m),

with 6, ,, is the Kronecker symbol and Qg) (respectively, Q;(iz)) nonsingular
matrices for n € N, are said to be the left (respectively, right) orthogonal poly-
nomial sequences with respect to W.

We also refer to {V,},,cn, {G,}en as biorthogonal polynomial sequences with
respect to the quasidefinite matrix of measures W, when

J Vo(x)dW(x)G,(x)=Iy6,,, n,meN.
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Theorem 1 (cf. [5], Theorem 4). Given a quasidefinite matrix of measures W,
then its biorthogonal polynomial sequences, {V, },en, {G,}nen Satisfy the three-
term recurrence relations

X Vo(x) = Ap Vi () + B, Vi (x) + €, Via (%), nEN, 4
X Gn(x) = Gn—l(x)An—l + Gn(X)Bn + Gn—l—l(x) Cn+1 , NE N: (5)

with V_;(x) =0y, Vy(x) =1y, and G_,(x) =0y, Go(x) =Iy. Here, A, and C,
are nonsingular matrices for every n € N.

Without loss of generality we can suppose that (A,,),cy (respectively, (C,),en)
is a sequence of lower (respectively, upper) triangular matrices (cf. [13]).

In the same way as in the scalar case, the Favard’s Theorem for matrix poly-
nomials can be find in the literature (cf. [5], Theorem 7).

Theorem 2. Given a quasidefinite matrix of measures W, then its biorthogonal
polynomial sequences, {V,},cn, 1Gp}aeny are such that for each n, V, and G,
have the same zeros.

Proof: Notice that the N-block Jacobi matrix associated with the recurrence
relation (5) for the polynomials G, is the transpose of the N-block Jacobi ma-
trix
By Ay Oy
S C;, B, A - ,
Oy C; By ™

associated with the recurrence relation (4) for the polynomials V,,. The result
follows by taking into account that the zeros of V, (G, respectively) are the
eigenvalues of J, (J], respectively), where J,, is the truncated matrix of J, with
dimension nN X nN. |

Definition 2. Let W be a quasidefinite matrix of measures and {V,},y and
{G,.},en the corresponding sequences of biorthogonal matrix polynomials. We
define the first kind associated polynomial sequence {Vn(l)}nEN and {Gr(ll)}neN,
as follows,

Gn(x) - Gn(y)
x—y

Va(x) = Vu(y)
oo = | 2R

dw(y), G (x) = f dw(y)
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The first kind associated polynomial sequences {Vrfl)}neN, {Gr(ll)}neN also sat-
isfy the three-term recurrence relations (4) and (5) with initial conditions,
V() =0y, VIP(x) =AY, and GY)(x) =0y, G{P(x) = ;!

In order to obtain the outer ratio asymptotic for polynomials with varying
recurrence coefficients we will need some auxiliary results such as quadrature
and Liouville-Ostrogradsky type formulas for biorthogonal polynomials. For
the left-orthogonal polynomials these results can be found in the literature.

Lemma 1 (cf. [12], Lemma 2.2). Let A be an N X N matrix polynomials and
let a be a zero of A of multiplicity p, i.e. a is a zero of detA of multiplicity p.
Weput L(a,A)={veCN:7"A(a) =0y} andR(a,A)={veC' :A(a)v =
Oy}. If dim L(a,A) = dimR(a,A) = p, then (Adj(A(x)))Y(a) = 0y, for
i=0,...,p—2 and (Adj(A(x))*" V(a)# 0.

Moreover, rank ( Adj (A(x)))(p_l)(a) =p.

Lemma 2 (cf. [3], Proposition 5.14). Let P, be a matrix polynomial of degree n
with m different zeros {x,1,...,X,,} and with {{,...,{,} as corresponding
multiplicities. For any matrix polynomial R of degree less than or equal to n — 1
and x € C\ {x,1,..., X, ,} we have

m m

C, B D
RO (PG =D ——, (P(x))R(x) = —=—,

k=1 n,k k=1 X — xn,k

where
/
Cn k— X
’ (detpn)(ek)(xn,k)

S (Ad P,(0)) Ve ) R 1) -

R(x 1) (Adj P,(x)) P00,

D, = K
T (det P (e,

Theorem 3 (Quadrature formula). Let {V,},cn, {Gn}aen be the sequences of
biorthogonal matrix polynomials with respect to a quasidefinite matrix of mea-
sures W, and let {Vrfl)}neN, {Gr(ll)}neN be its first kind associated polynomial
sequences. Given the different zeros of V,, {x,1,...,x,}, with multiplicities
{l1,..., L}, we define the matrices T, , ka, as

a - (t=1) (1)
Fri= Adj V,,(x x, WO (x ),
n,k (det Vn)(ek)(xn’k) ( ] n( )) ( n,k) Tl—l( n’k)
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ok =G (x0) (Adj G, () P, -

k
(det Gn)(ek)(xn k)
Then, for any polynomial P of degree less than or equal to 2n — 1 the following
quadrature formula holds

f PE)AW(x)= ) P(xp) Tk, f AW () P(x) = ) T Plane).
k=1 k=1

Proof: We will prove the quadrature formula for the right orthogonal poly-
nomials, because the left one is already proved in [6]. Let P be a matrix
polynomial of degree less than or equal to n — 1. Since G, is a polynomial
with nonsingular leading coefficient, then P(x) = G,(x)C(x)+ R(x). Here
C(x) and R(x) are matrix polynomials with degree of R(x) less than or equal
to 2n — 1. Using Lemma 2 we get

) . Dn,k
G (OR() =Y —"—,

where the matrices D, ; are

Ly
(det G,)\ W) (xn )
Taking into account that R(x, ;) = P(x,x) — G,(x,x) C(x, ) and

( Ad.] Gn(x)) (Ek_l)(xn,k)R(xn,k) .

Dn,k =

(Adj G) P (,1) Gulxni) = Gulotns) (Adj G) P(x ) =0y,  (6)

the previous expression becomes

D, .= k ; (6—1)
Adj G p _
n,k (det Gn)(ek)(xn k) ( ] n(x)) (Xn,k) (xn,k)

Thus,
P(x)=G (x)C(x)—I—ZG (x) e
Using again (6), we have
P(x) =G (x)C(x)—I—Z Gul0) = Gulotn) 1,

X — Xn,k
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and by the definition of the first kind associated polynomial, it follows that

J dW(x)P(x) = J dW(x)Gn(x)C(x)—l—i:G,(ll_)l(xn,k)Dn’k.

k=1
So, from orthogonality we have

f dW(X)P(X) = Z G,(nlzl(xm,k)Dm,kﬁ

k=1
and the result follows. ]
Theorem 4 (Liouville-Ostrogradski formula). Let {V,},cn, 1G,}en be the se-
quence of matrix biorthogonal polynomials with respect to a quasidefinite matrix

of measures W and {Vrfl)}neN, {Gr(ll)}neN be, respectively, the first kind associated
polynomial sequences. Then,

Vo) G(2) = V) () Gy (2) = A; : (7)
Vo) GP() = V1 (x0) G () = €y (8)
where A,, C, are the nonsingular matrices in (5).

Proof: Equation (7) was already proved in [6]. To prove (8) we proceed by
induction on n. For n = 0 the result follows from the initial conditions. We
assume that the formula

V, () GP0x) = VI () Gy () = € 1

is true for p = 1,...,n — 1. First, we use the recurrence relation in G,gl)
and G, to obtain

V() GP(x) = VI (%) Gy () = (V) G2, (30) = VI (3) G ()
x (xIy —B,) ol — (Vo () GL,() = VI () Goq (X)) A, CTL

Second, we prove that V, (x) G(l) [(x) = Vn(i)l(x) G,(x) =0y . Using the defini-
tion of the first kind assoc1ated polynomial, we get

V (x)G(l) (x)— V( )(x)G (x)
V, dw dw G,

x_
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% dW(y)G
Adding and subtracting 162 ()G(y) in the last relation and tak-

xX—=Yy
ing in account the left and right-orthogonalities, the result follows. With this
in mind

V() G0(x) = VB (50) Gpyr ()
= —(V,(x) G, () = VB, (%) Gy (X)) A1 - (9)

Now, using the recurrence relations for V, and Vn(i)l,

V() G () = VI (%) G4 (x)
= A1 (x = Bo_1) (Vo1 () G, () = VI () Gy (x))
— A o (Vo p () G (0) = V() Gp (X))
Since V,_;(x) Gr(ll_)z(x) — Vﬁ)z(x) Gn—1(x) =0,, we deduce

V() G () = v (%) G5 (x)
= A1 Co (Vo) G () = V() Gy (1))

Using this relation in (9) we obtain

V() GD(x) = VI (50) Gpyr ()
= A1) Comy (Ve () G2 () = VI (0) Gy (1)) A, Gy
According to the induction hypothesis the result follows. u

In the sequel, we will assume that the matrix recurrence coefficients diverge
in a particular way: we will suppose that there exists a sequence of positive
definite matrices (D,,),en sSuch that

lim D;'?A,D;'*=A, lim D;'/?B,D'/* =B,

n—oo n—oo 1/2 (10)
lim D-Y2¢C, D72 =C, lim D;Y?D)% = 1.
n—oo n—oo

When unbounded coefficients are considered in the scalar case (assuming the
same hypothesis given by (10)), the outer ratio asymptotic is then obtained for
the scaled polynomials p,(c,z). However, in the matrix case there is a large
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range of possibilities to define the scaled matrix polynomial P(Hx) (cf. [11]).
From now on we are going to work with two notions of scaled matrix polyno-
mials depending on the kind of orthogonality (left or right) that we will deal
with. In the case of left-orthogonality, the suitable definition of scaled matrix
polynomials was introduced by Durdn in [11].

Definition 3 (cf. [11]). Given the sequences of recurrence coefficients (A,)ex;
(B,)nen, and (C,),en, We can define a sequence of matrix polynomials in an
one matrix variable, {V ,}, <y as

TV.(T)=A,V,«(T)+B,V, (T)+C,V,_1(T),

with initial conditions V_;(T) = Oy,V(T) = I. We define the left-scaled
matrix polynomials as Vf (x) =V ,(H x). On the other hand, the natural defi-
nition in order to scale the right-orthogonal polynomials is the following one.
Using the recurrence coefficients we can define another matrix polynomial
sequence of one matrix variable, {G,}, <y, as

Gn(T) T = Gn—l(T)An—l + Gn(T)Bn + Gn+1(T) Cn+1 s

with initial conditions G_;(x) = Oy and Gy(x) = Iy. Now, we define the
right-scaled matrix polynomials as GnH (x)=G,(Hx).

Notice that, in particular, for each non-negative integer k the scaled polyno-
mial sequences {VnDk (2)},eny and {Gfk (2)},en, are biorthogonal with respect
to a certain varying matrix of measures W;. We will say that {V "} . and
{Gfl’k}neN are matrix biorthogonal polynomials with varying recurrence coeffi-
cients. In this way, our main result Theorem 8 will be a consequence of a more
general theorem on outer ratio asymptotics cf. Theorem 6.

In the sequel, we associate with three given matrices A, C, B, where A, C,
are nonsingular, the left-orthogonal Chebyshev matrix polynomials of second
kind {U¢P#}, .y which are defined by the recurrence formula

xUPPAG) = CUGY )+ BUPP () + AU (x), neN, (1)

with initial conditions UOC BA(x) =1, and Uf’lB A(x) = 0y, as well as the right-

orthogonal Chebyshev matrix polynomial of second kind {T/*"“}, oy given by

X TA2C(x0) = TAEC(O)A+ TABC()B+ T () C, neN,  (12)
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where Tg\’B’C(x) = Iy and Tf’lB’C(x) = Oy. We denote by W, p 4 the matrix
weight for which the polynomial sequences {US#}, {T4#C} are biorthogonal.

3.Outer ratio asymptotics for orthogonal polynomials with
varying recurrence coefficients

For each k = 1,2,..., we consider orthogonal matrix polynomials {R, ;},ex
and {S, }.en, given by the recurrence relations

X Ry (x) =Ap g Rpg 1 (x) + By g Ry () + Gk Ry—1 (X)), nEN, (13)
X Sn,k(x) = Sn—l,k(x)An—l,k + Sn,k(x)Bn,k + Sn+1,k(x) Cn+1,k , & N; (14)

with R i (x) = Iy, R_1 1 (x) = Oy, and Sq i (x) = Iy, S_1 x(x) = Oy.
For a fixed k, these matrix polynomial sequences are biorthogonal with re-
spect to a certain quasidefinite matrix of measures which we denote by W,.
As far as we know, the only result on outer ratio asymptotics for matrix
polynomials satisfying nonsymmetric recurrence relations is the following one.

Theorem 5 (cf. [6], Theorem 3). Let W be a quasidefinite matrix of measures,
and {V,} e 1G, },en biorthogonal polynomial sequences with respect to W, sat-
isfying,respectively, the three-term recurrence relation (4), (5). Let us assume

limA,=A, limB,=B, lim C,=C,

n—0o0 n—0oo n—0o0
with A, C nonsingular matrices. We denote by A, the set of zeros of {V,},en

and I' = ﬂ My, where My = U A,. Then,

N=>0 n=N
[ dw,
lim V,_;(x) V. '(x)A L = WenalY) o ¢ \T,
n—o0 J XxX—Yy
[ dw,
lim C'G, ' (x)G,_1(x) = M, x€C\T,
n—o0 J XxX—Yy

where W p 4 is the matrix of measures associated with the second kind Chebyshev
matrix polynomials. Moreover, the convergence is locally uniform on compact
subsets of C\T.

In the previous case, the coefficients in the recurrence relation are assumed
to be convergent.
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The following result generalizes the previous one in two senses: we con-
sider a case of varying recurrence coefficients and for a fixed k, the recurrence
coefficients will diverge in a particular way.

Theorem 6. Let W, be for each k € N a quasidefinite matrix of measures, and
{Rnk}nery 1Snx}nen be the sequences of biorthogonal matrix polynomials depend-
ing on a parameter k, k = 1,2, ..., satisfying (13), (14). Let (n,,)mer> (Kim)mens
be two increasing sequences of positive integers and we will assume that there
exist three matrices A, B, C, with A and B nonsingular, such that for all | € N,

llmAn —lk :A, hl‘an —lk :B, lim Cn —1k =C. (15)
m—oo M M m—oo M M m—o00 m.mrm
We denote by Zn,k the set of zeros of S, , and I = ﬂ ]\N/[N,k, where ]\N/[N,k =
- N>0
U Zn’k. Then,
n=N
AW 5 A(t)
. -1 -1 _ C,B,A
,,%l_rgoan—Lkm(X)an,km(x)Anm—l,km = f —Q_ XS C\T, (16)
Wega(y) ~
lim €1, S71, (1)S, 1p ()= | —BA v ec\F,  an
m—oo m>"™m m>™m m tm X _y

where W 4 is the matrix weight for the generalized Chebyshev matrix poly-
nomials defined in (12). Moreover, the convergence is locally uniform for x on
compact subsets of C\ T.

Proof: We will prove the asymptotic result (17). Notice that (16) follows by
using analogous arguments. First, we consider the sequence of discrete mea-
sures {U, x} ey defined by
5 ~
Mn ke = Z Sxm,k,jRn—1,k(xn,k,j)Fn,k,j'sn—l,k(xn,k,j) , neN,
j=1
where x,;;, j = 1,...,s are the different zeros of the matrix polynomial,
R, x> or, equivalently, the zeros of S, (cf. Theorem 2) with multiplicities

{€4,...,£4,}, and
_o (LA SN )

e -
ST Il (det(S, k(00O (X 5)
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Notice that from the definition of the quadrature formula

J dnu'n,k(x) = ZRn—1,k(xn,k,j)Fn,k,jsn—l,k(xn,k,j)

j=1

= fRn_l,k(x)de(x)Sn_Lk(x) =Iy, n=1,2,....

According to Lemma 2, we get

S

(5000) Sy = Sk

k=1 X = Xn:kyj

where

¢
Dn k,j —
o (detsn,k)“")(xn,k,j)

Multiplying in the left hand side of (18) by Cn_;

. (.-
(Adj Sn,k(x))( ! 1)(xn,k,j)'sn—1,k(xn,k,j) . (18)

_ . ;1)
Cn,liDn,k,j =C )(Ad.] Sn,k(x)) ¢ (xn,k,j)sn—l,k(xn,k,j),

1 j
P 4
" (detS, ) (x g

and applying the Liouville-Ostrogradski formula (8)
: -1
Sk ) (A Spi) (e )) = Oy,

we get Cn_’}%Dn,k,j = Rn_l,k(xn’k,j)'fn,k Sn—1x(Xpk ;). From the definition of the

matrices I', ;, we have

du, _
M’—k(:y), XEC\F.

CreSmr () S, () = J

For two given nonnegative integers n, k let us consider the generalized Cheby-
shev matrix polynomials of the second kind, {T#"(x)},cy, defined in (12).
We can prove by induction that

lim f dp, (O () =1y 6. (19)

To this end, we can write

n
Sn—1.x(x) TZA’B’C(X) =Sk () Ky g () + Z Sn—ik(X) A 11k (20)
i—1
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where K;,,_;(x) is a matrix polynomial with degree less than or equal to
n — 1. Thus,

s

A,B,C = A,B,C

J d‘un,k(x)Tl (x) = ZRn—l,k(xn,k,j)rn,k,an—l,k(xn,k,j)Tl (xn,k,j)
j=1

s n
Rn—l,k(xn,k,j)rn,k,j (Sn,k(xn,k,j)Kl,n—l,k(xn,k,j)+2 Sn—i,k(xn,k,j)Ai,l,n—l,k) .
j=1 i=1

According to the definition of the matrices fn’k and taking into account that

(Adj (S, () Sk (X )
= S, () (Aj (S,)()) P, s ) = Oy,

we get

S n
A,B,C =
f A GO TP = Rk e DTy (O Stk nse ) Aipnoii) -

]:1 i=1

Using the quadrature formula given in Theorem 3, we conclude
J At () T} (x)

n
= Z f Rp1k(x) dWi(x) Sy k() A o1k = Dain-1,k -
i=1

So, (19) follows when lim A;;, _;; = Iyd;;,1, holds. We use induction

m—00

on [. When [ = 0 the result is immediate. Now assuming that the result is
valid up to [, the three-term recurrence relation for the matrix polynomials
{TS’B’C}neN yields
AB,C AB,C AB,C AB,C -
Sn-1k() Ty “ () = S () (x T () = TP () B = TR () €) AT

Using (20) and the three-term recurrence relation for {S, ; },en

— -1 -1
Ajivin-1k =An-jk Dj—1,in-1kA T Bnuojk Bjn-1kA
-1 -1 -1
+ Cn—j Aj—l—l,l,n—l,kA - Aj,l,n—l,k BA - Aj,l—l,n—l,k CA .
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For j >[4+ 3 or j <1 —1 the induction hypothesis shows that

lim A, —1x =0y

m—00

We study the cases j =1,j =1+ 1, and j = [ + 2 separately:
Casel. j=1.

. s -1
Hm Ajygn, -1k, = lim (An, 1, Di-1,n,- 1k, A

+By 1k A 1k AT HCo  Dpagn 1k AT = Ay 1 BAT
—Ajj_1n,-14, CAT) =(C—=C)A =0y

Case 2. j=1+1.

n%l_fgo A1, -1k, = nll_{fgo (Ap 1o1p Ay —1x A7
+B 11k Arpiin 16, A+ Co 11 B0 1k A = Apyrgn 1k, BAT
— A0, -1k, CA')=(B—-B)A™' =0y.
Case 3. j=1+2.

. T -1
rrllljfgo Aot ~1k, = nll_{%o (A —1—ok, As1in -1k, A

1 1 1
+B, 12k, Divain,~1k,A T Ch 12804300, -15,A  — Biyain, -1k, BA

- Al+2,l—1,nm—1,km CA_I) =AA"' = Iy.

Now, in the same way that was done in [11], one can prove

d.unm,km(}’) B dWC,B,A(y) N
x—y x—y '

by using the so called method of moments. u

lim eC\T,
m—00

4.Main result

Definition 4 (cf. [17] Section 7.7). Let A,B € CN*N be Hermitian matrices.
We write A > B if the matrix A — B is positive semi-definite. Similarly, A > B
means that A — B is positive definite.

It is easy to see that the relation > (respectively, >) is transitive and reflex-
ive.
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Definition 5. Let (4, ),y be a sequence of Hermitian matrices. We say that
(A )nen is an increasing sequence if A, ; > A, for every n € N.

Theorem 7. Let the matrix sequence (D,,),cy be increasing. Then, for each n €
N, the polynomials VnD"(x) and Gf"(x) have the same zeros. Moreover, denoting
by X, ; the zeros of an(x) or an(x), thell there exists a positive constant M
(independent of n) such that the the zeros Xpj are contained in a disk D = {z €
C:|z| < M}.

Proof: The N-block Jacobi matrix associated with Gfk(x) D;/ % is the transpose
of the matrix

D_l/ZBOD 1/2 D—1/ AoD; -1/2 Oy
0 —1/2C1 1/2 D—l/zB D 1/2 D—1/2A D—1/2
Oy D—1/2C2D—1/2 D 1/2BZD—1/2 >

1/2

associated to D, VDk(x). The first statement is an straightforward conse-

quence of the fact that the zeros of VD n(x) are the eigenvalues of J %) (trun-

cated N-block Jacobi matrix of dimension nN) and the zeros of GD (x)Dl/ 2
are the eigenvalues of J A(k)T (the transpose of the previous one). Using the
Gershgorin disk theorem for the location of eigenvalues, it is enough to show
that the entries of the matrix jnN are bounded (independently of n). But the

entries of this matrix are
—-1/2 -1/2 _ {=1/2n1/2y—1/2 —1/2n1/2~1/2
Dk AnDk —Dk D.'*D “'“A,D_ "'°D, Dk ,

-1/2 -1/2 _ n—-1/211/2—1/2 -1/2n1/2—1/2
p; 2B, D V* = pV2p}/2p-1/2g p-1/2pl/2p1/2,
1/2C D 1/2 =D 1/2D1/2D;1/2Cn D;l/zDrll/ZDlzl/z .
Since the matrices D /%A, D '/2, D-1/2B, D~1/2 and D'/2C, D'/* converge
and Iy > D, 1 ’D}/2 if n < k since (D,) ey is an increasing sequence, then the
result follows. u

The theory of matrix orthogonal polynomials with varying recurrence co-
efficients studied in the previous section allows us to prove the main result
of this manuscript, i.e. the outer ratio asymptotics for matrix biorthogonal
polynomials satisfying three-term recurrence relations as in (4) and (5) with
unbounded coefficients reads as follows.
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Theorem 8 (Outer ratio asymptotics). Let {V,},cy and {G, },.cx be the sequences
of biorthogonal matrix polynomials with respect to a quasidefinite matrix of mea-
sures, W, satisfying the recurrence relations (4), (5), respectively. Let assume
that there exists a sequence of positive definite matrices (D,,) ey Such that (10)
holds with A and C nonsingular matrices, and consider the scaled matrix polyno-
mials sequences {V"}, {GP} given in Definition 3. We denote by A, the set of

zeros of VnD" and by I’ = ﬂ My, where My = U A,,. Then,
N>0 n>N
(a) If we assume that the matrix sequence (D,),cy 1S increasing, then T is a

compact set.
(b) The following outer ratio asymptotics hold

n—o00 z2—t

dw, t
lim D2V (2) (VP (=) A7, DY = f M, z€C\T,

_ AW g A(t)
: 1/2 -1 1 .p, 1/2 _ C,BA
lim D}2C," (G (2)) G2, (2)D,/% = f =, 5€C\T,

where W g 4 is the matrix weight for the generalized Chebyshev matrix poly-
nomials of the second kind defined by (11). Moreover, the convergence is
locally uniform for z on compact subsets of C \T.

Proof: Let (D,),cy be a sequence of N X N positive definite matrices. In order
to apply Theorem 6, we consider the scaled matrix polynomials V"<(x), GP+(x)
associated with the parameters (A,),cn> (Bp)nen> (Cnlnen- Taking into account
their definitions, we have

kaVDk(x):An Ok (X)) + B, VP (x) + C, V., (x), (21)
GDk (x)Dyx =G~ 1(x)Am 1+GD (x)B,, +Gm+1(x)Cm+1, (22)

and so

1/2 -1/2 —-1/2~1/2
XDk/ VP(x)=D, A, D, /D/ Vn+1( x)

1/2

+Dk/BD D,

xGP«(x)D* = G>*(x)D*D; *A,_, D,
1/2~4-1/2 -1/2 1/2 ~5-1/2 -1/2
GDk(x)D ?p B, D "* + G2, (x)D/*D, *C,y D2,
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respectively. For each k, taking

{ R, (x) = D}*VPi(x), S, (x) = GP(x) D},

—-1/2 —-1/2 —-1/2 —-1/2 —-1/2 —-1/2
Ay =D;"?A, D", B, =D "*B,D;"?, C, =D, *C, D2,

the matrix polynomial sequences {R ;},cn, 1S, x}nen satisfy the three-term
recurrence relations, (13), (14), respectively, with initial conditions Ry ;(x) =
Gox(x) = Di/z and R_ji(x) = G_y(x)=0y. Then, the matrix polynomial
sequences {R, ; }nen, 1S,k nen are orthogonal with respect to a certain varying
matrix of measures W,. Under the assumptions (10) it is easy to see that the
limit conditions (15) are satisfied for n,, = k,, = m. Then, Theorem 8 holds.
Finally, from Theorem 7 we have that if the matrix sequence (D,,),ey iS in-
creasing, then the zeros of VnD"(x) and Gf"(x) are bounded (and so I' is a

compact set), as we wanted to prove. ]

Example 2. In Example 1 let us take the scalar measure du = x%e *dx, a >
—1, supported on ]0,00[ and {L’},cy its respective monic orthogonal poly-
nomial sequence (Laguerre polynomials of parameter a). The biorthogonal
sequences with respect to the new measure (§ ') x®e *dx are given by

a+1 _oatntlra
ey [ LTG0 EEEAE (Lﬁ‘“(x) —%HLSff(x))
n X )= = )
0 Lé1(x) LY (x)
o I 0
n(x) =~ an(x,0)+(_1)n [(a+1) 9K%(x,0) (_1)nr(a+1)1<g(x,0)
(a+1) I'(a+n+1) 2Jy I'(a+n+1)

Moreover, the sequences {V,},cn, 1G,}aen satisfy the three-term recurrence
relations (4), (5) with A, = I,

B — 1 —-2n/(a+1) c = nla+n+1) na(a+n+1)/(a+1)
n\0 1 > 0 nla+n+1) :

On the other hand, taking the sequence of positive definite matrices (D,,),cn,

n®> 0 ) n 0 1/n 0
= i /2 — -1/2 _
where D, ( 0 n2| We find that D, 0 nl D 0 1/n
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-1/2 n1/2 _
and D “/*D " =Iy. Thus,

1/n2 =2/((a+ 1)n)

-1/2 -1/2 _
Do B Dy = ( 0 1/n?

) , andso D 2B, D10y,
a+n+1 ala+n+1)

1 =
~1/2, p-1/2 _ n (a+1)n ~1/2 ~1/2 a+1
D /=C,D "= ( 0 a+:+1 ) , andso D “/°C,D ~'*— (O ) ) .

From Theorem 8 we get

1 dWe o ()
tim D72 (@) ol = [ O e,
_ dWe o ,(t)
. 1/2,-1 ( ~D, 1 .p, 1/2 _ C,0,1
,}EgoDn/ C, (Gn (Z)) G, (z)D)/* = f —_; = Z€ C\T,

where W¢ (; is the matrix of measures associated with the sequence of biortho-
gonal polynomials {U*'}, . and {TS%'}, o satisfying

1 a/(a+1)

UG = U () + (0 1

) U (x), neN,

1 a/(a+1)
xTE () = TSY () (O . ) +T,21'(x), neN,

with initial conditions Ug Ol(x) = T(f Ol =1 N> Uf’lo’l(x) = T_Cio’l(x) =0y.
Notice that an interesting situation appears when a = 0, because C is the
identity matrix. The above implies that, for all n € N, T/%/(x) = U"*'(x)

and W; ,;(x) is a positive definite matrix of measures. Moreover, using Corol-
lary 2.3 in [8] we obtain

J dW o,(¢) 2Ly (22 —-4)1I

z—t 2 2

Example 3. Let {V, },cn, 1G, }en De matrix polynomial sequences satisfying the
recurrence relations (4) and (5), respectively, with

[ 2n? 0 _[3/n 4/n _(2n* 2n
A”_(7n2—|—1 Snz)’ B“_(n 8n2)’ C”_(O nj-
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If we take the sequence of positive definite matrices, (D,)ex>

n® 1/n*+1/n* —-2/n
(n?—1)? —2/n® 1/n*+1/n*

2 2
12 _ 1/n —=1/n 12 _ 1/n 1/n 1/2 1/2
then D — T (—1/n2 Rk D 1/n? 1/n , D "“D,

Iy . From here

n—

D124 p-1/2 _ 2+1/n*+5/n*+7/n  (7n®+7n*+1)/n*
n Ontn 74+1/n®2+7/n  5+1/n*+2/n*+7/n

20
~1/2 ~1/2
and so, D_ /AnDn 2 (7 5) ,

p-1/2p, p-1/2 — (9n*+3n+4)/n*  (8n®+5n+3)/n*
(9n*+3n+4)/n°> (8n°+n®>+4n+3)/n°

00
—-1/2 —-1/2
D;'?B,D; Y _’(o 8),

2+ 3/n? 5/n _ _ 20
1/2 1/2 _ 1/2 /2 _
Dy mCaDy ((Bn 21 9)/n® 1+4/n ) by 77D, (o 1)'

Theorem 8 yields

dw, t
lim DY2v>" (2) (VnDn(z)) ATl DY2 = f&() zeC\T,

N— 00 n—1"n g —t ’

. — -1 D, 1/2 dWC,B,A(t)
nh_{l;loDrll/zCnl (Gf”(Z)) Gn—l(z)Dn/ —f T, ZE(C\F,

where dW¢ g 4(x) is the matrix of measures of the sequence of biorthogonal
polynomials satisfying for all n € N,

XUSHA(x) = (3 ‘1)) UCHA ) + (8 g) USPAG) + G ‘5)) U,

XTABC(X) ;:lflc(x) (i (5))+Tf’3’c(x) (8 g) ABC( )(2 O) ’
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with initial conditions UOC BAx) = TOC BAx) = Iy, UE’IB’A (x) = T_CiB’A (x) =
0y .

5.The singular case

In this section, we study the case when the limit matrices A or C are sin-
gular. In [11], for the case of symmetric recurrence coefficients the authors
proved that the ratio asymptotic also exists in the singular case, although they
cannot compute explicitly the degenerate positive definite matrix of measures
appearing in the limit. A similar argument can be applied for obtaining the ex-
istence of outer ratio asymptotics for matrix polynomials satisfying recurrence
relations with nonsymmetric coefficients.

Theorem 9. Let {V,},.cn {G,}hen De the sequences of biorthogonal matrix poly-
nomials with respect to a quasidefinite matrix of measures, W, satisfying the
recurrence relations (4), (5). Let us suppose that (D, ),ey IS an increasing se-
quence of matrices. Under the hypotheses of Theorem 8, if we assume the limit
matrix A to be singular, then there exists a matrix of measures v, for which

dv,(t)

z2—t

, 2€C\T.

n—00

. D -1 _
lim D2V (2) (Vrf’"(z)) Al D2 = f

Moreover, if the matrix C is singular, then there exists a matrix of measures vs,
such that

lim D2 (6P (=) G2 (z) DY = f , z€C\T,

n—o00

dvy(t)
t

Moreover, if we write F,(z) = f%&t) and Fo(z) = f%(tt), with z ¢ supp(v),
then these analytic matrix functions satisfy the matrix equation

CF(2)AF(2)+ (B—2I)F(z)+1=0y. (23)

Proof: Following the technique given in Section 4 of [11], it is enough to
reduce the result to the case of varying recurrence coefficients and to use the
matrix polynomials x'Iy instead of USA4(x) and T€(x) in the proof of
Theorem 6.

In order to prove that the Hilbert transforms of the measures v; and v,
satisfy the matrix equation (23), let us remind that the polynomials VnDk(x)
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and GPx(x) satisfy (21), (22), i.e.
xD;/szk(x)z CPA, V2 (x) + D PB, VP () + D e, vk (30,
xGP«(x)D}/* = G* (x) A, Dy /2 + GP(x) B, D * + G4 (x) Coy D 2.

Let us multiply the right hand side of the first one by (VHD")_ (x)D; Y2, and

the left hand side of the second one by D '/2 (Gf") ! (x). Now, we put k =n
and take limit as n tends to infinity. Then, from Theorem 8

lim D, '/?A, V5, (x) (VP (x)) D V2=F1,

n—00 n "n+1
1/2 D, Dn -1/2 _ -1
lim D712 (G2()) ™ Gy (x) G D2 =
and the result follows. ]
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